Communications in Mathematical Analysis

Volume 12, Number 1, pp. 17-27 (2012) www.math-res-pub.org/cma
ISSN 1938-9787

SoME EsTIMATES For HARDY-PoLya-KNorp TYPE
Di1rFrERENCES ON TIME SCALES

SaBIR HusSAIN *
Department of Aeronautics and Astronautics
Institute of Space Technology
Islamabad, 44000, Pakistan

(Communicated by Hitoshi Kitada)

Abstract

In this paper, an improvement and reverse of a strengthened Hardy-Knopp type in-
equality are obtained via log —convexity.
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1 Introduction

In 1920, Hardy [3] proved the following integral inequality, if p > 1, f(x) > 0 and F(x) =

J; £() dt, then
00 P 00
j;[g]p dxs[p%l] fo 17 dx. (1.1)

Its discrete version essentially takes the same form with sums instead of integrals [8]. After
that (1.1) attracted the attention of researchers and mathematicians. One can find over two
hundred papers, articles and notes by searching the words “Hardy”’and “inequality”’in the
review journals Zentralblatt fiir Mathematik (or Mathematical reviews). Almost at the end
of the 20th century, sufficient material related to (1.1) was available in different forms in
generalizations, estimations and improvements both in discrete and continuous settings (see
for instance [6]). There is a related inequality, the so called exponential integral inequality
(or Polya-Knopp inequality) [9, 10]

fmexp[l fxlogf(t) dl} dx < efoof(x) dx, (1.2)
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which holds for positive functions f € LY(0, ). Inequalities (1.1) and (1.2) are closely
related, since (1.2) can be obtained from (1.1) by replacing f with f /P and letting p — oo.
Therefore, Polya-Knopp’s inequality may be considered as the limiting form of Hardy’s
inequality. In 2002, Kaijser et al. [8] pointed out that both (1.1) and (1.2) are special cases
of the much more general Hardy-Knopp-type inequality for positive functions f

© ] ¥
f D [— f f() dt
0 X Jo

where, @ is a convex function on (0,0). One year later A. Cizmesija et al. [1] gave the
weighted version of (1.1) generalizing (1.3). Hardy’s inequality has many applications in
different fields of both applied and pure mathematics. In 1988, Stefan Hilger [4] introduced

the notion of time scale’s calculus which unifies continuous and discrete analysis.
This paper is organized in the following way. After this Introduction, in Section 2 some
basic facts and results are discussed. In Section 3, log —convexity of Hardy-Polya-Knopp

type differences is proved and in Section 4, some improvements and reverses of relations
(2.5) to (2.7) are given.

dx f " orfonL, (1.3)
X 0 X

2 Preliminaries

A time scale (or measure chain) is a non-empty closed subset of the reals, R, together
with the topology of subspace of R and we usually denote it by the symbol T. The two
most popular examples are T = R and T = Z. For any interval / of R (open or closed)
It =1NTis called a time scale interval. We define the forward and backward jump operators
o,p: T — Tby:

o)=inf{seT: s>t} and p(f) =sup{seT: s <1t}

(supplemented by inf @) = sup T and sup® = inf T, where @) denotes the empty set). If o°(¢) = ¢,
t €T, we say t is right dense. If p(t) = ¢, t € T, we say ¢ is left dense. If o(¢#) > 1,1 € T, we
say t is right scattered. If p(f) < t, t € T, we say ¢ is left scattered. The set T¥ is defined to be
T if T does not have a left scattered maximum; otherwise it is T without this left scattered
maximum. The graininess ¢ : T — [0, o0) is defined by:

u@)y=o()—t.

Hence the graininess function is constant 0 if T = R while it is constant 1 if T = Z. However,
a time scale T could have nonconstant graininess. Let f : T — R be a function, then f :
T — R is defined by f7(¢) = f(o(¢)) for t € T, where o(¢) is defined above. We also, say
that f is delta differentiable (or simply: differentiable) at t € T provided there exists an a
such that for all € > O there is a neighborhood N of 7 with

lf(o(@®)—f(s)—a(o(®)—s)| < elo(t)—s| forall sei.

