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Abstract. The paper considers the possibility of constructing ultralocal theories,
whose Hamiltonians contain no gradient terms and are therefore diagonal in position
space, entirely in terms of currents with an equal time current algebra replacing the
canonical commutation relations. It is shown that the free current theory can be defined
in terms of a certain representation of the current algebra related to the group, SL(2, R).
This representation is then constructed by using certain results of Araki and in the process
a new infinitely divisible state on the universal covering group of SL(2, R) is displayed.
An ultralocal free theory can also be constructed for the canonical fields, and its relation
to the free current theory is shown to involve a certain renormalization procedure
reminiscent of the thermodynamic limit.

1. Introduction

In the quantum theory for finite degrees of freedom, it has long been
known [ 1] that all irreducible representations of the quantum mechanical
commutation relations, [p,,q;]1=—id,;(k,j=1,2,...,N), are unitarily
equivalent’. Thus, regardless of the particular Hamiltonian being con-
sidered, one may use the standard representation: p, — %%, Q= X

k
on L*(R",dx). In field theory with infinite degrees of freedom, there
are many inequivalent irreducible representations of the canonical
commutation relations (CCR) [2],

[n(x), p(¥)]=—id(x—y) (x,yeR), (L.1)

and it is generally expected that for each Hamiltonian, written in some
heuristic fashion in terms of these time-zero fields, one must choose the
appropriate representation so that the Hamiltonian can be defined as a
bona fide operator on the representation space.

* Research sponsored by the Air Force Office of Scientific Research under Contract
No. F 44620-71-C-0108 and Contract No. AF 49(638)1545.

! This result is rigorously true only for the Weyl form of the commutation relations.
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The Hamiltonian of a relativistic theory is usually taken to be of the
heuristic form,

() + 122 (x) + (V- Vo) (x) + W(h(x) dx, (1.2)

with W a polynomial, for example. Several authors [3-6] have studied
quantum field theories whose Hamiltonians have the simpler form,

=3[ (7*(x) + 12 (x) + W($(x))) dx . (1.3)

and are thus diagonal in position space. The absence of gradient terms
leads one to expect that different regions of space will propagate in time
independently of each other and such models are accordingly called
ultralocal. Aside from the inherent mathematical interest in such models,
itis hoped that they may be useful in an alternate approach to constructive
field theory in which the gradient term, 5 [ (V¢ - ¥ $) (x) dx, rather than
3 f W (¢(x)) dx is taken as a perturbation.

The search for an appropriate representation of the CCR, expressed in
terms of = and ¢, and for the ground state vector, in the representation
space, for an ultralocal Hamiltonian is the continuous analogue of the
corresponding problem expressed in terms of an infinite number of
qy’s and p,’s with a Hamiltonian of the form,

=2 S (R waR W) (14)
k=1

This discrete problem has been thoroughly investigated by Reed [7]
in the context of infinite tensor product (ITP) representations of the
CCR and its straightforward solution involves the replacement of Hy,
by a renormalized Hamiltonian,

= 1

b= (pf + 12 g8 + W(g) —ew) (1.5)

|| Mg

where &y, is the ground state energy of 1(p? + u?q> + W(q)).

The ultralocal free canonical field theory with W =0 (for positive
mass p) may also be constructed in a straightforward manner (see
Appendix A). If we denote the free canonical fields by ¢, and n,,, then the
heuristic Hamiltonian,

HY =3 [ (n*(x) + 1 $*(x)) dx., (1.6)

is replaced by the rigorously defined renormalized Hamiltonian,

H? =4 [ (m2(x)+ u2p2(x)— p)dx . (1.7)
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When W does not vanish, however, it appears that no representation of
the CCR is appropriate for the ultralocal Hamiltonian, H? [5, 6, 8].
In order to allow for theories with “interaction”, we therefore construct
our ultralocal models using currents in place of fields with an equal time
current algebra replacing the CCR.

The idea of using observable currents as the dynamical variables of a
physical theory in place of fields and of replacing the CCR by an equal
time current algebra,

n

[J;(x), T =1 Y. cjri(x) 3(x —p), (1.8)

=1

has been suggested by several authors [9—12]. The basic method is to
express the Hamiltonian in terms of the currents and then to look for
the representation of the current algebra appropriate to the particular
Hamiltonian under consideration. In this paper we construct the ultra-
local free theory for the currents S(x) and T'(x), defined heuristically as

S(x) =3¢ (x) (1.9a)
and

T(x) =%(p(x) m(x) + m(x) p(x)) (1.9b)

and then relate it to the ultralocal free canonical field theory. In a suc-
ceeding paper, we construct ultralocal “interacting” theories for these
same currents. It is hoped that this work will lead to a better understanding
of both ultralocality and current theories.

In Section 2, the (S, T') current algebra is studied and it is shown that
the free current theory is closely connected to the representations of a
larger current algebra related to the Lie group, SL(2, R). Section 3
is basically a review of Araki’s work [13] on the construction of repre-
sentations of current algebras in terms of generating functionals and
the relation of “ultralocal generating functionals” to cocycles on the
corresponding Lie groups. Section 4 consists of a construction of the
appropriate cocycle for SL(2, R) and a calculation of the corresponding
generating functional which defines the ultralocal free current theory.
In Section 5, the ultralocal free current, S,(x), is related to ¢,(x), and
(1.9a) is made rigorous by means of a peculiar kind of renormalization
reminiscent of a thermodynamic limit in momentum space. There are
two appendices: Appendix A concerns the ultralocal free canonical field
theory while Appendix B contains relevant material on SL(2, R) and
its universal covering group. Throughout the paper, we will be working
in s-dimensional position space and, unless otherwise stated, all our
results are independent of s.

13*
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2. The Current Algebra

The choice of the two currents defined by (1.9) as basic variables
has been proposed previously [10, 14] and it seems to be appropriate
for a neutral scalar boson theory. We proceed to determine, by formal
application of the CCR, the current commutation relations and the form
of the Hamiltonian density as a function of these currents. The current
theories themselves use the results of these calculations as a starting
point and are defined independently of the existence of the corresponding
canonical field theories.

The current algebra, calculated in this manner, is easily seen to be:

[S(x), S»)]=0=[T(x), T(y)] (2.1a)
[T(x), S(y)]=—id(x —y) S(x). (2.1b)

If we define S(f)= [S(x)f(x)dx and T(g)= | T(x)g(x)dx, then
u(f)=exp(iS(f)) and 7 (g) =exp(iT(g)) are to be unitary operators for
real valued f and g in some test function space. The multiplication rules
for the % and ¥ follow formally from the smeared current commutation
relations,

[S(f), S@=0=[T(f), T(9)] (2.2a)
[T(g), S(f)]=—iS(f9), (2.2b)

by the use of the equation,
X Ye X = io 7117 (@d X)'Y, 2.3)

where (ad X) Y =[X, Y]. The calculation yields that

Uf)u@g)=uf+9g), (2.4a)
VNV @=7(f+9), (2.4b)
V(G US)=UEf)T(9). (2.4¢)

These results may be expressed by saying that the (S, T) current algebra
is related to the Lie algebra with two self adjoint generators, S and T,
satisfying [T, S]= —iS and [S, S]1=0=[T, T], while the exponentiated
smeared current algebra is related to the group F={(z,w)|z,we R}
with multiplication law

(zy, wy) (25, wy) = (2, + ¥z, wy +wy). (2.5

In order to express (1.3) in terms of our currents, we first assume
that W is an even function and replace u?¢?*(x) + W(¢(x)) by V(S(x)),
where V(A)=4u?i+ W(]/Zl), and then replace n*(x) by the peculiar
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combination (TS™!T)(x). We thus consider ultralocal Hamiltonians
of the form

Hy=4[((TS™'T)(x)+ V(S(x)))dx . (2.6)

The choice of (T'S™! T)(x) to replace n?(x) has also been suggested by
Sharp [10]; it is heuristically justified by considering the commutation
relations of the free Hamiltonian,

H,=1[((TS™'T)(x) + 4u2S(x)) dx , 2.7)

with S(x) and T'(x) as we do immediately below. The results of Sections 4
and 5 yield a more acceptable justification.
Using (2.1), we formally calculate that

[H,, S(x)]=—iT(x), (2.8a)
[H,, T(x)]=—3(TS™'T)(x)—4u>S(x)). (2.8b)

An analogous calculation using (1.1) yields that

[HY, ¢ (x)] = —i(3(d(x) n(x) + n(x) p(x))), (2.92)
[HY, 4(¢(x) m(x) + n(x) p(x))] = —5(n*(x) — p* P> (x)) . (29b)

The obvious similarity between (2.8) and (2.9) indicates that at least on this
algebraic level (TS ™! T)(x) is a reasonable substitute for n%(x). That this
substitution is a priori not totally reasonable can be seen by substituting
(1.9) into (TS ™' T) (x) and then using (1.1). The result of that calculation
is that (TS™'T)(x)=n*(x)+ 3 6%*(0) ¢ *(x), which would seem to
indicate that (TS~ T) (x) — % 6%(0) S~ !(x) should be chosen to replace
n%(x) in the ultralocal Hamiltonian. It is one of the implicit results of
this paper that in fact (T'S™! T)(x) is the proper substitution for n?(x)
and that (2.7) is the correct replacement for (1.6).

