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Abstraet, It is investigated in which sense the Bogoliubov-Haag treatment of
the B.C.S.-model gives the correct solution in the limit of infinite volume. We find
that in a certain subspace of the infinite tensor product space the field operators
show the correct time behaviour in the sense of strong convergence.

§ 1. Introduction

In spite of the vast amount of papers on the many body problem
there have been very few nontrivial problems where a result could be
established with certainty. One notable exception is the B.C.S. theory
of superconductivity where through the work of Bocoriusov [1] and
Haaa [2] it turned out that Hpog may be replaced by a Hp which can
be diagonalized by a Bogoliubov transformation. The present paper
studies the question under which circumstances and in what sense this
statement is correct.

We shall use the quasi-spin formulation [3] in which the BCS-

Hamiltonian is
Q

Hg,= 2 '310(1 - Gp _Q 2 2 Up (l)

p=1 =1 pl =1
£ is the number of pair states and 7', an mteractmn constant which, in
suitable units, is the critical temperature. H, acts in a 2% dimensional
space and the @, are Pauli matrices

(ai — 3o+ io,,)) .

If the kinetic energy ¢, is independent of p (strong coupling), H, can be
trivially diagonalized since with

1
= ”2*%‘ Gy (2)
it becomes
Hy=¢e(2 — 28,

L8+ 1). (3)

* This work was partly supported by General Atomic Europe, partly by the
Ludwig Boltzmann Gesellschaft.
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Since § has eigenvalues S(S+ 1), 0 < S < 2/2, —S<8,< 8, we see
that the eigenvalues E (S, S,) define two characteristic frequencies which
are for 8, §,>1
A=B(S,8) - B(S —1,8,)— —47,% @)
and
2u=B(S,8,) ~ B(S,8,~ 1) = ~2¢ + 47, -5 )

S, gives the number of pairs so that the second frequency is directly
related to the chemical potential and becomes zero for # = H — uN.
In the general case the problem is solved in the limit £2 — oo by observing

that the commutator of

1

with an operator of the algebra of the ¢’s goes to zero. Thus in an irre-
ducible representation s, is a c-number. Now H, can be replaced by

1 .
(si =5 (s,* w.y))
Hp=— X (6,09 + 4T(0, 8% + s505)) + const . (7
V4

Since Hp gives the same commutators with all ¢’s as H, they should
differ only by a c-number. Hy is linear in the o’s and can be written

Hp=X')e*+ 4T%(s2 + s2) 6,0, + const; n2=1. (8)
y4

Thus H contains only one frequency which will turn out to be 4.

To investigate in what sense the arguments for the general case are
correct it is useful to consider H, as operator in the infinite tensor
product space (C.D.P.S.) [4] of the problem with £ = co. Then one can
study in which topology the various operators converge for 2 — co. It

s 1 .
turns out that the densities s, and -5 Hy converge strongly in a rather

large subspace of the C.D.P.S. If E§ is a suitable c-number H, — B3
converges only weakly and only in a small subspace towards Hg.

Thus the operator H,, does not seem to be a useful object. One may
argue that this was to be expected and that these topological questions
are of no physical interest.

What one actually wants to know is whether

6,(t) = eiflatg e gt

converges towards e'#stg e~ 'H2! and this should exist everywhere in
the C.D.P.S.

It turns out that in general they are quite different although Hp and
H,, give the same commutators with the ¢’s. However the s, in Hjp is
treated as a c-number and thus a constant in time.
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But
S (8) = Qlim eiflgtge—iHgt (9)

turns out not to be constant in time since
Qllm [HQ, SQ] =%= 0

and it rotates with the frequency 2 u of (5) around the z-axis. Just in
these representations where y = 0, Hp gives the correct time develop-
ment and these are the subspaces where H, — I, converges. Generally
the situation can be saved if H = H — uN is used for the description of
the time development. The chemical potential x has a value such that &
has no second frequency and thus

8, (f) = lim eifotge—itint (10)

Q—>c
is actually a constant. Then it follows immediately that Hj gives the
correct time behaviour in the sense that e'flolgeiHo! converges to-
wards e!#2!ge—H5t in the strong operator topology.

