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Abstract

In this work, some boundedness conditions on the coeflicients of some general
half-linear quasilinear elliptic equations are used to establish some oscillation crite-
ria for those equations. Emphasis is put on strongly oscillatory conditions. This is
obtained by using some comparison methods and Picone-type formulas.
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1 Introduction: Preliminaries

In the sequel, when we write R” , it will be assumed that n > 3.

Definition 1.1. Let 4 € C(E) where E denotes R or R". i will be said to be

(i) (weakly) Oscillatory in E if h has a zeroin any Qp :={xe€ E; |x| > T};

(ii) strongly oscillatory if it has a nodal set in any Qp, YT > 0, where a nodal set is any
non trivial connected and bounded component of support D(h) of h.

(iii) A differential equation will be said to be oscillatory if any of its non trivial and
bounded solution is oscillatory.

(iv) Therefore a function w will be said not to be oscillatory if either there are u,R >0
such that [w| > ¢ in Qg or liminf; ~o [W(f)| = 0.

As we will be focussing on strongly oscillatory solutions, we will be using some com-
parison methods: in fact if a function w is known to be strongly oscillatory and another
function v satisfies for some large T > 0,
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(v) v has a zero in any nodal set D(w) C Qr; and

(vi) w has a zero in any nodal set D(v) C Qr;

then v is also strongly oscillatory. Moreover if only (v) holds, v would be also strongly
oscillatory unless it has compact support (i.e. there is p > 0 such that v=0in Q,).

We will be dealing with equations of the type

PG = {a90)] +a(090) + £t =0, ek and
(1.1)
Q)= V- {A(x)(D(Vu)} +C(x)p(w) + F(x,u,Vu) =0, xeR";

where a € C!(R, (0, o)), A € C(R", (0, )) , g€ C(R, R), C € C(R", R) and for some
a>0,1eR, LR, ¢t) 1= do(t) = [t|*'t; D) := Dy({) = |£]*" ¢ with the properties
that 1p(t) =% - D) =121%" ;s d(ODE) = (1) and 1 (f) = ap(t). The functions
f(t,y,y) and F(x,u,Vu) are the perturbations terms added to the respective half-linear
equations. General hypotheses will be on the coefficients of the half-linear parts of the
equations mainly

(H): the numerical functions a and A are continuously differentiable in their respective
domains ; C and ¢q are continuous in their respective arguments and eventually positive (i.e.
AT >0; C,q > 0in Qp).

By means of some comparison results based on some Picone-type formulas, we will
deduce the strong oscillatory criteria of some more general equations from that of simple
known ones.

We recall that a function y for P (u for Q ) will be said to be a solution for P (Q for u
) if it satisfies the corresponding equation and y(.) and a(.)¢(y’(.)) (respectively u(.) and
A()D®(Vu(.)) ) are continuously differentiable. Also we will say that a solution is bounded
in Q, say, if it is bounded in C Q).

Remark 1.2. R1) The equations we will be dealing with are of the form

a1y +qO* "y + f(1.3.)=0:1>0
and for multi-dimensional cases (1.2)

V AAOIVul* 'V} + cOlul® L u+ F(x,u, Vi) = 0

with regular coefficients ( e.g. a and A are continuously differentiable) and ¢, ¢ contin-
uous. Also we assume that considering these equations in any bounded regular domain D,
there are generic constants C(D) > 0 such that for small |y’| (|Vu| for multi-dimensional
cases )

IfEy NS CDWY|" +k)  (1FCx,u, V)l < CD)Vul® +k(u) )

! ! -1 (1.3)
where for K(t) = f k(s)ds, f K(t)a1dt = o0.
0 0

Therefore no non-trivial solution of the equations has compact support . Also any such a
continuous solution which is bounded in C(Qg) is also bounded in C!'(Qg ), ( see [2].,[6]).

