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Abstract. In order to enhance dexterity in execution of robot tasks, a redundant number of
degrees-of-freedom (DOF) is adopted for design of robotic mechanisms like robot arms and multi-
fingered robot hands. Associated with such redundancy in DOF's relative to the number of physical
variables necessary and sufficient for description of a given task, an extra performance index is in-
troduced for controlling such a redundant robot in order to avoid arising of ill-posedness of inverse
kinematics from the task space to the joint space. This paper shows that such an ill-posedness prob-
lem of DOF redundancy can be resolved in a natural way on the basis of construction of sensory
feedback signals from the task space and a novel concept named “stability on a manifold”. To show
this, two illustrative robot tasks are analyzed in details, which are 1) posture control of an object
via rolling contact by a redundant multi-DOF finger and 2) stable pinching and object manipulation
by a pair of multi-DOF robot fingers.

Keywords: Redundancy Resolution, Robot Task, Redundant Robot, Stability on a Manifold,
Constraint Manifold

1. Introduction. If a robot is designed so as to mimic human limb then its
mechanism must be kinematically redundant, that is, its total degrees of freedom
is larger than the number of independent physical variables required for description
of a given motion task. This kinematic redundancy contributes to enhancement of
dexterity and versatility in execution of robot tasks as discussed in a variety of lit-
eratures and books [1]-[7]. However, such redundancy of DOFs usually increases the
complexity of robot dynamics and therefore makes control problems for execution
of given tasks more difficult. It is emphasized in particular that in such a case the
inverse kinematics from the operational space (task-description space) to the robot
joint space becomes ill-posed. In order to avoid this ill-posedness, many methods
have been proposed, most of which are based on an idea of introducing some extra
performance criterion for determining uniquely an appropriate joint space trajectory
by minimizing the criterion. This paper proposes a novel method for resolving such
an ill-posedness problem related to redundancy of DOFs by a natural way without
introducing any extra performance criterion. Instead, a novel concept named “stabil-
ity on a manifold” is introduced [8]-[10] and it is shown that there exists a sensory

feedback based on measurements of physical variables of task description so that it
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enables the state of the overall system naturally and coordinately to converge to a
lower-dimensional constraint manifold corresponding to a set of states fulfilling a tar-
get given task. The original idea of “stability on a manifold” was first introduced
in control of multi-fingered hands for stable grasping and object-manipulation [8]-
[10]. If an objective system under constraint is not redundant in DOF, then the
concept of stability on a manifold is reduced to the conventional meaning (in the
sense of Lyapunov) of stability for descriptor systems or mechanical systems under
constraints, which was treated by Miiller [11] [12] and Baji¢ [13]. However in the
case of redundant mechanical dynamic systems under constraints as treated in this
paper, the set of all still states corresponding to necessary and sufficient description
of objective tasks is not a single state of zero-dimension but constitutes a non-zero
dimensional manifold. In this paper, two typical robotic tasks are analyzed, which
are 1) posture control of an object via rolling contact by a multi-DOF finger and 2)
stable pinching and object manipulation by a pair of multi-DOF robot fingers. It
is shown that in both cases proposed feedback control signals are of a simpler form
than those obtained by conventional methods of using extra performance criteria and
render in a natural way solution trajectories of the closed-loop dynamics convergent
to each lower-dimensional manifold corresponding to target tasks without solving the
problem of inverse kinematics. That is, seeking for some inverse kinematics is not

indispensable in principle.

2. Dynamics of Control of a Pivoted Object by a Robot Finger with
Redundant DOF's. Consider a problem of posture control of a pivoted object by
means of a redundant multi-DOF robot finger as shown in Fig. 1. The object with a
flat surface is pivoted at the fixed point Oy, (2, ym) and hence only rotational motion
around O,, in the xy-plane is permitted. The problem is to control the rotational
angle 0 toward the desired value 64 by a 3-DOF planar robot finger. Hence the overall
motion of both the robot and the object is confined to the zy-plane and the gravity
force can be ignored. Then, the kinetic energy of the system can be expressed as

1 1.
m K = 2" H(@)i + 51

where ¢ = (q1, g2, q3)*, H(q) and I denote the inertia matrix of the finger and the
inertia moment of the object around O,,. Since the finger-end hemisphere contacts

with the surface of the object, the following constraint equation follows:
(2) Q=—(r+1)+ (zm —x0)cos — (Ym — yo)sind = 0.

On the other hand, the rolling contact without slipping induces the constraint that
two speeds of the contact point O;(z1, y1) relative to ¢r and Y must be coincident,
that is,

Q Slon) =37,
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where

) { Y = (2o — xm)sind + (yo — Ym) cos b

p=m1+0-q—@-—g@g=1+0-q"e
with e = (1, 1, 1)T. Since eq.(3) can be easily integrated in such a way that
(5) R=—-cy+Y +¢r=0,

where ¢y is an integral constant, it is possible to write the Lagrangian by introduc-
ing Lagrange multipliers f and A correspondingly to the quantities ) and R in the

following way:
(6) L=K+ fQ+\R.

