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A primer on the characterization of the exchangeable
Marshall–Olkin copula via monotone sequences
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Abstract. While derivations of the characterization of the d-variate ex-
changeable Marshall–Olkin copula via d-monotone sequences relying on ba-
sic knowledge in probability theory exist in the literature, they contain a myr-
iad of unnecessary relatively complicated computations. We revisit this issue
and provide proofs where all undesired artefacts are removed, thereby expos-
ing the simplicity of the characterization. In particular, we give an insightful
analytical derivation of the monotonicity conditions based on the monotonic-
ity properties of the survival probabilities.

1 Introduction

We start by recalling the definition of the exchangeable Marshall–Olkin distribution and the
definition of a d-monotone sequence.

A random vector τ = (τ1, . . . , τd) in (0,∞)d is said to follow a d-variate Marshall–Olkin
(MOd ) distribution if its survival function S : [0,∞)d → [0,1] satisfies the lack-of-memory
(LM) property

S(t + v) = S(t)S(v) (1.1)

for all t,v ∈ [0,∞)d such that v1 = · · · = vd . A random vector τ is called exchangeable if its
survival (or, equivalently, its distribution) function S is symmetric, that is,

S(t1, . . . , td) = S(tπ(1), . . . , tπ(d))

for all permutations π : Sd → Sd and all t in the domain of definition of S, where we denote
Sd = {1, . . . , d} with the convention that S0 = ∅. For identically distributed continuous
random variables, exchangeability is equivalent to the symmetry of the (survival) copula.

Let {an}n∈N0 be a sequence of real numbers. For each j ∈ N, let ∇j denote the j th differ-
ence operator

∇j an = ∇j−1an − ∇j−1an+1

and set ∇0an = an. By induction, it readily follows that

∇j an =
j∑

i=0

(−1)i

(
j

i

)
an+i; (1.2)

see, for example, Gnedin and Pitman (2008). Originally, d-monotone sequences (see Defini-
tion 1.1) were referred to as “finite completely monotonic”; see Schoenberg (1932). In this
paper, we carry forward the recent terminology of Mai and Scherer (2009).

Definition 1.1 (d-monotone sequence). A sequence {an}d−1
n=0 of real numbers is called d-

monotone if

∇j an ≥ 0 ∀j, n = 0, . . . , d − 1 with j + n ≤ d − 1. (1.3)
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Remark 1.2. In view of Hausdorff’s moment problem, if X is a random variable with values
in [0,1], then the sequence defined by an = E[Xn], n = 0, . . . , d − 1, is d-monotone; see
Hausdorff (1921). If X is chosen to be a constant b ∈ [0,1], then we have an = bn.

By looking at the distribution of a first-passage-time model, in the spirit of Section 5 in
Esary and Marshall (1973), Mai and Scherer derived the characterization of the extendible
Marshall–Olkin copula with completely monotone sequences; see Theorem 3.3 in Mai and
Scherer (2009). A natural extension is Theorem 1.3 below.

In what follows, we denote by t(1) ≤ t(2) ≤ · · · ≤ t(d) the ordered list of t1, . . . , td ∈ [0,∞)

and take the convention t(0) = 0.

Theorem 1.3 (Mai and Scherer (2009)). Let d ≥ 2 and {ai}d−1
i=0 be a sequence of real num-

bers. The function C defined on [0,1]d by

C(u) =
d∏

i=1

u
ai−1
(i) (1.4)

is a copula if and only if a0 = 1 and {ai}d−1
i=0 is d-monotone.

Mai and Scherer (2011) proved a very closely related result which gives that copulas as
in (1.4) are the survival copulas of exchangeable Marshall–Olkin distributions.

Theorem 1.4 (Mai and Scherer (2011)). The parametric family of all exchangeable MOd

survival copulas C : [0,1]d → [0,1] is given by the set{
C(u) =

d∏
i=1

u
ai−1
(i)

∣∣∣ a0 = 1, {ai}d−1
i=0 is d-monotone

}
. (1.5)

The proof of Theorem 1.3 in Mai and Scherer (2009) relies on Pickand’s representation
of extreme value copulas, whereas the proof of Theorem 1.4 in Mai and Scherer (2011) uses
Li’s representation of the Marshall–Olkin copula and a reparametrization of the exchangeable
Marshall–Olkin distribution. Although simplified in Mai (2010), both proofs are still long and
involve a great deal of combinatorial computations. Ressel (2011, 2013) gave alternative non-
combinatorial proofs based on the sophisticated theory of completely monotone functions on
Abelian semigroups. However, while the author shows that Mai (2010) and Mai and Scherer
(2009, 2011, 2012) do not take into account a key property of the copula which drastically
simplifies the problem of the characterization, no remedy is provided for the plethora of
combinatorial arguments found in their work. The purpose of the present paper is to address
this issue, thereby presenting the characterization of the d-variate exchangeable Marshall–
Olkin copula via monotone sequences in all its simplicity.

