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Abstract. In a relativistic field theory Goldstone’s theorem is proved without
any assumption about the existence of covariant fields and for arbitrary expectation
values.

1. Introduection

In a recent paper [1] the problem of spontaneous breakdown of
symmetries and the connection between algebraic automorphism and
their unitary implementation in a Hilbert space was investigated.

In the framework of an algebraic field theory of the type formulated
by Haag and KASTLER [2], it was shown that automorphism connected
with locally conserved currents are always unitarily implementable in a
representation in which the energy-momentum spectrum has a gap
between the vacuum and a lowest mass hyperboloid. Therefore a spon-
taneous breakdown of the symmetry which is associated with the con-
servation law can occur only if the energy-momentum spectrum has
no such gap.

In the present note under the same assumptions as in [1] a stronger
result is obtained: The automorphisms are unitarily implementable
unless the mass spectrum has a d (x?)-singularity at the light cone. This
is closer to what is usually understood by Goldstone’s theorem [3] than
the result of [1].
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In our proof we shall employ a technique similar to the one originally
used in [4] with the difference that no use of covariant field operators
will be made.

Earlier discussions of these matters and further references may be
found in [5, 6, 7, 8].

II. The Goldstone Theorem

We take over the definitions, assumptions and notation of [1]. Apart
from technicalities the input is:
(i) Existence of current densities j,(x) satisfying a continuity
equation 0#j, (x) = 0.
The quantities
= [u@) f@)dta

are operators in a Hﬂbert space if f is a suitable decent weight function.
In the present note we shall omit the time smearing to simplify the
notation since it can be reinstated in all the formulas without changing
any conclusion.

(ii) Existence of a continuous representation of the translation group
in space-time by unitary operators U(a) whose generators are the
energy-momentum operators. The energy-momentum spectrum is
supposed to be confined to v (closure of forward light cone). There
shall be exactly one vector in the Hilbert space which is invariant under
U (a)t. This vector £ corresponds to the vacuum state.

(iii) Covariance of j, (x) with respect to U (a):

U(a)ju(@) U= (a) = ju(2 + a) .

Nothing is assumed about the transformation of the j,(x) under the
homogenous Lorentz group. In particular they need not be a vector
field.

(iv) Locality

. (®),7,(y)] = 0 if  — y is space-like .
We want to prove now the following:
Theorem

Jim 82, lio(fr 1), A12) =0 )

for all operators A € A unless there is particle of zero mass in the theory
which is connected to the vacuum state by §,(x).
Here

jo(fR> t) = fjo(x, t) fR(X) d3x

1 The uniqueness of {2 is a matter of choice, not an assumption about the
physical situation. It means that we choose to consider an irreducible representation
of the algebra 2 [1]. With this choice the condition for a “spontaneous breakdown’
is that the expectation values (2, 4 Q) are not invariant under the automorphism.
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and fp is a function which vanishes for |x| > 2R and has the constant
value 1 for |x| < R. 2 is the algebra of all local operators. The proviso
in the theorem means that (1) holds unless the expression

[ e iR, [y (@), 412y d*x @)

contains a J(p?)-singularity for some 4. It is well-known that the pre-
sence of such a singularity implies the existence of a massless particle
with states |a) such that

(aljo() [2) + 0.

On the other hand, if (1) holds then the main theorem of Ref. [1] tells
us that the expectation values {2, 4 Q) are invariant under the auto-
morphism, i.e., that the symmetry is not spontaneously broken.

Proof of Theorem. As a consequence of local commutativity and the
fact that the energy-momentum spectrum is contained in the positive
light-cone one can write a Jost-Lehmann-Dyson representation [9] for
the commutator

(2, (%, 0, 41Q) = [ d [ @y A(x—y, t; %) 0,62, ) +
' (3)
+fdx2fd3y~§t—zl(x——y,t;x2) 02 (%% y) .
0

In (3), o; (% y) and p,(x?, ¥) have compact support D in y independent
of %% due to the commutativity of 4 with j,(x, ¢) for sufficiently large
space-like separations.

We can write (s = 1, 2)

0: (2%, y) = 0s(#*) 0°(y) + V - 0, (%, y) , (4)

where @,(»2, y) also has compact support in the variable y.
To verify this we note that

oC

Y1
oD (2, y) = [ {0: (% 1, ys) — 0 (1) [ 05 (% 41 Yo ¥a) Ay Ydyy  (5)
has compact support and that

doM
9y, -

062, Y) =) [ 0.0 4l v o) i + (6)
Repeating this procedure for the coefficient of 6 (y,) with respect to the
coordinates y,, Y3 one arrives at (4).

If we insert (4) and (3) into the left-hand side of (1) the contribution
of V - ¢ drops out for sufficiently large R due to the fact that A (x; x?)
vanishes outside the light cone. Hence we have for sufficiently large
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R (R > Ry(t)
@, lofr, 1), A12)

7
- fdxzfd% Tr(x) {51("2) A (X, t5%2) + éz(%z)‘%A (x,t; xz)} . @
On the other hand we know that for R > R, (¢),
2 .
”a—t<g’ Go(fr: 1), 412> =0 (8)

for any finite ¢.