Thus, by applying Hamilton’s principle to the Lagrangian it is possible to obtain
Lagrange’s equation of motion for this system, which is described as follows:
d 1, 1. (0Q\T OR\"
H(q)—+=-H —| = —-|=] x=
o {nog+zae+saati-(52) - (5) r-w
- 0Q OR

10— —f——X=0.
®) 00 / 00 0
More in details, Jacobian vectors in eqgs.(7) and (8) can be calculated as

0Q/0q = —(cosB, —sinh).Jy(q)
9) OR/dq = (sind, cosf)Jy(q) — ret

0Q/00=Y, OR/00=—I,
where Jo(q) = 9(zo0, ¥0)T /0(q1, g2, g3), the Jacobian matrix of (zq, yo)* (the carte-
sian coordinates of the center of curvature Op of the finger-end hemisphere) with

respect to the joint coordinates (qi1, g2, g3). Hence, the equation of motion of the

object can be written in details as follows:
(10) I6—-Yf+Ir=0.

Now, consider the control problem of maneuvering the object toward a specified
rotational angle 6; with a desired pushing force fy. If a vision sensor can detect the
rotation angle 0(t) of the object, it is possible to define a control signal described as

oQ

T 8R T .
(1) w=—Cj- (a—q) Fam fa¥e— (a—q) (820 + o),

where A8 = 6 — ;. Substituting this control into eq.(7) yields the closed-loop dy-

namics
d 1. ) .
{H(q)a +5H(@) +5(g, 4) + C} q

T T
(12) —<88—§> Af—<aa—§> (A — BAGI — af) +Y fae = 0.
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Although the object dynamics expressed by eq.(10) do not change because they do
not have any direct control input, but it is convenient to rewrite them in the following

way:
(13) I6 —YAf +1(\—BA0 — ald) — Y fq+ BIAO + alf = 0.

Taking inner product between ¢ and eq.(12), multiplying eq.(13) with 6, and summing

these resultant quantities, we obtain

dy —TCq — alb?
(14) iy . 1
V=3 {q'TH(q)q + 162 + BIAG? + —YQ} .
r

The scalar quantity V is not positive definite in the eight-dimensional state space

(g, 0, g, 9) but positive definite in the four-dimensional constraint manifold
(15) M4={(qT,e,qT,é)T:Q:o,Rzo,on,Rzo}

because V includes quadratic terms of two positional variables Af and Y. Hence, the
well-known theorem of LaSalle can be applied to eq.(14). However, in the case that

the control objective is only to stop motion of the object by using a feedback signal

. (0Q\"
(16) u=—Cj- (a—f) fi—faYe,
the scalar function V' becomes of the form
1 .
(17) Vo = 3 {qTH(q)Q‘FIeQ—F%YQ}.

This quantity is no more positive definite in the constraint manifold M, defined by
eq.(15).

To simplify the terminologies in the following sections, we use symbols © =
(¢T, 0T and & = (¢7, )T and introduce a one-dimensional manifold M; defined

as
(18) My ={(z,2=0):&=0Q=0R=0Y =0}.

It is further convenient to introduce a neighborhood N®(r) with radius r of a given

still state 9 on M; in such a manner that

(19) N3() = { (@) s 3 H @i+ 507 + AT H @A+ 50 -6 < ).

where Ag = ¢ — ¢° and ¥ = (¢*,0°,¢ = 0,0 = 0). Further, we assume that for the
given still state & on M; there exists a positive number ry such that at any state
(x, &) in N8(rg) the 2 x 4 matrix

(@) (@)

is of full rank (non-degenerated).
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3. Stability on a Manifold and Natural Redundancy Resolution. In the
case of control for stopping the rotational movement of the object in Fig. 1, a target
state can be fully described by specifying € = 0 and Y = 0, which means that the
target state must lie on M; but the values for other variables 6 and ¢; (1 = 1,2,3)
need not be specified unless contact between the finger end and the object is broken
and the whole state (x(t), @(t)) for any ¢ > 0 remains in N®(rg) where the Jacobian
matrix J(x) is non-degenerated. Usually, since the inverse kinematics from the task
description ( =0, @ =0, R =0, Y = 0) to the joint coordinates is ill-posed because
there are many states (x, @) satisfying the task which are lying on M;, the previous
researches [1]-[7] proposed a variety of methods for resolving this ill-posedness of
joint redundancy by introducing some appropriate extra performance index so that
optimization of the index leads to unique determination of the inverse joint state.
However, in this paper, it is shown that such an ill-posedness problem of inverse
kinematics can be resolved in a natural way by introducing a concept of “Stability on
a Manifold” as shown in the case of control problems for grasp and object manipulation
of multi-fingered hands [8]-[10]. To do this, it is necessary to define another concept of
neighborhoods of the reference still state ° € M; on the manifold M, in the following

way:
(21) N4(a):{(m,a';);Q:O,R:O,Q:O,R:O,%geQ}.

We are now in a position to introduce the definitions of stability on a manifold and
asymptotic transferability to a manifold as follows:

DEFINITION. (Stability on a manifold) If for any € > 0 there exist d(g) > 0
depending on € > 0 and another constant r; > 0 being less than ry and independent
of € such that any solution to egs.(12) and (13) with 8 = 0 and a = 0 starting from
an arbitrary initial state lying on Ny(6(g)) N N8(r1) remains in Ny(e) N N8(rg) for
any t > 0, then the reference still state (z°, © = 0) is said to be stable on a manifold
(see Fig. 2).

DEFINITION. (Asymptotic transferability to a manifold) If there exist posi-
tive values 61 > 0 and 71 > 0 (less than 7) such that any solution starting from
an arbitrary initial state in Ny(61) N N®(rq) remains in My N N8(ry) and converges
asymptotically to some state in the set M1 N N®(rg) as t — oo, then the neighborhood
Ny(61)NN8(r1) together with the reference state (x°, 0) is asymptotically transferable
to My N N8(rg) (see Fig. 3).

