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Proper Bayes minimax estimation of parameters of Poisson
distributions in the presence of unbalanced sample sizes
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Abstract. In this paper, we consider the problem of simultaneously estimat-
ing parameters of independent Poisson distributions in the presence of possi-
bly unbalanced sample sizes under weighted standardized squared error loss.
A class of heterogeneous Bayesian shrinkage estimators that utilize the un-
balanced nature of sample sizes is proposed. To provide a theoretical justi-
fication, we first derive a necessary and sufficient condition for an estimator
in the class to be proper Bayes and hence admissible and then obtain suf-
ficient conditions for minimaxity that are compatible with the admissibility
condition. Heterogeneous and homogeneous shrinkage estimators are com-
pared by simulation. Several estimation methods are applied to data relating
to the standardized mortality ratio.

1 Introduction

Since the work of Clevenson and Zidek (1975), simultaneous estimation of parameters of
independent Poisson distributions has been studied by many authors including Tsui (1979),
Tsui and Press (1982), Hwang (1982), and Chang and Shinozaki (2018). However, most of the
existing work either concerns with the case of balanced sample sizes or deals with estimators
in the unbalanced case which do not utilize the fact that the sample sizes are unbalanced. In
this paper, we consider the estimation problem in the case of unbalanced sample sizes and
construct shrinkage estimators whose shrinkage factors reflect the fact that the sample sizes
are unbalanced.

Suppose that X1, . . . ,Xm are mutually independent Poisson random variables with means
n1λ1, . . . , nmλm, respectively, and that λ = (λ1, . . . , λm) ∈ (0,∞)m is the unknown parame-
ter while n1, . . . , nm are positive known constants. This situation arises, for example, when
for each i = 1, . . . ,m, the observation Xi is the sum of ni(∈ N) random sample from the
Poisson distribution with mean λi . An example where n1, . . . , nm are positive (possibly non-
integer) real numbers is given in Komaki (2015). We treat the problem of estimating λ on the
basis of X = (X1, . . . ,Xm).

In the balanced case with n1 = · · · = nm = 1, the model becomes equivalent to that con-
sidered by Clevenson and Zidek (1975). When n1 = · · · = nm = 1, for the avoidance of con-
fusion, we use the different notation Y1 = X1, . . . , Ym = Xm. Then, they showed that the
estimator (

1 − β0 + m − 1∑m
i=1 Yi + β0 + m − 1

)
(Y1, . . . , Ym) (1.1)

is admissible for 1 < β0 and minimax for m ≥ 2 and 0 ≤ β0 ≤ m − 1 relative to the loss
function

∑m
i=1(di − λi)

2/λi .
Using their result, we can readily verify that the estimator(

1 − β0 + m − 1∑m
i=1 Xi + β0 + m − 1

)(
X1

n1
, . . . ,

Xm

nm

)
(1.2)
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dominates the ML estimator (X1/n1, . . . ,Xm/nm) if m ≥ 2 and 0 ≤ β0 ≤ m − 1 under the
loss

m∑
i=1

ni

λi

(di − λi)
2. (1.3)

However, the estimator given by (1.2) is not necessarily a natural shrinkage estimator from a
practical point of view because the shrinkage factor 1−(β0 +m−1)/(

∑m
i=1 Xi +β0 +m−1)

is common to all the samples irrespective of n = (n1, . . . , nm). In many applications, one of
the purposes of using shrinkage estimators is to reduce the instability of ML estimators. In
the present setting, for all i, j = 1, . . . ,m such that ni < nj , the ML estimator Xi/ni tends
to be more unstable than Xj/nj since the variance of Xi/ni is approximately nj/ni times
the variance of Xj/nj if λi ≈ λj . In addition, for each i = 1, . . . ,m, the sample size ni can
be interpreted as representing the amount of information the observation Xi contains about
the unknown parameter λi . Thus, it seems reasonable to use a shrinkage estimator such that
it shrinks the ML estimator Xi/ni more toward the origin than Xj/nj for all i, j = 1, . . . ,m

such that ni < nj . Furthermore, it turns out in Section 2 that the estimator given by (1.2)
with m ≥ 2 and β0 ≥ 0 is the Bayes estimator with respect to a perhaps unnatural shrinkage
prior which depends on n and puts less weight on the smaller values of λi than on the smaller
values of λj for all i, j = 1, . . . ,m such that ni < nj .

Thus, in the present paper, we consider the class of heterogeneous shrinkage estimators({
1 − φ1(X)

}X1

n1
, . . . ,

{
1 − φm(X)

}Xm

nm

)
, (1.4)

where the functions φ1, . . . , φm : {0,1,2, . . .}m → [0,1] satisfy that φi(x) > φj (x) for all
x = (x1, . . . , xm) ∈ {0,1,2, . . .}m and i, j = 1, . . . ,m such that xi, xj ≥ 1 and ni < nj . We
evaluate estimators under the general loss function given by

Lc(d,λ) =
m∑

i=1

ci

λi

(di − λi)
2, (1.5)

where c = (c1, . . . , cm) ∈ (0,∞)m is a vector of weights possibly different form n and
d = (d1, . . . , dm) denotes a m-dimensional vector. For a discussion of the estimation of nor-
mal means in the presence of unequal weights as well as unequal variances, see Morris
(1983).

Hamura and Kubokawa (2019) constructed shrinkage estimators of the form (1.4) by us-
ing a class of improper priors introduced by Komaki (2015). However, they did not prove the
admissibility of the estimators. In this paper, we introduce a class of priors which includes
both the proper priors of Clevenson and Zidek (1975) and the improper priors of Komaki
(2015), construct proper Bayes estimators of the form (1.4), and derive sufficient conditions
for the estimators to be minimax. The results for proper prior distributions are not straight-
forward generalizations of those for improper prior distributions. The main contribution of
this paper is to construct Bayes estimators of the form (1.4) which are both admissible and
minimax.

In Section 2, we introduce the class of priors mentioned above, derive a necessary and
sufficient condition for a prior in the class to be proper, and express the corresponding Bayes
estimators explicitly. In Section 3, we derive sufficient conditions for minimaxity. In Sec-
tion 4, some Monte Carlo evidence is presented. In Section 5, we treat real data. All the
proofs of the lemmas in Sections 2 and 3 are given in the Appendix.
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2 A class of Bayes estimators

We begin by providing a class of priors which includes the priors of both Clevenson and
Zidek (1975) and Komaki (2015). Let

πα,β,γ ;β0,γ0(λ) =
∏m

i=1 λi
βi−1

(
∑m

i=1 λi/γi)α

∫ ∞
0

uα−1+β0

(u/γ0 + ∑m
i=1 λi/γi)β0

e−u du (2.1)

for α > 0, β = (β1, . . . , βm) ∈ (0,∞)m, γ = (γ1, . . . , γm) ∈ (0,∞)m, β0 ≥ 0, and γ0 > 0. By
making the change of variables u′ = u/(

∑m
i=1 λi/γi), we can write (2.1) as

πα,β,γ ;β0,γ0(λ) =
(

m∏
i=1

λi
βi−1

)∫ ∞
0

uα−1+β0

(1 + u/γ0)β0
e−u

∑m
i=1 λi/γi du. (2.2)

The class of priors of Clevenson and Zidek (1975) is expressed as

πm−1,j ,j ;β0,1(λ) = 1

(
∑m

i=1 λi)m−1

∫ ∞
0

um−2+β0

(u + ∑m
i=1 λi)β0

e−u du, (2.3)

where j = (1, . . . ,1) ∈ R
m, when m ≥ 2 or β0 > 0. The prior (2.3) is proper if β0 > 1, as

shown by Clevenson and Zidek (1975). On the other hand, the class of priors of Komaki
(2015) is described by

πα,β,γ ;0,1(λ)

�(α)
=

∏m
i=1 λi

βi−1

(
∑m

i=1 λi/γi)α
.

This prior is improper for all values of α, β , and γ , which can be verified by, for example,
Lemma 2.1 below.

The following lemma gives a necessary and sufficient condition for the prior πα,β,γ ;β0,γ0

to be proper.

Lemma 2.1. The prior πα,β,γ ;β0,γ0 satisfies∫
· · ·

∫
(0,∞)m

πα,β,γ ;β0,γ0(λ) dλ < ∞

if and only if α <
∑m

i=1 βi < α + β0.