R2) Under those conditions, such solutions need only to be oscillatory to be strongly
oscillatory. In the sequel, unless indicated otherwise, the perturbation terms containing y’ (
damping term ) will be understood to satisfy (1.3) locally in Q7. This is obviously true for
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half-linear equations. Also in the sequel, bounded solution will mean bounded in C!(Q7)
for some 7" > 0.

Here is a theorem whose proof is a mere application of the definition of an oscillatory
solution:

Theorem 1.3. Suppose that for some T > 0 there is a continuous function ¢ such that
either c(t)>u>0 in Qr or fTrc(s)ds diverges to +oo.
Then, Ya >0 and B> a any non trivial and bounded solution of

(6201)) + g =0 (14

is strongly oscillatory. The same conclusion holds for

(a(z)qsa(y')) T e(DPp(y) =0 (1.5)

if for some Qr and ay >0, ae€ C'(Qr, (ay, )), a’ > 0 and decreases to 0.

Proof. A) Those equations are oscillatory.

Assume that there is such a solution which is strictly positive in Qr, say. From the
equation (1.4)and t>¢t; > T

DoV (1) — o (V' (1)) = — ft lt c(8)pp(y(s))ds < 0 implying that y” keeps the same sign in
some Qr,, T1 > T. But

(¢a(y’)) - yy—,y'gb;(y') = ayy—,%(y') = —c(Dpg(y) < 0 therefore ¥ < 0 and y being

bounded, y’ t}len decreases to 0 at co. y’ is then positive and decreases to 0. So, the function
Wi i 220"
¢p(y) 1
/ a—
W0 = ~{e+ B b
y oo P!
W) < W(Ty) - thl c(s)ds which is a contradiction for large ¢. In fact the second
member diverges to —co while the first member is non negative. Therefore any such a
solution of (1.4) has to have zeros in any Qr.
For the second part we proceed as above; in fact if y is a solution of (1.5) which is
supposed strictly positive in Qr,

(a(O)pa(y)) = d' (DoY) + aa(t)yy—,%(y') < —c(D¢p(y) < 0.

is non negative and satisfies

} < —c(t) for t > T;. We then have

’7

From the hypotheses on a, foralarget > T, d' (£)¢p,(V')+ a/a(t)y—,%(y’) has eventually
y

the sign of y”’ , therefore y’ > 0 and decreases to 0. The non negative function K(f) :=
a®)da(y')
#p(y)

B) If any of those equations is oscillatory, it is strongly oscillatory.

It is enough to show that if the equation is simply oscillatory, its zeros are simple.
Suppose that the equation (1.5) has an oscillatory solution y, say, such that 37 > 0; y(7) =
Y (r)=0 and y" # 0 in some (to, 7) (1, t1) :=Lh U .

B1) Assume that y > 0 in /p. From the equation,

satisfies also K’(f) < —c(¢) and the proof is completed as before.
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—a(tp)a(y' (0)) = = f c(s)pp(y(s))ds ()

fo
which is strictly negative implying that y’ > 0 in Iy. This conflicts with y > 0 in /.
B2) Assume that y <0 in Iy. Using (x) we find that y’ < 0 in Iy, conflicting with y <0
in Iy. Therefore y* # 0 cannot hold in [y if such a 7 exists.
Similarly we get that y’ # 0 cannot hold in 7} if such a 7 exists. This completes the
proof. O

Consider for some @, 5> 0 the equation

{%(u’)} +g(t,u)dp(u) = 0. (1.6)

Theorem 1.4. Assume that Yw € R\ {0} and some T >0
/
gt,w)>0 inQp and f g(s,w)ds is unbounded. (1.7)
T

Then any non-trivial and bounded solution u of the equation (1.6) is oscillatory.

Proof. If we suppose that u is such a solution positive in say, Qr, then as in the proof of
Theorem 1.3, «’ > 0 and tends to 0 at infinity. This implies that u is increasing and bounded
above.