We next note the important fact that if we consider the free
Hamiltonian density,

H,(x)=3((TS™'T)(x) +4u>S(x)), (2.10)

and include it together with S(x) and T(x), we obtain a three current,
current algebra with the commutation relations:

[T(x), S(y)] = —id(x —y) S(x), (2.11a)
[H,(x), S(y)]=—id(x—y) T(x), (2.11b)
[H,(x), T(y)] = —i0(x — y) (H,(x) — 475 (x)) . (2.11¢)

The search for the ultralocal free current theory can thus be interpreted as
asearch for the proper representation of this three current, current algebra.
When an interaction term is added to the Hamiltonian, the currents
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S(x), T(x), and H,(x) no longer form a closed algebra; the completely
algebraic approach to the problem is then no longer applicable.

In these algebraic terms, it is also possible to see why an ambiguity
arises in the choice of the term to replace n?(x). If we consider the three
dimensional Lie algebra defined by,

[T,S1=—iS, [L,S]=—iT, [L, T]=—i(L,—42S), (2.12)

we see that a formal representation is obtained by choosing for arbitrary
real r,

S=i¢*. T=ilgp+pq), L,=3p*+rq *+p’q"), (213

with p and ¢ the usual canonical variables of quantum mechanics?®. The
value r =0 corresponds to the CCR choice of 7%(x) in H? while the value
r=3/4 corresponds to the choice of (TS™'T)(x) in H, for the current
theories.

Before concluding this section and beginning the rigorous mathemati-
cal discussions of the next, we determine the Lie algebra defined by the
S, T and L, above. This is most easily accomplished by considering the
skew adjoint basis defined by

i

A= —
2p

L,, B=iT, C=71H-Lu—i2y8. (2.14)

The commutation relations of this basis are
[A,B]=C, [B,C]l=—4, [C,A]=B. (2.15)

These are the commutation relations of the Lie algebra of SO(2, 1),
the proper three dimensional Lorentz group, or equivalently of the Lie
algebra of SL(2, R), the group of 2 x 2 real matrices of determinant one
(see Appendix B). Considered as SO(2, 1), 4 is the generator of spatial
rotations while B and C are the generators of pure Lorentz boosts;
iS =(A — C)/2 generates the one parameter group of Lorentz transfor-
mations leaving a lightlike particle invariant (the little group of the
zero-mass particle).

We may thus consider the skew adjoint current algebra with basis:

L H®, Bw=iTkx), C)= - Hyx)—i2uS(x).
2u 2u

The search for the ultralocal free (S, T) current theory is thus a search for
the appropriate representation of this SL(2, R) current algebra.

A(x)=

21t follows from Theorem B4 and the discussion preceding Proposition 20 that
on I*((0, o), dg) this is a valid representation when r > —4.
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3. Current Algebra Representations

In this section, G will always be a finite dimensional connected Lie
group with Lie algebra X. We denote elements of G by g, elements of
X by X, and the identity of G by id. If one fixes a basis, (X)) (i=1, ..., n), of
elements of X, the structure constants of X are the real numbers, c;jy,

satisfying [X;, X;]=— Y ¢ Xy We also consider the (self-adjoint)
k=1 n
generators, J, = —iX,, satisfying [J;, J;]1 =i Y cipd
k=1

Given a continuous unitary representation U, of G, on a Hilbert space
K, a representation of the Lie algebra is obtained by defining for X € X,

" 1 d
UX)= a4 U(exp(tX)) or equivalently U ( Y r,.Ji) =——
dt|=¢ = i dt

U (exp (it Y r,.Ji)>.
i=1

A (physical) current algebra is a finite set of objects, (J;(x)) (i=1, ..., n),
satisfying the commutation relations, (1.8), where c;;, are the structure
constants of some Lie algebra. To give a rigorous mathematical de-
finition of this notion requires some preliminary definitions [13].

We define G*, the current group of G, as the group of bounded,
measurable®, G-valued functions on R® of compact support equipped
with the pointwise group operations of G. A G-valued function, g*(x),
is bounded if its range is contained in a compact subset of G; its support
is defined as {x|g*(x)#id}. Analogously, we define X*, the current
algebra of X, as the (infinite dimensional) Lie algebra consisting of the
set of bounded measurable X-valued functions on R® of compact support
equipped with the pointwise Lie algebra operations of X. If X* e X*,
we denote by exp(X*) that element of G* defined by (exp(X*))(x)
= exp(X*(x)).

A unitary representation, %, of G¥ on a Hilbert space § is said to be
continuous if, for all X* € X*, %(exp(tX*)) is weakly (or equivalently,
strongly) continuous in ¢t. Given such a continuous unitary representation
of G*, we define #(X*), for X*e X*, as % WU(exp(tX*)). Given

t=0
a basis for X as above, we define for /' a bounded measurable function
on R® of compact support, Z,(f)= —i%(X*) where X* is taken to be
X*(x)=f(x) X, =if(x)J,. #(f) is then a formal representation of the
smeared (physical) current algebra with (/)= [ J,(x) f (x) dx. We will
not discuss questions concerning the rigorous validity of the current
commutation relations for such representations (see [14]).

t=0

* In this context, measurable refers to the Borel sets in R® and to the g-algebra of
sets generated by the compacts in G.
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If U is a representation of G on 8, then e R is said to be cyclic
(with respect to U) if {U(g) y|g € G} is a total set in K*. A similar de-
finition holds for a representation of G*. A state on G is a complex valued
continuous function, E(g), with E(id) = 1, such that for any positive integer
N and any choice of N elements, (gy, ..., gy), in G the N x N matrix,
E(g; 'g)), is positive semidefinite [15]. The importance of states is due
to the following well known fact.

Theorem 1. E(g) is a state on G if and only if there exists a contin-
uous unitary representation, U(g), of G on a Hilbert space K, with cyclic
vector Q, such that E(g) = {(Q, U(g) 2) ({.,.> is the inner product in K). If
(U, &', Q) is another triple satisfying these conclusions, then there exists
a unitary operator W: & — & such that WQ' = Q and U(g)=WU'(g) W~ !
forallgeG.

For the current group, the object analogous to a state is a generating
functional.

Definition 2. A generating functional on G* is a complex valued func-
tion on G* satisfying:

(1) E*(id*)=1, where (id*) (x) =id for all x € R®.

(il) E*(gFexp(tX*)g%) is continuous in ¢ for all X*e X* and all
g¥, 9% € G* and

(i) the matrix E*(g} ~'g¥) is positive semidefinite for all N and all
gf, ..., g € G*.

In analogy with Theorem 1, and proven in a basically identical
manner, we have

Theorem 3. E* is a generating functional on G* if and only if there
exists a continuous unitary representation, %, of G* on a Hilbert space ©
with cyclic vector Q such that E*(g*) =<Q, U(g*) 2).

If (W',9,Q) is another triple satisfying these conclusions, then
there exists a unitary operator W:$'—$9 such that WQ' =Q and
Ug*)=WU (g*) W™ for all g* e G*.

The moral of this theorem is that one can implicitly construct contin-
uous unitary representations of the current group, G*, and thus self
adjoint (formal) representations, Z,(f), of the current algebra by deter-
mining generating functionals on G*. This is quite useful in that the
latter is often a simpler task than the former. In addition we note that
many other properties of the representation can be easily stated in terms
of its generating functional — for example, symmetry properties.

If g*eG* and aeR®, we define g*eG* as g¥(x)=g*(x—a). A
generating functional, E*, is said to be translation invariant in case
E*(g*)=E*(g}¥) for all g*e G* and all aeR®. If Re SO(s) and a e R?,

4 A total set in a Hilbert space is a set of vectors whose finite linear combinations,
with arbitrary complex coefficients, are dense.
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we define g o(x) =g*(R™'(x —a)) and we say that E* is Euclidean
invariant in case E*(g*)= E*(gfz ) for all (R,a)e E(s), the Euclidean
group. The following theorem is then easily proven by standard methods.

Theorem 4. E* is Euclidean invariant if and only if there exists a
unitary representation, U(R, a), of E(s) on $ such that U(R, a) 2= and
U(R,a)%(g*) U((R,a)™ ") = U(g{z.a) for all (R, a)e E(s) and all g* € G*.
(Here (U, 9, Q) is the triple associated with E* by Theorem 3.) In addition,
U(R, a) is a continuous representation of E(s) if and only if E*(g*hiz )
is continuous in (R, a) for all g*, h* € G*.

In the models we are concerned with, the cyclic vector plays the same
role that the physical vacuum vector does in a Relativistic Quantum
Field Theory. Physical Euclidean invariance thus suggests that we
concentrate on Euclidean invariant (or at least translation invariant)
generating functionals. In addition, the form of ultralocal Hamiltonians
suggests that for such models, disjoint regions of space should be inde-
pendent. The proper notion of disjointness for generating functionals is
that of being factorizable [13, p. 365].