This follows directly from the continuity equation and locality (see
lemma IT in [1]). Inserting (7) we get the following conditions for the
weight functions §,(x?) which have to be satisfied identically in ¢ (as
relations for tempered distributions):

[ 8,0 cosxtdx® =0, ©)

0
[ 05(2¢%) x sinxt dax®> = 0 .
0

This implies
5, (%) = 0,
ol (10)
0, (%) = A0 (%) .
Therefore, with (7) and (10) we get
]}i_ﬁnm &, [olfr, 1), A12) =0 (11)
unless 4 =+ 0 in
J 0202 y) d*y = 8,(%) = A0 (?) . (12)

Summarizing we know that g, (x»?, y) has a compact support in y and its
integral gives rise to a J-singularity in »* when the symmetry is broken.

In order to relate the above conclusion to the singularity of (2), we
have to look into a measure theoretical property of g,(x2, y). Consider

I gl = [ d*z @ () {Q,jo () A L2)
with a test function ¢(x) whose Fourier transform §(p) has a compact
support in R
Take a function §(p) from & such that

P(p) =1 when pCsupp@(p),
and let its Fourier transform be y(—z), then

Jilpl = [ d*y d*z ¢ (y) (2. joly —2) A2) p(—2)
=[d'yd'zp(y) p() (L2.)o(2) U AL),

where we have used the assumption (ii) to write [10]

U-l(y) = [e?vdE(p) (13)
23 Commun. math. Phys., Vol. 5
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with a projection-valued measure £ on the momentum space. Then

Jolgl=[F®) du,(p),

dp, (p) =¥, dE(p) D)
is a ¢-number measure as defined with the normalizable vectors,
D =402 and V= [d*%2y*(2)],(2)2.

Repeating the same process for the product 4j,(z), we can establish that
the functional

where

Ig] = [ d*z @ (x) {2, [jo(x), 412) (14)

can be written as
Ipl=[ @ du®), (15)
where u is a measure.

The fact that I[¢] can be written in terms of a measure is essential
in the following argument. The weight in the Jost-Lehmann-Dyson
representation (3) can be identified as

du(p) = [01(P% D) + ipo0:(P% P)] e () w(P)d*p . (16)

In order to look more closely at the behaviour of x in the neighborhood
of the zero-mass cone p? =0, we take a set of test functions with a
parameter y > 0,

@, () = k() A(P? p) , 17)
where both % and A are continuous and
A(p* y)=0 for [p* >y,
AQ;y)=1.
Since these test functions are symmetric with respect to p,, the weight

0, gives no contribution to (15). Changing the variable of integration we
get

(18)

Ig,) =i [ dp*dp h(p) A(p*; ¥) 02(p*; D) - (19)
In the sharp-mass limit y - 0, we have
lim I(g,] = [ dp h(p) &), (20)

where use has been made of (4) and (10), and

&) =ii+p- B, -
Bp) = lim [ dp A(p%; ) 6(p" D) -
In fact, the orders of the integrations and the limit can be changed
because %1 is bounded and g, is defining a measure. Now, recall that the
support in y of g, (p? y) is bounded uniformly with respect to p2 Then,
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the support of the Fourier transform f(y) of f(p) is compact, which in
turn implies that @(p) is entire analytic in p. Hence, p - B(p) in (21)
cannot be a constant +0, so that &(p) does not vanish identically, if
A % 0, in any neighborhood of every point p in momentum space. Let S
denote the open set of the point p for which &(p) < 0. Take a function
h(p) = f(p; P) = 0 whose support is contained in a sufficiently small
sphere centered at p € S, then we see from (20) that

lim I[g,]+0 if 240. (22)
’y—-—)

The proof can now be concluded by appealing to a general property of
measure. Any measure u can be decomposed into three parts u = y; +
+ Wy + ug, Where p, is L-absolutely continuous, u, is continuous but
L-singular and ug is L-purely discontinuous (Lebesgue decomposition)
[11]. Restricting ourselves to the test function (17) that is symmetric
in p,, we write u(p) as u(p?,p), to which the Lebesgue decomposition is
applied. In the sharp-mass limit y — 0, we know from the definition of
the L-continuity that }l’imo I[p,] cannot be non-vanishing unless our

measure y contains a purely discontinuous part, which is d (p?). Thus, we
conclude finally that, when the symmetry is broken, the measure
1 (p?, p) has the desired o (p?)-singularity at least for such p that makes
&(p) == 0. This concludes the proof of the theorem.

To understand the essential ingredients of our argument it may be
helpful to compare it with the following naive proof of Goldstone’s
theorem.

Consider the distribution

L(p, po) = [ {8, [Jo(x, 1), A]Q) e7iPXF Pl @35 ¢ . (23)
Using the continuity equation and locality one concludes as in eq. (8)
Lim 9o L (p, o) = 0 (24)

and hence
L(0, po) = 20(p,) - (25)

This will imply the existence of a discrete excitation whose energy goes
to zero with the momentum only if one knows that L(p, p,) can be
written as g(p; po — £ (p)) where g is smooth in its first variable.

This is always the case for relativistic field theories as a consequence
of local commutativity because g;,,(p% p) is the Fourier transform of a
function with compact support and therefore analytic in p.
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