2 Prerequisites on the exchangeable Marshall–Olkin copula

Marshall and Olkin (1967) showed that the survival function S : [0,∞)d → [0,1] of a MOd -
distributed random vector τ is given by

S(t) = P(τ1 > t1, . . . , τd > td) = exp
(
− ∑

∅ 	=I⊆Sd

λ̃I max
i∈I

{ti}
)

(2.1)

for some admissible parameters {̃λI :∅ 	= I ⊆ Sd} satisfying λ̃I ≥ 0 for all ∅ 	= I ⊆ Sd and∑
I :i∈I λ̃I > 0 for all i ∈ Sd . The vector τ represents lifetimes of d components in a system
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subject to independent shocks which cause the different groups of components to fail. For
each ∅ 	= I ⊆ Sd , the parameter λ̃I describes the failure rate governing the occurrence of
the shock which kills the group of components with indices in I . Hence, τ is exchangeable
precisely when all the parameters λ̃I depend only on the cardinalities |I |; see Lemma 2.1
below. This result is commonly used in the literature in dimension d = 2; see, for example,
Giesecke (2003) and Nelsen (2006), p. 47. In arbitrary dimension, it is established in Mai
(2010), p. 62 ff.; see also Mai and Scherer (2012), p. 123 ff. Both Mai and Scherer (2011)
and Ressel (2013) use this result without providing a proof for it.

Lemma 2.1. Let τ follow a MOd distribution with survival function (2.1). Then τ is ex-
changeable if and only if

λ̃I = λ̃J ∀ non-empty I, J ⊆ Sd with |I | = |J |. (2.2)

Proof. We first show that the survival function of τ is symmetric if λ̃I ’s satisfy the con-
dition (2.2). To be able to refer to indices of an ordered list without abusing the notation,
we define for each t ∈ [0,∞)d , a permutation πt : Sd → Sd depending on t such that
tπt(1) ≤ tπt(2) ≤ · · · ≤ tπt(d). Further, for all i ∈ Sd , we denote λi = λ̃{1,...,i}. Then for all
t ∈ [0,∞)d , the survival function of τ simplifies to

S(t) = exp
(
− ∑

∅ 	=I⊆Sd

λ|I | max
i∈I

{ti}
)

= exp

(
−

d∑
i=1

t(i)
∑

I⊆{πt(1),...,πt(i)}
πt(i)∈I

λ|I |
)

= exp

(
−

d∑
i=1

t(i)

i∑
j=1

(
i − 1

j − 1

)
λj

)
,

(2.3)

which is clearly symmetric. For an inductive proof of the reverse implication, we refer the
reader to Mai (2010), p. 62 ff., or Mai and Scherer (2012), p. 123 ff.

Alternatively, if λ̃I ’s satisfy the condition (2.2), exchangeability of τ follows immediately
from the formulas (21) and (11) in Shenkman (2017). And, conversely, in view of the formu-
las (2), (8) and (20) in Shenkman (2017), one has

λ̃I = ∑
J⊆I

(−1)|J | lnP(τi > 1, i ∈ I ∪ J ), ∅ 	= I ⊆ Sd .

Hence, exchangeability of τ implies (2.2). �

The first derivation of the exchangeable Marshall–Olkin copula in arbitrary dimension (see
Lemma 2.2 below) which only requires elementary copula theory appeared in Mai (2010); see
also Mai and Scherer (2012). In dimension d = 2, it can be found in, for example, Spizzichino
(2009) or Cuadras (2009). Observe that admissible parameters {λi : i ∈ Sd} of an exchange-
able MOd distribution with survival function (2.3) satisfy λi ≥ 0 for all i ∈ Sd and

ϑ =
d−1∑
i=0

(
d − 1

i

)
λi+1 > 0. (2.4)

Define the parameter sequence {ai}d−1
i=0 by

ai−1 = 1

ϑ

d−i∑
j=0

(
d − i

j

)
λj+1, i ∈ Sd, (2.5)

while noting that a0 = 1.
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Lemma 2.2. Let τ have an exchangeable MOd distribution with survival function (2.3) and
{ai}d−1

i=0 be as in (2.5). Then the survival copula of τ is given by

C(u) =
d∏

i=1

u
ai−1
(i) , u ∈ [0,1]d .

Proof. Notice that for all i ∈ Sd , the marginal survival function Si of τi is given by Si(t) =
exp(−t

∑d
i=1

(d−1
i−1

)
λi) = exp(−tϑ) for all t ∈ [0,∞), where ϑ is as in (2.4), and S−1

i (u) =
− lnu/ϑ . It follows from Sklar’s theorem for survival functions (see, for example, Georges
et al. (2001)) that the survival copula of τ is given by

C(u) = S
(
S−1

1 (u1), . . . , S
−1
d (ud)

)
= exp

(
d∑

i=1

lnu(d−i+1)

ϑ

i∑
j=1

(
i − 1

j − 1

)
λj

)

=
d∏

i=1

u
1
ϑ

∑i
j=1 (

i−1
j−1)λj

(d−i+1)

=
d∏

i=1

u
1
ϑ

∑d−i
j=0 (

d−i
j )λj+1

(i)

=
d∏

i=1

u
ai−1
(i) .