A generating functional is said to be factorizable if E*(g¥g%) = E*(g%)
- E*(g%) whenever the supports of gf and g% are disjoint. Modulo certain
technical niceties, one may say that factorizable generating functionals
arealways of the form E*(g*) = exp({ dv(x) D(g*(x); x)) [13, Theorem 5.1].
If we require translation invariance as well, this form reduces to
exp(j dxD(g*(x))), where D is some function on G. The following theorem
follows easily from the results of [13, pp. 380—381].

Theorem S. Let D be a continuous complex valued function on G.
Then E*(g*)=exp([dxD(g*(x)) is a generating functional on G* if
and only if exp(aD(g)) is a state on G for all positive a. In that case, E* is
Euclidean invariant and factorizable, and E*(g*h{y n) is continuous as a
function of (R, a) in the Euclidean group for all g*, h* € G*.

We mention that necessity is proven by considering elements of G*
which are identically equal to id outside a set of measure ¢ and which are
constant inside that set. In accord with Theorem 5, we make the following

Definition 6. A state E on G is said to be infinitely divisible if there
exists a continuous complex valued function, D(g), such that
E(g) =exp(D(g)), and exp(aD(g)) is a state on G for all a>0. Any such D
will be said to determine E.

We now see that a search for the proper current algebra represen-
tations in which to define ultralocal Hamiltonians requires an investi-
gation of the infinitely divisible states on the corresponding group, G.
The classification of infinitely divisible states is accomplished most
easily by use of the following theorem due to Araki [13, Theorem 4.4].
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Theorem 7. D(g) determines an infinitely divisible state on G if and
only if there exists a continuous unitary representation, U(g), of G on
a Hilbert space & ; a strongly continuous K-valued function, 5(g); and a con-

tinuous real valued function, P(g), such that the following three conditions
hold :

(1) Ulg)dg)=0d(g'9)—d(g") forallg,g'€q. (3.1
(i) P(g'g)—P(g)— Plg)=Im<{(g'""), 0(g)>  forallg,g'€G.(32)
(iii) D(g)=—3<0(g), 3(g)> s +iP(g). (3.3)

We may assume that {5(g)} is a total set in &, in which case, if (§', U, K")
also satisfy the hypotheses of the theorem, then there is a unitary operator
W: R — & such that W&'(g)=6(g) and U(g)=WU'(g) W~

This theorem suggests a definition as follows:

Definition 8. A triple, (6, U, &), consisting of a continuous unitary
representation, U(g), of G on a Hilbert space, &, and a strongly continuous
K-valued function, 9, satisfying (3.1)for all g, g’ € G is called a cocyclefor G.

In a certain sense [16, Theorem 2.1] the classification of infinitely
divisible states reduces to the classification of cocycles. In particular,
the possibility of there existing different P(g)’s for the same cocycle is
largely answered by the following easily proven proposition.

Proposition 9. If (6, U, ) is a cocycle for G and P(g)(k=1,2) are
continuous real valued functions on G satisfying P/(g'g) — Pi(g9') — P(9)
=Im<d{8(g' ™ 1), 5(g))q for all g, g’ € G, then P,(g) — P,(g) is a homomorphism
from G into R, the additive group of reals.

The classification problem for infinitely divisible states on abelian
groups has been completely solved [17]. In the case G =R, one obtains
the classical Lévy-Khinchine formula of Probability Theory for infinitely
divisible characteristic functions [18]. In addition, Araki [13, Cor. 7.6]
has classified all the cocycles for any solvable Lie group; he also has
reduced the general problem to the case of semisimple (noncompact)
groups and irreducible representations, (U, &). There seems to be very
little known for such groups [19], but in Section 4 we will construct a
nontrivial cocycle for an irreducible representation of SL(2,R), a
semisimple group. We will then be interested in the existence of a P(g)
for that cocycle. The following theorem suggests that in that case we
consider the universal covering group of SL(2, R), which is simply
connected as well as semisimple.

Theorem 10. Suppose G is semisimple, connected, and simply connected,
and (6, U, K) is a cocycle for G. Then there exists a unique continuous real
valued function, P(g), on G satisfying (3.2).
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Proof. Letm(g,, g,)=Im<{d(g; !), (9,))«. A simple calculation shows
that m is an additive multiplier [16] on G; i.e., m(g,9,, g3)+m(g;,g2)
=ml(gy, g,93) +m(g,, g3)- Then M(gy, g,) =exp(im(gy, g5) is a (multi-
plicative) multiplier on G, and a well known theorem [20, p. 40] states
that all multipliers on such a group are trivial; i.e., M(g,, g,) is given by
a(g192) - (2(g1)) " - (x(g,)) " for some continuous function o with values
on the unit circle in C. Since G is simply connected, we may define P(g)
by continuity to be the continuous function such that a(g) = exp(i P(g)).
We then have the desired result.

The uniqueness of P(g) follows from Proposition 9 since a semisimple
group only has the trivial homomorphism into R. This is so because the
commutator subgroup of G (the subgroup generated by elements of the
form ghg~'h™!) is mapped into zero by any homomorphism into R,
and if G is semisimple, then G is equal to its commutator subgroup.
This completes the proof of the theorem.

In order to construct representations of the (S, T) current algebra
discussed in Section 2, we must consider the infinitely divisible states on
the group F defined by (2.5). Since F is a semidirect product, R ® R,
and is therefore solvable, we can use Araki’s results to obtain cocycles
for F. In this way, we obtain the following (incomplete)® set of infinitely
divisible states on F:

Proposition 11. Let & = L*(R, dA) and let U(z, w) be the representation
of F on & defined by

Uz, w): p(Apweiz e 2yp(e” 1) . (3.4)

Let Y =I'(R, d/) and suppose c(A) is a measurable function on R satis-
fying ﬂ
(1) I_L/—LLIJC(Z)E R,
(ii) (c(A) —e"™*c(e”)) is a strongly continuous RK-valued function
of weRand
(iti) Im(c(4) c(e” 1)) is a stongly continuous Y-valued function of w € R.
We define

Oz, w)=(e'2*e"2c(e” A) — c(4)) (3.5)
and

P.(z, w) = e"/? TO Im(e**c(7) c(e* A)) dA . (3.6)

5 The incompleteness of this classification is due to the fact that we do not include
the cocycles corresponding to those representations of F in which U(z,0)=1 for all ze R.
Such a cocycle yields D(z, w)= Dy(w), where D, satisfies the Lévy-Khinchine formula.
The most general D(z, w) is then of the form Dy(w)+ D.(z. w), with D, as given in Propo-
sition 11.
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Then (6., U, &, P,) satisfy the conditions of Theorem 7 and we may obtain
the corresponding D (z, w) which determines an infinitely divisible state on F.
We note that if we choose c(A)=d(A)/A* with d(1)e C*([0, 0)),

+ 0
d(2)=0 for A<0, and | |d(d) ]2 dz < o0, then c satisfies requirements

(1), (i1), and (iii) above. In this case, we have

determining an infinitely divisible state on F. This choice of ¢ yields a
cocycle for the irreducible subrepresentation U,, of U, defined on
Ko =1? ((0, 0),dA)C K, in which the infinitesimal generator of U,(z, 0)
is positive.

4. The Free Theory Generating Functional

According to our discussion of Section 2, in order to investigate the
ultralocal free current theory, we must find the appropriate representation
of the SL(2, R) current algebra generated by S(x), T(x), and H,(x)
=1/2(TS *T)(x)+ 4u*>S(x)). Since the commutation relations of the
current algebra do not uniquely determine the relevant group (except
in a neighborhood of the identity), it is not yet clear whether we should
be concerned with the current group of SL(2, R), or perhaps of some
covering group of SL(2, R). In the end, we will naturally be led to consider
the universal covering group of SL(2, R).

In line with Theorem 3, we will actually search for the appropriate
generating functional for the (S, T, H,) current algebra in which the
cyclic vector, &, is the ground state of H,. We should thus investigate
the infinitely divisible states on SL(2, R) (or some covering group) in
order to obtain the appropriate Euclidean invariant factorizable
generating functional as indicated by Theorem 5. Unfortunately, since
SL(2, R) is semisimple, it is not included in the work of Araki [13]
and there is no other systematic investigation of its infinitely divisible
states [19]. Rather than working directly on SL(2, R), we will first
construct the correct generating functional for the (S, T') current sub-
algebra and then extend it to a generating functional for the total
(S, T, H,) current algebra.

The current group for the (S, T) current algebra is F*, where

elements of F* as g*(x)=(f(x), g(x)) and denote a continuous unitary
representation of F* by %((f(x),g(x)))=exp(iS(f)) exp(iT(g)), where
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S(f) and T(g) are respectively the self adjoint generators of ((t f(x), 0))
and %((0,tg(x))). We may use Proposition 11 to list a large class of
generating functionals on F*, from which we shall choose the appropriate
one corresponding to H, (and to the various interacting Hamiltonians,
H,). We choose ¢(4)=0 for 1 <0 to insure that S(f)=0 for f =0 as is
expected for a current heuristically defined as 1¢2(x). We then have

Theorem 12. Suppose c(A)=d(%)/2* on (0, c0) with [ |c(A)|*di<o0
and d(1) e C*([0, o0)); then for f and g real valued, bounded, measurable
functions of compact support, E*(f,g)=exp ([dxD(f(x),g(x)) is a
Euclidean invariant factorizable generating functional on F*, where
D, is defined by (3.7).

