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Abstract. The vacuum line element inside an infinitely long rotating hollow cylinder
is the usual flat space line element. It is fitted in a most general way to the general cylindrical
vacuum field outside at the singular hypersurface R, = const, representing the infinitely
thin hollow cylinder. With the use of the jump conditions at R, = const the surface densities
7,, of which the energy-momentum-stress tensor 7, of the shell consists, are calculated.
The physical properties of the cylinder, as derived from the eigenvalues and -vectors of
7, and the generated gravitational field are discussed in full detail.

1. Introduction

Recently we have shown [1] (in the following cited as I), that the
general stationary cylindrical vacuum field, found by Davies and Caplan
[2] is static, whereafter, it is identical with Levi-Civitas general static
solution [3]. Hence any stationary (rotating) cylindrical matter distribu-
tions generate a static cylindrical vacuum field. As far as we know the only
rigorously treated example for this class of matter distributions is the
rotating cylinder of Van Stockum [4], consisting of incoherent matter.

In this paper we present the general solution for the uniformly
rotating infinitely thin hollow cylinder. The general-relativistic procedure
of constructing the gravitational field of such surface distributions has
been given by Lanczos [5], Israel [6], Treder [7] et al. The main results,
which we shall need in this paper, are: Choosing natural (Gaussian)
coordinates in which the metric tensor is continuous across the (singular)
hypersurface x, = a = const, we get the line-element in the form

ds?= —dx" +g,dxtdx*  (i,k=2,3,4). (1.1)

The energy-momentum-stress tensor T, has the surface-density structure'
T, =1,0(x; —a). (1.2)

According to the definition of the o-function Einstein’s field equations
of gravitation R, = —(T, —4Tg,) (1.3)

! Gr:eek indices run from 1-4, latin indices (except i, k) from 1-3.
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yield

s omtn) i el
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T,,=0.

[

In order to apply this method to the rotating hollow cylinder, we shall
proceed as follows: Firstly, we join continuously the vacuum solutions
inside and outside the shell in the most general way. In I we have shown
that, if the interior field is free of singularities, the spacetime inside the
cylinder is (at least locally) flat, distinguishing three topologically
different cases. Here we shall restrict ourselves to the case of the simply
connected spacetime inside. Secondly, we calculate the surface densities
7, and determine the eigenvalues and eigenvectors of t},, which describe
invariantly the physical properties of the shell.

The results are discussed in Chapter 3. We find particularly that
the sum of the eigenvalues of 7}, vanishes necessarily, i.e. 7}, is tracefree.
This implies the nonexistence of a rotating hollow cylinder consisting
of incoherent matter.

Finally we investigate the gravitational effects caused by the rotation
of the cylinder. Gravitational effects of rotating bodies were first regarded
by Thirring [8] in 1918. Since that time many other contributions about
this subject have been published, out of which we cite only a few [9—18].
However in all these papers approximation methods are used. In contrast
to this we discuss in the following the infinitely long rotating hollow
cylinder rigorously. Certainly this example is far away from being
physical, but it is interesting under the aspect of the Thirring effect,
which is coming out particulary clear.

2. The Fitting Procedure

The general cylindrical line element satisfying the vacuum field
equations is according to I, (3.2)
ds’= —\dR*+R **3 4>+ R 3477
NS 21
LR gy
The condition of finiteness of the eigenvalues of the Riemann tensor at
R =0 causes for the field inside the cylinder the restriction on the cases
A=+1, A=+ o0; hence (2.1) results in:
A=+1: ds’=—(dR*+R*d$* +dz>)+dT>,  (22a)
% * %
A= —1: ds*=—(dR*+d®*+dZ*)+R*dT?, (2.2b)
A=+ ds?= —(dR*> +dd* +R*dZ)+dT>. (220
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Herein the asterisks denote the coordinates appropriate to the interior
line element.

