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Abstract. Consider two parallel systems, say A and B, with respective life-
times 7 and 7, wherein independent component lifetimes of each system
follow exponentiated generalized gamma distribution with possibly different
exponential shape and scale parameters. We show here that 7, is smaller than
T1 with respect to the usual stochastic order (reversed hazard rate order) if
the vector of logarithm (the main vector) of scale parameters of System B
is weakly weighted majorized by that of System A, and if the vector of ex-
ponential shape parameters of System A is unordered mojorized by that of
System B. By means of some examples, we show that the above results can
not be extended to the hazard rate and likelihood ratio orders. However, when
the scale parameters of each system divide into two homogeneous groups,
we verify that the usual stochastic and reversed hazard rate orders can be
extended, respectively, to the hazard rate and likelihood ratio orders. The es-
tablished results complete and strengthen some of the known results in the
literature.

1 Introduction

Assume that a manufacturer produces a particular system whose components are ordered
from different vendors. Sometimes, these components are expensive or they are not available
in a specific time. In such cases, the manufacturer can replace the components of the sys-
tem by new components that are cheaper or are available. But, this replacement may affect
some lifetime characteristics of the system such as mean time to failure, survival function,
hazard rate function, etc. So, to determine the influence of this replacement on the life char-
acteristics of the system, a tool is needed and the theory of stochastic ordering is found to be
useful for this purpose. Stochastic orderings also play an important role in other fields such as
management science, financial economics, insurance, actuarial science, operations research,
queuing theory and survival analysis. Interested readers may refer to the books by Miiller
and Stoyan (2002), Shaked and Shanthikumar (2007) and Belzunce, Martinez-Riquelme and
Mulero (2016) for elaborate discussions on various stochastic orderings and their applica-
tions.

Recently, various ordering results have been established for comparisons of lifetime char-
acteristics of two parallel systems consisting of heterogeneous component. The existing re-
sults are commonly based on comparisons of a parameter vector of the systems in some
mathematical sense; see Balakrishnan and Zhao (2013a) for more details on this topic. How-
ever, there exists some situations in which the heterogeneity in the component lifetimes is due
to difference in more than one parameter. For example, consider two parallel systems with
their component lifetimes following the generalized exponential (GE) distribution with pos-
sibly different exponential shape and scale parameters. In this case, the including parameters
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can be represented in the matrix format and the ordering results can be obtained by compar-
ison of these matrices in some mathematical sense, as discussed by Balakrishnan, Haidari
and Masoumifard (2015). Next, assume that the component lifetimes of two parallel systems
follow gamma distribution with possibly different shape and scale parameters. Now, we have
two parameter vectors for each system. Zhao, Hu and Zhang (2015) considered this case and
established some ordering results based on comparisons between the vectors of shape pa-
rameters and the vectors of scale parameters separately. The heterogeneity of two parameters
of the lifetimes allow us to compare more systems in contrast with the case in which the
lifetimes differ in one parameter.

In this paper, we follow the above framework and compare the lifetimes of parallel systems
with respect to some known stochastic orderings. It is assumed here that the component
lifetimes of each system follow the exponentiated generalized gamma distribution differing in
two parameters. The ordering results established here are based on the concepts of weighted
and unordered majorization orders, which to the best of the author’s knowledge, have not
utilized so far in comparison of reliability systems. Furthermore, these results reinforce and
extend some previous ones in the literature.

The rest of this paper is organized as follows. In Section 2, we present definitions and
notions of some concepts including stochastic orders, exponentiated generalized gamma dis-
tribution, and weighted and unordered majorization orders. Some useful results, which are
fundamental for the main results of the paper, are also stated there. Section 3 contains main
results concerning the comparison of two parallel systems with independent heterogeneous
exponentiated generalized gamma components. Finally, some discussions on the ordering
results established in Section 3 are presented in Section 4.

2 Preliminaries

Here, we present some definitions along with some useful results which play important roles
in the sequel.

2.1 Definitions and notions

The first definition briefly reviews some stochastic orders. Interested readers may refer to
Shaked and Shanthikumar (2007) and Belzunce, Martinez-Riquelme and Mulero (2016) for
elaborate discussions on stochastic orders and their applications.

Definition 1. Suppose X and X, are two positive absolutely continuous random variables
with corresponding distribution functions Fx, and Fy,, survival functions F x, and F Xs>
density functions fx, and fx,, hazard rate functions rx, and ry,, and reversed hazard rate
functions 7x, and ry,, respectively. Then,

(i) X is said to be smaller than X» in the likelihood ratio order, denoted by X| <;- X», if

fx,(®)/fx,(t) is increasing in € R™;

(i1) X is said to be smaller than X in the reversed hazard rate order, denoted by X| <,;, X»,
if Fx,(t)/Fx,(t)is increasing in t € R, or equivalently, 7x,(t) <Fx,(t)forallt e RT;

(iii)) X is said to be smaller than X, in the hazard rate order, denoted by X| <p, X», if
Fx,(t)/Fx, (t) is increasing in t € R*, or equivalently, rx, (t) < rx,(¢) for all t € R*;

(iv) X is said to be smaller than X, in the usual stochastic order, denoted by X; <;; X», if
Fx,(t) < Fx,(¢) forall t € R,

It is well known that the likelihood ratio order implies the hazard rate and reversed hazard
rate orders, and both of these orders result in the usual stochastic order.
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Let P, denotes the set of all permutations of (1,...,n). For any &= = (71, ..., 7,) € Py,
set
D = {1 xn) €R" tgy = - 2 1, |,
g;l[ ={(-x19"-7-xn)€Rn :xn’l Z“'Z'xﬂn >0}

For the special case of w = (1,...,n), the spaces DF and G are denoted by D, and G,
respectively. In the next definition, we state the weighted majorization orders.

Definition 2. Consider two vectors u = (u1, ..., u,) and v = (v1, ..., vy) in R” and suppose
that p = (p1, ..., pn) is a vector with positive components. Then,

(i) u is said to be p-majorized by v on Dj(G)), denoted by u<,v on Dy (Gy), if
u,veDIG), lezl Prjn; < lezl prjVx; fori=1,...,n—1,and Z’}:l Prjln; =
Z;:l pT[]‘ vT[j;

(ii) u 1s said to be weakly p-majorized by v on Djf (G), denoted by u<}v on Dy (Gy), if
u,veDI(GT) and Z';:i Prjz; > Z;?:i PrjVx; fori=1,...,n.