§ 2. The infinite tensor product

In this section we shall briefly review the theory of the infinite
tensor [4] product specialized to our problem. For each p we have a
twodimensional complex space, in which we characterize the unit
vectors |n) by a (real) unit three-vector n by

(6-n)|n)=|n). (1)

This determines |n) up to a phase ef?. The scalar product of two such
vectors is given by

(n'|n) = ew‘/1_+_<;- W) (12)
The Hilbert space we shall consider is the product
H=1IeoCP.
The unit vectors ’
[nh) = 1T ® n,) (13)

are characterized by the set {n} of the three-vectors n,. The scalar
product of two such vectors is

(Y {m> = M (ngn,) = o)/ 1 @) (14)
» »

Since p=1,2...0Q for 2 = co the question of the convergence of [/
P

arises. We distinguish three cases:
22+
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1. 1] converges absolutely, i.e.

Zeiazp‘/l_t%ﬂ;ﬁf»l_l <o, (15)
Y4

(15) can be seen to define an equivalence relation which we denote by
[{n'}) ~ |{n}) and we shall say that if (15) holds [{n'}) and [{n}) are in
the same equivalence class C{n}.

2. I1 does not converge absolutely but does so without the phase

P
factors ¢'%»

Z‘/M—l<w, (16)
P

(16) defines another equivalence relation which we denote by
N4
') =~ l{n})
and all |{n'}) of (16) form the weak equivalence class C,,{n}. One sees

easily Cp,{n} > C{n}. If |{n'}) z [{n}) but [{n'}) & |{n}) (14) is meaning-
less and then we define

{3 l{n> =0. (17)
3. [[ diverges to zero, i.e.
p —_—_—_—
2;‘/___1“’;'“4) — 1|0 (18)

in which case (14) gives {{n'}|{n}) = 0.

By linear extension one now obtains from the |[{n}) vectors the (non-
separable) Hilbert space S#. Similarly the [{n}) of an equivalence class
C{n} span the (separable) product space (I.D.P.S)

Hoy =11 0P (19)
V4

One can show that the vectors obtained from |{n}) by flipping a finite
number of “spins” are dense in ;. Explicitely we can construct these
vectors as follows. Denote by 2n+ a vector orthogonal to n plus ¢ times
the vector orthogonal to the two others. Then [{n}) is characterized by

) [{n}) = [{n})Vp or (s, n;)[{n})=0Vp. (20
Define n— = (nt*)* and
[{fm}, {n}) = 11 (6, - 1) [n) (21)
»
where m, = 0,1. Those p in (21) where m, = 1 have their spins flipped
and the dense set is characterized by

m, <oo. (22)
»



Mathematical Structure of the B.C.S.-Model 307

Regarding weak equivalence classes it is clear that the unitary operator
Uy, defined by
Uiy [T ® ;) = T ® |, (23)

does not lead out of C\,{n}. However for 2 |@,| — oo it leads out of C'(n).

Conversely for |’ >~ [>, but |y |> there is always a Uy, such that
Unld=1).

The operators we get from the ¢, by algebraic processes and weak
closure form the algebra B# = (%’J ap)”.

They are, however, not all the bounded operators but one has
v. NEuMaNNs Theorem:
VACB¥—[A4,P,]=[4,U]=0. I
Here P, is the projection operator onto an equivalence class and U is a
unitary operator of the form (23). (I) means that B* does not lead out
of an equivalence class and hence the #, reduce the representation
of the o0’s. One can see easily that within an 5, the representation is
irreducible and an operator commuting with all ¢,’s is a c-number in
Iyt Furthermore, since the U’s transform from one €' to another C
within one C,, (I) shows that the representation of B¥in all C’s of a C,,
is the same. This is also the reason for our notation #,; although the
n’s characterize only C,, and not C. To define the C one still has to know
the phase factors ¢, but (I) tells us that the representation of B* does
not depend on them.