In (2.1) and (2.2) the variables @, o are regarded as generalized angle
coordinates. So we still have to introduce for @, & the periods P, P. The
remaining coordinates have the following regions of validity: — oo < ’.Iﬁ’)

<+, —0=Z (é) =< + o0 and R according to Table 1. This determines
the different topological structure of spacetimes given by (2.2a—). In the
cases A= — 1, A= + oo the circumference of the 2-dimensional spacelike
hypersurfaces T = const, R = const (cylinders) is independent of R.
In case of A = + | it is proportional to R.

We shall discuss only the case A= + 1. This restriction is required
by the condition that the spacetime is simply connected. Obviously,

for A= +1 (cf. (2.2a)) we must choose the period P to be 27, in order
to avoid a singular structure at R =0. In contrast to this for 4 = — 1 and
A = + oo the spacetimes are not simply connected and R =0 does not
define an axis of rotation. However we wish to point out that the whole
fitting procedure, presented in this paper, could analogously be performed
also for these cases.

In the following we will join continuously the fields (2.2a) inside
and (2.1) outside at the singular hypersurface R = R, defining the hollow
cylinder of radius R,.

With the transformations

B (_(I—A)Z) ) _(A2—1)
do=dd-R, "3 | dZ=dZ R, A3
A @3)
dT=dT-R, *73
the line element (2.1) (outside) takes the form
ds? = — (dR2+R2 (£)~2((;;f; )déz
RO

_ L 2.4)
RVIG) o (Rl e
+(RO) dZ)+<R0) a7,

If we identify the coordinates R, (5, é, 7*" and R, ®, Z, T, the connection
with (2.2a) gives, as we shall see, the static case of the non-rotating hollow
cylinder. Hence in the general non static (stationary) case we have to
perform a coordinate transformation before the connection of (2.2a)
and (2.4).

Global cylindrical symmetry of the field implies the existence of
appropriate coordinates, in which the metric tensor is dependent on
the radial distance R alone. These properties are given by the line element
22%



Table L. The line element inside and outside the cylinder in the different cylindrical coordinates

Region of validity of coordi-

Coordinates Interior and exterior line element
nates,
Period of the angle coordi-
nate
a) R$.Z,T R=<R,: ds’=—(dR>+R*dd*+d2)+dT?
R \-2(Liae R \+(72) L+ b2 R\ (45D
R=R,: d52=—{dR2+l(l+b2R§)Rl(?4) ) bZR“(i—)( ]d&? 0§R<Ro(vblR2 ) sl
0 0
R S (-2 R \: A) §
—2(l+b2R§)3b'R2(-R ) ) Ré(—R—)J 3]d$ at
0 0
\ 5 A2—1 \ l—AA B (1—A4)*
+('£’)~(A2+3)d23} + (1+b2R8)(—£~)4(‘42+3 _thZ(,i) 2(A1+3 2 0§$§27‘[
0 0 \ 0
b) R.®,Z, T R=ZR,: ds’=—(dR*+dZ*)—[(1+b*R3)R>—b>R}1dd* —2b(1 +b*R2)* (RZ—R*>)dddT (_bZR2 )%R R
+[(1+b*R3) — b2 R?]dT? {+b*RZ) °
R (1-A) R A 1-4 B 2
RzR,: ds2=—{de+R2< ) G *‘)d¢2+(—R) "“")dZ} (—) ("Z”)de 0§<1>§~ x
R, R, R, (1 +b2R2)F
) R,®,Z, T R=<R,: ds*=—(dR*+R*dP>+dZ> : —dddT v R?)dT? A=0
C , P, L, =S Ky! S —*( + + )+ ( bZR) + ‘I‘;b—Z‘R—(Z)‘ =
R (1—A4)2 1-A4 5 S <
R=R,: dsz=—{(1R2+[(l+b2R§)R2(—-) 25y bzkg(—) ("2”)}d<b2 OsRs 4o
R, R, <0
b WEEER R (2271 = 1452 RE\(A2%3)
—2—v7-—5—2,—R§< ~-) AT+3 dthT+( > AT+3 dZ} 0§R§R0< - ) sial
(1 +b%R2)? R, R, b>R3Z
0SP<2n