As a generating functional, E* is given by E*(f,g)=(Q, exp(iS(f)
exp(iT(g)) Q). We then have that S(f)=0 when f=0, and S(f) has
absolutely continuous spectrum (for f=£0) if and only if d(0)=%0. In
addition, the unitary representation of the Euclidean group induced on the
representation space is COntinuous.

Proof. The theorem follows directly from Theorem 5 and Propo-
sition 11 except for the properties of positivity and absolute continuity
for S(f). To prove these, we need only consider the functions E,(f)
= (@, exp (itS(f)) @), as @ ranges over a total set in the representation
space. E4(t), for each @, is a continuous function of positive type and
thus by Bochner’s theorem is the Fourier transform of a measure:

Eo(l)= | ¢"doo(a)

To prove positivity for S(f), we need only show (by the spectral theo-
rem) that the g4 all have support on [0, c0) as @ ranges over a total set; to
prove absolute continuity, we need only show that the g4 are all absolutely
continuous (with respect to Lebesgue measure) as ¢ ranges over a total
set. We choose as our total set, {5®e'T@Q}, A simple calculation using
the multiplication law of F* shows that for ®=¢SMeTOWQ E,(t)
=exp([dxD (e ?®tf(x),0)). It is therefore clear that we need only
show that E(t)=exp(|dxD (¢ f(x),0)) is the Fourier transform of a
measure concentrated on [0, oo) whenever f >0, and of an absolutely
continuous measure (for f £ 0) if and only if d(0)#0. We have

E (1) = exp (f dx | (77 1) da(/t)) @.1)
RS 0

where Z? =|c(A)|*. (4.1) may be rewritten as
A

—

E,(t)=exp (T (€™ —1)do f(u)) 4.2)
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where o, is defined by

or(u)= dxo (2. 4.3
CRNPCTE) ()

We first note that if f =0, then since supp(o)C [0, o0), it follows
from (4.3) that supp(c ) is also contained in [0, co). It is a well known fact
in probability theory [21] that a characteristic function of the form (4.2)
with ¢, concentrated on [0, o0) is the Fourier transform of a measure
concentrated on [0, o). If o, is of finite total mass (i.e. d(0) = 0), this can be

seen directly, since then E (1) = j e""do (g), with

op=e = ) —of (4.4)

(where * denotes convolution); and the convolution of two measures
with support in [0, c0) again has support in [0, c0). If ¢, has infinite
total mass (i.e. d(0)#0), one can approximate o, by measures of finite
total mass. ¢, will then be a weak limit of measures concentrated on
[0, c0) and will therefore also be concentrated on [0, c0).

We next note that (4.3) implies that ¢, has finite total mass if and
only if ¢ has finite total mass, and thus if and only if d(0)=0. From (4.4)
we can easily see that when o, has finite total mass, ¢, has a point mass at
the origin and therefore d(0) = 0 implies that S( ) does not have absolutely
continuous spectrum. The converse follows from the theorem in proba-
bility theory that for a characteristic function of the form (4.2) (with o,
absolutely continuous), ¢, is absolutely continuous if o has infinite total
mass [22]. This completes the proof of the theorem.

It would be quite unphysical to have all the currents, S( f), with point
spectrum at the origin; we therefore expect that in any physically relevant
representation of the (S, T') current algebra given by Theorem 12, we
should have d(0) +0. Beyond this requirement, however, we have as yet
no way of choosing the proper c(4) to yield the appropriate generating
functional for the ultralocal Hamiltonian H,. We therefore make the
following

Ansatz 13. The appropriate generating functional on F*, yielding a
representation of the (S, T) current algebra in which the cyclic vector Q is
the ground state of H, =% [ (TS~ T)(x)+ V(S(x))) dx, is that given by
E*(f, g)=exp([ dxD.(f (x), g(x))),as in Theorem 12, with c(2) the solution
of the differential equation,

HTS™'T+V(S)c(r)=0, 4.5)
d d
where S=4, T= (/1 7 71 /1) and A € (0, o0).
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We note that ¢(4) is chosen as that solution of the differential equation
which is square integrable at co. We also mention that the above defini-
tions of S and T are just those obtained from the representation, U,,
of F on & defined at the end of Section 3. In this paper, we will utilize
this ansatz only for the case of the ultralocal free Hamiltonian, H,, with
V(4)=4u2 . The result is:

Proposition 14. The solution, which is square integrable at oo, to the

—2ul
differential equation, 5(TS™' T +4u*S) ¢, (1) =0, is c,(A)= 155 ¢ pr
The corresponding D, (z,w), as defined by (3.7), is then

1<|2 w Z
D, (z,w)=|K|’D,(z, =-~|—~ln (cosh— —ie‘W/2w> 4.6

and the corresponding generating functional on F* is
Ef x(f.9)=exp(|K|* [dxD,(f(x),g(x)). (4.7)
Proof. Using the definitions of S and T given in Ansatz 13 and re-
2
arranging terms, we find that TS !T= -1/1%—2— l/:l If we let

¢, (1) =d,(2)/A*, the differential equation for ¢, reduces to

d2
(- 0 +4p2>du(/1)=0,

and to make c, square integrable at co, we must choose the solution,
d,(1)=K'e”?** where K' is an arbitrary complex number; for later

convenience we choose K' = ~I—<— It only remains to calculate D ,(z, w)
as defined by (3.7), viz. l/

1= di win e Hnh g duemA
D (Z W)= _2_ /{ (e—ZuAUZue Atizd ____~__2“‘_~_>
0

Letting a; =2y, a, =2ue”, zy = —2ue” + iz, and z, = —2u + iz, we find
that

D, (z, w)= -}(T L dl—l> (4.8)
4]

Ao

We may use the fact [23, formula 3.551-1] that
J 24~ te PHsinhy ) di= — D) (B=9) "~ (F+7) ")
0

for Rey> — 1 and Re > [Rey| to obtain, after taking suitable limits, that

Oj’)e—wz/l( . —-a/) ( 2a )
0

a—y
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3a—y y+a
forRe( 3 )> {Re—z—

1 (ay —zy) (ay — z,) 1 wo z \?
D =—__—1 - W o emw2
Wz, w) ) n ( 4a.a, ) In{cosh 5 ie )

. By substituting into (4.8), we find that

which immediately yields (4.6) and thus completes the proof of the
proposition.

Formula (4.7) completely determines the ultralocal free current
theory generating functional on F* up to a choice of |K|>. This choice
will be made in Section 5, but meanwhile we wish to extend E}  to
the entire (S, T, H,) algebra by extending the cocycle,

ezid (e 2) — d,(A)
% :

0.z, W) (A)= 4.9)

from F to all of SL(2, R). It is first necessary to extend the representation
U,, as defined at the end of Section 3, from a representation of F to a
representation of SL(2, R); this may be done by using the results of
Appendix B.

We take the standard basis (4, B, and D = A;C
Appendix B) for the Lie algebra of G, = SL(2, R) and then invert (2.14)
to obtain the self adjoint basis:

as defined in

S=—71D, T=—iB, L,=—i2uA. (4.10)
F is thus isomorphic to the subgroup of G, generated by S and T (or
equivalently by B and D). Ansatz 13 suggests that on &, = L*((0, c0), dA),
a representation of G, is obtained by representing S as A, T as
1/,d d _ d?
E(’lﬁ + E’Q’ and L, as 4TS 1T+4y25):%(—1/1W1/Z+4,ﬂ/1).
Proposition B.3 and Theorem B.4, for the case h =1, show that this does
indeed define a valid representation:

d2
Theorem 15. %( - W T [/:1 + 4,uzll) is essentially self adjoint on

C§ (0, o) C K. If we denote its self adjoint closure by h,, then there exists
a continuous unitary irreducible representation, U,(g), of G, on K,
such that

d +iz), UdL)=h,. (411)

1
U8 =4 UAT):E(’l i " d
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U, (g) is unitarily equivalent to the positive discrete representation U™ (g, 1)
(as defined in Appendix B). The normalized eigenbasis of h, is given by:

hW, () =2um+ 1) ¥, (0)  (m=0,1,2,...), 4.12)
du(—1)"

m+1

where LV is an associated Laguerre polynomial [23, p. 1037].

We wish to extend the cocycle, 8,(z, w) = §,(e"*5e™7), defined by (4.9)
from F to all of G,. According to (B.2) any g € G, may be expressed as
e*Pe”Pet* and we thus need only define §,(g) for such a g and then show
that it is in fact a cocycle (with respect to the representation U,). Now,
heuristically, é,(z, w) is of the form (e**s™T —1) ¢ (1), and thus to extend
d,, we should consider (e'*%¢™Te'" — 1) ¢,(4). Since our ansatz suggests
that we consider ¢, as a kind of pseudo ground state of h, with zero
eigenvalue, it is reasonable to replace e'"c,(4) in the above expression

by c,(4). As the next theorem shows, this idea works.

Theorem 16. For ge G, of the form e*Pe*Be'4, we define

with

¥ (1) = JEe 2w L4y (4.13)

e rd (¥ 1) —d,(4)
Yk

0,(9)=0,(uz, w)= ( )e K - (4.14)

Then (6, U,, K) is a cocycle for G,.