It is easy to observe that the p-majorization order implies the weak p-majorization order.
Note that, we always have

Dizi Dilli
(Wwas - -+ Uwa) <p Wy, ..., up), uwa:lni-
D=1 Di
The classic majorization and weak majorization orders, denoted respectively by < and <, are
special cases of the above weighted versions of majorization when p; = - -- = p,,. Interested

readers may refer to Cheng (1977) for a comprehensive discussion on the weighted versions
of majorization order and their properties.
Below, the concept of unordered majoriation order is presented.

Definition 3. Consider two vectors u = (uy,...,u,) and v = (vf,...,v,) in R". If
Zf-‘zl u; < Zle v fork=1,...,n—1,and >} u; =3 7_, v;, then u is said to be un-

ordered majorized by v, denoted by u 2.

Indeed, to compare vectors in the classic majorization order, it is necessary to arrange
their components whereas this arrangement is unnecessary in unordered majorization order.
For the case of monotone vectors, it can be easily seen that there exists a connection between
the unordered majorization and classic majorization orders. Except this case, there does not
exist a connection between the two vector orders. For example, setting u = (3,0.1,9, 7) and

v=(11.1,0.2,2,5.8), one can easily observe that u 2 v while the classic majorization order
does not hold between the two vectors. On the other hand, taking u = (8, 2,5.5,4.6) and
v=1(9,0.1,5,6), it then readily follows that # < v, however, we have u I;Z vand v IQ u. For
more details on the unordered and classic majorization orders along with their applications,
see Parker and Ram (1997) and Marshall, Olkin and Arnold (2011).

2.2 Exponentiated generalized gamma distribution

A random variable X is said to have the exponentiated generalized gamma (EGG) distribution
with shape parameters «, v and 7, and scale parameter A (denote by X ~ EGG(«, v, 7, 1)) if
its cumulative distribution function is given by

ty(at)® L,
F(t;a,v, 7, 1) :[ PODT et } |
0o (%)

teRY, aeRT,veR Y, 7eR", L eR™ .
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We call the parameter « as the exponential parameter. Many well-known distributions are
sub-models of the EGG distribution. For T = v, it becomes the exponentiated Weibull dis-
tribution proposed by Mudholkar and Srivastava (1993). If v = t = 1, it reduces to the GE
distribution introduced by Gupta and Kundu (1999). When v = 1, it reduces to exponenti-
ated gamma distribution initiated by Gupta, Gupta and Gupta (1998). If t =v and o = 1,
the two-parameter Weibull distribution is obtained, while for T = v = « = 1 the exponential
distribution is deduced. The EGG distribution has a flexible hazard rate function that admits
increasing, decreasing, bathtub and upside-down bathtub shapes. For more details on some
general properties of the EGG distribution and its applications, one may refer to Cordeiro,
Ortega and Silva (2009).

2.3 Some useful results

The following lemma deals with the preservation of the unordered majorization order by
weighted sum functions.

Lemma 1 (Marshall, Olkin and Arnold (2011, p. 639)). Consider the real vectors u =

uo
U1,...,uy) and v = (v1,...,v,), and assume that (w1, ..., wy,) € D,. If u < v, then we
have 3/ wiui < 377 wiv;.

It is interesting to find specific conditions under which those functions preserving the
weighted majorization order can be determined. In the following, we discuss this problem
by recalling a general statement. Consider the function ¢ : R” x RT™" — R satisfying the
following properties:

¢(u; p) = ¢(u™; p*) forallu e R", pe R"" and € P, 2.1
u<pv onD, = ¢;p)<¢v;p). (2.2)

If u<p,v on Dy}, it then easily follows that u™ < ,= v™ on D, and hence by (2.1) and (2.2) we
have

¢(u; p)=¢u™; p*) <p(v™; p*) = ¢ (v; p).

Thus, if the function ¢ is permutation invariant (the property given in (2.1)) and preserves
the p-majorization order on D, then it also preserves the p-majorization order on D} for
all # € P,. This statement allows us to consider the preserving property of the permuta-
tion invariant functions only on the space D,,. Let us now consider a special case in which
¢ (u; p) =", pi¢(u;), where ¢ is areal-valued function on a sub-interval I of R. It is clear
that ¢ is permutation invariant. The next theorem gives sufficient conditions for preserving
the p-majorization and weakly p-majorization orders by the mentioned function ¢.

Theorem 1 (Pecarié, Proschan and Tong (1992, p. 323)). Let u = (u1,...,uy) be a vec-
tor in R"*, and that p = (p1, ..., pn) be a vector with positive components. Set ¢ (u; p) =
Y piw(u;), where ¢ is a real-valued continuous function on a sub-interval I of R.

(1) If ¢ is a convex function on 1, then ¢ preserves the p-majorization order on Dy;
(i1) If ¢ is a decreasing convex function on I, then ¢ preserves the weakly p-majorization
order on D,,.

Remark 1. In view of the proof of Theorem 1, one can easily find that its results remain true
if the spaces R” and D, are replaced by R*" and G,,, respectively.
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It should be noted here that the weighted majorization order allows us to compare only
similarly ordered vectors. Cheng (1977) presented an example to show that when two vectors
(u1,...,uy) and (vy, ..., vy,) are ordered in different direction and (uy,...,un) <(p,,.... pw)
(v1, ..., Un), then the inequality > 7, pim(u;) < >_!_; pim(v;) can either be true or false
for every convex function m. However, according to Theorem 1, the mentioned inequality
holds for every convex function m if the vector (uy,...,u,) and (vy,..., v,) are similarly
ordered.

In the case of differentiable functions, we have the following theorem to check the preser-
vation property of the weighted majorization order.

Theorem 2 (Cheng (1977, p. 25)). Consider the differentiable function ¢ : R" x R*" — R
satisfying (2.1). Then, (2.2) is satisfied iff for allu e R" and alli, j=1,...,n,

. _Mj)(iamu,p) _i8¢(u,p)> o
pi  ou; pj ouj

(2.3)

Remark 2. The result of Theorem 2 remains true if the spaces R"” and D, are replaced
respectively, by the spaces RT" and G,,. Now, assume that B C R and consider the differen-
tiable function ¢ : R"” x B"” — R satisfying

du; p)=¢@™; p") forallu cR", pcB" and € P,.

In view of the proof of Theorem 2, one can observe that its sufficient part still holds, that is,
the function ¢ preserves the p-majorization order if (2.3) holds.