The function W(f) = fa)

Pa(u)

’

is non-negative and

a+1
W'(r) = —[g(t, Wik +a ] < —g(t,u)u’~ and

W) <W(T)- th g(s,u)uP~?ds leading to a contradiction as the right hand side is even-
tually negative. Therefore no such a solution can be eventually non zero. O

For ¢ € C(R, R), a € C'(R, R) with a,c > 0 in Q7 say, simple calculation shows that
the equation

() {awoen} +c0om) =0
has the same oscillatory character in Qr as

) Ve d)
m>@wﬂ+%¢w+an

If in addition |a—| is bounded in Q7 , the same conclusion holds for
c

') =0. (1.8)

(iif) (‘f(p(z')) - %qﬁ(z’) +¢(2) =0.

The equations (1.8)(ii) and (iii) are obtained from (1.8)(i) by simple division and for (iii) it
. . ac a a
is enough to notice that - =-—+ (-).
c c ¢
We then have the following result:
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Theorem 1.5. Consider the equation

{awsen} + o) =0 (1.9)

where ceCR, R), ae C'(R, R) with a’,c,a>0 in some Qr. If any of the following
conditions

(a) E>/.1>0l'l’l§2T orf @ds:oo
a or a(s)

b  30>0: 0<2<6 and|L| bounded in Qr;
C C

(1.10)
(©) FkerR\{0); 0<Z<e .4 (1) and
c
k** e <1 in Qr
holds, then any non-trivial and bounded solution of (1.9) is strongly oscillatory.
! t
Proof. Under the hypotheses in (a), (¢(u')) + %(ﬁ(u) =0 is strongly oscillatory by The-
a

orem 1.3, the equation (1.8)(ii) is then strongly oscillatory by the Theorem 3.4 of [9].
Also from the hypotheses in (b), (C—lqﬁ(z’)) + ¢(z) = 0 is strongly oscillatory from the
c

comparison with a strongly oscillatory solution of (0¢(u’)) +¢(u) = 0 and (1.8)(iii) is
strongly oscillatory by the Theorem 3.4 of [9].
For the case (c), let u be a strongly oscillatory solution of {al(t)qb(u’)} +¢(u) =0 asin

(2.4)(i). If y is a bounded and non-trivial solution of {gqﬁ(y’)} +¢(y) =0,

a1 =) 2000} = @ = D™ + 2,
y'c c c

If we suppose that y # 0 in Qg, the integration of the equation above over any D(u) C Qg1
leads to a contradiction. Therefore y cannot be eventually non zero.
O

Remark 1.6. R3) Itis useful to note that the function g(z,u)¢g(u) of the Theorem 1.4 can
be replaced by any function ¥(t,u,u’) provided that

wh(t,u,u’) >0 Yu#0 and |Y(t,u,u’)| = O(u’|*) + O(lu|*) for small |u’| + |u| ( see
Remark 1.2).

R4) Also from Remak 1.2, for the bounded and non-trivial solution of Theorem 1.3
to be strongly oscillatory, we need to have > a.

R5)  For the solution of Theorem 1.4 to be strongly oscillatory we need to have
lg(t,u)| = O(ju|*B) for small |u; otherwise solutions so obtained for these equations are
not bounded and non-trivial, unless they have compact supports.

2 Some comparison results via Picone’s formulae

For ease in writing, the equation P;(.) will denote the equation P(.) in (1.1) in which the
coeflicients a, q and the function f carry the index i. Similarly is defined Q;(.).
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2.1 Some Picone’s formulae

Let y; and y, be respectively solutions of P;(y;), i = 1,2. Then wherever y; is non zero, a
version of Picone’s identity reads

{1a10067) - 1900 i—; a0y =

= a(Dla(y1,y2) + [al(z) —az(t)]|y’1|“+1 + [(h(l‘) _ ql(t)]|y1|a+1 o
+ |y1|a/+1 |:f2(t’y2’y’2) _ fl (t’yl ,Y'l)]
$(y2) ¢(1)

where, Yy > 0, the two-form function £, is defined Yu,v € C ! (R, R) by

= WP = (4 D By (V) Sy (V)
Z1): ) ] " W,
=P = Gy Dy (V) 4 P

is strictly positive for non null # # v and null only if u = Av for some A € R . Similarly, if
u; and u, are respectively solutions of Qu;, i = 1,2, then wherever u; is non zero, a version
of Picone’s identity reads

v-{ulAl(xxD(Vm)—u1¢<Z—;>Az(r)®<Vuz)} = An(NZa(u1,12)