Proof. We first note that J,(g) is well defined since, as explained in
Appendix B, the only ambiguity in the parametrization of g by z,w,
and ¢ is in the value of t which does not enter into the determination of
5,(g). Itisalso immediately clear that if g” has the special form g" = e*Pe*”,
then since J,, is already a cocycle when restricted to F, we have U,(g") d,(g)
=0,(9"9) — d,(g") as required. Since an arbitrary g’ € G can be expressed
as g’ =g"¢'“ for some g” of the above form and some t € R, we need only
show that U,(e'*) ,(g) = 6,(e'*g) — &,,(¢'*). But since §,,(¢'*) = 6,,(0,0) =0,
this reduces to the requirement that

U (e') 0, (uz, w)y=0,(uz’,w), (4.15)

where z, w, t, z/, w', t’ satisfy e'4e?Pe"B = gz D' Bet'4
To prove (4.15), it is clearly sufficient to show that for m=0, 1,2, ...
(P Up(e) 8, (uz, ) = (¥, 0, (12, W) (4.16)

Using (4.12), we find that (4.16) is identical to the requirement that
eI, 8, (2, W) = (P, 0,(12', W) - (4.17)

14 Commun math Phys., Vol. 26



186 Ch. M. Newman:

By using (4.9), (4.13), and the fact that for Reb >0,
© _ m+1
je-“nmmdz:(l—(ﬁzij ) (m=0,1,2, .,
[¢]

it can be directly calculated that

_(__{ym+1 K y(z,w)_——_l "
(s 8uuz, W) = (= 1) 1/2(m+1)( W ) ’

+i % A comparison of this last equation with

1+e”
2
(4.17) indicates that it suffices to show that

y(z,w) y(z', w) ‘

where y(z, w) =

Since this final equation follows immediately from Proposition B.1, we
have completed the proof of the theorem.

Now that we have a cocycle for G, a semisimple group, Theorem 10
would guarantee a corresponding P(g) and therefore an infinitely
divisible state on G, if only G, were simply connected. G, itself, however,
is not simply connected and it is therefore necessary to consider Gg,
the universal covering group of SL(2, R), which is simply connected.
Since G is a covering group of G, it follows that the representation
(U,, R) of Theorem 15 also yields a representation of G, and that
(0,, Uy, R) is also a cocycle for G. Since G satisfies all the requirements
of Theorem 10, we are guaranteed the existence and uniqueness of a
P(g) corresponding to 6, and thus a non-trivial infinitely divisible state
on G. This infinitely divisible state can be determined by considering the
positive discrete series of representations of G, as defined in Appendix B.
These representations, denoted by U™ (g, h) for h>0, are defined on
certain Hilbert spaces, $,, of functions analytic on the unit disk in C,
with inner product <.,.>,. We then have

d
Proposition 17. U* (4, h) = r U* (e, h) is a skew adjoint oper-
t=0

ator on 9, . Its normalized eigenbasis is given by
Ut (4,h) @, ,(y)=i(n+h) &, ,,(y) (n=0,1,2,..) (4.18)

rRh+n) \*
F(2h)F(n+1)> '

In addition, we have for g = e*Pe"Be'4, that

(Do.4y U (g, h) @y ypy = e~ 2hlin(eosh T =ie™25)=i3) - (4.20)

where

@, 5(y) = ( (4.19)
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Proof. U* (A, h) is of course skew adjoint. Formula (B.12a) clearly
shows that {®, ,} are the eigenvectors of U™ (4, h) and (B.11) shows that
they are properly normalized. Since &, ,(y) =1, we see from (B.12) that

(U™(g, h) Bo.1) () =™ (L — [y(z, )P (1 + 90z, w) y) 72"

Since the first term in the Taylor series for (1 +7y)~ 2" is 1, it immedi-
ately follows from (B.11) that

( By 1y UT (g, h) Do 4>y = €2 OEIT I (L —|y(z, w)|?)".

By substituting (B.6) into this equation, we obtain (4.20), which completes
the proof of the proposition.

Theorem 18. The function on G,

K2

E(eZDeWBe‘A)ze— 2 (l“(‘:os}‘%'ie_w/z%)‘i%), (4.21)

is the unique infinitely divisible state corresponding to the cocycle,
(05 Uy Ko)-

Proof. If we write E(g)=exp(D(g)) in the usual way, then since
2

PO =L@, ,, Ut (g, h) D, >, for h= ﬂ:L, we have by Theorem 1 that
e*P is a state on G¢. This being true for all a> 0, it follows that E(g)
is an infinitely divisible state. D(g) corresponds to 6,(g) since it is easily
seen that ReD(g) = —%(5,(g), 5,(9))q,; since P(g) is uniquely determined
by Theorem 10, we must have P(g) = Im D(g). By Theorem 7, (d,,, U,, K)
is also uniquely determined (up to unitary equivalence).

Corollary 19. Let D, be defined as

__1 W emwz 2\ L
Di(z,w,t)= 5 (In (cosh 5 ie 4) i 2) 4.22)
and let f,g, and k be real valued, bounded, measurable functions of
compact support; then
X
Exalf. 0.0 =exp (IKP fdxd, (10 g0, 20kto))) 629

is a generating functional on G¥ which yields (by Theorem 3) a cyclic
representation in which

E} (f, 9, k) =(Q, g, Vel T@e B Q1) (4.24)

with H,(k)= [ H,(x) k(x) d x.
This generating functional defines (neglecting temporarily the choice
of |K|?) the ultralocal free current theory for mass u. In the next section

we choose |K|? and then determine the relation of this current theory to the
ultralocal free canonical field theory.

14%
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5. The Relation of the Free Currents to the Free Canonical Fields

We see from the form of E}! x(f, g, k) given in Corollary 19 that the
representation thus defined for G¢ has the property that exp(iH,(k)) 2, x
=exp <i|K|2 % | k(x) dx> Q,.;in other words, H,(x) 2, x = |K|? /2i Q, k-
The choice of |[K|? therefore corresponds to a choice of vacuum energy
renormalization, since the renormalized Hamiltonian density clearly must

be ITI“(x)z (Hu(x)— |K|? _';i) Since H,(x) is heuristically equivalent to

the unrenormalized field theory Hamiltonian density, (7% (x) + u*¢?(x)),
the proper choice of |K|* is determined by a kind of correspondence
principle with respect to the ultralocal free canonical field theory. The
relation between (1.7) and (1.6) in the field theory case clearly indicates

that we must take H,(x)= (Hu(x)— %) and we thus choose |K|?>=1.
We therefore consider the representation of G¥ defined by (4.24) with
|K|>=1 as the ultralocal free current theory with the corresponding
currents denoted by S,(x) and T,(x), the generating functional by E},
and the cyclic vector by @,. The work of this section is intended to
show that this choice of |K|* together with the choices already dictated
by Ansatz 13, yield a current theory which is closely related to the
ultralocal free field theory (defined in Appendix A).

The first step in this process is to determine the relation between the
corresponding single degree of freedom problems. We note that the
choice of |K|?> =1 is related, by Proposition 17, to the positive discrete
representation, U * (g, §), of G, and to the ground state, D 4, 0f U +(L,,, b
in $,,. In particular, we have, for |K|* =1, that

(Q,, €5V Te®@Q )= exp([ D,(f (x), g(x)) d x) (5.1)
with

ePEW = (@, U (5T, 1) Do 1), - (5.2)
The form of the generating functional, E?*, as given by (A.4) and (A.5)
shows that in an analogous way, the ultralocal free field theory is related
to the usual representation of p and ¢ and to @,, the ground state of
1(p*+1*q?). In order to relate the quantum mechanical harmonic
oscillator to the U™ (g,}) representation of G, we need a realization
of this representation different from both (B.12) and (B.17).

We have from Theorem B.4 that U,(S, h)= 4 and

1 d d |
Uu(T,h)= Z—I(Ad—i-l* g}‘/u)
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In order to compare these representations to the harmonic oscillator
pq+4qp
T 22110
!
on L*(R,dq). Toward this end, we consider the mapping,
W,: ] — L*(R, dq) where, for =0 or 1,

problem, we need a representation in which S—¢?%/4 and

o) @=tsanar V0o (1)

W,is a unitary transformation from &, onto L2 ., = {w(q)ly(q)= + v(—q)}
C I*(R, dg), for =0, and onto %, for e=1. Moreover we have:

2
_ q 1 d d _ pq+qp
WiW 1= Wl—)— + — || W=
e 4° 8(21’ </1 dA dil>) ¢ 4

If we neglect the “boundary conditions” used in defining U,(L,, h),
then heuristically we have

L(,, (@h—3Q2h-3)
a

ULy W, =~ (p? 4 > +u2q2);

in actuality, we have a certain self adjoint extension of this operator
(defined initially on functions vanishing near the origin). We note that for
h=% or h=3%, the operator reduces to 5(p? + u*q?); in these particular
cases the boundary conditions are automatically satisfied by choosing
e=0for h=}and e=1 for h=3% We thus have

Proposition 20. On 12,..(R, dq), the mappings,

2
¢ g, artpd

1
S— = 7 Lo+, (5.3)
define a representation of G, the universal covering group of SL(2, R),
which is unitarily equivalent to U™ (g,%). On L244(R,dq) the mappings,
(5.3), define a representation of G unitarily equivalent to U™ (g, 3).