In this case we denote the & by f2(r), and if f is differentiable for every ¢ € T, then f is
said to be differentiable on T and f2 is a new function on TX. If f is differentiable at r € T*,
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then it is easy to see that

lim,ery L9 if () = 0

A0 =

fewrfo, if (1) > 0.

Several useful delta derivative formulas can be recorded in [17, Lemma 1,2] (see also [16]).

A function f : T — R is said to be rd-continuous, provided it is continuous at every
right-dense point and if the left sided limit exists at every left dense point. We denote by
C,4(T,R) the set of all rd-continuous functions f : T — R. The importance of rd-continuous
functions is revealed by the following existence result by Hilger [5]: Every rd-continuous
function possess an antiderivative. Here, F is called an antiderivative of a function f defined
on T if F2 = f holds on T*. In this case we define an integral by:

ff(T) At =F(t)—-F(s), fors,teT.

Let Ty and T, be two given time scales and set T} X T, = {(x,y) : x€ T,y € T»}. Then T x T,
is a complete metric space with metric d defined by:

d((ry). () = Jx= 22+ (=92 for all (xy).(45) €T xTs.

Let f be a real-valued function on T| X T,. The function f is called rd-continuous in #, if
for every a; € Ty, the function f(ay,f;) is rd-continuous on T,. The function f is called
rd-continuous in #; if for every a, € T, the function f(¢;,a) is rd-continuous on Tj.

Let CC,4 denote the set of functions f(#1,#) on T; X T, with the properties:

e fis rd-continuous in #,
e fis rd-continuous in #;,
o if (x1,xp) € T x T, with xy, x, right-dense points, then f is continuous at (x, x),

o if x| and x, are both left-dense, then the limit of f(z(,#,) exists as (¢1,%>) approaches
(x1,x7) along any path in the region

R(x1,x2) ={(t1,0) : t1 € [a, x1]T,, 12 € [c, x2]T, }.

Let C C} , be the set of all functions in CC,y for which both the partial derivatives, A;,

1 <i <2, with respect to first and second components of the function f respectively, exist

and are in CC,4. In 2005 P. Rehak [15] proved a time scale version of Hardy’s inequality
p

as:
o (1)
°° f(s) As ppeo
I} [IUT we ] [ o s .

where, p > 1 and f is a non-negative function. Let Ax be a general Hardy type operator on
time scale defined by:

1 !
ARf .9 = f K(s.3) £O) Ay, 22)



20 S. Hussain

where, t, s > a, f € Cr4([a,b),R) is a delta integrable function, k(x,y) € CC 1 ([a;b)X[c,d),R)
is a non-negative delta integrable function and

f
K(t,s)sz(s,y) Ay.

Recently, Ozkan et al. [12] proved a strengthened time scale Hardy-Knopp-type inequality
as:

Theorem 2.1. Let u € Crq4([a,b),R) be a non-negative function such that the delta integral

b . . . . .
ft %Ax exists as a finite number. Consider the weight function v defined by:

u(x)
v(t) =(t—a) f oW —a) Ax, te€]a,b).

If ©: (c,d) — R is continuous and convex, where c,d € R, then the inequality
b o (%) b
1 Ax Ax
f u(x) © f) At —< f V(@[ f(x)] ;
a O'()C) —a a X—a a X—

holds for all delta integrable functions f € C,4([a,b),R) such that f(x) € (c,d).

(2.3)

Moreover in [11], U. M. Ozkan et al. extended (2.1) and (2.3) to a Hardy-Knopp-type
integral inequality for several functions and a Hardy-Knopp-type integral inequality with a
general kernel to arbitrary time scales as:

Theorem 2.2. Let the conditions of Theorem 2.1 be satzsﬁed and, let fi,..., fr be non-
negative delta integrable functions such that Fr(x) = — f fe(HAs, 1 <k < n, exists as

a finite number, then
n 1/n
A
(I_IF,‘Kx)] L%“Sf <>®[Zk lf"(x)]x_a, 2.4)
k=1

b
f u(x) ®

holds for all delta integrable functions fi € Cq4([a,b),R) such that fi(x) € (c,d).