We now present a series of lemmas pertinent to the hazard rate and likelihood ratio orders
established in the next section.
Lemma 2. Suppose the functions d,ly,l : RT™ — R™ are defined as
eV
Jozvte2dz
where v € RT and t € RT. Then,

(i) d(y) is decreasing in y € RT forall v e RT and t e R™T;
(i) I1(y) is increasing in y € Rt forallv e RY and t ¢ RT;
(iii) lp(y) is decreasing iny € R forall0 <t <v < 1.

d(y) = L)=y"4+d(y),  hLy)=dh(),

Proof.

(i) Taking f(y) = e_y/(fo1 v le™2dz), y € RT, we can observe that d(y) = f(y"), x €
R*. Therefore, it immediately follows, for y € R, thatd’(y) = vy"~! f/(y"). Misra and
Misra (2013) showed that f(y) is decreasing in y € R for any v € R and 7 € RT,
thus completing the proof of Part (i);

(i) Assume that g(y) =y + e*y/(fol zvlemyz dz), y € RT. We then easily have [{(y) =
g("), y € R*. Based on Lemma 3.3 of Zhao and Balakrishnan (2015), we know that
g(y) is increasing in y € RT for any v € R™ and T € R*, and the desired result then
follows;

(iii) Based on the proofs of Parts (i) and (ii), we can write [>(y) = vy"_ls(y"), y e RT,
where ¢(y) = f(y)g'(y). We know from Lemma 3.5 of Zhao and Balakrishnan (2015)
that £(y) is non-negative and decreasing in y € R* for 0 < 7 < v. On the other hand,
for 0 < v < 1, y"~! is non-negative and decreasing in y € R*. By combining the above
observations, the required result is obtained. O
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Lemma 3. Assume that y; € Rt and y; > 1 for i = 1,2. Then, for 0 < T < v, the following
inequality holds:

yid(y1) + y2d(y2)
L =[] [p(y2)]"?

I_g

where Ymin = min{y, y2}, p(¥) = fol %u v Le=Y" U qu for y € RY, and the functions d and

> (Ymin),

[y are as defined in Lemma 2.

Proof. For y; ¢ R*,i =1,2, we have

§1d(y) +82d(y2) 81d(y1) +82d(y2)
L=[pGDP ()12 =~ 811 = p(y1) + 81 — p(y2))

- 81d(y1) + 82d (y2)

- d(y1) d(y2)
8111()’1) +3211(y2)

> min{l; (y1), 11 (y2)} =11 Ymin),

wherein the first inequality obtains from Weierstrass inequality (Mitrinovi¢, Pecari¢ and Fink
(1993, p. 71)), the second inequality follows by using an argument similar to that utilized in
the proof of Proposition 3 of Balakrishnan and Zhao (2013b), the third inequality holds based
on inequality (8.1) of Mitrinovi¢, Pecari¢ and Fink (1993, p. 340), and finally the equality
follows from Part (ii) of Lemma 2. [l

Lemma 4. Suppose the function Y : R? x [1, 00)> — R7 is defined as
[0(e)]P [p(e*2)]2(81d(e) + S2d(e2))
1 —[p(e)Pi[p(e)]

where 0 <t <v,y=(y1,y2) and § = (81,82). If y* <5 ¥ on Da, then we have Y (y;8) <
T(y*; d).

T(y;0)=

9

Proof. Itis easy to observe that Y is permutation invariant. Further, after some computations,
we have

Y (y; 8)
ayi
= (1 — A)AX(81vd(e”)[81d(e”?) + 8ad(e”?) — 1 (e”) A] + 81T d (1) A)
and
Y (y; d)
ay2
= (1 — A)A%(8avd(e?)[81d (1) + 82d(e7?) — 11 (e”?) A] 4 82t d(e72) A),
where A=1—[p (e’ [p (€¥2)]1%2. Hence, we obtain
l aY (y;9) _ l Y (y; d) sgn .

A(d(e’) —d(e”?
i 5 9y (d(e) —d(e?))

+v{d(e’)[81d(e*") + 82d(e*?) — 11(e”")A]
—d(e?)[81d(e™) + 82d () — 11 (e”?) A]}
= 01 + O, say,



156 A. Haidari, A. T. Payandeh Najafabadi and N. Balakrishnan

where a = b means that a and b have the same sign. Assume that y; < y,. Based on Part
(i) of Lemma 2, it readily follows that ®; > 0. On the other hand, from Parts (i) and (ii) of
Lemma 2 and the result in Lemma 3, we find that

Oy > vd(e”?)[81d(e”") + S2d(e*?) — L1 (e*") A]
—d(e?)[81d(e™) + 82d(e?) — 11 (e*?) A]
=vAd(e?)(l1(e”) —11(e))

> 0.
These findings result in
1 0Y(y;8) 1 97Y(y;4)
(yl—yz)<— e )50,
1 Iy & Iy
and the conclusion is now obtained from Remark 2. O

Lemma 5. Suppose the function ¥ : RT* x R*? — R* is defined as
81d(y1) + 82d (y2)

~ 51 dyDL O + 824 (3 ()

where 0 <t <v <1, y=(,y) and § = (81,82). If y* <5 y on Gy, then we have
v(y*8) <Y (y;d).

v (y;d)

Proof. It is clear that ¢ is permutation invariant. Moreover, the derivatives of ¥ (y1, y2;
81, 82) with respect to y; and y; are, respectively,

oY (y; 8) _ 81(82d’ (y)d (y2) (L1 (y2) — L1 (y1)) — L2(y1) (B1d (y1) + 82d(¥2)))
ay ($1d (YDl (1) + 82d (y2)11(y2))?

and
Y (y; d) _ 82(81d" (y2)d(y1) (11 (y1) — 11(y2)) — [2(y2) (81d (y1) + 82d(¥2)))
dy2 (S1d(yDli(y1) + 82d (y2) 11 (y2))? '
From these observations, we have

1 oy(y;6) 1 BW(y;S))
81 9y b2 9y

1 — yz)(

E 51—y (L102) = LoD) (81d (72)d (y1) + 82d' (y1)d (y2)) (2.4)
+ (y1 — y2)(L(2) — (1)) (81d (y1) + 82d (y2)).