The principal purpose of the paper is to show that a reference still state (z°, 0)
of the closed-loop equations of eqs.(12) and (13) with 8 = 0 and « = 0 is stable on
a manifold under the condition that in a neighborhood of the reference state (z°, 0)

the following 3 x 4 matrix A is of full-rank (non-degenerated)

()
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where e = (eT, —1)T = (1,1,1,—-1)T. The necessity of this condition can be easily
understood since the closed-loop dynamics of eqs.(12) and (13) with 5 =0 and o =0
when the feedback signal of eq.(16) is used can be expressed as

(23) H(q):i—i—{%H(q)—i—S(q,q')—i—C}d:—AT)\—O

where

A= (A.ﬁ)‘a de)

GO o (@ 0 g S@d 0 o_(C o
V= o 1) o o) \o o)

It is evident from eq.(23) that if & and & tend to zero as ¢ — oo then the non-
degenerated property of A implies A — 0 as t — oo. Since control of the object
can be started from ordinary initial position as shown in Fig. 1, it is reasonable to
assume that R1) 7/4 < ¢1 < 7, —7/2 < g2, q3 < 7/2, 0] < 7/4, R2) (xo(q) —
Tm)? + (yo(q) — ym)? < (r+ 1% +72, R3) I3+ /(r +1)2+72 < 2, Y, and R4)
(i + e +13) > /22, + y2, + /(r +1)2 +r2. Under this condition it is possible to
show that the matrix A is non-degenerated. The proof is given in Appendix A. Before

stating the main theorem of this paper, we emphasize that the objective system is a
physical model of centimeter world, whose link lengths, radius of finger-end sphere,
and object width are of order of centimeter as shown in Table 1. Then, inertia
moments of finger links and the object are of O(107%) to O(10~6) [kgm?] in MKS units.
Under this physical circumstances, we firstly choose fq > 0 appropriately (around 0.1
~ 5 [N]) and then choose the angular velocity feedback gain ¢ (= ¢; = ¢z = ¢3) that
plays a role of damping factor of the overall system in such a way that
c

2fqr

where r denotes the radius of finger-end hemisphere. This guidance of damping

(25) =01~03

gain tuning was proposed in the previous paper [14] suggested from Hill’s model
of force/velocity characteristics of muscle shortening observed in muscle physiology
[15].

Now it is possible to state:

THEOREM 1. If for a given reference still state (2, 0) € M; there exists a
neighborhood N®(rg) with some rg > 0 of the state (z°, 0) in R® such that A is
non-degenerated in N®(rg), then the state(x?, 0) is stable on a manifold.

Proof. First, consider a scalar quantity
(26) E =Vy+ ai"HPeY/r,
where a > 0 is a constant and

(27) P=I,-J%J, Jt=J%JJH "
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Since P is a projection matrix and two column vectors of J are independent of e in

N8(rg), there exists a positive constant oo > 0 such that
(28) e’ Pe > oy|le|*.
Note that PJT = 0. Hence the time-derivative of E is reduced to the following:
E=Vy+ a:iTIYPe§ +ai” (I?P + HP) e% + a:'vTHPe§
=—TCq+ a)\TAPeg — g’ {%H +8T 4 C} P%
+aiT { (EIP + EIP) Y + EIPY} ;
= —TC4— aeTPefyY?/r — ozd:TC_’Peg
(29) +ax’ { (%ﬁp +HP - §TP> Y + HPY} ;

Since all , P and S are linear and homogeneous in &, it is possible to evaluate the

last term of the right hand side in the following way
]_ = . — _ .
(30) { (5HP +HP — STP) Y + HPY} e/r < ahy {1+|Y/r[} O (|2]?),

where O(||||?) means that O(||%||?)/||z||? is of O(1) and hj, stands for the maximum

spectre radius of matrix H(q) over all ¢. On the other hand, it follows that

_ Y?2
(31) 0T CPer1y < 2 qTog+ MY T pe
2r fq 2r

According to the assumption of choice for C' and fg, it is possible to see that

(82) ES_(l—%)q'ch'_o‘fi

2

or e"Pe+ alhy/r) {[Y| 47} O (H:z:HQ) .
It is also important to note that the holonomic constraint of eq.(5) yields
(33) Y 4 ¢r =0,
which from eq.(4), leads to

0=di+do+dgs—r'Y
=1+ do+ g3 — " (&0 sind + go cos )

(34) —r (20 — Zm) cos O — (Yo — Ym) sin 6} 6.

Since (zg — Tm ) cos0 — (Yo — ym) sin@ = —(I +r), eq.(34) implies that

: T, . . ... .
(35) 9:—7((J1+q2+Q3)+T(xosmé)—kyocosé)).
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Since [ is of O(l;) for link length I; (i = 1,2, 3), it follows from eq.(35) that
(36) 61 < O (Jlal*) x 10",

which leads to the following equality

(67)  §d"Ci = Sdl* = 1170007 = 22 T H g+ 16°} = 20,.K,

where observations that the maximum eigenvalue of H(q) is of O(107%) and the inertia
moment of the object I is of O(1075) are used. Note that the quantity K defined
as the half of the content of bracket { } in eq.(37) is the total kinetic energy of the
overall system of Fig. 1 and the constant o, > 0 is of O(10'). Hence, by setting
a = 2.0 in eq.(32) and noting that |Y| must remain to be of O(1072) and (ha/7) is
of O(1073), eq.(32) can be reduced to