Next, we derive an explicit form of the Bayes estimator against the prior πα,β,γ ;β0,γ0 . To
this end, we define

K(γ , ξ , α;γ0, β0) =
∫ ∞

0

uα−1

(1 + u/γ0)β0

m∏
i=1

1

(1 + u/γi)ξi
du

for ξ = (ξ1, . . . , ξm) ∈ [0,∞)m such that β0 + ∑m
i=1 ξi > α. This function is a generalization

of the function given by Komaki (2015) which generalizes the beta function. Indeed, when
γ0 = γ1 = · · · = γm, we have

K(γ , ξ , α;γ0, β0) = γ0
αB(α,β0 + ξ· − α) (2.4)

for ξ· = ∑m
i=1 ξi . The function K satisfies the following properties. Let ei denote the ith unit

vector in R
m, namely the ith row of the m × m identity matrix, for i = 1, . . . ,m.
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Lemma 2.2. The following relations hold.

(i)

αK(γ , ξ , α;γ0, β0) = β0

γ0
K(γ , ξ , α + 1;γ0, β0 + 1)

+
m∑

i=1

ξi

γi

K(γ , ξ + ei , α + 1;γ0, β0). (2.5)

(ii) For i = 1, . . . ,m,

K(γ , ξ + ei , α + 1;γ0, β0)

= γi

{
K(γ , ξ , α;γ0, β0) − K(γ , ξ + ei , α;γ0, β0)

}
. (2.6)

For the case of β0 = 0, the relations (2.5) and (2.6) are given in Lemma 5 of Komaki
(2015).

The following lemma gives some more properties of the function K and is crucial in Sec-
tion 3 when we prove the existence of a heterogeneous shrinkage estimator which is both
admissible and minimax.

Lemma 2.3. Suppose that α < β0 + ∑m
i=1 ξi − 1. Then the following inequalities hold.

(i) For i = 1, . . . ,m,
K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ − ei , α;γ0, β0)
≥ K(γ , ξ + ei , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)
. (2.7)

Similarly,

K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0 − 1)
≥ K(γ , ξ , α + 1;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)
. (2.8)

(ii) For i = 1, . . . ,m,
K(γ , ξ + ei , α + 2;γ0, β0)

K(γ , ξ , α;γ0, β0)

≥ K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)

K(γ , ξ + ei , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)
. (2.9)

Similarly,

K(γ , ξ , α + 2;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)

≥ K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)

K(γ , ξ , α + 1;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)
. (2.10)

For v = (v1, . . . , vm) ∈R
m and ṽ = (ṽ1, . . . , ṽm) ∈R

m, we write v◦ ṽ = (v1ṽ1, . . . , vmṽm).
Let N0 = {0,1,2, . . .}. For x = (x1, . . . , xm) ∈ N0

m and i = 1, . . . ,m, we define

φ
(α,β,γ ;β0,γ0)
i (x)

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1

niγi

K(n ◦ γ ,x + β, α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + β − ei , α + β0;γ0, β0)

if xi + βi > 1 and
m∑

j=1

(xj + βj ) > α + 1

1 otherwise.

The following lemma gives an explicit form of the Bayes estimator based on πα,β,γ ;β0,γ0 .
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Lemma 2.4. Suppose α <
∑m

i=1 βi . Then the estimator λ̂
(α,β,γ ;β0,γ0) defined by({

1 − φ
(α,β,γ ;β0,γ0)
1 (X)

}X1 + β1 − 1

n1
, . . . ,

{
1 − φ(α,β,γ ;β0,γ0)

m (X)
}Xm + βm − 1

nm

)
(2.11)

is the unique Bayes estimator of λ on the basis of X against the prior πα,β,γ ;β0,γ0 under the
loss function Lc given by (1.5).

It is worth noting that the Bayes estimator λ̂
(α,β,γ ;β0,γ0) is robust in the sense that it does

not depend on c. We remark that the estimator with β = j shrinks the ML estimator toward
the origin.

Let ν = (1/n1, . . . ,1/nm) be the vector whose elements are the reciprocals of the sample
sizes, so that n ◦ ν = j . Suppose that m ≥ 2. Then the Bayes estimator with α = m − 1,
β = j , γ = ν, and γ0 = 1, namely λ̂

(m−1,j ,ν;β0,1), reduces to (1.2) by (2.4). Thus, (1.2) is the
Bayes estimator against the prior

πm−1,j ,ν;β0,1(λ) = 1

(
∑m

i=1 niλi)m−1

∫ ∞
0

um−2+β0

(u + ∑m
i=1 niλi)β0

e−u du.

In the context of shrinkage estimation, however, this choice of prior may be inappropriate
since it depends on n and puts less weight on the smaller values of λi than on the smaller
values of λj for all i, j = 1, . . . ,m such that ni < nj . Indeed, the shrinkage factor of the
resulting Bayes estimator (1.2) fails to reflect the fact that the sample size n is unbalanced.

Finally, we propose an estimator of the form (1.4) which shrinks the ML estimator Xi/ni

more toward the origin than Xj/nj for all i, j = 1, . . . ,m such that ni < nj . We consider the
case where β = γ = j and α < m for j = (1, . . . ,1) ∈R

m. Then the prior is

πα,j ,j ;β0,γ0(λ) = 1

(
∑m

i=1 λi)α

∫ ∞
0

uα−1+β0

(u/γ0 + ∑m
i=1 λi)β0

e−u du,

which is a shrinkage prior symmetric in λ1, . . . , λm. The resulting estimator can be expressed
as

λ̂
(α,j ,j ;β0,γ0) =

({
1 − φ

(α,j ,j ;β0,γ0)
1 (X)

}X1

n1
, . . . ,

{
1 − φ(α,j ,j ;β0,γ0)

m (X)
}Xm

nm

)
, (2.12)

where

φ
(α,j ,j ;β0,γ0)
i (x) =

⎧⎪⎨⎪⎩
1

ni

K(n,x + j , α + β0 + 1;γ0, β0)

K(n,x + j − ei , α + β0;γ0, β0)
if xi ≥ 1

1 if xi = 0
(2.13)

for x = (x1, . . . , xm) ∈ N0
m and i = 1, . . . ,m. This shrinkage estimator has the following

heterogeneity properties.

Lemma 2.5. Let x = (x1, . . . , xm) ∈ N0
m and suppose α < m.

(i) Let i ∈ {1, . . . ,m}. Then

0 < φ
(α,j ,j ;β0,γ0)
i (x) ≤ 1. (2.14)

Equality holds if and only if xi = 0.
(ii) Let i, j ∈ {1, . . . ,m} and suppose xi, xj ≥ 1. Then

φ
(α,j ,j ;β0,γ0)
i (x) > φ

(α,j ,j ;β0,γ0)
j (x) if and only if ni < nj . (2.15)
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(iii) Let i ∈ {1, . . . ,m} and suppose xi ≥ 1. Suppose further that α < m − 2. Then

lim
ni→∞φ

(α,j ,j ;β0,γ0)
i (x) = 0. (2.16)

In the case where n = j and α + 1 = m ≥ 2 and γ0 = 1, both of the estimators (1.2) and
(2.12) coincide with the estimator (1.1) given by Clevenson and Zidek (1975). However, we
propose the latter as an important generalization of (1.1) which satisfies the heterogeneity
properties (2.14), (2.15), and (2.16).

3 Sufficient conditions for minimaxity

In this section, we derive sufficient conditions for the estimator λ̂
(α,β,γ ;β0,γ0) given by (2.11)

to be minimax under the loss function Lc given by (1.5). Since it can be shown that the ML
estimator λ̂

ML = (X1/n1, . . . ,Xm/nm) is the constant risk minimax estimator, it suffices to
find conditions under which λ̂

(α,β,γ ;β0,γ0) dominates λ̂
ML. Hereafter, we restrict our attention

to the case of α < m and β = j and consider the shrinkage estimator

λ̂
(α,j ,γ ;β0,γ0) =

({
1 − φ

(α,j ,γ ;β0,γ0)
1 (X)

}X1

n1
, . . . ,

{
1 − φ(α,j ,γ ;β0,γ0)

m (X)
}Xm

nm

)
, (3.1)

where

φ
(α,j ,γ ;β0,γ0)
i (x) =

⎧⎪⎨⎪⎩
1

niγi

K(n ◦ γ ,x + j , α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + j − ei , α + β0;γ0, β0)
if xi ≥ 1

1 if xi = 0

for x = (x1, . . . , xm) ∈ N0
m and i = 1, . . . ,m.

The following result, due to Hudson (1978), is used in the proof of Theorem 3.1 below.