Let us assume that y; > y,. Based on Parts (i) and (ii) of Lemma 2, it immediately follows that
d'(y;) <0 fori=1,2,and I;(y;) > I;(y,) for any v € R* and t € R". These observations
show that the first term on the right-hand side of (2.4) is non-negative. On the other hand,
using Part (iii) of Lemma 2, we find that />(y2) > [2(y;) for any 0 < T < v < 1. Thus, the
second term on the right-hand side of (2.4) is also non-negative. The conclusion now follows
from Remark 2. (]

Suppose X1i,...,Xpn, Z1,...,Z, and Yq,..., Y, are three sets of independent positive
random variables such that

Xi~[Fu)™,  Zi~[Fuo)]™,  Yi~[Fux]", 2.5)
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wherefori =1,...,n,a; e RT, B; e RT, A; € R", u; € RT and F (the baseline distribution)
is an absolutely continuous distribution function centered on Rt with the corresponding re-
versed hazard rate function 7. Set & = (aq, ..., ), B8 =(B1,...,Bn), A=(A1,..., Ay) and
= (u,..., Un). For every vector x = (x1,...,x,) € R*", set logx = (logxy, ..., logx,).

In the upcoming theorems, we discuss the usual stochastic and reversed hazard rate orders
between the largest order statistics X,., and Y}, by using the concepts of weighted and
unordered majorization orders.

Theorem 3. Assume that t7(t) is decreasing int € R Iflogu <% log: on D, and « 4 B.
then we have Y,., <s1r Xuen-

Proof. Assume that logpu <} logA on D, and « =2 B. Setting A =logh; and u; =
logpi, i =1,...,n, it then follows that u* <2 A* on D,. Note that the function ¢(1*) =
log[F (xe"*)] is increasing in A* for each fixed x € R™. On the other hand, because #7(t) is
decreasing in t € R™, it follows that ¢(A*) is concave in A* for each fixed x € RT. Now,
based on the above observations, Par(ii) of Theorem 1 and Remark 1, we find that

n n
Zai log[F(xe“;k)] > Z“i log[F(xe)‘;ﬂ)] forall x e R,
i=1 i=1

and so Z,.; <gt Xn:n. Further, taking u; = «;, v; = B; and w; =log F(u;x),i =1,...,n,in
Lemma 1, we find Y,,., < Z,.,, thus completing the proof of the theorem. OJ

Theorem 4. Assume that t7(t) is decreasing and convex in t € R™. If p <% A on G, and

uo
o < B, then we have Yy, <ppn Xpon.

Proof. Assume that p < A on D, and « 2 B. Setting u; = «;, v; = B; and w; =
—uir(uix), i =1,...,n, in Lemma 1, it readily follows from the decreasing property of
tr(¢t) that Y., <, Z,.n. Therefore, the desired result obtains if we show that Z,.,, <, X,.x.
The reversed hazard rate function of X,,., and Z,,., can be rewritten respectively as

. 1 n _ 1 n n
Xy (X) = ;Zaid)(kix) and 7z, (x) = ;Zaifﬁ(um, x eRT,

i=I i=l

where ¢ (1) = t7(t), t € R*. Because t7(¢) is decreasing and convex in t € R, then we easily
observe that ¢ () is also decreasing and convex in ¢ € R*. Now, from Part (ii) of Theorem 1
and Remark 1, we find that 7z, , (x) < Fy,,, (x) for all x € R, as required. O

Let us now assume that u; = --- = uxy = u and ppsy = --- = w, = 1, where k €
{1,...,n—1}. Set

k n k n
S1=)Y ai, =Y a, §=>) B, =) B
i=1 i=1

Below, the random variables Z,,.,, and Y}, are compared in the sense of the likelihood ratio
order by means of the unordered majorization order. For this purpose, the following lemma
is needed.

Lemma 6. Consider the real functions h, hy and hy on R™ such that h(x) > hy(x) >
hi(x) >0 for all x e RT. If ho(x)/h1(x) and h(x)/hy(x) are, respectively, increasing and



158 A. Haidari, A. T. Payandeh Najafabadi and N. Balakrishnan

decreasing in x € R, then the ratio

h(x) — hi(x)
h(x) — ha(x)
is increasing in x € R,
Proof. We can easily observe that
h(x) —hi(x)
—————— = 14+m(x)ma(x),
h(x) — ha(x)
where
ha(x) 1
mi(x) = —1 and my(x)= D .
hi(x) e —mi(x)—1

From the assumptions, it immediately follows that both functions m; and m, are non-negative
and increasing, thus completing the proof of the lemma. U

Theorem 5. Assume that both functions t7(t) and ti'(t)/7(t) are decreasing in t € R*. If
(1, 1) € Gy and (81, 82) 14<0 (61,82), then we have Yy, <iy Zp:.

Proof. From the assumption (61, 62) < (é1,8&),wehave §; <& and 61+ 8, =& + & =c.
Under this setting, we can write the ratio of the density functions of Z,,., and Y., as

fzn:n (X) — C(X) FZn:n (.X)

J¥n (X) Fy,, (x)’

x eRT,

where
_cpr(fx) = 81 (A (ax) — pur(ux))

) = i () — B (AR (i) — i (ax)
_h) —hi(x) L eR*
h(x) — ha(x)’ ‘

Using the facts t7(¢) is decreasing in t+ € R* and (u, 1) € Go, we find that &7 (jix) —
wui(ux) > 0 for all x € RT. Now, based on this fact and the assumption §; < &1, it follows
that Fz,, (x)/Fy,, (x) is increasing in x € R™. Thus, the desired result follows if ¢(x) is in-
creasing in x € R™. The assumptions §; < & and 0 < & < ¢ immediately imply that /(x) >
ha(x) = hy(x) > 0 for all x € RT. Also, h(x)/h(x) = (81/c)(1 — ui(ux)/ (47 (fix))) is
increasing in x € RT by the assumptions that (i, (1) € G, and t#'(¢)/7(¢) is decreasing in
t € RT. Finally, it is evident that hy(x)/h;(x) = & /8; is increasing in x € RT. Now, from
the above observations and the result in Lemma 6, it follows that c(x) is increasing in x € R™,
as required. (|

3 Main ordering results for the comparison of two parallel systems

Suppose we have two parallel systems, say A and B, with their component lifetimes be-

ing independent random variables X1, ..., X, and Yy, ..., Y}, respectively, satisfying X; ~
EGG(¢;, v, 1, A;) and Y; ~ EGG(B;, v, T, u;) fori =1, ..., n. Clearly, the lifetimes of Sys-
tems A and B correspond to X,., = max{Xy,..., X,} and Y., = max{Yy,...,Y,}, re-

spectively. In this section, we obtain some sufficient conditions to compare the lifetimes
of Systems A and B with respect to the usual stochastic, reversed hazard rate, hazard
rate and likelihood ratio orders. Set & = (o, ..., 0tr,) and B* = (Bx,, ..., Br,), Where
T = (my,...,7,) € P,. In what follows, we adopt the above setting.