. Y2
(38) E < —20,,K — (2" Pe) f‘;r < 20V},
where
(39) o = min {0y, infe" Pe}

and the infimum inside bracket { } should be taken along the solution trajectory over
t € [0,00). Since A is nondegenerated in N®(rg), there exists a positive constant
o9 > 0 satisfying eq.(28), which means that o > o¢l|e||?>. In reality, as discussed in
next section, the quantity e Pe remains around 1.4 during maneuvering of the finger

in some example. Finally, it is important to note that eq.(26) leads to

E=Vy+a&"HPeY/r

10ah _
> vy - 0t gy 2 eTPey2fy/r
ar 40

Y2
(40) 2(1—50)K+(1—51)fd% :
where we set o = 2 and

20h 1

(41) g0 = fd:'VI’ €1= 7 "SUP e’ Pe.

Since P is a projection matrix, it follows that eT Pe < eTe = 4. Note that eq is less
than 0.5 even in the case of f; = 0.1 [N], the smallest value for f;. Thus, inequality
(40) can be reduced to

1
(42) E> §V0
and similarly it follows that

(43) E < gvo.
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From eqgs.(42), (43), and (38), it follows that

(44) E<—20Vy < —%UE,
which shows that
(45) Vo(t) < 2E(t) < 2E(0)e /3t < 3V;(0)e~1o/3)1,

This inequality shows that all velocity variables ¢;(t) (i = 1,2,3) and (t) together
with Y(¢) converge to zero exponentially in time ¢ as ¢ — oo and the maximum
magnitude of Y (¢) remains small dependently on the initial value of Vj(t), that is,
V6(0), which proves that for a given e > 0 there exists d1(¢) > 0 such that Vp(¢) < &2
along a solution trajectory to the closed-loop equation of eq.(23) starting from an
initial state lying on Ny(d1(g)) N N8(r1). The remaining proof for the existence of a
fixed value r; > 0 smaller than 7o and another quantity d(¢) > 0 for an arbitrarily
given ¢ > 0 will be given in Appendix B.

Owing to the DOF redundancy, the still state that the solution trajectory con-
verges to is different from the reference still state because only one single variable Y
is specified as Y = 0 at t = co. By carefully examining the proof of Theorem 1, it is
also possible to show the following:

THEOREM 2. Under the same assumptions as in Theorem 1, there exist numbers
81 > 0 and 7; > 0 such that the neighborhood N4(61) N N8(r;1) of the reference state
(Y, 0) is asymptotically transferable to My N N8(r).

4. Computer Simulation Results. Computer simulations are conducted by
numerically solving the closed-loop dynamics of eq.(23) under the constraints of
eqs.(2) and (5), when physical parameters of the system of Fig. 1 is given as in Table
1, initial values for position variables are set as in Table 2, and ¢;(0) =0 (i = 1,2, 3)
and 9(0) = 0. Fig. 4 shows transient responses of Y, 6, f, and A when the values for
fa and c are chosen as in Table 3. In this case, only the desired target values for Y
and f are specified as Y (0c0) = 0 and f(o0) = f4, but those of other variables 6 and A
are not specified. As seen in Fig. 4, Y (¢) and f(¢) converge quickly to their specified
target values within 0.6 second, A(t) converges to zero also within 0.6 second, and

0(t) does to some constant value within the same period. In this case, the quantity
(46) & =e'Pe

behaves as shown in Fig. 5, which implies that the parameter ¢ appearing in the
exponent of exponential function of inequality (45) can be chosen as o = 1.4 in this

case. Hence, eq.(45) can be reduced to

(47) Vo(t) = 3V (0)e 57
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which means that Y (¢) converges to zero exponentially with the exponent exp(—0.93t).
This theoretical evaluation on the speed of exponential convergence is rather conserva-
tive as compared with simulation results shown in Fig. 4, but it shows the importance
of quantity & (= e Pe), which implies the grade of independence of the vector e of
two vectors (OR/9x)T and (0Q/0x)T as shown in eq.(22).

Figure 6 shows another simulation result when the sensory feedback signal of
eq.(11) is used, where physical parameters and initial values of the state vector are
given same as in Tables 1 and 2 and feedback gains ¢, a, and [ together with de-
sired fq and 6; are chosen as in Table 4. The speed of convergence is remarkably
retarded though responses of both Y and 6 eventually converge to their desired values
Y(o00) = 0 and 6(c0) = 04 = 5 [degree] and also f(t) — fq = 0.5 [N] after around
t = 50 second as shown in Fig. 7. In this case, the scalar function V' defined in eq.(14)
becomes a Lyapunov function for the closed-loop dynamics composed of egs.(12) and
(13), because V is positive definite in the state (2, @) under constraints of egs.(2) and
(5), that is, V is positive definite on the constraint manifold My defined by eq.(15).
Since the time-derivative of V' is non-positive as described in eq.(14), LaSalle’s invari-
ance theorem [16] implies that the solution trajectory to eqgs.(12) and (13) converges

asymptotically to the maximum invariant set in the manifold

M= {(m,ds) : V:O,R:O,Q:O,R:O,Q:O}.
This means that §(t) — 0 and § — 0 as t — oo and eqs.(12) and (13) are reduced to
(48) — A" X+ BlAbGes = 0

when ¢t — oo, where A = (Af,\ — BAd, f4Y)" and eg = (0,0,0,1). Since ey is
independent of all three column vectors of A and A is of full rank, eq.(48) implies
A(t) — 0, Y(t) — 0, Af(t) — 0, and Af(t) — 0 as t — oo. In other words,
the stability problem in this case is reduced to an ordinary problem of stability in
the sense of Lyapunov. However, LaSalle’s invariance theorem does not present any
information about the speed of convergence. In order to see the convergence speed in

this case, it is important to analyze a scalar quantity described as

(49) E =V +apxt HP.eY/r + aj&’ HPsesAd,

where

(50) Pyp=1I,—A"A, At = AT(AAT)!