Theorem 2.3. Suppose k(x,y) € CC}d([a, b)x[c,d),R) and u € C,4([a,b),R) are non-negative

. . b
functions such that the delta integral f kox.y)

) Ax
'y K"'(x,x)
the weight function v defined by:

u(x exists as a finite number. Consider

~ b k(x,y) Ax
Vo) = —a) fy R () = y€lab

If ©: (c,d) — R is continuous and convex, where c,d € R, then

b A b A
[ s ol ol 2 < [ wolsw) =

holds for all delta integrable functions f € C,4([a,b),R) such that f(x) € (c,d).
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The following consequences of these results were also discussed in [11, 12].
b|_n b n
Ax 1
F7 < b—
fa k|:l| (| —= np(b_a)fa( x>L§:lfk<x>

b a(x) p b
| [ 1 £ Ar] ol [e-vrorS. 2o
a lOX)—aJ, x—a  b-aJ, x—a

for p> 1 and f > 0, such that the delta integral fa b Lf (X)]pr—_); exists as a finite number.

b a(x) b
f exp[ ! f In £(7) At]ﬂsL f (-2 f() 2. 2.7)
p ox)—aJ, x—a b-aJ, x—a

for f > 0, such that the delta integral fa b f (x)x% exists as a finite number.

pin p

Ax

X—a

(2.5)

3 Log-Convexity Of Hardy-Polya-Knopp Type Differences
Definition 3.1. [2] A function f : T — R is called convex on I, if

fAt+A =D s) <A fO+(A=2) f(s), 3.1

for all s,z € It and all A € [0, 1] such that A+ (1—A)s € It. The function f is strictly convex on
It if the inequality (3.1) is strict for distinct s,¢ € IT and A € (0, 1). The function f is concave
(respectively, strictly concave) on I, if —f is convex (respectively, strictly convex).

Lemma 3.2. [7] Consider the function:

xS

s(s—1)°

s#0,1;
¢s(x) =1 —logx, s=0;

xlogx, s=1.
Then, ¢y(x) is convex for x > 0.

Lemma 3.3. [7] Consider another function:

Ws(x) =

o=
=
[*5}
1l
o

Then, y4(x) is convex.
The following lemma is equivalent to the definition of convex function [14, p.2].

Lemma 3.4. If ¢ is continuous and convex for all s, sy, s3 in an open interval I for which
s1 < 82 < 83, then

d(s1)(53 = 52) + P(52)(51 — 53) + P(53)(52 — 51) > 0.
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The following lemma from log —convexity theory, playing a key role, is given as:

Lemma 3.5. [13] A positive function f is log —convex in Jensen sense on an open interval
I, that is, for each s, t €1

f) @ 72

s+ t)
2
if and only if the relation
t
m2f(s)+2 mw f(%)+w2f(t) >0,
holds for each real m, w and s, t € I.

Theorem 3.6. Let the conditions of Theorem 2.2 be satisfied, and let ¢ be given by Lemma
3.2. Consider F : R — R,, defined by:

1/n
b S )] Ax b - Ax
F(s)= f V() sos[ kel ] - f e[ [Frw] | = 62
a n xX—a p i -
Then, F is log—convex, that is, the following inequality is valid:
[FP)I < [FDPPP [F(s)]"P for —co<s<p<r<oo. (3.3)

Proof. Let us consider the function @ defined by
2 2 s+p
O(x,m,w,r,5,p) = D(x) = m @s(x) +2 mw ¢ (x) +w,(x), where r= T; m,w €R.

O"(x)=m* x* 2 +2mw X2+ wix?

® is convex for x € Ry ; therefore (3.2) is equivalent to
m?F(s)+2 m wF(r)+ w?F(p) >0,
i.e., by Lemma 3.5
[F(n]* < F(s)F(p).