To prove the main results, we need the following lemma.
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Lemma 7. Assume that v is the reversed hazard rate function of the generalized gamma
distribution with shape parameters v and t, and scale parameter 1. Then:

(i) t7(t) is decreasing int € R for all v e R™ and t € R, and is convex in t € R™ for all
0 <v <1andt € RY (Khaledi, Farsinezhad and Kochar (2011));
(i) t7'(t)/7(t) is decreasing int € R for all 0 < T < v (Kochar and Torrado (2015)).

Below, we present a theorem concerning the usual stochastic order between the lifetimes
of Systems A and B.

Theorem 6. If log pu <q logh on Dy, and o < B, then for all v € RT and T € R*, we have
Yn:n Sst Xn:n'

Proof. By taking the baseline distribution in Theorem 3 as the generalized gamma, the re-
quired result follows immediately from Part (i) of Lemma 7. O

Khaledi, Farsinezhad and Kochar (2011) established the result in Theorem 6 for the special
case when o; = 8; =1,i =1, ..., n, that is, the case in which the component lifetimes have
the generalized gamma distribution with possibly different scale parameters.

Remark 3. The result of Theorem 6 is restricted to the weak weighted majorization order
only on the space D,,. However, we can extend its result to the more general case as follows.
Assume that log -u<)a logA on DF, where m = (7y, ..., 7,) € Py, and a® ) B”. Then, for
any v € R* and T € R", we have Y., < Xpon.

We now explain the result given in Theorem 6 by means of a numerical example. Assume
that n =4, v=04, 1 =0.8, « = (1,3,5,0.6), B = (4.6,4.4,0.5,0.1), L = (9,6,1,0.7)
and p = (8, 5,0.8,0.75). Then, we have log u 2‘,, logA on D4 and < B, which according
to Theorem 6, imply that Y4.4 < X4.4. To see this result graphically, we plot the survival
functions of Systems A and B in Figure 1 under the above setting.

Next theorem enables us to to compare the lifetimes of Systems A and B with respect to

the reversed hazard rate order.

Theorem 7. If u 2‘, Aon G, and o 4 B, then for any 0 < v <1 and T € R™, we have
Yn:n <rh Xn:n-

0.8 ; \ —  System A

\ — SystemB

0.6 -

02

20 40 60 80 100 120 140

Figure 1 Plots of survival functions of Systems A and B for n =4, v =04, t =0.8, « = (1, 3,5,0.6),
B=(4.6,44,05,0.1),2=(9,6,1,0.7) and p = (8,5,0.8,0.75).
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Figure 2 Plots of reversed hazard rate functions of Systems A and B for n =4, v = 0.5, v = 2,
a=(4,0.8,33,5),8=(1,3,2.1,7), A= (2,11, 12,13) and pn = (5, 6, 10, 14).

Proof. By assuming the baseline distribution in Theorem 4 as the generalized gamma, the
proof readily obtains and Part (i) of Lemma 7. g

The result of Theorem 7 extends that of Misra and Misra (2013) which is established in
the generalized gamma framework, that is, the case wheno; = g8; =1fori =1, ..., n.

Remark 4. The result in Theorem 7 can be extended as follows. Assume that ft <¢ A on agr,

where ® = (7q, ..., 7,) € P,, and a™ ufﬂ”. Then, for any 0 < v <1 and T € R, we have
Yn:n =<rh Xn:n-

Next example illustrates the result of Remark 4. Set n =4, v =05, 1 =2, a =
(4,0.8,3.3,5), g =(1,3,2.1,7), A = (2,11,12,13) and p = (5,6, 10, 14). Setting & =

(4,3,2, 1), we can observe that u 20( A on Gf and o™ 2 B, which according to Remark 4,
result in Y4.4 <,p X4.4. We plot the reversed hazard rate functions of Systems A and B in
Figure 2 to observe the established result graphically.

A natural question which arises here is whether the results in Theorems 6 and 7 can be ex-
tended, respectively, to the hazard rate and likelihood ratio orders. Unfortunately, the answer
is no as shown in the following examples. Set n =3, v=0.5, 1 =0.2, « = 8 = (4.5, 2, 3),
A=1(9,3.5,0.1) and u = (10, 2.9, 0.3). We then find

Fy,, (4 Fy,;(5 Fy,,(15
Pxa® _y3g09,  EXa® g7, Bl

Fy;5(4) Fy;5(5) Fy;5(15
This observation means that the ratio of the survival functions of X3.3 and Y3.3 is not
monotone, i.e., the lifetimes of Systems A and B can not be compared in the sense of the

=1.12199.

hazard rate order. However, log u ﬁa logA on D3 and & < B. Let us now assume that n =3,
v=0.5,7=0.1,a =(0.1,0.6,0.4), B =(0.7,0.2,0.2), . = (7,6, 1) and u = (100, 20, 1).

Then, it can be checked that u 20[ Aon Gz and a ) B, while
fx35(0.3)
fr33(0.3)
fx35(0.4)
fx35(0.6)

~ 2.92344,

~ 2.95206,

~ 2.91266.
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Therefore, the ratio of the density functions of X3.3 and Y3.3 is not monotone. So, the likeli-
hood ratio order does not hold between the lifetimes of Systems A and B.

A natural way to extend the result in Theorem 6 (Theorem 7) to the hazard rate order (the
likelihood ratio order) is that we reduce the heterogeneity of the scale parameters. To this
end, from now on, we assume that

M=c=h=A A==k =4,

PI= ==, k] == g = [
where k € {1,...,n — 1}. Set & = Y5 o, 80 = X0 0, &1 = X4, B, and & =
> i—i1 Bi- Further, suppose Zi,...,Z, is a set of independent random variables such

that Z; ~ EGG(«a;,v,7,u) and Z; ~ EGG(a;, v, 7, p) for i =1,...,k and j =k +
1,...,n.

Before discussing the hazard rate and likelihood ratio orders between the lifetimes of Sys-
tem A and B, we prove a useful lemma.

Lemma 8.