§ 3. Operator convergence for 2 =» co

As it is to be expected [5] the intensive quantities show the largest
domain of convergence. This is described by?2
Lemma 1.

hm 285 = hm——26—> hm !

02
e 2 £ ST (24)

n=1, 0=Zn=1
in these Ay in which h_r)nmﬁ 2 n, exists.
Proof.
24 (0} ) = 3 [ngla, m,) + 205 (0, ) + 25)
) + 20 (0, - ;)] [{n), m}) -
1 This number may be different in ) if |{n}) & .

# QOur notation for convergence is = uniform, — strong, — weak, the two latter
in the extended sense explained below.
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Now

o

p I(01,) {n}, {m}) = e =), [{n}, {m}) - nui{n}, {m})

i [\1

»

& X n (e b, o)) =§§1:;;) (0,1 [}, ) 0
o L+ ()
=, 2

;2” o) [}, o}y = X A
p=1

= 0t (a,m5) [}, {m}) — 0.
p

Since [sof = 1V £ and the [{n}, {m}) are dense in i, this proves
lemma 1.

y
Remark. One might have expected since [sf, ag] =1 e“ﬁy% =0

that s; = towards a c-number. This is not the case because
250 —7n| = 1V Q. (26)

Since the product of strongly converging bounded operators converges
strongly to the product of the limits, lemma 1 gives the limits of intensive
quantities, f.i.

Corollary.
Hg S B Ty , . s e
oA g Xl - ) = 5 k), e gtz )

where b is an arbitrary vector. We shall always assume that the ¢,
remain bounded and vary sufficiently slowly so that the lim in (27)
exists.

Whereas the limits for intensive quantities exist in a reasonably
large class of #,, one can give a meaning to the limits of extensive
quantities only in more restricted domains:

Lemma 2.

1
212(1—01, n,) >N in Dy C Hyy (28)
p=

where N|{n}, {m}) = 3 m [fn}, {m}>
=1
and Dy is the domai;’z of N.
Proof.

2m,,—>0.

21
(2 ?(1_6211117)_ )
P

=1

Since IV is self-adjoint one immediately sees the
Corollary.

Q
Uy, = eztpé,’l(1~~("p'“p))_> e2itN  ip %{n} . (29)
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Remark. 3’ (1 — 6,-n,) has a meaning only in the equivalence

p=
class determined by the {n,}. For non-equivalent {n,} this sum has
domain zero, i.e. it makes any non-zero vector infinitely long. Similarly

fi. et 2 (@—o?) converges only in the equivalence class where all #’s are

in the z-direction. One might wonder why one cannot define a rotation
U, around the z-axis for other equivalence classes since this is certainly
a unitary operation in . However, for other equivalence classes U,
leads from one #y; to another for any ¢ 4 0. Hence, by v. NEUMANNs
thecg‘em this cannot be effected by limits of operators from B* like
¢',2,°%" . Such a rotation is discontinous in the rotation angle ¢ and hence
Stone’s theorem is not applicable. Thus we cannot write U, as e**¥ in
agreement with the observation that the formal expression

N=Y (@9 -1
p=1

has no meaning in other equivalence classes.

Extensive quantities of the type of the interaction energy have even
worse convergence properties.

One might expect that by subtracting the expectation value, now in
each factor, convergence can be achieved. What happens is described by
Lemma 3.

%}_ 2 (O';‘ (n(")—l— zn(y))) < " (n(x)__ Zn(y) ) _2 1+ n(z)) (30)
», v
Proof. Again it is expedient to use the decomposmon
1 .
0y =5 (0 +ind) (6, ) + (P + inf V) (07 - 0,) +
+ (n; @ + iny; @) - (g, nf) .