" (A1<x> —Az<r>)|w1|““ " (cz<r> - cl(x))|u1|““
Fz(x, uz,Vuz) _ F]()C,M],Vbt])

P(uz) P(ur)
where VYy>0, VYu,veC'(R"

Z2): Z,uv) = VUl = (y+ DOH(= V) Vi +y|= VP!
A% v

+ |u1|a+1

2.2)

= Vul* =y + DIE ! L Vit y L vpt,
v v 1%

We recall that ¥y > 0 the two-form Z,(u,v) > 0 and is null only if Jk € R; u = kv. ( see

e.g. [5], [7, 8]).
We note that Z, is associated to the two-form ¥, defined on R" X R" xR by

W): VXY= XD (y+ DY Y - X !
which is non-negative and null only if X =0 or X = uY for some u € R.

2.2 Some basic strongly oscillatory equations

As example of strongly oscillatory functions in R we have the following: VYa > 0 the
solutions of

{0 +agow) =0 2.3)
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whose solutions are the generalized sine functions S := S, with the following properties:

IS +1SLI =15 So(t+m0) = =S o(0);
2r

T
Dsi
(a+ )sm{a+

where 7, =

I }
Easy calculations show that Yk e R\ {0}, W():=S a(ekt ) satisfies 2.4)
i {9, WN] +K 0k ga(W) =0

and for Y(r) := Sc,(tk); t>0,

iy {10 %(Y')}' ST A ago(Y) = 0.

When @ =1 then those functions are the usual trigonometric functions. For k € R\
{0}, let o () := S o(kt). Then

(qﬁa(o"(t)) + alk|** ¢ (0w (2)) = 0. Because k is arbitrary we then have the following
results:
(i) VYa,b>0, {(;5(,(14’)} +b¢o(u) =0 is strongly oscillatory
(i) and from (2.4)(ii), Ya > 0, Yk € R\ {0}
(6207)) + D00, 0) 4 a1 =0 9a6') =0

is also strongly oscillatory.

(2.5)

Theorem 2.1. For some v,T >0, assume that a non-decreasing a € C(Qr, (v, o)) and
c € C(Qr, (v, )) are such that

{awoa} + o =0 2.6)

is oscillatory . Then for any M € R large enough,

{awo@)} +cw@ +awm=0 @.7)

will be strongly oscillatory .

Proof. Let such a solution z of (2.7) and u that of (2.6) be given. We have the following
Picone-type formulas:

i aus) - a(r)uqb(g)qs(z')}' = a0 a0 + ! %} e

(ii) {a<r>z¢(z’)—a(r)z¢(§>¢(u’)} =a<r>{§a<z,u)—zM}.

The functions u and z being bounded in Q7, the second members of (2.8) (i) and (2.8)(ii)
are non zero and have the sign of M or —M provided that M is large enough. Therefore if
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z is non zero over a nodal set D(u) C Qr, the integration of both sides of (2.8)(i) over D(u)

M
leads to 0 = fD(u) a(t){{(,(u,z) + ful ! —}dt which would be absurd for large enough M

#(2)

as the second member is non zero. Consequently z has a zero in any such D(u). Similarly
if u is non zero on such nodal set D(z) C Qr of z, the integration over that D(z) of (2.8)(ii)
leads to a contradiction; also « has a zero in any such a D(z) C Q7. O

Remark 2.2. R6) When a solution u of (2.6) is oscillatory, it has to have nodal sets in any
Qr. In fact if u has a zero ry in Q7 , it has to have a zero in ,, and obviously, from the
half-linear equation, any second zero has to be simple unless « has a compact support.