Lemma 3.1. Let h : N0
m →R and suppose that Eλ[|h(X)|] < ∞. Then for all i = 1, . . . ,m,

if h(x) = 0 for all x = (x1, . . . , xm) ∈ N0
m such that xi = 0, we have

Eλ

[
h(X)

niλi

]
= Eλ

[
h(X + ei )

Xi + 1

]
.

For simplicity of notation, we let ai = niγi and Ci = (ci/ni)(1/ai) = ci/(ni
2γi) for i =

1, . . . ,m and let a = min1≤i≤m ai , a = max1≤i≤m ai , C = min1≤i≤m Ci , C = max1≤i≤m Ci ,
and C· = ∑m

i=1 Ci . The following theorem, which will be proved later in this section, gives

two sufficient conditions for the minimaxity of λ̂
(α,j ,γ ;β0,γ0).

Theorem 3.1. Assume that α < m and that γ0 ≤ a.

(i) Suppose that

α + β0 ≤ 2

3

(
C·
C

− 1
)(

β0

m
+ 1

)
. (3.2)

Then the estimator λ̂
(α,j ,γ ;β0,γ0) is minimax under the loss Lc.

(ii) Let ρ = {C(α + β0 + 1) − C·}/{C(α + β0)}. Suppose that 0 ≤ ρ ≤ 1 − (1/2)(a/a)

and that

2ρ

(
β0 + m + a

a

)
≤ C

C
(α + 2β0 + 1) − C·

C
+ 2

a

a
− 1. (3.3)

Then the estimator λ̂
(α,j ,γ ;β0,γ0) is minimax under the loss Lc.
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Part (i) of the above theorem is a generalization of Theorem 3 of Hamura and Kubokawa
(2019). They consider the case of β0 = 0. In this case, the prior is improper by Lemma 2.1 but
whenever m ≥ 2, there is always a value of α > 0 that satisfies the sufficient condition (3.2)
for the minimaxity of the estimator λ̂

(α,j ,γ ;0,a). On the other hand, when the prior is proper,
assumption (3.2) implies m < (2/3)(C·/C − 1)(β0/m + 1) ≤ 2(C·/C − 1). Therefore, there
exist C1, . . . ,Cm such that the condition (3.2) is violated for any choice of a proper prior.

Let n = min1≤i≤m ni and n = max1≤i≤m ni . Let C∗
i = ci/ni

2 for i = 1, . . . ,m and define
C∗, C

∗
, and C∗· analogously. Combining Lemmas 2.1, 2.4, and 2.5 and Theorem 3.1, we

obtain the following theorem.

Theorem 3.2. Suppose that α < m < α + β0 and that γ0 ≤ n. Suppose further that one of
the following two conditions holds:

(i)

α + β0 ≤ 2

3

(
C∗·
C

∗ − 1
)(

β0

m
+ 1

)
.

(ii)

C
∗
(α + β0 + 1) − C∗·

C∗(α + β0)

≤ min
{

1 − 1

2

n

n
,
(C

∗
/C∗)(α + 2β0 + 1) − C∗· /C∗ + 2n/n − 1

2(β0 + m + n/n)

}
.

Then the estimator λ̂
(α,j ,j ;β0,γ0) given by (2.12) is admissible and minimax under the loss

Lc. Furthermore, for all x = (x1, . . . , xm) ∈ N0
m and i, j ∈ {1, . . . ,m} such that xi, xj ≥ 1,

it satisfies (2.14), (2.15), and, if α < m − 2, (2.16).

It can be seen that there exists an admissible minimax shrinkage estimator that satisfies
(2.14), (2.15), and (2.16) by, for example, applying part (i) of Theorem 3.2 to the case where
(α,β0, γ0) = (1,m,n) and m is sufficiently large and C∗/C∗

is sufficiently close to 1. Fur-
thermore, though the details are omitted here, it can be shown from part (i) of Theorem 3.2
that there exists α > 0, β0 ≥ 0, and γ0 > 0 such that the conclusion of Theorem 3.2 holds if
2 ≤ m < (4/3)(C∗· /C

∗ − 1). This condition reduces to

2 ≤ m <
4

3

(
m∑

i=1

nk

ni
k

− 1

)

with k = 1 when ci = ni and with k = 2 when ci = 1.
In the particular case of n = c = γ = j and γ0 = 1, the condition for λ̂

(α,j ,j ;β0,γ0) to be
admissible and minimax given in part (i) of Theorem 3.2 is

α < m < α + β0 and α +
(

1 − 2

3

m − 1

m

)
β0 ≤ 2

3
(m − 1), (3.4)

whereas that given in part (ii) of Theorem 3.2 is

α < m < α + β0 ≤ 2(m − 1) and
α + β0 + 1 − m

α + β0
≤ α + 2β0 − m + 2

2(β0 + m + 1)
. (3.5)

Conditions (3.4) and (3.5) correspond to (3.2) and (3.3), respectively. The condition given by
Clevenson and Zidek (1975) is

α = m − 1 and 1 < β0 ≤ m − 1.
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When m ≥ 2 and α = m−1, condition (3.4) is not satisfied for any values of β0 but condition
(3.5) becomes

1 < β0 ≤ (m − 1)/3.

Thus, although the result of Clevenson and Zidek (1975) is not completely included, Theo-
rem 3.1 or 3.2, which was derived for estimating λ when n is unbalanced, gives the sufficient
condition which is close to that of Clevenson and Zidek (1975) even in the case of balanced
sample sizes.

Proof of Theorem 3.1. Let � = Eλ[Lc(λ̂
(α,j ,γ ;β0,γ0),λ)] − Eλ[Lc(λ̂

ML
,λ)]. From (3.1),

� = Eλ

[
m∑

i=1

[
ci

λi

{
Xi

ni

− λi − Xi

ni

φ
(α,j ,γ ;β0,γ0)
i (X)

}2
− ci

λi

(
Xi

ni

− λi

)2]]

= Eλ

[
m∑

i=1

(
nici

niλi

[{
Xi

ni

φ
(α,j ,γ ;β0,γ0)
i (X)

}2
− 2

(
Xi

ni

)2
φ

(α,j ,γ ;β0,γ0)
i (X)

]

+ 2ci

Xi

ni

φ
(α,j ,γ ;β0,γ0)
i (X)

)]
,

which is, by application of Lemma 3.1,

� = Eλ

[
m∑

i=1

(
nici

Xi + 1

[{
Xi + 1

ni

φ
(α,j ,γ ;β0,γ0)
i (X + ei )

}2

− 2
(

Xi + 1

ni

)2
φ

(α,j ,γ ;β0,γ0)
i (X + ei )

]
+ 2ci

Xi

ni

φ
(α,j ,γ ;β0,γ0)
i (X)

)]
.

Therefore, we can write the risk difference as � = Eλ[I1(X) − 2I2(X) + 2I3(X)], where

I1(x) =
m∑

i=1

ci

ni

(xi + 1)

{
1

niγi

K(n ◦ γ ,x + j + ei , α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + j , α + β0;γ0, β0)

}2
,

I2(x) =
m∑

i=1

ci

ni

xi + 1

niγi

K(n ◦ γ ,x + j + ei , α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + j , α + β0;γ0, β0)
,

I3(x) =

⎧⎪⎪⎨⎪⎪⎩
0 if x = 0
m∑

i=1

ci

ni

xi

niγi

K(n ◦ γ ,x + j , α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + j − ei , α + β0;γ0, β0)
otherwise,

for x = (x1, . . . , xm) ∈ N0
m. We have I1(0) − 2I2(0) + 2I3(0) < 0 since

1

niγi

K(n ◦ γ ,j + ei , α + β0 + 1;γ0, β0)

K(n ◦ γ ,j , α + β0;γ0, β0)
∈ [0,1].

Thus, it is sufficient to show that I1(x) − 2I2(x) + 2I3(x) ≤ 0 for all x ∈ N0
m \ {0}.

Fix x = (x1, . . . , xm) ∈ N0
m\{0}. Hereafter, for simplicity, we use the abbreviated notation

I1 = I1(x), I2 = I2(x), I3 = I3(x),

I = I1 − 2I2 + 2I3,

H(c) = K(n ◦ γ ,x + j , α + β0 + c;γ0, β0)

K(n ◦ γ ,x + j , α + β0;γ0, β0)
,

H(0, c) = K(n ◦ γ ,x + j , α + β0 + c;γ0, β0 + 1)

K(n ◦ γ ,x + j , α + β0;γ0, β0)
,
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and

H(±i, c) = K(n ◦ γ ,x + j ± ei , α + β0 + c;γ0, β0)

K(n ◦ γ ,x + j , α + β0;γ0, β0)

for c = 0,1,2 and i = 1, . . . ,m when well defined.
For part (i), we have

I1 ≤ CH(1)

m∑
i=1

xi + 1

ai

H(i,1).