(i) Assume that §; > 1,i=1,2.If (logu,log 1) <s,,s,) (logA, log)/\) on Ds, then for 0 <
T <v,we have Zn. <pr Xnwn;
(i) If (u, 1) <(5,.80) (A 1) on Ga, then for0 <t <v <1, we have Z,.;, <1y Xu-n;
(iil) If & = o and » < pu < A, then for any v € R and v € RT, we have Zp.n <1y Xpn.

Proof.

(i) The hazard rate functions of X,., and Z,., can be rewritten, respectively, as

1 .
Py (¥) = T (18, €225, 51, 55) - and

1 .
an:n (X) = ;T(elogux’ elogux; 81 , 82)5 X € R+a

where the function Y is defined in Lemma 4. Clearly, we have (log ux, log f1x) <s,,s,)
(log Ax, log ix) on D, for all x € R, and so the required result follows from
Lemma 4;

(i) Assume that (@, 1) <(s,.5,) (A, i). The ratio of the density functions of X,., and Z,.,
can be written as

X,., (X) Fx.  (x)
fL — S(X)L’ Ye R—’_’
on:n (x) FZn:n (x)
where
S 00" spe— 00"
x) = G F R PO
S = Sle*(/l,x)" sze,(lix)v
+

féﬁ Zr—le—(uz)“ dz f(;( Zr—le—(/iz)" dz

According to Theorem 4 and Part (i) of Lemma 7, it immediately follows that
Fx,, (x)/Fz,, (x) is increasing in x € R™. Further, taking derivative of s(x) with re-
spect to x, we find after some algebraic computations that s’(x) > 0 for all x € R
iff

W (ux, fux; 81,82) < Y (hx, Ax; 81,82),  forallx e RY, 3.1

where the function ¢ is as defined in Lemma 5. Now, the inequality in (3.1) follows
immediately from Lemma 5 which results in s(x) is increasing in x € R™;
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(iii) The proof is similar to that of Theorem 3.1 in Zhao and Balakrishnan (2015). O

Next Theorem gives some sufficient conditions to compare the lifetimes of Systems A and
B in the sense of the hazard rate and likelihood ratio orders.

Theorem 8.

(1) Assume that n < ) and 8; > 1 for i =1,2. If (log i, log (1) 2(5,,52) (log X, logi) on Dy
and (81,82) < (€1, 82), then for 0 < T < v, we have Y <pr Xpin;

(ii) Assume that i < A, (i, (1) 2(51,52) (A, )/\) on Gy and (81, 62) 4 (&1,&2). Thenfor0 <t <
v <1, we have Y., <ir Xuun.

Proof.

(i) Suppose (log u, log 1) ﬁ@l,sz) (log 2, logi) on D, and (81, &2) 4 (&1, &2). Because the
likelihood ratio order implies the hazard rate order, it follows from Theorem 5 and Part
(i1) of Lemma 7 that

(61,80) X (61.6) = Yun <ir Zpm,  for0O<z<nv.

The required result now follows if we could show that Z,., <, X,.,. Based on the
existing assumptions, we have A< <p<iand pd %2 > a8 3% 1f pdpde = A0 3%
we then have from Part (i) of Lemma 8 that Z,.,, <p, X, for 0 < 7 <v. Let us now
assume that 1®1 1% > 191152, Set

o

MmN\,
M=|— s
o=(%)"i

and suppose Wi, ..., W, are independent random variables with W; ~ EGG(«;, v, T, A)
and W; ~EGG(a,v, 7, ) fori=1,...,kand j =k +1,...,n. Itis easy to observe
that A <io < <X and (logu,log i) <s,,s,) (logi,logio) on D,. Therefore, we can
conclude from Part (i) of Lemma 8 that Z,,.,, <p, W,,.,. On the other hand, because the
likelihood ratio order implies the hazard rate order, it follows from Part (iii) of Lemma 8
that W,., <p» Xy for 0 < v < v, thus completing the proof of the theorem;

(i) The proof is obtained by virtue of Part (ii) of Lemma 8 and an argument similar to the
one used in Part (i). Il

In the following, we present some examples to illustrate the result of Theorem 8. At first,
setn=4,k=1,aa=(1.1,2,02,4), g =(1.2,1,1.5,3.6), (A, %) = (8,2) and (n, 1) =
(6,3). We then observe that (61, 82) = (1.1,6.2) and (£1, &) = (1.2,6.1). It can be easily
checked that (log6, log3) 2(1,1,6,2) (log8,log?2) on Dy, (1.1,6.2) ) (1.2,6.1) and u < A.
Hence, from Part (i) of Theorem 8, it follows that Y4.4 <, X4.4. The graphs of the hazard
rate functions of Systems A and B are plotted in Figure 3. Let us now set n =5, k = 3,
a=1(04,04,1,557),8=(@3,0.8,3.6,1.2,3.9), (1, 1) = (20,0.1) and (w, 1) =(18,2). 1t
can be easily seen that §; = 1.8,8, =10.7,& = 7.4 and & = 5.1. Since (20,0.1) 2(1.8710.7)

(18,2) on Gy, (1.8,10.7) 4 (7.4,5.1) and u < A, we can conclude from Part (ii) of Theorem 8
that Ys.5 <;» Xs:5.

Remark 5. Note that, if u < X, one can easily see that

((log )1, (log f)1n—k) < ((log )1k, (log 1) 1y—)

onD, < (logu,log) <(8,,8,) (logA,log )/\) on D,
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Figure 3 Plots of hazqrd rate functions of Systems A and B for n =4, k=1, a« = (1.1,2,0.2,4),
B=(12,1,15,3.6), (&, 1) =(8,2) and (u, 1) = (6, 3).

and

(el ily—g) <o (g, A1,_g)
onG, & (L) <59 Oos i) on Gy,

where 1, is a r-dimensional vector with all values being 1. According to these observations,
we find that the results in Theorem 8 extend those of Zhao and Balakrishnan (2015) from the
gamma framework to the exponentiated generalized gamma framework. Further, it is easy to
verify that

@1, ) < Bl ) = (81,82) < (51, 6).

Therefore, the result in Theorem 8 remains true under the unordered majorization order be-
tween the vectors of exponential parameters.