1 R \a(--24)
+ o A2+ 3 dTZ
<1+h3R3>(R0)

01¢

pue[yaIq ‘g
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outside (cf. (2.4)) in the coordinates R, @, Z, T as well as inside (cf. (2.2a))
in the coordinates R, (f’, 2 T. In order to preserve these properties the

. . k ok A A ,
coordinate transformations between @, T and @, T must be linear?.
Taking into acount the condition of continuity of g,, at R= R, we get:

P d=—bT+(1+b?RA

=7 . . 2.5a
T=(1+b*R*T—bR2D (2.52)
with the inversion . .
. S=bT+(1+b>R2*
2=7 ( o (2.5b)

T—(1+b*R:T +bR2D.

In the coordinates R, $ é "f and R, ®,Z, T the region of validity of R
does not extend from R=0 to R= + o (see Table 1). For 420 we
can introduce further coordinates R, @, Z, T, valid in the whole region
0 <R =< + oo, which are given by:

3k ~
. b ~ T=T
b= . F X 25
(1+b2R2)} 7= (2:5¢)

As to be seen from (2.4) and (2.3) or Table 1 the gravitational field
of the hollow cylinder is dependent on the three parameters A, b and R,
corresponding to the three physical properties of the cylinder, i.e. the
surface density of matter, the rotational velocity and the radius. The
relations between A, b and these properties are established in the following
through the jump-conditions (1.4).

3. The Physical Properties of the Hollow Cylinder

The invariant physical properties of the hollow cylinder are determined
by investigation of the eigenvalues and eigenvectors of 7). If we regard
the timelike normalized eigenvektor u* as the 4-velocity of the mass
elements of the cylinder, the eigenvalue u belonging to u* is the proper
(surface) density of matter. The three eigenvalues to the three orthogonal
spacelike eigenvectors (orthogonal to u*) mean the stresses occuring in
the cylindrical shell. As to be seen from the general relations (1.4) the
cigenvalue to that spacelike eigenvektor, being orthogonal to the
hypersurface R, = const, vanishes, i.e. the stresses are lying in the shell,
as expected from the surface density structure of matter.

We emphasize that this interpretation of the eigenvalues and eigen-
vectors is unquestionably not necessary but the most simple one. It
includes a certain (e.g. elastic) structure of matter of the cylinder. Heat
flow for instance is excluded. But nevertheless the eigenvalues and

2 A Z-dependent transformation is not admissible for symmetry reasons.
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-vectors contain invariant informations which are independent of the
special model of matter being regarded. Hence the results of this chapter
are valid in general, only the expressions “surface density of matters”,
“motion” etc. are related to a special model and could be replaced by
other names.

a) The Static Case
First we discuss the most simple case b =0, in which the coordinates

cik), (13,<1~5 and ik", f’, T are identical (cf. (2.5)). The surface densities Ty
follow from (1.4) in view of the linelement of Table 1 to be

1—-4\ 1
744=2<——‘“)_

A*+3) R
0 3.1)
(1—A4)? 1—A4%\ 1
Wl A VLS b
7,,=0 otherwise
The normalized eigenvectors of (3.1) are
5#
ut =904, b= (3.2)
~Yaa
with the nonzero eigenvalues
1—-41\ 1
p=ra (A2+3) R,
5 (3.3)
) (1—-4) 1 , [AP=1) 1
== \Tpry) &y "0~ e) &y

According to u* (cf. (3.2)) the mass elements of the cylinder are at rest

relative to the reference system, defined by the hypersurface orthogonal
. . o4 .
time-like normal vector field v*(x*) = —==—. In this sense we charac-

Jaa

terize the cylinder to be non-rotating.