By part (ii) of Lemma 2.2, we obtain

I2 =
m∑

i=1

ci

ni

xi + 1

ai

H(1) −
m∑

i=1

Ci

xi + 1

ai

H(i,2)

and

I3 =
m∑

i=1

ci

ni

xi

ai

[
H(1) −

{
H(1) − H(1)

H(−i,0)

}]

=
m∑

i=1

ci

ni

xi

ai

H(1) −
m∑

i=1

ci

ni

xi

ai

1

ai

H(1)

H(−i,0)
H(1).

Then, from part (i) of Lemma 2.3,

I3 ≤
m∑

i=1

ci

ni

xi

ai

H(1) −
m∑

i=1

ci

ni

xi

ai

1

ai

H(i,1)H(1) (3.6)

≤
m∑

i=1

ci

ni

xi

ai

H(1) −
m∑

i=1

ci

ni

xi + 1

ai

1

ai

H(i,1)H(1) + C

m∑
i=1

1

ai

H(i,1)H(1).

Therefore,

I ≤ CH(1)

m∑
i=1

xi + 1

ai

H(i,1) − 2C·H(1)

+ 2
m∑

i=1

Ci

xi + 1

ai

{
H(i,2) − H(i,1)H(1)

} + 2C

m∑
i=1

1

ai

H(i,1)H(1)

≤ CH(1)

m∑
i=1

xi + 1

ai

H(i,1) − 2C·H(1)

+ 2C

m∑
i=1

xi + 1

ai

{
H(i,2) − H(i,1)H(1)

} + 2C

m∑
i=1

1

ai

H(i,1)H(1),

where the second inequality follows since H(i,2) − H(i,1)H(1) ≥ 0 for all i = 1, . . . ,m by
part (ii) of Lemma 2.3. By applying part (i) of Lemma 2.2, we obtain

I ≤ CH(1)

{
α + β0 − β0

γ0
H(0,1)

}
− 2C·H(1) + 2C

m∑
i=1

1

ai

H(i,1)H(1)

+ 2C

{
(α + β0 + 1)H(1) − β0

γ0
H(0,2) − (α + β0)H(1) + β0

γ0
H(0,1)H(1)

}
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≤ CH(1)

{
α + β0 −

m∑
i=1

β0/m

ai

H(i,1)

}
− 2C·H(1)

+ 2C

m∑
i=1

1

ai

H(i,1)H(1) + 2CH(1)

= {
C(α + β0 + 2) − 2C·

}
H(1) + C

m∑
i=1

2 − β0/m

ai

H(i,1)H(1),

where the second inequality follows from the assumption that γ0 ≤ a and part (ii) of
Lemma 2.3. Since

α + β0 =
m∑

i=1

{
xi + 1

ai

H(i,1) + β0/m

γ0
H(0,1)

}
≥

m∑
i=1

1 + β0/m

ai

H(i,1)

by part (i) of Lemma 2.2 and the assumption that γ0 ≤ a and since assumption (3.2) implies
2 − β0/m ≥ 0, we conclude that

I/H(1) ≤ C(α + β0 + 2) − 2C· + C
2 − β0/m

1 + β0/m
(α + β0) ≤ 0,

where the second inequality follows from assumption (3.2). This completes the proof of part
(i).

For part (ii), let i ∈ {1, . . . ,m} be an index such that ai = a. Then we have

I1 − 2I2 ≤
{

1

a
H(i,1) − 2

}
I2. (3.7)

Note that, by part (ii) and part (i) of Lemma 2.2,

I2 =
m∑

i=1

Ci(xi + 1)H(1) −
m∑

i=1

Ci(xi + 1)
1

ai

H(i,2)

≥
m∑

i=1

Ci(xi + 1)H(1) − C

m∑
i=1

(xi + 1)
1

ai

H(i,2)

=
{

m∑
i=1

Ci(xi + 1) − C(α + β0 + 1)

}
H(1) + C

β0

γ0
H(0,2). (3.8)

Since (1/a)H(i,1) ≤ 1, it follows from (3.7) and (3.8) that

I1 − 2I2 ≤
{

1

a
H(i,1) − 2

}

×
[{

m∑
i=1

Ci(xi + 1) − C(α + β0 + 1)

}
H(1) + C

β0

γ0
H(0,2)

]

= −
{

2 − 1

a
H(i,1)

} m∑
i=1

CixiH(1) −
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2)

+
{

2 − 1

a
H(i,1)

}{
C(α + β0 + 1) − C·

}
H(1). (3.9)
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Combining (3.6) and (3.9) gives

I ≤ 1

a
H(i,1)

m∑
i=1

CixiH(1) −
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2)

+
{

2 − 1

a
H(i,1)

}{
C(α + β0 + 1) − C·

}
H(1) − 2

m∑
i=1

Ci

xi

ai

H(i,1)H(1). (3.10)

Note that
m∑

i=1

Ci

xi

ai

H(i,1) ≥ a

a

1

a
H(i,1)

m∑
i=1

Cixi

and that
m∑

i=1

Ci

xi

ai

H(i,1) ≥ C

m∑
i=1

xi + 1

ai

H(i,1) − C

m∑
i=1

1

ai

H(i,1)

= C(α + β0) − C
β0

γ0
H(0,1) − C

m∑
i=1

1

ai

H(i,1) (3.11)

by part (i) of Lemma 2.2. Then we have

I ≤ 1

a
H(i,1)

m∑
i=1

CixiH(1) −
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2)

+
{

2 − 1

a
H(i,1)

}{
C(α + β0 + 1) − C·

}
H(1)

− 2
(

1 − 1

2

a

a
− ρ

) m∑
i=1

Ci

xi

ai

H(i,1)H(1) − 2
1

2

a

a

a

a

1

a
H(i,1)

m∑
i=1

CixiH(1)

− 2ρ

{
C(α + β0) − C

β0

γ0
H(0,1) − C

m∑
i=1

1

ai

H(i,1)

}
H(1)

= −
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2) − {

C(α + β0 + 1) − C·
}1

a
H(i,1)H(1)

+ 2ρC
β0

γ0
H(0,1)H(1) + 2ρC

m∑
i=1

1

ai

H(i,1)H(1)

− 2
(

1 − 1

2

a

a
− ρ

) m∑
i=1

Ci

xi

ai

H(i,1)H(1)

≤ −
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2) − {

C(α + β0 + 1) − C·
}1

a
H(i,1)H(1)

+ 2ρC
β0

γ0
H(0,1)H(1) + 2ρCm

1

a
H(i,1)H(1)

− 2
(

1 − 1

2

a

a
− ρ

)
C

a

a

1

a
H(i,1)H(1)

since 0 ≤ ρ ≤ 1 − (1/2)(a/a) by assumption and since x �= 0. Now since (1/a)H(i,1) ≤ 1
and since

1

γ0
H(0,2) ≥ 1

γ0
H(0,1)H(1) ≥ 1

a
H(i,1)H(1)
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by part (ii) of Lemma 2.3, it follows that

−
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2) + 2ρC

β0

γ0
H(0,1)H(1)

≤ −C
β0

γ0
H(0,1)H(1) + 2ρC

β0

γ0
H(0,1)H(1)

≤ −(C − 2ρC)
β0

a
H(i,1)H(1), (3.12)

where we have used the fact that C − 2ρC ≥ C(1 − 2ρ) ≥ 0 by assumption. Thus,

I/

{
1

a
H(i,1)H(1)

}
≤ −(C − 2ρC)β0 − {

C(α + β0 + 1) − C·
} + 2ρCm

− 2
(

1 − 1

2

a

a
− ρ

)
C

a

a
.