(51) P.=1y—AfAg, A = AJ(ApA7) !
T T T

e () ()

Note that

(53) PyAT =0, P.A; =0
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and, in particular, Ppe = 0 and P.eg = 0. Then, similar to the derivation of inequality
(32), it is possible to obtain

d - Y2 1BAH?
7E—_<1_@>QTCQ_%6TP66_Q152 69TP030
T

(54) —ailah? + {%TM(|Y| + 1)+ arha(|A) + 1)} O(||:1:||2)
Similar to the derivation of eqs.(42) and (43), it is also possible to show
1 _ 3
55 -V<E<=V
(55) 5 <FE< 5
provided that ag and o are set as ag = a1 = 1.0 and 3 is chosen as in Table 4. Then,
by defining
(56) (e=€"Pe, & =e;Ppeg
(57) o =min{inf &, inf&},

where both ‘inf’s inside bracket { } are taken along the solution trajectory to the

closed-loop dynamics of egs.(12) and (13), it is possible to show
(58) V(t) < 3V(0)e~ 29/,

Thus, the exponent parameter o signifies the grade of exponential convergence. In
Fig. 8, transient behaviours of £ and &y are shown. Both & and & converge to
some constant values after 50 second respectively. Since &, is fairly smaller than &y as
compared with Fig. 5, it is possible to understand why the response of Y in the case
of feedback signal of eq.(11) is remarkably retarded in comparison with that of Y in
the case of eq.(16). This shows that, if the number of physical variables necessary
and sufficient for description of a desired target task is less than the total DOFs, then
the convergence of its solution trajectory can be speeded up. In other words, surplus

DOFs of robotic systems may enhance dexterity in execution of tasks.

5. Redundancy Resolution in Case of Stable Grasping by a Pair of
Multi-DOF Fingers. Next consider a problem of redundancy resolution for the
dynamics of planar motion of a pair of multi-DOF robot fingers with hemi-spherical
finger ends contacting with a rigid object with parallel surfaces and rolling on object
surfaces (see Fig. 9). As already shown in the previous papers [9]-[10] or reasonably
predicted from the discussion in derivation of eqs.(7) and (8), the overall dynamics of

motion of the system are described as follows:

1. A 0
H;g; + {—Hi + Si} G + (_1)171%5 co.s s
2 —sinf

1 .
59 +Xi T —JE sin0 =u;, i=1,2
07
1 cos b
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Mi — (f1 — fa) cosf + (A1 + A2) sinf =0
(60) Mg+ (f1 — f2)sinf + (A + A2) cos =0
I0 — 1Yy + f2Yo + i — l2do = 0,

where Jo; denotes the Jacobian matrix of (zo;, yo;) With respect to ¢; = (g1, qi2)T for
i =1,2 and M and I denote the mass and inertia moment of the object. It should
be noted that the inertia matrix H; for finger ¢ depends on the position vector ¢; and
hence H; and S; depend on both ¢; and ¢;. However, it should be remarked that

Si(¢i, ¢i) is linear and homogeneous in ¢; and skew-symmetric. Hence, it follows that

1
TH’L(ql)q’H 1= 172

1. d
.T Lo ) S| — s
(61) q; {quz + {QHZ + Sl} qz] T 2qz

Now consider the sensory feedback signal

cos 6

. o 1
(62)  us = —cigi — (—1)"J, < sind ) fa+ (—1)1%(3@ - Ys) < ) ) ;

where ¢; > 0 and Y7 — Y5 can be calculated in real-time on the basis of measured data
on 6(t) and ¢;(t) (i = 1,2) as follows:

(63) Yi - Y, = (3301 — 3302) sin @ + (y01 — yog) cosf.

Substituting eq.(62) into eq.(59) by setting u; = us; yield

1. T
HiGi+q-Hi+ Si+cila p gi — @ Af; — 8_R i
2 8(]1 8qi

(64) o1yt (Yl—Y2>< 1 ) =0, i=1.2,

rL+ 12

where

Q = f1Q1 + f2Q2,
Qi = (=) {(z0i — x) cosO — (yo; — y)sinf} —r; —1; =0

R=XMRi+XRy, Ri=Y,—coyi+ri{mr—(-1)0—q1—q2}=0

(65) oQ T ; cos 6 .
(8_%> —(—1)J$<_Sin9>, 1=1,2

T .
0 1
(a}?) S B L i=1,2
0g; cos 1

At this stage it is important to note that the first two equations of object dynamics

described by eq.(60) are expressed on the basis of physical unit of force, that is, their
numerical values are based on the unit [N], but the last equation of eq.(60) is based

on the physical unit of torque, that is, [Nm]. Therefore, the numerical value for the
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object mass M is unbalanced in comparison with the object inertia moment I in the

centimeter world. In order that the coefficients of acceleration terms (%, ¢, ) are
reasonably comparable to each other, it is convenient to rewrite the equation (60)

into

Mz — (Af1 — Afa)rcos + (A + Ag)rsind = 0
(66) My + (Afy — Afa)rsing + (A + A2)rcosf =0
16— AfiY1 + AfoYa + Lidi — l2do = fa(Yr = Y2) = 0,

where
(67) r=10"2, M=rM, z=r"tz, g=r"ty.
Finally, the closed-loop dynamics of the overall system are expressed as