So F is log—convex in Jensen sense. Since
lir%F(s) = F(0) and lin%F(s) =F(1),
S §—

F is continuous for s € R and therefore log F is convex. Lemma 3.4 for —co < s < p <r < o0
yields:

(r—s)log F(p) < (r—p)log F(s)+(p - s)log F(r),
which is equivalent to (3.3). O
Theorem 3.7. Let the conditions of Theorem 2.3 be satisfied, and let ¢ be given by Lemma
3.2. Consider F : R — Ry, defined by:
Ax

X—a

— b Ax b
Fs) = f 00 s [F0] - - f u(x) o5 [Arf7 (x,)] (3.4)

Then, F is log —convex, that is, the following inequality is valid:

[F(p)I"™ < [F(P* [F()I"™P for —oo<s<p<r<oo. (3.5)
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If we use i, for ¢, we get the followings.

Theorem 3.8. Let the conditions of Theorem 2.2 be satisfied, and let s be given by Lemma
3.3. Consider G : R — R, defined by:

b A
* f () s [Arf (x, x)] ——. (3.6)
a X—da

a

b A
G(s) = f v(x) Yrs [ ()]
a X—=
Then, G is log —convex, that is, the following inequality is valid:

[GP P < [GOPTPIG()]) P for —co<s<p<r<oo. (3.7

4 Improvements And Reverses of Hardy-Polya-Knopp Type In-
equality

Theorem 4.1. Let p € R\{0,1} and, let fi, 1 <k <n, be a family of positive delta integrable
functions such that Fy(x) = lea fa ! fx($)As exists as a finite number, then
[ |Fe

1 1 b n " Ax b P A x
p(p—1){np(b—a>fa(b_x)[;mx) = Ll E}

< [H() PV HEASPETD for —o<s<p<r<oo. (4.1)

p pln
Ax fb n Ax
X—a a |pet xX—a

[ [Fe
> [H(S)](P—r)/(s—r) [H(r)](s—p)/(s—r) 4.2)
for —co<p<r<s<ooand —oo <r<s<p<oo, where

1/n
1 - A b5 A
H(r)=mf(b—x) %[M% —f Pr [HF;‘?(x)] foa (4.3)
a a k=1

Proof. The proof follows from Theorem 3.6 by choosing the weight function u(x) = 1, so
that

n

1 1 b n
p(p—-1 {nl’(b—a) fa (b_x)[;fk(x)

_ b—x )
(x— a)f = a)(O'(t) 5 = b b<oo
v(x) =

1, b= oo.

In this case (3.2) becomes

ﬁLb(b—x)go [Zk .nfk(x)] f %[(nk 1th(x)) ] b < co;

fa %[Zk_nfk(x)] f o, [(Hk FO(x ))l/n]

F(s)=
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Now for b < oo (3.3) becomes

1 [ Dt Je()
Tafa(b—x)sop[ - ]x fsop

< [H(s)](p r)/(s—r) [H(r)](s—p)/(s—r). (4.4)
For p e R\{0,1} and b < oo we get (4.1) and

n p pin
1 I A °° Ax
p(p—l){”pfa {;f"(x) I} g x—a}

n
[ [#7e
<[H()P6D [HE) P/ for —co<s<p<r<oo,

00 /Vl
ﬁ(r):L [Zk 1nfk(X)]x 3 _‘L' o l_[F‘T(x)}

Ifin(33)s—r, p—>s, r—>pand s—p, p—r, r— s, then
e Yy )] Ax [ o
L R Py S S _f [17¢
b—aL( x)‘Pp[ " ]x_a ; @p k(x)

k=1
And from here for p € R\{0, 1} we get (4.2) O

}’l

Ax

X—a

(]‘[ F"(x)

where,

Ax
x—a

Ax
x—a

> [H(S)](P—r)/(s—r) [H(r)](s_l’)/(s_r). 4.5)

Theorem 4.2. Let p € R\{0,1} and, let f be a non-negative delta integrable function such
that the delta integral fa b(b -0 f(0)]P == Ax exists as a finite number, then