The right-hand side of the above inequality is not positive by assumption (3.3). This com-
pletes the proof of part (ii). �

Remark 3.1. The major difference of the setting considered above from that considered by
Hamura and Kubokawa (2019) is that now the parameter β0 may take on positive values in
(3.8), yielding the additional terms in (3.9). In the present setting, we need to evaluate the
factor (1/γ0)H(0,2) appropriately. Indeed, if (3.9) is replaced by

I1 − 2I2 ≤ −
{

2 − 1

a
H(i,1)

} m∑
i=1

CixiH(1)

+
{

2 − 1

a
H(i,1)

}{
C(α + β0 + 1) − C·

}
H(1),

then it leads to a sufficient condition that is incompatible with the condition for propriety
given in Lemma 2.1. Note also that the term C(α + β0 + 1) − C· is positive if the prior is
proper satisfying α < m < α + β0, while it is nonpositive in the case they consider. Since
(1/γ0)H(0,2) can be very small compared to H(1) in general, it is not straightforward to
extend their results to the case of proper priors. We evaluate the third term on the right side
of (3.10) by using (3.11), and then apply part (ii) of Lemma 2.3 to the second term in (3.10)
in order to evaluate the secondary terms deriving from the last two terms in (3.11). Thus,
Lemma 2.3 is important for the above proof of the existence of a heterogeneous shrinkage
estimator that is both admissible and minimax.

Remark 3.2. In theory, we can obtain a sufficient condition that generalizes part 4 of Theo-
rem 2.5 of Clevenson and Zidek (1975). By part (i) of Lemma 2.2, we have

α + β0 =
m∑

i=1

xi + 1

ai

H(i,1) + β0

γ0
H(0,1) ≥ (x· + m + β0)

1

a
H(i,1),

(α + β0 + 1)H(1) =
m∑

i=1

xi + 1

ai

H(i,2) + β0

γ0
H(0,2) ≤ (x· + m + β0)

1

γ0
H(0,2),

where x· = ∑m
i=1 xi and i ∈ {1, . . . ,m} is an index such that ai = a. Therefore, it follows that

1

a
H(i,1) ≤ a

a

α + β0

x· + m + β0
≤ a

a

α + β0

1 + m + β0
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and that
1

γ0
H(0,2) ≥ α + β0 + 1

α + β0

1

a
H(i,1)H(1) ≥ α + β0 + 1

α + β0

γ0

a

1

γ0
H(0,1)H(1).

Hence, (3.12) can be replaced by

−
{

2 − 1

a
H(i,1)

}
C

β0

γ0
H(0,2) + 2ρC

β0

γ0
H(0,1)H(1)

≤ −
[
2 − min

{
1,

a

a

α + β0

1 + m + β0

}]
C

β0

γ0
H(0,1)H(1)max

{
1,

α + β0 + 1

α + β0

γ0

a

}

+ 2ρC
β0

γ0
H(0,1)H(1)

= −
([

2C − C min
{

1,
a

a

α + β0

1 + m + β0

}]
max

{
1,

α + β0 + 1

α + β0

γ0

a

}
− 2ρC

)

× β0

γ0
H(0,1)H(1)

≤ −
([

2C − C min
{

1,
a

a

α + β0

1 + m + β0

}]
max

{
1,

α + β0 + 1

α + β0

γ0

a

}
− 2ρC

)

× β0

a
H(i,1)H(1),

which leads to a condition generalizing the sufficient condition of Clevenson and Zidek
(1975) for the balanced case.

Remark 3.3. We can also evaluate the risk of the Bayes estimator with respect to the prior
πα,β,γ ;β0,γ0 under the loss function

L̃c(d,λ) =
m∑

i=1

ciλi

(
di

λi

− 1 − log
di

λi

)
=

m∑
i=1

ci

(
di − λi − λi log

di

λi

)
,

which is the loss function considered by Ghosh and Yang (1988) for the balanced case and
by Hamura and Kubokawa (2019) for the unbalanced case. The Bayes estimator is given by

λ̃
(α,β,γ ;β0,γ0) = λ̃

(β) ◦ (
1 − φ̃

(α,β,γ ;β0,γ0)
1 (X), . . . ,1 − φ̃(α,β,γ ;β0,γ0)

m (X)
)

for α <
∑m

i=1 βi , where λ̃
(β) = ((X1 + β1)/n1, . . . , (Xm + βm)/nm) is the Bayes estimator

against the improper prior πβ(λ) = ∏m
i=1 λi

βi−1 and where

φ̃
(α,β,γ ;β0,γ0)
i (X) = 1

niγi

K(n ◦ γ ,X + β + ei , α + β0 + 1;γ0, β0)

K(n ◦ γ ,X + β, α + β0;γ0, β0)

determines the amount of shrinkage for i = 1, . . . ,m. A calculation similar to that in the proof
of Theorem 3.1 shows that the risk difference between the two estimators is

Eλ
[
L̃c

(
λ̃

(α,β,γ ;β0,γ0),λ
)] − Eλ

[
Lc

(̃
λ

(β)
,λ

)] = Eλ
[
D̃(α,β,γ ;β0,γ0)(X)

]
,

where D̃(α,β,γ ;β0,γ0)(0) = −∑m
i=1 CiβiK(n ◦ γ ,β + ei , α +β0 + 1;γ0, β0)/K(n ◦ γ ,β, α +

β0;γ0, β0) and

D̃(α,β,γ ;β0,γ0)(x) = −
m∑

i=1

ci

ni

xi + βi

niγi

K(n ◦ γ ,x + β + ei , α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + β, α + β0;γ0, β0)

+
m∑

i=1

ci

ni

xi log
{

1 + 1

niγi

K(n ◦ γ ,x + β, α + β0 + 1;γ0, β0)

K(n ◦ γ ,x + β, α + β0;γ0, β0)

}
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for x = (x1, . . . , xm) ∈ N0
m \ {0}. Using Lemma 2.2 to evaluate the first term on the right and

applying the inequality log(1 + ξ) ≤ ξ for ξ ≥ 0 to the second term will lead to a sufficient
condition for λ̃

(α,β,γ ;β0,γ0) to improve on λ̃
(β) that is similar to the condition of Theorem 1 of

Hamura and Kubokawa (2019) and incompatible with the condition for propriety. In contrast,
applying the sharper inequality log(1 + ξ) ≤ ξ − ξ2/{2(1 + ξ)} for ξ ≥ 0 will lead to a result
applicable to proper Bayes estimators. This shaper inequality is similar to the inequality of
Lemma 3.1 of Dey, Ghosh and Srinivasan (1987), which is used by Ghosh and Yang (1988).

Remark 3.4. The class of proper Bayes minimax estimators will be broadened by replacing
the factor uα−1+β0/(1+u/γ0)

β0 in (2.2) with uβ·ψ(u), where β· = ∑m
i=1 βi and ψ is a proper

density on (0,∞). This class of priors is considered by Ghosh and Parsian (1981) for the
balanced case with β = γ = j . One choice for ψ is the exponential density ψ(u) = e−u/γ0

for u > 0. The details are omitted.

4 Simulation study

In this section, we investigate through simulation the numerical performance of the risk func-
tions of the Bayes estimators given in Section 2 under the loss function Lc given by (1.5) with
c = n or c = j . For the case of c = n, the estimators which we compare are the following
five:

ML: the ML estimator λ̂
ML = (X1/n1, . . . ,Xm/nm),

PB1: the proper Bayes estimator λ̂
PB1 = λ̂

(m−1,j ,ν;2,1) given by (1.2) with β0 = 2,
GB1: the generalized Bayes estimator λ̂

GB1 = λ̂
(m−1,j ,ν;0,1) given by (1.2) with β0 = 0,

PB2: the proper Bayes estimator λ̂
PB2 = λ̂

(m−1,j ,j ;2,n) given by (2.12) with (α,β0, γ0) =
(m − 1,2, n),

GB2: the generalized Bayes estimator λ̂
GB2 = λ̂

(m−1,j ,j ;0,n) given by (2.12) with
(α,β0, γ0) = (m − 1,0, n).

For the case of c = j , the estimators which we compare are the above five estimators and
the following two:

PB3: the proper Bayes estimator λ̂
PB3 = λ̂

(m−1,j ,ν◦ν;2,1/n) given by (2.11) with β = j ,
γ = ν ◦ ν, and (α,β0, γ0) = (m − 1,2,1/n),

GB3: the generalized Bayes estimator λ̂
GB3 = λ̂

(m−1,j ,ν◦ν;0,1/n) given by (2.11) with β =
j , γ = ν ◦ ν, and (α,β0, γ0) = (m − 1,0,1/n).

The imbalanced cases in a = (n1γ1, . . . , nmγm) and C = (c1/(n1
2γ1), . . . , cm/(nm

2γm))

are summarized in Table 1. We consider the two estimators λ̂
PB3 and λ̂

GB3 for c = j in order
to include the case where C = j .