With the relations (3.3) we can express in (2.4) (outside) the metric
tensor by the radius R, the surface density p and the stresses gg,, 0z
Hence the linelement inside and outside of the cylinder is:

0<SR<R,: ds’=—(dR®+R2d®*+dZ?)+dT>
R 2a(a)Ro %
Roy=R= 40 dsz:—(dR2+R2<—é-) d d?

0

R \?9@ Ro % R \2#Ro %
NEI R N

0

(34
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Apart from the factor 2n the dimensionless quantities uRg, 0g)Ro,
0z R, describe line densities with respect to the Z-axis. Hence the limit
case of the infinitely long rod (R, = 0) is included, taking the line element
in the form (2.1). From (3.3) we find the following relations between the
eigenvalues of 7, *:

U+ 0@+ 0;=0

(3.5)
(MR +(1+ ‘7(<11)Ro)2 + (02 Ro)>=1.
Thus hold the restrictions:
—3SpuRy= +1
—3S0Ro = +1 (3:6)
-3i< o Ro= 0.

Therefore solutions for the non-rotating infinite hollow cylinder exist
only for mass densities in the interval —3 < uR, < 1. However for
physical reasons the mass density may be restricted to positive values.

b) The General Stationary Case

In the general case b + 0 the nonvanishing components of 7, following
from (1.4) with the use of the linelement Table 1, line a) are *

1—4 1 44 1
wet2 (), R )
0

A? 43 A% +3
* [ 44
Trga = —bRO(l + b2 R%)2 (m)
44 (1—A)>? G.7)
R P
o [1—A4%\ 1
Ta3= |35 5
A*+3) R,
It is easy to see, that as in the static case holds:
™h=0. (3.7a)

Furthermore the spacelike eigenvectors b{g, and bf;, are the same as
in the static case, cf. (3.2). For finding the remaining eigenvectors b/, and
u" we make instead of solving the eigenvalue equations for 7, the follow-
ing ansatz for the timelike normalized eigenvector u*, which is suggested

(3 5) are just the relations known from the Kasner solution (see I, (3 3))

4 % indicates, that the equation is valid only in the coordinates R, IP Z T
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by the Minkowskian structure of the interior region:

ul_i_u3§0 ux R ut X 5 QIR,<1. (3.8a
Vi i ekt o8
According to this the condition of orthogonality yields for the normalized

eigenvector blg,:

1
bloy2 bin 20, by — b — L 3sb)
0

1-p*" /1—p2
Herein the parameter f§ has the following simple invariant meaning: it is
the absolute value of the 3-velocity of the mass elements of the cylinder
with respect to the inertial system in the flat space inside defined by

i E ghn (3.9)

The eigenvalue o, describing the stress in Z-direction, is in view
of (3.7) as in the static case:

A2 -1\ 1
U(Z)= (m)io— (310)

Using the ansatz (3.8) the eigenvalue equations of 7, resultin:

44 2 (1-4 44
= —h(1 2R2% _ 2R
= —b(1+b7Ro) (A2+3)B+ RO(A2+3> b °(A2+3>

~ (1— A 44
W= Rol 35 )= Sy b0 457 RO
3.11)
44 L /(1—A4)> A
“@>:b2R°<A2—+‘3‘)‘ oy Ry L)
[ 44 2 (1-4 44
J“‘”ﬁz_b(HbzRgF(m)’LRdo<A2+3)ﬁ~b2R°<AT+?)ﬁ'

The relations (3.10) and (3.11) represent the reduction of 4 and b on the
physical quantities u, Ry, 8, 04, and g;z; one finds:

1+304R,

A% =
1—o0zR,

, (3.12a)

2 2 1 Bz H
=2 4 2\2
bRs = K” ="

S=(+oz4R,— 3J(ZZ)R%) .

u—a@))zR%S") —1] (3.12b)

with
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Apart from the special case u = g4, (cf. Chapter 3c) it follows from (3.12b)
that b =0 (static case) exactly if # =0 (non rotating cylinder).