1.
(68) H§:+{§H+S+C}$—JTA)\—fd(Y1—Y2)e=0,

where Hy = diag(M, M, I), = = (q¢f, 43, 7, 5, 0)T, and

H = 0 H2 QQ) 0 ’
0 0 Hy
Sl 0 0 (31[2 0 0
(69) S = 0 SQ 0 5 C = 0 CQIQ 0
0 0 O 0 0 0

AX = (Af1, Afa, A1, Ao)

(70) - T
e=(—, " 01
rrtre ri+rery+rery+re

T T
(@) 0 (3_R) 0
oq T oq "
i 0 (3_Q) 0 (3_R>
(71) JT = ofip; 9q2
rcosf —rcosf —rsinf —rsinf
—7rsinf rsin 6 —rcosf —rcosf
Y, -Y; —ly Iy

It is easy to check that taking inner product of eq.(68) with & gives rise to

d .
—Wo == cll@ill?

dt
fa

(72) i=1,2
Wo=K+ ——
0 + 2(7“1 —+ 7“2)

(Yl - Yé)27
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where K is the total kinetic energy of the system, i.e.,

_ J N ) (S S AP S
(73) K—i;22qi Hz(Qz)Qz+2{M$ + My* + 16 }

Description of stable grasping corresponds to the 2-dimensional manifold
(74) My ={(z,2):Q;=0, R,=0(i=1,2), Y1 —Y> =0, & =0}

and any solution trajectory to the closed-loop dynamics of eq.(68) lies on the 6-

dimensional manifold
(75) MGZ{(madJ)ZQiZO, Ri=0, Q; =0, Ri:O(z':l,Q)}.

Now, consider a reference state (z°, & = 0) € M, and assume that in a neighbor-
hood of (2%, 0) with radius 7y defined by

1 1
(76) N (no) = {(:1:, &) : 5g‘cTHg'e + §AwTHA:1: < ng} ;

all column vectors of JT together with e and ey = (0,0,0,0,0,0,1)" are independent
to each other. Then, similar to the definition of Ny(g) of eq.(21), it is possible to
define

(7)) No(e) = {(@,@) : Qi = 0, Ri = 0,Qs = 0, Fri =0 (i = 1,2), Wy < &2},

Further, it is possible to define the concepts of stability on a manifold and asymptotic
transferability to a manifold in a similar way as discussed in section 3. At this stage,
it is important to remark that concerned fingers and object are of centimeter size and
therefore their physical parameters are likely as given in Table 5. Now it is possible
to show the following result:

THEOREM 3. Under the choice of damping gains as ¢; = ¢2 = ¢ > 0 so that
¢/2fa(r1 +r2) = 0.1 ~ 0.3, the concerned reference state (x°, 0) is stable on a mani-
fold. Moreover, their exist two positive numbers d; and 7; such that the neighborhood
Ng(81) N N(nm1) of (20, 0) is transferable to the manifold of My N N ().

The proof is similar to that of Theorem 1. In this case, the scalar function Wy
is neither positive definite in the state space R'* nor on the constraint manifold Mg
defined in eq.(75). Nevertheless, Wy plays a crucial role in the proof of Theorem 3.
Since Wy is non-negative and its time-derivative is non-positive as shown in eq.(72),
Wy is non-increasing with increase of ¢. This shows that, for an arbitrarily given
e > 0, any solution trajectory to the closed-loop dynamics of eq.(68) start from an
arbitrarily given initial state (x(0), (0)) lying on Ng(g) N N*(n) remains also on
Ng(g). The problem is whether the trajectory also remains in N'4(n9). To show the

existence of §(¢) > 0 and 7; > 0 such that the solution trajectory starting from an
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initial state on Ng(d(¢)) N N14(n1) remains not only on Ng(g) but also in N14(np), it

is necessary to introduce the quantity

(78) F =Wy +az” HPe(Y; — Ya)/(r1 +12),
where
(79) P=1I,—-J"J, Jt=JrJJghHL

Then, by virtue of the property of inertia matrix H whose maximum eigenvalue h s
over all z is of O(107°) as remarked in derivation of eq.(66) by introduction of the

scale factor r (= 1072), it is possible to show that, similar to eqgs.(42) and (43),
3 1
(80) EWO >F > EWO

if o is set as @ = 2.0 and

d c . ) fa(Y1 — Y2)?
—F<_Z 2 n_- 2 eTp
dt - 3{Hq1H +Hq2H } r1+r2 e e
|Y7 — Y3 2
81 h 1+—=30 .
(51) s {1+ B o(af)

Since the damping factor c is sufficiently large in comparison with hjs, the maximum
eigenvalue of H over all &, and |6]? is of O(||¢1]|2+ ||¢2||?) according to the constraints
of R; =0 and Q; = 0 for i = 1,2, it is possible to conclude that

Wo(t) < 2F(t) < 2F(0)e~ /31

(82) < 3Wp(0)e~(o/3)t

where

(83) o= inf eTPe.
t€[0,00)

This shows that the velocity vector & and Y; — Y converge to zero exponentially.
Further, in a similar way to Appendix B, it is possible to show the existence of d(¢)
and 77 > 0 less than 7y by choosing Wy (0) appropriately small so that any solution
starting from Ng(d(g)) N N18(n1) remains on Ng(e) N N18(ng), which completes the
proof of Theorem 3.