Table 1 Imbalanced cases in a and C

c γ a C

n ν j j

n jm n ν

jm ν j ν

jm jm n ν ◦ ν

jm ν ◦ ν ν j
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When c = n, the homogeneous proper Bayes estimator λ̂
PB1 is always admissible and,

by part (ii) of Theorem 3.1, minimax. On the other hand, the heterogeneous proper Bayes
estimator λ̂

PB2 is admissible, but the minimaxity is not clear, because Theorem 3.1 cannot
always be applied when n is unbalanced. However, the conditions for the minimaxity of
λ̂

PB2 given in Theorem 3.1 are somewhat restrictive especially when the sample sizes are
unbalanced, and it is worth investigating the performance of λ̂

PB2. The generalized Bayes
estimators λ̂

GB1, λ̂
GB2, and λ̂

GB3 are similar to the corresponding proper Bayes estimators
λ̂

PB1, λ̂
PB2, and λ̂

PB3 but whether or not the generalized Bayes estimators are admissible is
not clear.

We set m = 30 and (ni, λi) = (n,λ(1)) for i = 1, . . . ,15 and (ni, λi) = (n,λ(2)) for
i = 16, . . . ,30 and we generate random numbers of X for (n,n) = (1,1), (0.5,2), (0.1,10)

and (λ(1), λ(2)) = (1,1), (3,3), (1,3), (3,1). For each estimator λ̂, we obtain approximated
values of the risk function Eλ[Lc(λ̂,λ)] by simulation with 100,000 replications. The inte-
grals are calculated via the Monte Carlo simulation with 100,000 replications. The percentage
relative improvement in average loss (PRIAL) of an estimator λ̂ over λ̂

ML is defined by

PRIAL = 100
{
Eλ

[
Lc

(
λ̂

ML
,λ

)] − Eλ
[
Lc(λ̂,λ)

]}
/Eλ

[
Lc

(̂
λ

ML
,λ

)]
.

For the case of c = n, Table 2 reports values of the risks of the estimators with values of
PRIAL given in parentheses. When (n,n) = (1,1), the risk values of λ̂

PB1 and λ̂
PB2 are the

same because λ̂
PB1 = λ̂

PB2. When (n,n) = (0.5,2), the risk values of λ̂
PB2 are smaller than

those of λ̂
PB1 except when (λ(1), λ(2)) = (3,1). When (n,n) = (0.1,10), all risk the values

of λ̂
PB2 are much smaller than those of λ̂

PB1, and the improvement of λ̂
PB2 is significant. In

addition, when (n,n) = (0.1,10), λ̂
PB2 has the largest values of PRIAL while λ̂

PB1 has the
smallest values of PRIAL. These results suggest that the heterogeneous shrinkage estimators
can enjoy substantial improvement over the homogeneous shrinkage estimators in the more
unbalanced cases. The risk values of the proper Bayes estimators are almost the same as the
corresponding risk values of their generalized Bayes counterparts.

For the case of c = j , Table 3 reports values of the risks of the estimators with values of
PRIAL given in parentheses. The performance of the five estimators λ̂

ML, λ̂
PB1, λ̂

GB1, λ̂
PB2,

and λ̂
GB2 is almost the same as in the previous case. The estimators λ̂

PB3 and λ̂
GB3, which sat-

isfy the condition C1 = · · · = Cm, have the largest risk values for (n,n) = (0.5,2), (0.1,10).

Table 2 Risks of the estimators ML, PB1, GB1, PB2, and GB2 for c = n. (Values of PRIAL of PB1, GB1, PG2,
and GB2 are given in parentheses)

(n,n) (λ(1), λ(2)) ML PB1 GB1 PB2 GB2

(1,1) (1,1) 30.01 15.35 (48.83) 15.37 (48.77) 15.35 (48.83) 15.37 (48.77)
(3,3) 29.99 22.83 (23.89) 22.82 (23.91) 22.83 (23.89) 22.82 (23.92)
(1,3) 30.00 20.38 (32.09) 20.38 (32.09) 20.38 (32.08) 20.38 (32.08)
(3,1) 30.03 20.37 (32.16) 20.37 (32.15) 20.37 (32.16) 20.37 (32.15)

(0.5,2) (1,1) 30.00 17.03 (43.21) 17.05 (43.17) 15.34 (48.88) 15.35 (48.83)
(3,3) 30.00 23.99 (20.03) 23.98 (20.06) 22.16 (26.14) 22.16 (26.13)
(1,3) 29.98 23.24 (22.47) 23.24 (22.49) 19.16 (36.09) 19.21 (35.93)
(3,1) 30.00 19.47 (35.10) 19.47 (35.09) 20.53 (31.57) 20.50 (31.66)

(0.1,10) (1,1) 30.11 25.37 (15.73) 25.36 (15.75) 15.18 (49.56) 15.19 (49.56)
(3,3) 30.00 28.25 (5.85) 28.24 (5.87) 18.05 (39.85) 18.05 (39.84)
(1,3) 29.96 28.22 (5.80) 28.21 (5.83) 16.23 (45.82) 16.25 (45.77)
(3,1) 29.99 25.37 (15.42) 25.36 (15.45) 17.54 (41.53) 17.53 (41.54)
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Table 3 Risks of the estimators ML, PB1, GB1, PB2, GB2, PB3, and GB3 for c = j . (Values of PRIAL of PB1, GB1, PG2, GB2, PB3, and GB3 are given in parentheses)

(n,n) (λ(1), λ(2)) ML PB1 GB1 PB2 GB2 PB3 GB3

(1,1) (1,1) 30.01 15.37 (48.79) 15.39 (48.73) 15.37 (48.79) 15.38 (48.74) 15.37 (48.79) 15.38 (48.74)
(3,3) 30.03 22.86 (23.89) 22.85 (23.91) 22.86 (23.88) 22.85 (23.90) 22.86 (23.88) 22.85 (23.90)
(1,3) 30.04 20.38 (32.13) 20.38 (32.13) 20.38 (32.14) 20.38 (32.14) 20.38 (32.14) 20.38 (32.14)
(3,1) 30.04 20.38 (32.16) 20.38 (32.16) 20.38 (32.17) 20.38 (32.16) 20.38 (32.17) 20.38 (32.16)

(0.5,2) (1,1) 37.52 17.76 (52.66) 18.01 (51.98) 15.30 (59.21) 15.32 (59.16) 24.55 (34.57) 24.82 (33.84)
(3,3) 37.57 27.54 (26.70) 27.77 (26.08) 24.79 (34.00) 24.81 (33.96) 32.99 (12.18) 33.07 (11.98)
(1,3) 37.61 25.35 (32.60) 25.69 (31.68) 18.44 (50.98) 18.63 (50.46) 32.73 (12.98) 32.82 (12.73)
(3,1) 37.54 23.55 (37.25) 23.62 (37.07) 25.10 (33.13) 24.91 (33.65) 26.86 (28.44) 27.03 (27.98)

(0.1,10) (1,1) 151.49 105.39 (30.43) 107.62 (28.96) 15.06 (90.06) 15.07 (90.05) 150.85 (0.43) 150.86 (0.42)
(3,3) 151.62 133.27 (12.10) 134.32 (11.41) 36.35 (76.02) 36.40 (75.99) 151.42 (0.13) 151.42 (0.13)
(1,3) 152.12 133.46 (12.27) 134.54 (11.56) 17.90 (88.23) 18.09 (88.11) 151.93 (0.13) 151.93 (0.13)
(3,1) 151.37 106.84 (29.42) 108.95 (28.02) 38.55 (74.53) 38.47 (74.59) 150.72 (0.43) 150.74 (0.42)
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In particular, when (n,n) = (0.1,10), these estimators have the values of PRIAL almost equal
to zero.

5 Application

In this section, several estimation methods considered in the previous sections are applied
to data relating to the standardized mortality ratio (SMR). (For the SMR, see, for example,
Clayton and Kaldor (1987).) More specifically, the data consist of actual and expected num-
bers of deaths of females from a specific cause in m = 72 districts in a prefecture in Japan
during the 5 years from 2008 to 2012. For i = 1, . . . ,m, the actual and expected numbers
of deaths in the ith district are denoted by xi and ni , respectively. Each component of an
estimator λ = (λ̂1, . . . , λ̂m) is a measure of relative risk in a district calculated from the data.