On the other hand only three physical properties of the cylinder are
freely available, e.g. u, Ry and f. The five relations (3.10) and (3.11),
between which the dependence (3.7 a) exists, allow to determine uniquely
the dependent four quantities A4, b, 6,g), 95. Thus one finds in addition
to the Egs. (3.12a) and (3.12b):

1
O'((D)R(): — %(/.lR()"*' ~1~17;2‘> I+{1-

Ozy= — (1 + 0 - (3.13b)

Herewith also the validity of the ansatz (3.8 a) has been shown.

We emphasize that the passage to the limit R, =01n (3.12) and (3.13)
can be performed (as in the static case) so that the line element (2.1)
describes the field of an infinitely long rod with spin. Finally we note,
that (3.13) agrees with (3.5) in the static case b =0.

¢) Detailed Discussion

In Fig. 1 the dimensionless quantities g4,R,, 0z R, are drawn as
functions of uR, for different values of . The four shaded sectors I
VA I(+12AZS+3),1I(+32A4A< +0)and [V (A4 £0) are the
regions, in which solutions for the stationary rotating hollow cylinder
exist.

First, we discuss the physically most interesting sector I with
1R, 20, — 4 < a4 Ry < + % (see also Fig. 2). The sign of the stress term
0@ R, depends on the rotational speed f and the mass density p. It is
negative, if the “gravitational attractive forces” are greater than the
“centrifugal forces” and inverse. According to the relation (3.13a) o4,

2
vanishes for uR, = (T»ﬁ—z—), i.e. the two forces compensate each other.

For || = 3 the centrifugal force dominates for all possible values of 4 R,,.
It is remarkable, that for the mass density 4R, exists an upper limit
depending on the rotational speed f. It varies between + %(=0) and
+ %(B—1); all physically relevant densities ly far below this limit.

The behavior of negative rotating masses (sectors II, I11) is completely
different from that of positive masses. The tangential stress term g, R,
is negative for all possible values of 4 and . Hence, as to be expected,
the centrifugal forces are directed inward as well as the gravitational
forces.
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Fig. 1. The stresses 6,4, and 6,4, as functions of u for different values of the rotational speed

Furthermore in Fig. 1 we have marked some special values of A. For
the cases 4 = + 1 and A = + 3 the lines A = const degenerate into points,
and the eigenvalues of % are independent of f. While the case 4= + 1
results in the flat space with vanishing t# and b=0, in the case A = +3
the Riemann tensor (outside the cylinder) is of degenerate type D (see I).
Particularly we get from (3.12) and (3.13) uRy = 6,4, Ry = — % and from
(3.12b) b =0 as well as for 4 = + 1. Thus the gravitational field and the
nonvanishing eigenvalues of 74 are independent of the rotation £ of the
cylinder. However this curious case A= +3 lies in a physically non
relevant region.

Sector [V seemsto be of lessinterest. For f— 1 wefind u Ry, |o;q R | = 00.
We renounce to a further discussion of this sector.
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-1/3

Fig. 2. The course of the tangential stresses in sector I

Finally we give in case of the sectors I and II approximate values of
0.y and gz for small mass densities uR,. We get from (3.13):

gy Xup?,  ogr —pul+p2). (3.14)

In [18] we have calculated the energy-momentum-stress tensor of the
hollow cylinder in special relativistic approximation. (3.14) agrees with
these results, if we choose the constant of integration ¢%# occuring in
[18], (2.2.6) to be — (1 + B*)p. The value of o4, in (3.14) represents the
usual centrifugal term.