On inserting and using the commutation relations of the ¢’s we see that
for p = p’ the term of the r.h.s. of (29) remains without operators as
factors. The other contributions can be seen to converge to zero as in (25).
However, now we have a double sum and only one factor 1/Q2 in front. In
brief these are terms of the form

1 - -
]> = e} 2 (apnp ) (o'p’np’) [{n}, {m}) . (31)
P
They converge weakly to zero but their norm (for m, = 0, fi.)
1
()= Z1=1 (32)
DD

does not go to zero.
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Remark. The right hand side R, of (30) converges weakly on the
dense set |{m}, {n}) towards a c-number c¢. However it cannot converge
everywhere since |Rg| o< £2 and does not remain bounded uniformely in
. One finds that for those states |f) for which R,|f) does not converge
weakly, |Bq|f)] = oo and thus the limit is not defined. We shall call ¢ the
generalized weak limit in the same way as we interpreted N in (28) as a
strong limit in a generalized sense. The difference is that N is already
selfadjoint and thus there is no further selfadjoint extension.

A c-number defined on a dense set is not self-adjoint but c* is ¢
everywhere in J#. But ¢* = ¢** and thus it is essentially selfadjoint. That
is to say ¢ everywhere in 5 is the unique selfadjoint extension of the
limit of the R, and contains all symmetric extensions.

Collecting our findings so far we are in the position to state the con-
vergence properties of Hy in form of

Theorem 1.
27, & 1 .
Hyo—Eg=~"4 pé; (a;‘,’ - ?(n(;) + zn(;)’))) X
T, S .
X 2 ( — () ~ m“/))) +5 X (D + inl) (nl) — in) —

D.p
) @) 33
__2 O.(x)Z Teng _ 2 O-(U)Z &ni — 2 ()'(Z)ep -+ 2 Ep— (33)
» Ty £ y ' v 2 » 7 ?

~ Ham 5 YT TEE R E at)  x
V4

X N,(1 —en,)=Hg with n,=4+1
if the “‘gap equation”

T "
1] =_-_° »
Q %7 Ve2 + T2y (@2 1+ n2) (34)

holds.
B, = 2 &t < 3 (n;f) + ing/)) (n;“;) —in) -
v, 7

(35)

i £

Proof. Equating the coefficients of @, in (33) we see

]/sf, + T2 (@2 + nA(y)AZl w0y, = T n®? (36)
Ve2 + T2 (n@2 4 n0%) nPp, = e,
from which we deduce (34). The rest then follows from the lemmata 2
and 3.
The condition (34) simplifies in the strong coupling limit (¢, = const.
hence all n, parallel) to

.Q
3 YR TR e
p=1

€ 1 2
Ty ° n= Z_: Nps Dp =10 (37)

Q—)oo

nk) =
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For the ground state (all 7,, = 1) only in those #,; with n® = ¢/T, the
Hamiltonian tends towards a limit. These are the representations for
which the second frequency (5) goes to zero.
—A=4T,812=2T, 3= e+ T2l — n@?)

Fixing n® (and hence the number of pairs) we are forced into those 7,
where 7 and thus the percentage of p-modes which contribute negatively
to the energy is given by (37). This peculiar situation disappears if one
uses I = H — uN where ¢ - ¢ — u. In this case u is to be chosen such
that (37) is satisfied for the given value of »® and 7

Remark. Since Hy,— Eo—+>Hp we have e't(Ho—Eg) 1~ ¢itHz We see
this explicitely in the degenerate model

6=0, Ho—Hy— — 2%

o2

where the ground state is all n, in the # — y-plane, for instance n, = i
= unit vector in a-direction. Then H 3 |[{0}, {i}) = 0 and hence

(i}, {0} e 72 {0}, {i}) = 1.
However using well-known formulae for matrix elements of rotation
matrices we find

= . m + m?
m=8 (28), ”Tc/+n

SUSUIR IS UBUAEP 2"238—_‘m€ * -

f e ritmy = 1 )
Vs V1 +tT,

Generally the situation is that weak convergence of unitary operators
towards a unitary limit implies strong convergence. However if
(38)-1 (et»t — 1) = G, () posess uniform boundedness properties on a
certain domain, G, (¢) — G (t) V ¢ += 0 implies G,,(0) — G (0) on this domain.
In our case these boundedness conditions are met and thus the weak
convergence of the time translation operators would imply H, — E,—> Hp
which we know not to be the case. Nevertheless we shall now see that
H » describes in its domain the correct time dependence.