We here consider only the three estimators λ̂
ML = (λ̂ML

1 , . . . , λ̂ML
m ), λ̂

PB1 = (λ̂PB1
1 , . . . ,

λ̂PB1
m ), and λ̂

PB2 = (λ̂PB2
1 , . . . , λ̂PB2

m ) given in Section 4. Integrals are calculated via the Monte
Carlo simulation with 100,000 replications. The data and the estimates for all the m = 72
districts are given in Tables 4 and 5.

The values of the ratio λ̂PB2
i /λ̂PB1

i for all i = 1, . . . ,m are plotted in Figure 1. For i =
1, . . . ,m, the heterogeneous estimator λ̂PB2

i shrinks the ML estimator λ̂ML
i toward the origin

more than the homogeneous estimator λ̂PB1
i if ni � 50 and less than λ̂PB1

i if ni � 50.

Appendix

All the proofs of the lemmas in Sections 2 and 3 are given here. For v = (v1, . . . , vm) ∈ R
m

and ṽ = (ṽ1, . . . , ṽm) ∈R
m, we write the inner product v1ṽ1 + · · · + vmṽm as v · ṽ.

Proof of Lemma 2.1. Let J = ∫ ··· ∫(0,∞)m πα,β,γ ;β0,γ0(λ) dλ. From (2.2), it follows that

J =
∫ ∞

0

{
uα−1+β0

(1 + u/γ0)β0

∫
· · ·

∫
(0,∞)m

(
m∏

i=1

λi
βi−1

)
e−u

∑m
i=1 λi/γi dλ

}
du.

By making the change of variables

(θ1, . . . , θm−1,�) =
(
λ1

(
m∑

i=1

λi

)−1

, . . . , λm−1

(
m∑

i=1

λj

)−1

,

m∑
i=1

λi

)
,

we obtain

J =
∫ ∞

0

{
uα−1+β0

(1 + u/γ0)β0

×
∫

· · ·
∫
D×(0,∞)

(
�β·−m

m∏
i=1

θi
βi−1

)
e−�u

∑m
i=1 θi/γi�m−1 dθ1 · · ·dθm−1 d�

}
du

=
∫ ∞

0

{
uα−1+β0

(1 + u/γ0)β0

×
∫

· · ·
∫
D

(
m∏

i=1

θi
βi−1

)
�(β·)

(
u

m∑
i=1

θi/γi

)−β·
dθ1 · · ·dθm−1

}
du, (A.1)
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Table 4 The data and the estimates of relative risk for i = 1, . . . ,36

i xi ni λ̂ML
i λ̂PB1

i λ̂PB2
i

1 49 49.65 0.99 0.97 0.97
2 64 66.60 0.96 0.94 0.95
3 69 63.83 1.08 1.06 1.07
4 79 87.49 0.90 0.89 0.89
5 47 48.60 0.97 0.95 0.95
6 35 42.58 0.82 0.81 0.80
7 66 76.12 0.87 0.85 0.86
8 75 72.67 1.03 1.01 1.02
9 49 55.24 0.89 0.87 0.87

10 54 64.75 0.83 0.82 0.82
11 192 182.16 1.05 1.04 1.05
12 349 269.71 1.29 1.27 1.29
13 48 40.54 1.18 1.16 1.16
14 47 45.94 1.02 1.00 1.00
15 62 54.53 1.14 1.12 1.12
16 38 32.79 1.16 1.14 1.13
17 31 31.41 0.99 0.97 0.96
18 81 78.79 1.03 1.01 1.02
19 57 52.49 1.09 1.07 1.07
20 62 57.09 1.09 1.07 1.07
21 21 23.03 0.91 0.90 0.88
22 83 67.53 1.23 1.21 1.21
23 116 111.32 1.04 1.02 1.03
24 51 41.87 1.22 1.20 1.19
25 41 36.28 1.13 1.11 1.10
26 21 17.72 1.19 1.16 1.13
27 59 47.77 1.24 1.21 1.21
28 13 9.42 1.38 1.36 1.26
29 20 11.98 1.67 1.64 1.55
30 22 23.76 0.93 0.91 0.89
31 14 15.09 0.93 0.91 0.87
32 23 13.38 1.72 1.69 1.61
33 14 9.72 1.44 1.42 1.31
34 5 3.28 1.53 1.50 1.19
35 52 52.79 0.99 0.97 0.97
36 6 7.03 0.85 0.84 0.75

where θm denotes 1 − (θ1 + · · · + θm−1) and D = {(ζ1, . . . , ζm−1) ∈ (0,1)m−1 : ζ1 + · · · +
ζm−1 < 1}. Let γ = max1≤i≤m γi and γ = min1≤i≤m γi . Then, from (A.1),

J ≤
∫ ∞

0

{
uα−1+β0

(1 + u/γ0)β0

×
∫

· · ·
∫
D

(
m∏

i=1

θi
βi−1

)
�(β·)u−β·

(
γ /

m∑
i=1

θi

)β·
dθ1 · · ·dθm−1

}
du

= �(β·)γ β·
{∫

· · ·
∫
D

(
m∏

i=1

θi
βi−1

)
dθ1 · · ·dθm−1

}∫ ∞
0

uα−1+β0−β·

(1 + u/γ0)β0
du,
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Table 5 The data and the estimates of relative risk for i = 37, . . . ,72

i xi ni λ̂ML
i λ̂PB1

i λ̂PB2
i

37 7 9.78 0.72 0.70 0.65
38 7 7.05 0.99 0.98 0.88
39 10 12.32 0.81 0.80 0.75
40 41 54.59 0.75 0.74 0.74
41 15 9.24 1.62 1.59 1.47
42 11 9.67 1.14 1.12 1.04
43 15 17.81 0.84 0.83 0.80
44 119 124.74 0.95 0.94 0.95
45 103 89.18 1.16 1.13 1.14
46 25 24.95 1.00 0.98 0.97
47 61 55.91 1.09 1.07 1.07
48 83 70.76 1.17 1.15 1.16
49 45 36.92 1.22 1.20 1.19
50 141 127.72 1.10 1.08 1.10
51 151 156.31 0.97 0.95 0.96
52 22 16.53 1.33 1.31 1.26
53 98 83.55 1.17 1.15 1.16
54 37 38.18 0.97 0.95 0.95
55 39 32.97 1.18 1.16 1.15
56 29 28.27 1.03 1.01 0.99
57 20 19.84 1.01 0.99 0.96
58 21 25.64 0.82 0.80 0.79
59 72 52.02 1.38 1.36 1.36
60 19 31.88 0.60 0.59 0.58
61 29 22.59 1.28 1.26 1.23
62 15 8.82 1.70 1.67 1.54
63 9 12.31 0.73 0.72 0.68
64 118 111.11 1.06 1.04 1.05
65 52 37.12 1.40 1.38 1.37
66 59 60.27 0.98 0.96 0.96
67 30 29.67 1.01 0.99 0.98
68 155 181.29 0.86 0.84 0.85
69 51 56.42 0.90 0.89 0.89
70 75 89.61 0.84 0.82 0.83
71 75 78.53 0.96 0.94 0.94
72 43 34.05 1.26 1.24 1.23

the right-hand side of which is finite if α < β· < α + β0. Similarly,

J ≥ �(β·)γ β·
{∫

· · ·
∫
D

(
m∏

i=1

θi
βi−1

)
dθ1 · · ·dθm−1

}∫ ∞
0

uα−1+β0−β·

(1 + u/γ0)β0
du = ∞

if the condition α < β· < α + β0 does not hold, and the proof is complete. �

Proof of Lemma 2.2. For part (i), we have by integration by parts that

K(γ , ξ , α;γ0, β0)

=
[

uα

α

1

(1 + u/γ0)β0

m∏
i=1

1

(1 + u/γi)ξi

]∞

0
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Figure 1 The ratio λ̂PB2
i /λ̂PB1

i .

−
∫ ∞

0

uα

α

( −β0/γ0

1 + u/γ0
+

m∑
i=1

−ξi/γi

1 + u/γi

)
1

(1 + u/γ0)β0

m∏
i=1

1

(1 + u/γi)ξi
du

= 0 + 1

α

{
β0

γ0
K(γ , ξ , α + 1;γ0, β0 + 1) +

m∑
i=1

ξi

γi

K(γ , ξ + ei , α + 1;γ0, β0)

}
.