4. Thirring Effect

From (2.1) and (2.2) follows immediately that the field is static inside
as well as outside the cylinder, i.e. it admits inside and outside a hyper-
surface orthogonal timelike Killing field #* and & respectively:

n"£4, (4.1a)
gk (4.1b)

Both fields are continuous across the singular hypersurface R, = const.
But the vector field #* is hypersurface orthogonal only inside and &* only

outside the cylinder. The hypersurfaces are T=const and T= const
respectively. As it is easy to see, the gravitational field does not admit
(for b+0) a timelike Killing field, which goes continuously across the
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surface R, = const and is hypersurface orthogonal inside as well as
outside. This behavior of the field of the rotating cylinder can be given
the following physical interpretation: We define two reference frames
(one inside and one outside) by the congruences of the timelike world-
lines given by (4.1). The tangent normal vector fields to these con-
gruences are:

v ES for RZR, (4.2a)
and

wH

b

o4
——— for RZ=R,. (4.2b)
1/944
Using Table 1 and (2.5) we find for the absolute value of the 3-dimensional
relative velocity v, at R=R,, between the reference frames given by
wk and v*:
bR,

) = R =55 -
Lrel. W Ko (1+b2Ré)i

(4.3)
 is the angular velocity between the two reference frames. This effect,
which was first established in linear approximation by Thirring [8];
is known as the “dragging of inertial frames by rotating bodies”, which
causes the appearance of “Coriolis (magnetic-type) forces” [19].

From (4.3) follows that signw = signb and w =0 if and only if b=0.
Hence the Thirring effect is an immediate consequence of the rotation of
the cylinder. From (3.12) and (4.3) we find wR, as a function of the

physical quantities: |
o Ro| = (“‘ )
0 o+1

, . (4.4)
=t - eer RIS
(1 _ﬁZ)Z (D)
For the sign of w one gets:
signw = sign(f - (u—0y4) Ry - 4). 4.5)

5. Final Discussion

In Fig. 3 we have drawn wR,(uR,) for different values of the rota-
tional speed B. The main results, as to be seen from (4.4) and Fig. 3, are:

The maximum value |wR,| =1, ie. 2=+ oo, is reached for the
limiting cases of maximum rotational speed

IBl=1 and A=0 (o4Ro=—35=0),

i.e. maximum (negative) stresses in Z-direction (see also Fig. 1).
The sign of w is according to (4.5) determined by the direction of
the rotational speed f, the sign of (4 — 0(¢)) R, and A. Hence in sector I
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08
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03
01

I

-1t

Fig. 3. The relative rotation w R, of the reference frames ¢* and w* as a function of the mass
density for different values of 8

of Fig. 1 (12420, uR, 20, 6,4,R, = 1t R,) the reference system outside,
given by w*, rotates with respect to the reference frame v* inside in the
same direction as the cylinder. In sector II (negative mass density,
(1 —0)Ry=0,3= 42 1)it rotates in opposition to the cylinder as well
as in sector IV (uR,=0, (u—04)Ry=0, A<0), while in sector III
(+00=2A423, uR,<0 but (u—0.4)R,=0) the absolute value of the
stress term o4, R, predominates R, and we get a behavior as in sector 1.

A consequence of the Thirring effect is, that observers in the reference
frame w* outside, placed nearly at R = R, will measure a rotational speed
B of the mass elements of the cylinder, which is different from the speed
p measured by the observers in the reference frame v* inside. Performing
the same procedure as described in Chapter (3.b) in the coordinates
R, ®,7Z, T we finally get the following relation between f and f3 ,,.

B _ 4A B(a)
T <A2+3) i-p) (4.6)

The sign of ff and f,, is the same in the sectors I-11I of Fig. 1 (4 = 0), but
opposite in sector IV (4 <0). Together with (4.4) this yields the curious
result that for A < 0 the relative rotation of the frames v* and w* is “faster”
than the rotation of the cylinder.

I thank Prof. H. Dehnen for discussions. This work was supported by the Deutsche
Forschungsgemeinschaft.
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