Computer simulation based on physical parameters of Table 5 and initial positions
of Table 6 together with physical values for ¢ and f; of Table 7 was conducted, which
results in transient behaviours of Y; — Y» and @ together with ¢y = €T Pe as shown in
Fig. 10. Note that (y > 1.24 and hence Y; — Y5 converges to zero exponentially with
the exponent greater than 40/3 ~ 1.65.
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When the desired task is to realize stable grasping and orientation control of the

target angle 6, concurrently, the sensory feedback

Ui = Usi + Ugi
i=1,2

(84) sin 6 1 .
Ug; = (_1)1{J61; < cosd ) —r; ( ! )}(a@—i—ﬂAﬁ)

can be used, where A = 6 — 0y, a > 0 and § > 0 are constant. In this case, if we
define

F =W +apx " HP.e(Yy — Y2)/(r1 +1r2) + a1 HPyegAd

(85) I
W =W, + 55&92
and
Py =1, — B'B, Bt = BT(BB™)"!
(86) P, = I; — B By, Bj = Bf (ByBf)™!
B=JT -e)t, By = (JT, —ep)T

then it follows that

d - c :

—F< = s 1|12 s 1210 2

SF <=l + 6al?) ~ lad

faV1 = Ya)? 1 [(BAG® + af?)

87 - e Pe—————"e; Pyey.
(87) 2(r1 4+ r2) € ee 2 o T0€0
This shows that the quantities
(88) (c=€"Pe, (y=e;Pe

play a key role in evaluation of the speed of exponential convergence of Y7 —Y5 and A6.
Figure 11 shows that both Y; — Y5 and A# converge to zero around at ¢ = 10.0 ~ 15.0
but the speed of convergence is remarkably retarded in comparison with Fig. 10. This
phenomenon can be expected by comparing the quantity (. of Fig. 11 with {y of
Fig. 10. Note that (. is reduced to around 0.012. which is equal to about 1/100 of (.

6. Conclusions. It has been shown in this paper that ill-posedness of inverse
kinematics for robotic systems with redundant DOFs can be resolved by avoiding
the use of inverse kinematics and, instead of it, finding and using a sensory feedback
from the task space to the joint space via multiplication of a corresponding Jacobian
transpose. Hence, there is no need for introduction of any artificial performance
index for uniquely solving the inverse kinematics and any feedback term from the zero
space of the Jacobian matrix J, that is, (I — JTJ)v. Illustrative examples are taken
from robotic systems with surplus DOFs under constraints. In the case of redundant
robotic systems with no constraint, the problem must be reduced to the stability proof

of ordinary PD feedback from the task space through a Jacobian transpose.
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Appendix A (Proof of rank(A) = 3). The 4 x 3 matrix A defined by eq.(22)

can be expressed as

—cosf sinf O
<J0T’e>A>7 A-

(A-1) A= ( v 1 sinf cosf O

0 -r -1

and JI = ((8x0/8q)T, (8y0/8q)T), xg = —lq cos g1 —la cos(q1+g2)—I3 cos(q1+q2+qs),
and yo = Iy singy + lasin(q1 + g2) + I3 cos(¢1 + g2 + ¢3). Then,

8x0
g = (lis1 + l2512 + l25123, l2512 + 125123, [35123)
(4-2) Yo
Bq = (lier + laci2 + l3ci23, lacia + I3ci23, [3c123),
where s1 = sing;, s12 = sin(q; + ¢2), ete. Since A is apparently nonsingular,

it is easy to confirm that A is nondegenerated if the three 3-dimensional vectors
0x0/90q, Oyo/dq, and e are independent to each other. Hence, it is important to
check the cases when these three vectors become dependent. Actually, these three
vectors become dependent if and only if 1) ¢ = ¢2 =0, 2) g1 = 7/2 and ¢2 = 0, or
3) g2 = g3 = 0. The first and second cases can be excluded due to the conditions R2)
and R3). The third case corresponds to the finger posture such that it is stretched
straightforwardly. In this case the root of 2% +y2 is equal to l1 +l2 + 3. Hence the po-
sition (xg, yo) can not satisfy R2) and R4) simultaneously. Hence, the third case can

be also excluded. Thus, A must be nondegenerated under the conditions of R1) to R4).

Appendix B. To prove the existence of §;(¢) > 0 and a fixed number r; > 0
smaller than ro such that a solution trajectory to the closed-loop dynamics of eq.(12)
with o = 0 and 3 = 0 starting from N4(81(g)) N N8(r1) remains in Ny(e) N N8(rp), it
is convenient to define

has - 1 , 1/2
(B0 late) - 20l = { "5 alt) ~ a0 al0) - a0) + 3160 ~ 60}

where = (¢7, 0)T and hj; stands for the maximum eigenvalue of H(q) over all q.