1 ) " Ax
- 1){ f(b Y L[O’(x)—af; ﬂm’]m}

< [H($) P [HER)] PV for co<s<p<r<oo. (4.6)

b 7 (x) p
1 A
f f f(t)At] = }
¢ lox)—a J, x—a
> [ﬁ(s)](P—f)/(S—f) [ﬁ(r)](S—P)/(S—r) 4.7
for —co<p<r<s<ooand —co <r<s<p<oo, where

b (x)
- f @ [ ! £(0) At] A 4
a ox)—a J, x—a

1
b— p
T - [o-oor;

— 1 b A
i) =5 [ =010
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Proof. The proof follows from Theorem 3.7 by choosing k(x,y) = 1 = u(x), so that

> 1 o (x)
Agf7(x,x) = ——— f(t) At.
ox)—aJ,
b— .
= b <o
v(x) =
1, b = oo.

In this case (3.4) becomes

A [P -0) ol FN2E — [P [m‘)_a [0 Az] A p<oo;

F(s) =

[Z ol fNRE — [P | (7Y f(r) Ar| Ax,
(x)

Now for b < o0 (3.5) becomes
b a(x)
1 Ax
- 1 At|—
L (pp[o-(x)—a a F) ]x—a

< [ﬁ(s)](P—r)/(S—r) [ﬁ(r)](s—P)/(S—V). (4.9)

1 b Ax
. f (=) gl F]-=

xX—

From here for p € R\{0, 1} we get (4.6).
Ifin(35)s—r, p—os, ro>pands—p, por r— s, then

b 1 o (x) Ax
_fa 9””[a(x)—a ; mm]m

> [I'_]V(s)](l’—r)/(s—r) [I'_]"(r)](S—P)/(S—F). (4.10)

Ax
x—a

1 b
mf; (b—=x) pplf(0)]

And from here for p € R\{0, 1} we get (4.7). O

Theorem 4.3. Let f be a positive function such that the delta integral fa b(b —x)f(x) %
XATXH exists as a finite number, then

b b o (x)
L f (b—x)f(r) 2% — f exp[ ! f In f(1) At]ﬂ
b—aJ, x—a J, ox)—aJ, x—a

<[P T [PV for —co<s<1<r<oo. (4.11)

b b o (x)
Lf (b—x)f(x)ﬂ—f exp[ 1 f In £(¢) At]ﬂ
b-—aJ, x—a J, ox)—aJ, x—a

> [ﬁ(s)](l—r)/(s—r) [ﬁ(r)](s—l)/(s—r) 4.12)

for—co <1l <r<s<ooand—oo<r<s<1<oo,where

Ax
xX—a

— 1 b
P = f (b= ), [In £

b o (x)
f l/,,[; f In f(t)m]ﬂ. 4.13)
a O-(X) —aJq x—a
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Proof. The proof follows from Theorem 3.8 by choosing k(x,y) = 1 = u(x), so that

e [ =0 WP IS - [V | b [77 0 8| 25, b <o
G(s) =

[P w12 — [Py = [T ) Ar| A
(x)

From here for b < oo (3.7) becomes

1P A b 1 7 A
— f (b—x) ()] —— — f wp[— £ Ar] a
—-aJ, x—a J,

ox)—aJ, x—a
< [p(s)](P—r)/(S—r) [P(r)](S—P)/(S—r), (4.14)

where,

1 A b 1 7 A
P = —— f (b2 Uy L2 — f wr[ £0) Az] i

b-a x—a o(x)—a x—a
a a

By setting f(x) — In f(x) and p = 1 in (4.14) we get (4.11).
Ifin(3.7)s—>r, p—s, r>pands—p, p—r r—s,then

1P A b 1 7 A
E f (b2 v, L2 — f wp[ £ At] X

xX—a ox)—aJ, x—-a
> [P(S)](P—r)/(s—r) [P(r)](S—P)/(S—r)_ (4.15)

By setting f(x) — In f(x) and p =1 in (4.15) we get (4.12) O

Remark 4.4. In fact in this paper more general results have been proved. Namely (4.4),
(4.9) and (4.14) are valid for —oo < s < p < r < 0o. The inequalities (4.5), (4.10) and (4.15)
are valid for —-co<r<s<p<ooand —co < p<r< s < oo.
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