§ 4. Time dependence of operators

The crucial question for the time-dependence of the 6,’s is whether the
1 2
= m 2 182 g, (38)
ﬁ =
actually tend towards constant c-numbers or show a time dependence.
Defining as usual
A(t) = etHo A (0)e itHy

39
g4 (4,8, (59)
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we find for fixed 22
R 15 Sy, P (40)
. d
zé—t—sw—- 8T, (s s— —stsy). (41)
In general these time derivatives are == 0. The reader who is surprised by
this fact should remember that lim ¢, commutes with the operators

£2—>00

from B¥*, However Qlim (Hp— Bp) in general does not exist and hence is

not in B¥*. Only for those 5, which satisfy (34) and thus Hy, = E,
converges o, tends toward zero. With £, = ]/ef, + T22(n®2 4 nW2) we
note that for £ — oo the r.h.s. of (40) converges strongly towards

lim {,_ 2 8n+1 + gi Z n+ 8” (z)}

p~1 p,p'=1

a+l QT (42)
~llm{ Zep Ui (].— Q”%'Z]’:)}:
Similarly (41) becomes
27, lim {n2T§n+n 2 gg (et — eg,)}= 0. 43)
2 —> 00 p =1

From (40) and (41) we now conclude that all time derivatives of arbitrary
(finite) order converge strongly toward zero if (34) is satisfied.

Furthermore the s, are bounded by
8] < En2Y 2, E = maxe,. (44)
V4
similarly we see from (40), (41) that the »’th time derivatives are bounded

by '

where ¢ is independent of . Thus

dn
a

S'_S_C"

N dn
2 dtn lt“O n‘ +I{

n=0

el dr t
2wl =5

n=2N

[By| = | (45)

By chosing N sufficiently large one can always make Ry arbitrarily small
and since all finite time derivatives converge strongly towards zero if (34)
holds we have shown that in these representations 8 converges strongly
to a constant c-number.
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Similarly for the time dependence of the @, we obtain f.i.

i ot = 2e,0F — 47,5709 — [oF, Hyl > [0, Hy]  (46)
since H y is constructed such that it has, in the limit, the same commuta-
tors with the ¢,’s as H. If (34) holds so that the commutators of s with
H,, converge to zero we see that the n’th time derivative ¢ converges
strongly towards the corresponding commutator with H . Furthermore
we have again (]| = ¢ so that by the estimate used in (45) we con-
clude

o’,,(t) — e“HQo'pe_“HQ—,\ e“HBo'pe"“Hﬁ 47)
if (34) holds. However in a general representation where (34) does not
hold, H will give a totally incorrect time dependence. This is exhibited
immediately in the strong coupling limit where one finds

s, = const., sT(t) = sT(0)et1@e—4Ts)

i.e. a rotation around the z-axis with the frequency 2y of (5). Hz now
gives a rotation of the ¢’s around a fixed s with a frequency 4. The
correct time dependence given by Hj, is this rotation around s which,
however, rotates itself around the z-axis. Only if x4 = 0 and therefore
states with different N have the same energy, Hp gives the correct
motion.

It should be pointed out that the convergence of the higher timec
derivatives and their uniform boundedness is essential for obtaining the
correct time dependence. This is not guaranted by the fact that [H,, b] —
— [Hy b1V b€ B(l,) as can be seen by the following counterexample
from l,: Define

1 /000. ..
2 10 "'1 -
23
GQ:: . 52!2: . (48)
.10 'QO
Q1 | 0
0

1
and 4= o o/ . The o, o+ generate the B (l,) algebra and their commuta-

tor with 4, goes uniformly to zero as £ — co. Hence A should be a
c-number in an irreducible representation and we see that actually
Ag = 0. Take as Hamiltonian

Ho=20Ag+ Al Yo=0) +0,—0. (49)
Thus again H, converges weakly towards the limit which we obtain if
we insert for 4, its c-number limit. Furthermore the commutator of
H, with all ¢, 0% goes to zero. However e'fo! 37 e—1Hol ~ 37 - cos?t,
because [Hg[Hg, 3111+ 0.
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