Then, it is necessary to see that

A o — & (@) — 2(0)
a0 == Ol = S =,
1/2 1/2
©2) <{ems] < (B) 7 jex.

where h,, stands for the minimum eigenvalue of H(q) over ¢, H,, = diag(ha, ha,
ha, I), and

. 1, N
(B-3) &l = Sd"H(a)q + 5 16*
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Then, according to eq.(46), it follows that
(B-4) 2|2 < Vo(t) < 3Vi(0)e~(“o/3)t,
This inequality together with eq.(A-2) leads to

1

1/2
Jo(t) = 2(0)1c = { 5(att) - a(O)T H@a(®) - 40) + 5(6(0) - 60)}

1/2 t
< Hil?(t) - w(O)Hf( < <Z—M) \/W/O 67(20/3)15

1/2
< (3hMV0(0)) 3

(B-5) . 2%

Thus, for an arbitrarily given £ > 0, it is possible to choose 1 = /3 and set

if <
(B-6) (w)—{ CoLoew
gg if e>¢p

where

20rg [ hm 1/2
B-7 - Som )
(B-7) 0= <3hM>

Then, according to eq.(A-5), V5(0) < 6%(¢) implies that
[2(t) —2(0)|x <70/3
and finally it is shown that

1Az + &k < l2(t) = z0)llx + [l2(0) — 2|k + [l&] x
(B-8) <D+t ="
which shows that if (2(0), £(0)) lies in N4(d1(¢)) " N8(ro/3) then the solution trajec-

tory (x(t), @(t)) starting from the above initial state (x(0), (0)) remains to be on
Ny(e) N N (rp).
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|
Oy (X5,Yy) O (x1.4)

Fic. 1. Geometrical relations between a pivoted object and a 3 DOF robot finger

4 qi 4
Ni+(e) N N¥(ro)
Ne(8(e)) NN ()
M
0 ] 4,
N¥(ro)
q; initial states

(x?, 0) : reference state

Fia. 2. Stability on a manifold.
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4 9

N+(B)NN*(r)

q;

qi

AAD)

(x° 0) : reference steady state

FiG. 3. Any solution trajectory starting from N4(561) N N8(r1) converges asymptotically to a

submanifold of M.
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FiG. 4. Responses of Y, 0, f, and \ when
Table 3 is used.
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the control signal of eq.(16) with gain parameters of
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1416

1414

1.412

141

0 0.5 1 15 2
Timegg]

Fic. 5. Transient behaviour of the quantity £y corresponding to the case of motion of Fig. 4
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F1G. 6. Responses of Y, 0, f, and X\ when the control signal of eq.(11) with parameters of Table

5 is used.
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Fic. 8. Transient behaviours of & and &y corresponding to the case of motion of Fig. 7
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Fi1G. 10. Transient responses of Y1 — Ya, 0, and o for the closed-loop dynamics of eq.(69).
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Fi1G. 11. Transient responses of Y1 — Ya, 6, (e, and (p for the closed-loop dynamics of eq.(80)

TABLE 1

Physical Parameters

I link length 0.04 [m]

Iy link length 0.04 [m)]

I3 link length 0.04 [m)]
mi link mass 0.0450 [kg]
ma link mass 0.0300 [kg]
ms link mass 0.0150 [kg]

I inertia moment | 6.00 x 10~ %[kgm?]
I inertia moment | 4.00 x 10~%[kgm?]
I3 inertia moment | 2.00 x 10~ %[kgm?]
M object mass 0.05[kg]

7 object inertia 1.42 x 10-5[kgm?]

moment
l object width 0.015 [m]
r || finger end radius 0.010 [m]
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TABLE 2

Initial Values

71(0) 45.0000 [deg]

42(0) A1.7508 [deg]

45(0) 73.0979 [deg]

6(0) 0.0 [deg]

Y (0) 2 [mm]
(Zmsym) || (0.032, 0.080) [m]

TABLE 3

Gains & desired values of force and orientation angle

D-gain for grasping || ¢ | 0.003

Gain P-gain for posture Jé; 0 -

D-gain for posture o} 0 -

. force 0.5 N
Desired value Ja Al
angle B4 [deg]

TABLE 4
Gains & desired values of force and orientation angle

D-gain for grasping || ¢ | 0.003 -

Gain P-gain for posture Jé; 3 -

D-gain for posture a | 0.03 -

. force 0.5 N
Desired value Ja N
angle 04 5 [deg]
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TABLE 5

Physical Parameters

li1 link length 0.04 [m]
l12 link length 0.04 [m)]
lo1 link length 0.04 [m]
lao link length 0.04 [m]
mi1 link mass 0.04 [kg]
mi2 link mass 0.04 [kg]
moy link mass 0.04 [kg]
Mog link mass 0.04 [kg]
L;; inertia moment 5.3333 x 10~ %[kgm?|
M object mass 0.02[kg]
I object Inertia 7.5000 x 100 [kgm?]
moment
l object width 0.030 [m]
r finger end radius 0.010 [m]
L || distance between fingers 0.070 [m]
TABLE 6
Initial Values
711(0) 55.4469 [deg]
q12(0) 89.3554 [deg]
q21(0) 58.0387 [deg]
g22(0) 83.1619 [deg]
6(0) 0.0 [deg]
(Y1 — Y2)(0) -3 [mm)]
(Zems Yem)(0) || (0.035 , 0.060) [m]

27
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TABLE 7

Gains and Desired values

D-gain for grasping || ¢ | 0.003 -
Gain P-gain for posture || 3 - -
D-gain for posture o - -
. force 0.5 N
Desired value Ja Al
angle 4 - [deg]
TABLE 8
Gains and Desired values
D-gain for grasping || ¢ | 0.003 -
Gain P-gain for posture || 3 5.0 -
D-gain for posture a | 0.03 -
. force 0.5 N
Desired value Ja Al
angle Oq | 5.0 | [deg]