We thus see that the infinitely divisible state on G. which defines
the ultralocal free current theory (with |K|? = 1), which was shown to be

E(9)={Do 1, U (9,%) Do 1y » (54

may also be given by replacing U* (g, 1) in (5.4) with the representation
defined by (5.3) and @, , with @,, the ground state of 3(p? + p?q?). If
|K|* had been taken to be 3 instead of 1, we would use the first excited
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state of $(p* + u?g?) in place of the ground state. We have thus demon-
strated

Corollary 21. In the ultralocal free current theory representation
(defined by Corollary 19, with |K|*> =1) we have

(Q, oISk i Tul9) giHutks)  GiSu(SN) eiTy(gN)eiHy.(kN)Qu) 55
=exp([ dxD,(f1(x), g1 (%), ki (%), .. ky(x),
where
eDu(Z1,w1,t1 ,,,,, tN)=<(p#,eizlSeiw1Teitlhﬂ eitNhZ¢u>L2(R,dq) (56)
with S=q*/4, T = ﬁ]_j‘_'ﬂ, hi=%(p* + n*q*), and @, the ground state

of hi.

This corollary is our first indication of the relation between the
ultralocal free current theory and the ultralocal free field theory, since
the analogous statement for the field theory case with ¢ ,(x), 7,(x), g, and p
replacing S,(x), T,(x), S, and T is also true. It is therefore clear that
the choice of |[K|?> =1 is not a trivial one; it actually happens that two
different choices of |K|? yield representations of the (S, T) current algebra
which are not even locally equivalent to each other. An interesting
question is whether the other values of |K|? (in particular 2, 3, and 4) have
any particular physical relevance.

To continue investigating the connection between the ultralocal free
current theory and the ultralocal free field theory, we will concentrate on
the relationship between the current, S,(x), of the free current theory
representation and the field, ¢, (x), on the ultralocal Fock space of the free
field theory. In particular, we are interested in seeing whether S,(x) can

2
. x) . L
be interpreted as %(J_ in any sense. The analogous question in the

one degree of freedom case is answered affirmatively by Proposition 20
which shows that

. —31In l—t-zv
EM(Z)E<‘D0,%> U+(elzs, %) 450,%)%:6 ( 4”)

e 57)
= <¢#’ e 4 @u>L2(R,dq) .

The remainder of this section is devoted to analyzing the relation
between
f(x))
4p)__ iSu(f)
“=(Q,,e5VQ)) (5.8)

~3faxin(1-i

EX(f)=
and k)=

<Q;4;, ¢+ Qb (5.9)
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where Q2 is the ground state of the ultralocal free field theory Hamiltonian
and

6u(N)=[ dp(x) f(x) dx = §,(x) $,(») f(x) 3(x — y)dxdy. (5.10)

Since the multiplication operator M/, with kernel f(x)d(x—y), on
I2(RS,dx) is not even compact, let alone trace class, it is clear from
Theorem A.1 that (5.10) is a purely heuristic equation and that ¢Z(f)
does not really exist as an operator on the ultralocal Fock space. If
we nevertheless apply Theorem A.1 formally in order to compute (5.9),
we find that since In(1—iM,/u) is the multiplication operator with
kernel In(1 —if(x)/p) 5(x — y), we then have that formally,

(@, gy = ¢ O (15T (5.11)
Comparing (5.11) with (5.8), we find that the heuristic relation between
S,(f) in the ultralocal current theory and q{)i( f)/4 in the ultralocal Fock
space is a kind of renormalization which somehow “divides out” the
0(0) infinity involved in the definition of d)ﬁ(x). The next theorem makes
this renormalization somewhat more precise and shows that 6(0) is
equivalent to the infinite volume of momentum space and is removed
by a kind of thermodynamic limit.

Theorem 22. In the ultralocal free representation of mass p of the
CCR, let ¢, (x) denote the momentum cut off field defined by

d(9)={ dx(x) g(x) dx = $,(g,) (5.12)
here g,(x) is defined b
where g,(x) is define yé\(k) ) {g(k) ks
. 0, k| >’
where " denotes the Fourier transform. Then for f e (R®)S,
P(f)=[ d(x) $(y) f(x) 6(x — y) dx dy (5.13)

exists as a self adjoint operator on the representation space for all k < oo and

BV

where V (k) denotes the volume of the ball of radius x in R® and S (R®) is
Schwartz space in s variables.

In(Q¢, ' #*)Q¢) = —% [dxIn (1 - ziff‘l) (5.14)

Proof. We denote by P, the projection operator on L*(R¥, dx)
which maps g into g,. It follows from (5.12) and (5.13) that
62(f) =] ¢u(x) $.(y) Mj(x, y) dxdy

© f is chosen in Schwartz space purely for convenience; the theorem is clearly true
for more general test functions.
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where M;(x, y) is the kernel of the operator P, M, P,, with M the operator
of multiplication by f(x) on L*(R®,dx). For fe V(R) P.MP, is easily
seen to be trace class with a real symmetric kernel, and thus by Theo-
rem A.1, ¢2(f) exists as a self adjoint operator and

e_‘i‘tr(ln (1 lM‘)) .

(Q2, &% Q2) = (5.15)

To complete the proof of the theorem, we need only show that for
any g € (R®),

lim
K— o0

IK) tr(In(1—iP.M,P,) = [ dxIn(1—ig(x)).

This fact will follow from the next three lemmas.

Lemma 23. Suppose A is a self adjoint trace class operator with | A| < B.
Suppose F, and F, are two functions on R such that |F,(r)— F,(r)| S elr|
Sor all [r| £ B. Then |tr(F,(A) — F,(A)) S etr|A|.

Proof. Let {4} be the eigenvalues of A; then |4,| < B for all k and

|t (Fy(A4) — F>(4))| = i_o: (Fi(4) = F(4)| = ). [Fi(4) — F2 (4]

k=1

8 P18

IIA

Y elhl=cetr|A].

k=1
Lemma 24. Suppose f € & (R®) is real valued and P, is as above. Then,

N
if G is any polynomial of the form G(r)= 3 c,r", we have

n=1

lim I
k=o (k)

Proof. It clearly suffices to consider the case G(r)=r"(n=1). A trace
class integral operator with kernel K(k, k') has trace j K(k, k) dk,

tr(GPM,P))= [ dxG(f(v).

and thus by taking Fourier transforms and changing variables, we obtain
tr((PM;P))=[ dPdp, ...dp,—y 1(P) 1P+ p1) ... (P + P, 1)
=P f (Pt = Pu-2) - f(P2—P1) f(Py),

where y, is the characteristic function of O,, the ball of radius x in R®.
Let H, be defined as

H(pis oo Poes) = ﬁc)wxm 1P+ ) oo 2P+ Pay).

Then if m denotes Lebesgue measure on R® and OP for a set
O C R® denotes the set translated by the vector pe R°, we have
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H=—— V( ) (( ﬂ ot ”"’) nO ) Since m(0,)=V(k) we clearly have
that 0<H =<1 and it is easily seen geometrically that for fixed
P1s P2 - Pu—y; Jim H,=1.We thus have by the Dominated Convergence

Theorem that
. 1
im ——— M,P)"
=jf(—Pn—1)f(Pn—1—Pn—2) f(Pz D1 f(l’l dpy...dp,
=[(f(x)dx
Lemma 25. Let f and P, be as in Lemma 24, then
lim sup —— !
k=o' V(k)
Proof. We decompose f into its positive and negative parts,
f(x)=f.(x)— f_(x) with f, and f_ both positive functions. We may
then write M, =M, — M_ in the obvious way and using the fact that

for any two trace class operators 4 and B, tr(|4 + B|) < tr(|4]) + tr(|B])
[24], we find that

tr(|PM;Pf) = j Lf(x) dx .

11m 1sup z ) tr(|P. M P,|)
. 1 . 1
< 111,}1_*%(1)1p 79 tr(P.M,P)+ llt}{rlﬁs;lp T/(TCT tr(P.M_P,),

since |P.M, P,|=P.M, P_. Since the proof of Lemma 24 shows that its
conclusions are still true even if f is only continuous (and rapidly de-

tr(P.M,P)= | fi(x)dx. This com-
RS

creasing) we have lim sup !
K= 00 V(K)

pletes the proof of the lemma.
In(1—i

Completion of Proof of Theorem 22. We first note that iy-ﬂl
is continuous on R and thus by the Weierstrass approximation theorem,
we can find for any B and ¢>0 a polynomial Gjp,(r) such that
In(1 —ir)
—
we have |In(1 —ir) — Gy (r)| <e|r| for all |r| < B. Thus by Lemma 23, if
we choose B> |M,| = sup |P.M,P,|. we have

tr(In(1 —iP,M,P,))— L tr

——G},,s(r)l <e for all |r|<B. If we let Gg (r)=rGj (r) then

hrknﬂ%lp (GB,E(PKMQPK))

1
V(k)

<1
= luKTL sup

(5.16)

&
Ve TIPM P
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Now it follows from Lemma 25 that the right hand side of (5.16) is propor-
tr(Gp (P.M,P,)) exists

tional to ¢, and from Lemma 24 that lim 1
K— 0 V(K)

andequals | dx Gy ,(g(x)). Thus we have that lim Vi

tr(In(1—iP.M,P,))
exists and equals )

K
lim | dx Gy, (9(x))= [dxIn(l —ig(x)).