R7) Theorem 2.1 shows that if M is large enough, when any of the equations (2.6)
and (2.7) is oscillatory of any type, so does the other; also in Qr, no nodal set of one is
strictly contained in a nodal set of the other.

Theorem 2.3. Let a € C'(R,R) and ¢ € C(R,R) be such that for some u, T >0,
a,c>p andy:= ¢ >v>0inQp. Then
a
{ao, )} + e, =0 (29)

is strongly oscillatory.

Proof. From the hypotheses, (2.9) can be written as

{6,0)} + 7090+ lloga ) ) =0
and this equation is strongly oscillatory by the Theorems 3.1 and 3.4 of [9]. O

Consider the equations

0) {a(r)¢(y’)} +e(N(») =0 and
(2.10)

(ii) {a(z)¢<z’>} +e(D$@) +h(t,2.7) =0

where 1 € C(R?, R) and satisfies (1.3).

Theorem 2.4. Assume that for some T,k >0,
h(t,s,z) . ) .
r PO D  ounded (1,5, Z) € Qr x(—k, k). Then if (2.10)(i)

either h(t,s,z)>0

is oscillatory, so is (2.10)(ii).

Proof. 1) Assume that h(t,z,z") > 0 in Q7. If such a solution z is strictly positive in Qr,

’ h .2, ’
[ar60) 30006} = a2+ bl D
N $(2)

leading to a contradiction if we integrate the formula over a nodal set D(y*) Cc Q7. In

fact the left hand side would be zero and the right strictly positive.

h(t,s,z) . . . .
2) If htt,s,2) is bounded, taking the strongly oscillatory solution u of

¢(s)
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{a(t)gb(u')}/ + c(t)¢p(u) — M = 0 for a large enough M,

{ua(t)qb(u’) _ u¢(g)a(t)¢(z')}, = a(t){o(u,2) + |M|“+1(_h(;(zz’)z,) + %)

and the integration of the formula over a nodal set D(u#) C Q7 leads to a contradiction
as this time, if M is large enough, the right hand side would be non zero while the left is
Zero. O

3 Application to multi-dimensional cases
Define for x := (x1,x2,....,x,) € R" the position-vector
1 t
X = P (X1, X2, 20s Xp)

where r:= /x% + x% +...+x2 =|X|. If the function V = V(r) depends only on r then

VV =XV'(r) and Vg(V)=XV’'g’(V). So, if the unknown function u and the other
functions are radially symmetric e.g. u(x) := U(r). The equation

OQw):= V- {A(x)(D(Vu)} +C(X)Pp(u) + F(x,u,Vu) =0; xeR" 3.1
in terms of U , A(x) := a(r), C(x) :=¢(r) and F(x,u,Vu) := f(r, U,U’) becomes
OU) = {r"_liz(r)qﬁ(U')}, + " ENeU)+ 7 f(r,U,U) =0 in RT (3.2)

n—1

since V-X = and V‘{A(r)d)(VV)} = L_]{r”‘lA(r)(b(V’)}/. (see [9], [5])
r r"

For any function w € C(R"), define the functions

[x|=r x|=r (33)

wh(r) := """ max w(x) and w(r):= ! |min w(x) and for g(x,v,Vv),
g rV,V) (g (rn,V,V’)) := max(min) -, g(x,v, Vv).

The aim of this paragraph is to find sufficient conditions under which the oscillation criteria
seen earlier apply to some multi-dimensional equations.
To the equation (3.1), we associate the equation

{A_(r)¢(v')}, +CH PP+ f(r,v, ) =0 in R*. (3.4)