Part (ii) follows since

K(γ , ξ + ei , α + 1;γ0, β0)

=
∫ ∞

0

uα−1

(1 + u/γ0)β0

u

1 + u/γi

m∏
j=1

1

(1 + u/γj )
ξj

du

=
∫ ∞

0

uα−1

(1 + u/γ0)β0
γi

(
1 − 1

1 + u/γi

) m∏
j=1

1

(1 + u/γj )
ξj

du

= γi

{
K(γ , ξ , α;γ0, β0) − K(γ , ξ + ei , α;γ0, β0)

}
for i = 1, . . . ,m. This completes the proof. �

Proof of Lemma 2.3. For part (i), let f (u) = uα−1(1 + u/γ0)
−β0

∏m
i=1(1 + u/γi)

−ξi for
u > 0 and let �K = K(γ , ξ , α + 1;γ0, β0)K(γ , ξ , α;γ0, β0) − K(γ , ξ , α + 1;γ0, β0 +
1)K(γ , ξ , α;γ0, β0 − 1). Note that

�K =
∫ ∞

0
uf (u)du

∫ ∞
0

f (u)du −
∫ ∞

0

u

1 + u/γ0
f (u)du

∫ ∞
0

(
1 + u

γ0

)
f (u)du

=
∫ ∞

0
uf (u)du

∫ ∞
0

f (u)du
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− γ0

∫ ∞
0

(
1 − 1

1 + u/γ0

)
f (u)du

∫ ∞
0

(
1 + u

γ0

)
f (u)du

= −γ0

{∫ ∞
0

f (u)du

}2
+ γ0

∫ ∞
0

1

1 + u/γ0
f (u)du

∫ ∞
0

(
1 + u

γ0

)
f (u)du.

Then it follows from the Cauchy–Schwarz inequality that �K ≥ 0, which can be rewritten as
(2.8). The inequality (2.7) can be similarly shown. Next, we prove part (ii). From (2.8), we
have

0 ≤ K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0 − 1)
− K(γ , ξ , α + 1;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)
.

By adding and subtracting K(γ , ξ , α + 1;γ0, β0)/K(γ , ξ , α;γ0, β0), we obtain

0 ≤ −K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)

(
1 − K(γ , ξ , α;γ0, β0)

K(γ , ξ , α;γ0, β0 − 1)

)

+ 1

γ0

K(γ , ξ , α + 2;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)

= −K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)

1

γ0

K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0 − 1)

+ 1

γ0

K(γ , ξ , α + 2;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)

≤ −K(γ , ξ , α + 1;γ0, β0)

K(γ , ξ , α;γ0, β0)

1

γ0

K(γ , ξ , α + 1;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)

+ 1

γ0

K(γ , ξ , α + 2;γ0, β0 + 1)

K(γ , ξ , α;γ0, β0)
,

where the second inequality follows from (2.8), and thus (2.10) follows. The inequality (2.9)
can be similarly shown. The proof of Lemma 2.3 is complete. �

Proof of Lemma 2.4. Let x = (x1, . . . , xm) ∈ N0
m. For i = 1, . . . ,m, the posterior

mean of 1/λi with respect to the observation X = x and the prior πα,β,γ ;β0,γ0 , denoted
Eλ|X[1/λi |X = x], is given by∫ ∞

0 [ uα−1+β0

(1+u/γ0)
β0

∫ ··· ∫(0,∞)m{ 1
λi

(
∏m

j=1 λj
xj+βj−1e−nj λj )e

−u
∑m

j=1 λj /γj }dλ]du∫ ∞
0 [ uα−1+β0

(1+u/γ0)
β0

∫ ··· ∫(0,∞)m{(∏m
j=1 λj

xj+βj−1e−nj λj )e
−u

∑m
j=1 λj /γj }dλ]du

,

which can be rewritten as∫ ∞
0

uα−1+β0

(1+u/γ0)
β0

∏m
j=1

∫ ∞
0 λj

xj+βj−1−δij e−λj (nj+u/γj ) dλj du∫ ∞
0

uα−1+β0

(1+u/γ0)
β0

∏m
j=1

∫ ∞
0 λj

xj+βj−1e−λj (nj+u/γj ) dλj du

=
∫ ∞

0
uα−1+β0

(1+u/γ0)
β0

∏m
j=1

�(xj+βj−δij )

(nj+u/γj )
xj +βj −δij

du∫ ∞
0

uα−1+β0

(1+u/γ0)
β0

∏m
j=1

�(xj+βj )

(nj+u/γj )
xj +βj

du

= ni

�(xi + βi − 1)

�(xi + βi)

K(n ◦ γ ,x + β − ei , α + β0;γ0, β0)

K(n ◦ γ ,x + β, α + β0;γ0, β0)
,
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where δij = ei · ej for j = 1, . . . ,m, �(t) = ∞ for t ≤ 0, and K(n ◦ γ ,0 + β − ei , α +
β0;γ0, β0) = ∞ for α ≥ ∑m

j=1 βj − 1. Similarly, we have

Eλ|X[λi |X = x]

= 1

ni

�(xi + βi + 1)

�(xi + βi)

K(n ◦ γ ,x + β + ei , α + β0;γ0, β0)

K(n ◦ γ ,x + β, α + β0;γ0, β0)
,

which is finite. Hence, for all d = (d1, . . . , dm) ∈ R
m, we have

Eλ|X[
Lc(d,λ)|X = x

]
=

m∑
i=1

ciE
λ|X

[
di

2

λi

− 2di + λi

∣∣∣X = x

]

= ∑
i∈S

ci

{
Eλ|X

[
1

λi

∣∣∣X = x

](
di − 1

Eλ|X[ 1
λi

|X = x]
)2

+ Ai

}

+ ∑
i∈Sc

ci

(
di

2 · ∞ − 2di + Eλ|X[λi |X = x]),
where S = {i ∈ {1, . . . ,m} : Eλ|X[1/λi |X = x] < ∞} and Ai = −(Eλ|X[1/λi |X = x])−1 +
Eλ|X[λi |X = x] for i ∈ S. Therefore, Eλ|X[Lc(d,λ)|X = x] is finite if and only if di = 0 for
all i ∈ Sc. Furthermore, in this case, it is minimized if and only if di = (Eλ|X[1/λi |X = x])−1

for all i ∈ S. Thus, Eλ|X[Lc(d,λ)|X = x] is uniquely minimized at

d = ∑
i∈S

xi + βi − 1

ni

K(n ◦ γ ,x + β, α + β0;γ0, β0)

K(n ◦ γ ,x + β − ei , α + β0;γ0, β0)
ei ,

which can be expressed as({
1 − φ

(α,β,γ ;β0,γ0)
1 (x)

}x1 + β1 − 1

n1
, . . . ,

{
1 − φ(α,β,γ ;β0,γ0)

m (x)
}xm + βm − 1

nm

)
by part (ii) of Lemma 2.2. Thus, the desired result is obtained. �

Proof of Lemma 2.5. For part (i), suppose xi ≥ 1. Then

niK(n,x + j − ei , α + β0;γ0, β0)

=
∫ ∞

0

uα+β0−1

(1 + u/γ0)β0
(ni + u)

m∏
j=1

1

(1 + u/nj )
xj+1 du

>

∫ ∞
0

uα+β0

(1 + u/γ0)β0

m∏
j=1

1

(1 + u/nj )
xj+1 du

= K(n,x + j , α + β0 + 1;γ0, β0). (A.2)

This shows the desired result. Part (ii) follows immediately from (A.2). For part (iii), let
fi(u) = (1 + u/γ0)

−β0
∏

j �=i (1 + u/nj )
−(xj+1) for u > 0 and let k = 0,1. Then we have that

0 ≤ uα+β0−k 1

(1 + u/ni)xi+1−k
fi(u) ↑ uα+β0−kfi(u)
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as ni → ∞ for every u > 0. Since α < m − 2, it follows from the dominated convergence
theorem that

K(n,x + j − kei , α + β0 + 1 − k;γ0, β0)

=
∫ ∞

0
uα+β0−k 1

(1 + u/ni)xi+1−k
fi(u) du

→
∫ ∞

0
uα+β0−kfi(u) du ∈ (0,∞)

as ni → ∞, and this completes the proof. �

Proof of Lemma 3.1. It can be seen that

Eλ

[
h(X + ei )

Xi + 1

]

= ∑
x∈N0

m

h(x + ei )

xi + 1

m∏
j=1

(njλj )
xj

xj ! e−njλj

= ∑
x∈N0

m

h(x)

niλi

m∏
j=1

(njλj )
xj

xj ! e−nj λj − ∑
x∈N0

m,x·ei=0

h(x)

niλi

m∏
j=1

(njλj )
xj

xj ! e−nj λj

= Eλ

[
h(X)

niλi

]
,

which proves Lemma 3.1. �
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