This completes the proof of the theorem.

The relevance of Theorem 22 can perhaps be better understood by
considering the generating functional for ¢z(f) in the relativistic Fock
space representation of the CCR. A calculation analogous to that of
Theorem A.1 yields that in this case

(QRs ei¢§ (f)QR) — e—%tr(ln(l —iA,MsAL)) ,

where M is the multiplication by f operator and A, = (u*> — 4)"* Here Q,
denotes the relativistic no-particle vacuum. An expansion of
In(1—-i4,M;A,) in a Taylor series shows, that in (s+ 1)-dimensional
space-time, the operators (4,M,A,)" are not trace class (although they
are compact) when n <s while they are trace class for n>s. Thus, in
two dimensional space time, Wick ordering subtracts the first term in
the Taylor series and :¢(f): is in fact a well defined operator. In higher
dimensions, Wick ordering is not sufficient and :¢(f): is not a well
defined operator when smeared only in space; (s — 1) more renormaliza-
tions of some kind are needed to define ¢ (x) at fixed time.

In the ultralocal case, as we have seen, there are no momentum
damping factors and thus all terms in the Taylor series are divergent
with the same 6(0) = f dk momentum-volume divergence in each term.
Somehow the transition to the ultralocal current representation of
§,(x) simultaneously renormalizes all the terms by dividing away the
infinity (rather than by subtracting s terms as would be appropriate
in the relativistic case). It can certainly be said that the situation is not
unambiguous.

A final interesting question is whether this notion of “thermodynamic”
limit, as given in Theorem 22, has anything to do with thermodynamics.
One might expect that a statistical mechanics analysis of these repre-
sentations would be more hospitable to the fact that varying |K|? yields
locally inequivalent representations of the (S, T') current algebra. This
would especially be true if the position locality in our present interpre-
tation became a momentum space locality in the statistical mechanics
interpretation. It would then be similar to the situation in representations
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of the CCR appropriate for statistical mechanics [257, in which different
densities of particles in position space often correspond to infinite
differences in numbers of particles in regions of momentum space.

Appendix A. The Ultralocal Free Canonical Field Theory

There are several equivalent ways to define ¢ ,(x) and 7, (x), the ultra-
local free canonical fields of mass p. If we let ¢f (x) and nf(x) denote the
usual relativistic (Boson) Fock space representation of the CCR for mass u
and P, denote the positive operator (u* — ¥?) on L*(R?, d x), then we have

b=k PE ), m(9)=mi(PLfg). (A.1)

where ¢,(f) = ¢,(x) f(x)dx and the other smeared fields are defined
similarly.

This ultralocal representation of the CCR may also be defined in terms
of its generating functional [26]. We let Q2 be the ground state, in the
representation space, of the ultralocal free Hamiltonian,

H? = u | a' (k) a(k) dk
=5 [ () + 2 gu(x): dx =3 [ (ma(x) + 12 diilx) — ) dx,

where af(k) and a(k) are the ultralocal creation and annihilation operators
defined in a standard way. The generating functional is then defined as

(A.2)

EL(f,9) = (2f 4D em008), (A3)
and is of the form
h EZ*(f,9)=exp(f dxDJ(f (x), g(x))), (A4)
wi
2 2
Dé(z, w) = 2wz v

2 T 4 4
We note that D? is also defined by the formula,
exp(De(z, w)) =(P,, €17 D, >, (A.5)

where @, is the ground state of 1(p* + u*q*) on I*(R, dg).

This representation of the CCR can also be realized on an infinite
tensor product Hilbert space in a simple way by choosing an orthonomal
basis of real functions, { £}, on I*(R%,dx), and defining g, = ¢,(f,)
and p,=m,(f,). The representation space is then the incomplete ITP
space containing the vector,

o= [] @, (A6)

k=1
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and ﬁ,f’ is realized on this space as

— 0

1
1= Z 7(1)5 +1lq; —p). (A7)

When F(x, y) is of the form, Z ri fe(x) g (w), for f and g, in L*(RS, dx),
we define
N
§ 6u(x) 6, (») F(x, y)dxdy =Y 1e¢,(f) dulg0) (A.8)
k=1
and for more general F(x, y) by taking limits of such finite sums. We then
have
Theorem A.1. If F is a trace class self adjoint integral operator with

a real symmetric kernel, F(x, y), then Q= | ¢,(x) ¢,(y) F(x,y)dxdy is a
well defined self adjoint operator and

(Q¢,e'0Q¢) =¢ win-i7). (A.9)

Proof. We first choose an orthonormal basis of eigenvectors of F,
{gi ). The g, may be chosen real because the kernel, F(x, y),isreal. Welet
qx = ¢,(9,) and p, =mn,(g,) and realize the ultralocal Fock space as an ITP

space, as described above. F(x, y) is given by F(x, y)= Z Aegn(x) g ()

with {1,} the eigenvalues of F, and thus Q = 11m Z Axq#, if this limit
exists.

We note that Z |4 < oo since F is trace class and thus we also have
k=1

that Z K®,, 4qi Pyl < oo and Z [<AqF ®,, A qi @01 < 0. Using
certam results from the theory of ITP spaces [7,Cor. 2.5 and Thm. 2.6],

we may define Q, as P}lm Z Jxq# on vectors of the form
k=1

M el
(kIJI ®Wk(‘1k)) ® ( l—[ ®¢u((h)) >

k=M+1

with y, e Dom(g?); it then follows that Q,, is essentially self adjoint on the
domain consisting of finite linear combinations of such vectors. We
define Q as the closure of Q, and it also follows that ¢'? = strong limit

N N-w
(H exp(i/lkq,f)). Thus

k=1
N

(@5, ¢'2Bg) = lim k[ll (D,, ey (A.10)
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It can now be shown by direct calculation that
(D), €40, (@)) = (1 i)+ =378

Combining this with (A.10) and using the fact that Z |4 < oo implies
=1

that Z In(1 —il,/w)| < oo, we find that

k=1

(@4, &2 DY) =exp (——2~ Y In(1- i/lk/p)>.
k=1

This completes the proof of the theorem, since

o0

tr(In(l —iF/u))= Z (1 —id/p).

Appendix B. SL(2, R) and Its Universal Covering Group

We first review some facts concerning the (abstract) group
G,=SL(2, R), which we shall be using [27]. Considered as SL(2, R),
the Lie algebra consists of all real 2 x 2 traceless matrices. We choose
as a basis:

10 —1 11 0 10 1
A_'2'<1 0)’ B‘?(o —1>’ C“7<1 0)' ®B.1)

If we define D = -4 -

¢ , then any g € G, can be expressed as
g= ezDewBetA (Bz)

for some z,w,te R. This expression is unique except that exp(tA)
=exp((t +4nn) A) for all integers n. An alternative parametrization is

Go={(r,olyeC,yl<l, —n<w<n}. (B.3)

In this form the group multiplication is given by [27, p. 30] as(y, w) - (y', ®")
=(y", "), where .

=(p+ye M) (L+7ye )" (B.4a)
and

o' =w+w + E—Iog((l—l—w’ e 2o (1 +yye? @)™ !)  (B.A4b)
with log x defined by its principal value and »” taken mod2x.
The relation between the two parametrizations, (B.2) and (B.3), is
given by

DB — (y(z W), w(z, w) + %) (B.5)
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where
—sinh wo_ ie-y%
y(z, W)= w , (B.6a)
cosh o +ie 2 Z
2 4
w(z, w)=arg (cosh % tie 2 i—) , (B.6b)

L
2
may be used to obtain the following useful result.

and w(z, w)+ —in(B.5)is understood to be taken mod 27z. These formulae
Proposition B.1. In G, we have
0.8 (p, 0)=(ye ", t + ) (B.7a)
0, )0, )=, 0" +1), (B.7b)

and

with t + @ and @'+ t' taken mod2n. Thus for any t,z,we R
etAezDewB — ez’Dew’Bet’A (Bg)

for some z',w',t' € R, with

eo(Aodn) Lo 59)
y(z, w) y(,w)
where y(z, w) = lzew +i—z—.

Proof. (B.7) follows immediately from the multiplication law for G,
given by (B.4). The parametrization of G, given by (B.2) clearly implies the
existence of z',w’, t’ satisfying (B.8), and then by (B.7) and (B.5) we see

that e "y(z, w)=7y(z, w). Since y(z,w)= 12Ew
compl yiz, w)
plete.

We next list the continuous unitary irreducible representations of G,;
they were first classified by Bargmann [28]:

(@) The principal series, g— U,(g,s),h=0,h=% seiR (excluding
h=15=0).

(b) The complementary series, g— U,(g, ), h=0,0<a < 4.

(c) The discrete series,g—»U" (g, h),h=3,1,3, ...

g-U"(g.h),h=—-35 —1,-3, ...