4 Discussion

In Theorem 7, we have observed that the restriction 0 < v < 1 is appeared in the comparison
of the lifetimes of Systems A and B, with respect to the reversed hazard rate order. We shall
now present a numerical example to show that the mentioned restriction is necessary for
the revered hazard order to hold. Set n =3, v=2,t=0.2, « = (5,4,9), B = (6,3.5,8.5),
A=(10,1,1) and pu = (7, 5, 2). The reversed hazard rate functions of Systems A and B are
plotted in Figure 4 to see that the lifetimes of Systems A and B can not be compared in the

reversed hazard rate order. Although, one can easily check that p 20, A on G3 and o =< B.
In the following, we find a different condition to compare the lifetimes of the two
Systems in the reversed hazard rate order, without any restriction on the shape parame-

ter v. Let X7,..., Xy and Y[',..., Y be two sets of independent random variables with
X} ~EGG(e;, 1, 5, 1Y) and Y* ~EGG(B;, 1, T, uf), i =1,...,n. Set AV = (A, ..., A))
and u” = (uy, ..., u,). Now, if p” -uia AV on G, and & Y B, then from Theorem 7, it readily

follows for v € R* and T € RY that Y, <, X}.,. Now, from this observation and The-
1 1
orem 1.B.43 of Shaked and Shanthikumar (2007, p. 38), we have Y, <,, X*". But, it is

1 1
easy to observe that ¥, 2 Yy and X, 2 X,.n, where the notation 2 means equality in
distribution. Thus, the following theorem is established.
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Figure 4 Plots of reversed hazard rate functions of Systems A and B forn =3,v=2,1=0.2, 0 = (5,4,9),
B=(6,3.58.5),r=(0,1,1)and p = (7,5,2).

Theorem 9. If ” <o A" on G, and o < B, then for v € RT and T € RT, we have Yyn <y
X}’l:n‘

Next, we discuss the connection between the weighted orderings -"éa A and Za AV, Set
¢(x) =x",x e RT, 0 < v < 1. Clearly, ¢ (x) is increasing and concave in x € RT. Assume
that p 2,,5 A on G,. Then, we easily have u, ﬁa,, Ay on G,_,y1, where o = (0, ..., 0),
Ar =, ... ) and u, = (U, ..., up) for r = 1,...,n. From the above observations
and Remark 1, it follows for 0 < v < I that )7 o;p(A;) < D', ai¢p(u;) or equivalently
Ppody <30 oiul,r=1,...,n. Therefore, we have the following implication:

,&ax onGg, = u”ﬁak” on G,, forO<v<l. 4.1)

Consequently, based on (4.1), it readily follows that Theorem 9 contains less restricted con-
dition than Theorem 7 and allows us to compare more parallel systems, with respect to the
reversed hazard rate order for the case when 0 < v < 1. We shall now illustrate this finding
by a numerical example. Setn =4, v=0.5,7=0.8, « = (4,0.8,3.3,5), 8 =(1,3,2.1,7)

= (v2,4/11,+/12,/13) and n= (3, 4/6, /10, v/14). It is therefore easy to check that

A 74“ I, however, one can observe that u" <a i’ on Gy4. Thus, since a 2 B, we find from
Theorem 9 that X4.4 <,; X4.4, while this ordering result can not be concluded from Theo-
rem 7.

Now, fork e {1, ...,n — 1}, set

AL == Akl = A, Mgt == hy = oy

-

1= =g = UL, Pl == = [

Based on Part (ii) of Theorem 8, we have Y., <; X7¥., when (", 1") %1 5, (A7, AY) on
Go and (81, 87) < (&1, &) for 0 < t < v. Using this observatlon and Theorem 1.C.8 of Shaked

and Shanthikumar (2007, p. 46), it follows that Y, ,;",“l <ir X. v ., or equivalently Y., <;r Xy
This result is stated in the following theorem.

Theorem 10. Assuming u < A, if (u”, ") %1,52) (Y, A") on Gy and (81, 82) “ (&1, &),
then for 0 <t <v, we have Y., <ir Xpn.
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According to (4.1), for 0 < v < 1, we have

L w e
(s 1) <(81,80) (A, A)
. ) (4.2)
onG = (n",4") <@ (A7 A7) on Gy,

which results in, for 0 < v < v < 1, Theorem 10 contains less restricted condition than Part
(ii) of Theorem 8 for the likelihood ratio order between the lifetimes of Systems A and B to
hold.

5 Conclusions

Let X1,..., X, and Y1, ..., Y,, representing the component lifetimes of two parallel systems,
be two sets of independent random variables such that

X; ~EGG(v;, v, 7, A), Yi ~EGG(B;, v, T, i), i=1,...,n.
‘We have established here that

ozu<0/3 and logu<walogx 5.1
onD, = Yy <gXpm veER' TeRT '

uo w
o< and " <q A’
B " <o (5.2)
onG, = Yuu <rh Xun, v €R+,f eRT.

By means of two counterexamples, we have showed that the results in (5.1) and (5.2) can not
reinforce, respectively, to the hazard rate and likelihood ratio orders. So, to achieve the hazard
rate and likelihood ratio orders, we have reduced the heterogeneity of the scale parameters
Ai’sand u;’s. Fork e {1,...,n — 1}, taking

A== =A, AMepl =+ = A, My == [k, Hk+1 =" = [n

and

k n k n
1= a, =Y a, §=>) B L= ) B
i=1 i=1

i=k+1 i=k+1

we have obtained the following result for the hazard rate order to hold:

(51,82) < (61, &) and  (log 1,108 itn) <(5,.6,) (1og A1, 1ogA)

(5.3)
onDy = Yuu<nr Xnu, O<tT =<0V,
wherein 1 < A and §; > 1. Also, it is proved for u < A that
(81,82) < (£1,&) and (s my) <(5ul},52) (A1, An) (5.4)

onGy = Yy <ty Xpu, O<t=0V0

The ordering results in (5.1)—(5.4) complete and strengthen some of the known results in the
literature.



166 A. Haidari, A. T. Payandeh Najafabadi and N. Balakrishnan
References

Balakrishnan, N., Haidari, A. and Masoumifard, K. (2015). Stochastic comparisons of series and parallel systems
with generalized exponential components. I[EEE Transactions on Reliability 64, 333-348.

Balakrishnan, N. and Zhao, P. (2013a). Ordering properties of order statistics from heterogeneous populations:
A review with an emphasis on some recent developments. Probability in the Engineering and Informational
Sciences 27, 403—443. MR3150103 https://doi.org/10.1017/S0269964813000156

Balakrishnan, N. and Zhao, P. (2013b). Hazard rate comparison of parallel systems with heterogeneous gamma
components. Journal of Multivariate Analysis 113, 153-160. MR2984362 https://doi.org/10.1016/j.jmva.
2011.05.001

Belzunce, F., Martinez-Riquelme, C. and Mulero, J. (2016). An Introduction to Stochastic Orders. London: Aca-
demic Press. MR3430823 https://doi.org/10.1016/B978-0-12-803768-3.00001-6

Cheng, K. W. (1977). Majorization: Its extensions and preservation theorems. Tech. Rep. No. 121, Department of
Statistics, Stanford University, Stanford, CA.