Lemma 3.1. Assume that
a) f(r,v,V') satisfies (1.3)
b) and there are M,T >0 such that whenever |S|+|V|<M ,
= f(r,S,V)
o8 "
if {A_(r)¢(z’)} +C*(r)¢(z) =0 is strongly oscillatory, any bounded and non-trivial

is bounded or positive in Qr. Then

solution of {A‘(r)qﬁ(v’)} +CH(Np(v) + 7! f (r,v,v)=0  is strongly oscillatory.
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Proof. Consider for a large M € R the strongly oscillatory and bounded solution y of
{A=(Np(Y" )Y +C*(r)p(y) + "' M = 0. Whenever v # 0

i A e0)-3eHA 90|

—17 ,
= A () =y byt )

o)
— A =i - L)
=" min A L0 - |y|"“(% - %)] (3.5)
) and {000 = o A (000
= A )+ b (- %)
=71 min 4G9 Luvy)+ (2 - %)}

wherever y # 0.When M is large enough, the right hand side of (i) is of the sign of —M and
that of (ii) the sign of M. The integration over any nodal set D(y) C Qr the equation (i) and
the equation (ii) over any nodal set D(v) C Qr, we get that v has a zero in any such a D(y)
and y has a zero in any such a D(v). O

For the radial functions U,V € C!(R) and u € C'(R"), consider the half-linear equations
(i) V- {a(x)d)(Vu)} +c(0)p(u) =0, xeR™;
(if) {a+(r)¢(U')}' +c (Np(U)=0, r>0 (3.6)
(iii) {a_(r)qf)(V')}, +c (Np(V)=0, r>0

where the coeflicients in (3.6)(ii) are related to those in (3.6)(i) as in (3.3).
The next theorem follows from Theorem 1.3.

Theorem 3.2. Assume that there are some u,T >0 such that
a) aeC'(Qr, (0, ©))and c € C(Qr, (0, o)
b) and either
. Inil'llxlzr c(x) . .
@) y(r):=————=>por Y(s)ds diverges to oo
max|y=r a(x) Qr
1 _ ’
() or 3050:0<——<p ang |Mizr dOT
y(r) minjy=, c(x) (3.7)

is bounded in Qr
(itiy or ac CI(QT, (0, 00)) is increasing and c € C(Qr, (0, c0))

is strictly positive.
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Then any bounded and non-trivial solution of
\ {a(x)d)(Vu)} +c(x)p(u) =0, xeR"

is strongly oscillatory.

Proof. Under the hypotheses, any bounded and non-trivial solution U of (3.6)(ii) is strongly
oscillatory by Theorem 1.3 if (i) holds ( see (1.8)ii ). For the condition (ii), we refer to
(1.10)(b) for U to be strongly oscillatory. In the case of the hypothesis (iii), Theorem 3.1 of
[9] shows that U is strongly oscillatory.

If (3.6)(i) has a non-trivial and bounded solutioun u, say, a Picone formula for those
functions reads

U + — (At a+1
V-{UadD(VU)—Ugﬁ(;)a (D(Vu)}—(a a)|lVU]| (3.8)

+a" (NZy(U,u) + (c— U™ wherever u 20 .

If we assume that u is strictly positive in some Qg then the integration of (3.8) over any
nodal set D(U) C Qg leads to a contradiction as the right hand side of the integral will be
strictly positive and the left zero. Thus u has a zero in any such a nodal set and such a
solution cannot be compactly supported. O

From the Lemma 3.1, we have the following result:
Theorem 3.3. Under the hypotheses of Theorem 3.2, if fe€ C(R"XRXR", R) satisfies

() f(r,v,V') satisfies (1.3) and either
lf~ V. VOI+ 1 (r, V, V)

@) YM>0,3IR,M,>0; |VI+|V|<M= S0V <M; in Qg
V.,V .
(itiy or ————= keeps the same sign in some Q.
#(V) 4 8 T
then any bounded and non-trivial solution of
V. {a(x)d)(Vv)} +c(x)p(v) + f(x,v,Vv) =0, xeR”" 3.9)

is strongly oscillatory.

3.1 Concluding remarks

(a) The oscillation criteria displayed in Theorem 3.2 are selected for their novelty and
most of known criteria can be used instead.

(b) From [6] the condition (1.3) allows us to confidently know wether or not an oscillation
criterion leads to strongly or weakly oscillatory solution. For example if g€ (0, @) in
Theorem 1.3, the corresponding solution would be weakly oscillatory and here it will have
a compact support.
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