We will be exclusively concerned with the discrete representations.

We note that when h is an integer, U * (g, h) also defines a representation
of SO(2, 1).

, the proof is
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We now review some properties of G, the universal covering group of
G, [27]. The Lie algebra of G is identical to that of G, and we label the
corresponding elements again by A4, B, C, and D. In G, any g may be
uniquely expressed in the form (B.2). G, may be parametrized in another
form as

{(po)yeClyl<1, —w<w< + w©} (B.10)

with the same multiplication law (given by (B.4)) as for G, except that @” is
not taken mod 27. The canonical homomorphism of G- onto G, is given by
(y, w)—(y, o (mod 27)). The relation between these two parametrizations
is still given by (B.5) and (B.6) except that in (B.5), w(z, w) + t/2 is also not
taken mod2n. We note that F, = {e*Pe*B} is a subgroup of G. (and
similarly of G,) isomorphic to the group F defined by (2.5).

The continuous unitary irreducible representations of G have been
determined by Pukanszky [297]. The list is identical to the one given above
for G, except that in the principal series, we allow —1<h<3; in the
complementary series, we allow —4 <h<$; and in the dlscrete series we
allow h> 0for U* (g, h) and h < 0 for U ~ (g, h). We will again be concerned
with the discrete series of representations.

In the usual formulation, the positive discrete representation U * (g, h)
is realized on $,, a Hilbert space of functions analytic on the unit disk
in C. If f(y) and g(y) are two analytic functions in §,,, with Taylor series,

Z .y and Z b,y" respectively, then the inner product in §, is

n=0

defmed to be

& TR+ 1) _
<f’g>h"n;0 I,(zh“**’—‘_‘_i_n) a,o, .

U™ (g, h) can be defined as follows on $,:

Ut (e h): f(y)we™ f(ey) (B.12a)

(B.11)

U™ (ePe" h): f(y)m e (1= [p(z, w)PP)* (L+ (2, w) y) ="

(cosh—~ +ie 2 ) (—sinhl —ie_Ti) (B.12b)

N

. 2 4
-f

w

w
(—sinh7 +ie 2 Z)y—i— (cosh% —ie ? —2)
In this realization, we see that U™* (A4, h) takes on a particularly simple
form while the subgroup F. is represented in a considerably more
complicated manner. The remainder of this appendix is devoted to
obtaining different realizations of the positive discrete representations
in which F¢ is represented in a simple manner. These realizations will
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utilize K, = I*((0, 0),dA) as the representation space. For each fixed

positive u, D will berealized asiudand Bas 3 (/1 % + ;7 /1) independent

of h while A will be of the form ( ‘/_ T \/ + 4,1;%).

In order to define these realizanons rigorously, we need some preliminary
results.

Proposition B.2. Let Dy, =Cg((0, 0))C R],. Then the operator Qc,
2
defined on Dy, as (— W 7‘%2— W + Q +4u? 1), is positive (as a quadratic

form on Dy x D) for C= —1. QC is essentially self adjoint when C =0
and for —+<C<0, it has (posztwe) self adjoint extensions.

Proof. To prove positivity [30], we need only show that

d? 1
— - — _ >
(g,( Wdizﬂ “)g):o
for all ge D,. But for g € D, we have that

(Vi gz Vi g5)o=Vi(—z =4 |Vio

so we have, by integration by parts, that

(v i )
e

Since positive quadratic forms have positive self adjoint extensions (for
example, the Friedrichs extension), it only remains to show that Q. is
essentially self adjoint when C = 0.
To show that Q. is essentially self adjoint, it suffices to show that
%® = +i® has no I*(0, o) solutions. By local regularity for differential
equations, such a @ is C® on (0, c0) and satisfies (on (0, o))

2
(-Vi%ﬂ/ﬂ % +4p2/1¥i)<b(l)=0.
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Let f(y)= 1/; P (4%[[), then f satisfies the differential equation

2 .
[+ =y 2 ay]00=0. (B.13)

The two independent solutions to (B.13) are fk(y)=w¢k (4)]7) where

1) =M

%(y) 2= s e (B.14)
where M and W are Whittaker’s functions [31]. Asymptotically, as
y— 00, ®, is not in L? while @, is in I?; when C =0, &, is in I? near the
origin, but @, is not. For —1 < C <0, ®,(y) is in L*((0, 00)) and Q is not
essentially self adjoint. This completes the proof of the proposition.

We define R, for h>1 as the self adjoint extension of 7Q,4-1)-
We will now define a particular self adjoint extension of $Q,;, for
0<h<1,as h(h— 1) varies between 0 and —1, by adding a vector to the
Domain D, Let g(4) be in C ([0, o0)), such that g(1) =1 on [0, 1), g(1) =0
on [2, o0) and 0 < g(4) £ 1. Let g,(4) = A~ *g(4) for h>0. Then g,(4) € K,
for all h >0, and we define D, as {y|yp = cg,(1) + ® for some & € D, and
some complex c}. To extend Q- ,, from D, to D,, we need only define it
on g,; we therefore define

2#2/19;,()) : Ae[0,1]
(Riugn) (A) =1 1 ( d/lz 1/ +4 2/1) gn(A), A¢[0,1]

and R,®=730Q,4-1,®, for all ®eDy; R} is thus defined on D,. It is
easily seen that R}, is symmetric on D, x D, and in fact, letting R, =3 Q- 1)
and D, =D, for h=1, we have,

Proposition B.3. R; is essentially self adjoint on D, for all h>0.
The normalized eigenbasis of R,, its self adjoint extension, is given by

Ry, (A =2um+h) ¥, () (m=0,1,2..) (B.15)

L\ @dpd)
)= (= O () 47

with

e~ 2HA[2h=D (4 2y - (B.16)

where L'?(y) is an associated Laguerre polynomial [23, p. 1037].

Proof. We must show that R¥*®=+4i® has no solutions
@ € Domain(R;¥). We are again led to the differential equation (B.13)
and the solutions, f;, of (B.14), with |/C+4=|h—3|. Again @, has
exponential growth at oo for all h > 0 and is therefore not in K, let alone

15 Commun math Phys., Vol. 26
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Dom (R}*). It thus suffices to show that for 0 < h < 1, ®, ¢ Dom (R;¥). This
follows from the fact that near y =0, for 0 <h < 1(h+3),

oW DN CTE Gy

while

1
W « ()~Iny
1/; g0

It is easily seen that (near y=0),y~ " ¥ ¢ Dom(R;*) (for h+3) and
Iny ¢ Dom(R}*) and the proof of essential self adjointness is completed.
The determination of the eigenbasis is done in a straightforward manner
using the small z behavior of the Whittaker function, W. Alternately,
one can directly verify that the ¥, , are indeed eigenvectors of R,’
and that they form a complete basis.

We are now in a position to prove the main result of this appendix.

Theorem B.4. For each h>0 and pu>0, there exists a continuous
irreducible unitary representation, U,(g, h), of G, the universal covering
group of SL(2, R), on L*((0, o0), d %) such that

d

i d
UdA )= 5 Ry UB.h) = <Aw—+ x), B17)

U, (D, h)= i

U,(g,h) is unitarily equivalent to the positive discrete representation,
U*(g, h). The normalized basis of R, is as given in Proposition B.3.

Proof. Sally has constructed the “normalized discrete” repre-
sentations, R* (g, h), of G, on 95 which are unitarily equivalent to
U™ (g, h) on $,, [27, Ch. 4]. These representations have the property that

A+C

R*(ez( 2 )e‘WB,h> is independent of h. We will transform these
representations of Sally onto K, to yield U,(g, h).

Defme Fi:9H3—R by &, .00 Y, (/1), where &, ,(y)=)" and

(D= 1/( 1)y'e=*[{9(27). Then, since F, maps one ‘orthonormal

ba31s onto another, it determines a umtary operator between $,, and K.

We then define R* (g, h) = F,R*(g, h) F; ' as a representation realized on
A-C

K,. We are not yet finished since we require that U“(e (% )eW”',h )
be independent of h. To obtain this, we use the fact that in G,

A-C Z(A+C

enAez(T)ewBe—nA —e T_)e—wB .

7 1t is easily shown that there is no difficulty with “boundary conditions” at 1= co.
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We thus define
V(g h)=R* (", hyR* (g, h) R* (e "™, h).

V (g, h) is then unitarily equivalent to U * (g, h) and has the property that
V(B, h) and V(D, h) are independent of 4 as desired. The only remaining
difference between V and U, is a scaling which is accomplished by
defining

Uu(g, hy=V(e"™CWE py V(g, h) V(e "B p),

U,(g, h) is clearly unitarily equivalent to U* (g, h).
Using the results of Sally, it is easily seen that

A(ATC (2
}i*(e’( 2 ), h):di(/l)me(z)/l(b(/{)

R*(e "B h): d(A)wve 2 d(e"))

and that R*(e'4, h) has the (unnormalized) eigenstates ¥ ()
=e MO E LD (2)) of eigenvalue e*™*M These facts immediately
yield, with the help of Proposition B.3, the results of the theorem for
the representation of the infinitesimal generators 4, B, and D.
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