Cordeiro, G. M., Ortega, E. M. M. and Silva, G. O. (2009). The exponentiated generalized gamma distribution
with application to lifetime data. Journal of Statistical Computation and Simulation 81, 827-842. MR2806928
https://doi.org/10.1080/00949650903517874

Gupta, R. C., Gupta, P. L. and Gupta, R. D. (1998). Modeling failure time data by Lehmann alterna-
tives. Communications in Statistics Theory and Methods 27, 887-904. MR1613497 https://doi.org/10.1080/
03610929808832134

Gupta, R. D. and Kundu, D. (1999). Generalized exponential distributions. Australian and New Zeland Journal of
Statistics 41, 173-188. MR1705342 https://doi.org/10.1111/1467-842X.00072

Khaledi, B., Farsinezhad, S. and Kochar, S. C. (2011). Stochastic comparisons of order statistics in the scale
model. Journal of Statistical Planning and Inference 141, 276-286. MR2719493 https://doi.org/10.1016/].
jspi.2010.06.006

Kochar, S. C. and Torrado, N. (2015). On stochastic comparisons of largest order statistics in the scale model.
Communications in Statistics Theory and Methods 44, 4132-4143. MR3406335 https://doi.org/10.1080/
03610926.2014.985839

Marshall, A. W., Olkin, I. and Arnold, B. C. (2011). Inequalities: Theory of Majorization and Its Applications.
New York: Springer. MR2759813 https://doi.org/10.1007/978-0-387-68276-1

Misra, N. and Misra, A. K. (2013). On comparison of reversed hazard rates of two parallel systems com-
prising of independent gamma components. Statistics & Probability Letters 83, 1567-1570. MR3048324
https://doi.org/10.1016/j.spl.2013.03.002

Mitrinovié, D. S., Pecarié, J. E. and Fink, A. M. (1993). New Inequalities in Analysis. Dordrecht: Kluwer Aca-
demic Publishers.

Mudholkar, G. S. and Srivastava, D. K. (1993). Exponentiated Weibull family for analyzing bathtub failure rate
data. IEEE Transactions on Reliability 42, 299-302.

Miiller, A. and Stoyan, D. (2002). Comparison Methods for Stochastic Models and Risks. New York: Wiley.
MR 1889865

Parker, D. S. and Ram, P. (1997). Greed and majorization. Tech. Report, Department of Computer Science, Uni-
versity of California, Los Angeles.

Pecari¢, J. A., Proschan, F. and Tong, Y. L. (1992). Convex Functions, Partial Orderings, and Statistical Applica-
tions. San Diego: Academic Press. MR1162312

Shaked, M. and Shanthikumar, J. G. (2007). Stochastic Orders. New York: Springer. MR2265633
https://doi.org/10.1007/978-0-387-34675-5

Zhao, P. and Balakrishnan, N. (2015). Comparisons of largest order statistics from multiple-outlier gamma mod-
els. Methodology and Computing in Applied Probability 17, 617-645. MR3377852 https://doi.org/10.1007/
s11009-013-9377-0

Zhao, P., Hu, Y. and Zhang, Y. (2015). Some new results on the largest order statistics from multiple-outlier
gamma models. Probability in the Engineering and Informational Sciences 29, 597-621. MR3412160
https://doi.org/10.1017/S0269964815000212

Department of Mathematical Sciences Department of Mathematics and Statistics
Shahid Beheshti University McMaster University

G. C. Evin Hamilton, Ontario

1983963113 Tehran Canada

Iran E-mail: bala@mcmaster.ca

E-mail: abedinhaidari @yahoo.com
amirtpayandeh @sbu.ac.ir


http://www.ams.org/mathscinet-getitem?mr=3150103
https://doi.org/10.1017/S0269964813000156
http://www.ams.org/mathscinet-getitem?mr=2984362
https://doi.org/10.1016/j.jmva.2011.05.001
http://www.ams.org/mathscinet-getitem?mr=3430823
https://doi.org/10.1016/B978-0-12-803768-3.00001-6
http://www.ams.org/mathscinet-getitem?mr=2806928
https://doi.org/10.1080/00949650903517874
http://www.ams.org/mathscinet-getitem?mr=1613497
https://doi.org/10.1080/03610929808832134
http://www.ams.org/mathscinet-getitem?mr=1705342
https://doi.org/10.1111/1467-842X.00072
http://www.ams.org/mathscinet-getitem?mr=2719493
https://doi.org/10.1016/j.jspi.2010.06.006
http://www.ams.org/mathscinet-getitem?mr=3406335
https://doi.org/10.1080/03610926.2014.985839
http://www.ams.org/mathscinet-getitem?mr=2759813
https://doi.org/10.1007/978-0-387-68276-1
http://www.ams.org/mathscinet-getitem?mr=3048324
https://doi.org/10.1016/j.spl.2013.03.002
http://www.ams.org/mathscinet-getitem?mr=1889865
http://www.ams.org/mathscinet-getitem?mr=1162312
http://www.ams.org/mathscinet-getitem?mr=2265633
https://doi.org/10.1007/978-0-387-34675-5
http://www.ams.org/mathscinet-getitem?mr=3377852
https://doi.org/10.1007/s11009-013-9377-0
http://www.ams.org/mathscinet-getitem?mr=3412160
https://doi.org/10.1017/S0269964815000212
mailto:abedinhaidari@yahoo.com
mailto:amirtpayandeh@sbu.ac.ir
mailto:bala@mcmaster.ca
https://doi.org/10.1016/j.jmva.2011.05.001
https://doi.org/10.1080/03610929808832134
https://doi.org/10.1016/j.jspi.2010.06.006
https://doi.org/10.1080/03610926.2014.985839
https://doi.org/10.1007/s11009-013-9377-0

	Introduction
	Preliminaries
	Deﬁnitions and notions
	Exponentiated generalized gamma distribution
	Some useful results

	Main ordering results for the comparison of two parallel systems
	Discussion
	Conclusions
	References
	Author's Addresses