�

We conclude this section with a very simple, yet crucial observation, which is missing in
the work of Mai (2010) and Mai and Scherer (2009, 2011, 2012); cf. Theorem 4 and the
discussion around Corollary 2 in Ressel (2013).

Remark 2.3. It is readily seen that if the function C in Theorem 1.3 is a copula, then it is an
exchangeable MOd survival copula. Indeed, by Sklar’s theorem for survival functions, the
function S defined on [0,∞)d by

S(t) = C
(
e−t1, . . . , e−td

) =
d∏

i=1

e−ai−1t(d−i+1) (2.6)

is a survival function of a d-variate distribution whose univariate marginals are identically
exponentially distributed with rate parameter a0. Since S is symmetric and satisfies the LM
property (1.1), it is the survival function of an exchangeable MOd distribution. Hence, C is
an exchangeable MOd survival copula.

In passing, we mention that a similar observation makes the relatively long proof of The-
orem 3.7 in Mai, Scherer and Shenkman (2013) superfluous.

3 Characterization by d-monotone sequences

From the triangular system given by the set of equations (2.5), we obtain, on the one hand,
that the parameter sequence {ai}d−1

i=0 is non-negative and non-increasing. On the other hand, it
is easy to see that the sole knowledge of its unique solution combined with the non-negativity
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of the λi/ϑ’s will yield additional explicit conditions. Lemma 3.1 below establishes, amongst
other things, that

λi/ϑ = ∇ i−1ad−i , i ∈ Sd, (3.1)

is the solution of the triangular system (set n = i − 1 and k = d − i in (3.2) and compare
to (2.5)). Alternatively, the system can be solved directly using the Möbius inversion formula;
see Remark 3.3.

Lemma 3.1. Let {an}d−1
n=0 be a sequence of real numbers. Then we have for all n = 0, . . . , d −

1 and all k = 0, . . . , d − 1 − n that

an =
k∑

i=0

(
k

i

)
∇ ian+k−i . (3.2)

Proof. For d = 1, the claim holds trivially. Let d ≥ 2. We use a nested induction with an
outer backward induction on n and an inner forward induction on k. It is easily seen that
(3.2) is true for n = d − 1 and k = 0. Assume that (3.2) is true for all n = j, . . . , d − 1 for
some j ∈ {1, . . . , d − 1} and all k = 0, . . . , d − 1 − n. For the induction step to succeed, it
suffices to show that (3.2) holds for n = j − 1 and all k = 0, . . . , d − 1 − n. For n = j − 1
and k = 0, (3.2) holds trivially. Assume it holds for n = j − 1 and all k = 0, . . . , l for some
l ∈ {0, . . . , d − 2 − n}. Then, to conclude the proof, it remains to show that (3.2) holds for
n = j − 1 and k = l + 1:

aj−1 =
l∑

i=0

(
l

i

)
∇ iaj−1+l−i

=
l∑

i=0

(
l

i

)
∇ i(∇aj−1+l−i + aj+l−i)

=
l+1∑
i=1

(
l

i − 1

)
∇ iaj+l−i +

l∑
i=0

(
l

i

)
∇ iaj+l−i

=
l∑

i=1

(
l + 1

i

)
∇ iaj+l−i + ∇ l+1aj−1 + aj+l

=
l+1∑
i=0

(
l + 1

i

)
∇ iaj+l−i ,

where the first equality is due to the induction hypothesis and the penultimate equality to
Pascal’s rule. Hence the lemma. �

Lemma 3.1 is a special case of the formula (A.1) in Shenkman (2017) and a generalized
version of a result found in the proof of Lemma A.1 in Mai and Scherer (2011). It can be
used to reduce the d-monotonicity conditions in (1.3) to only d conditions.

Remark 3.2 (Reduced conditions). Schoenberg (1932) noticed that the set of conditions in
(1.3) is equivalent to

∇ i−1ad−i ≥ 0, i ∈ Sd . (3.3)
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While a direct proof can be given, see Schoenberg (1932) or Mai and Scherer (2009), the
claim simply follows from Lemma 3.1. More precisely, assume (3.3) and set k = d − 1 −
(j + n) in (3.2). Then observe that for all j, n = 0, . . . , d − 1 with j + n ≤ d − 1,

∇j an =
d−1−(j+n)∑

i=0

(
d − 1 − (j + n)

i

)
∇j+iad−1−(j+i) ≥ 0,

where j ≤ j + i ≤ d − 1 − n, that is, 0 ≤ j + i ≤ d − 1.

We are now in a position to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. If C is a copula, then, by Remark 2.3, it is the survival copula of
an exchangeable MOd distribution. Hence, in view of Lemma 2.2, there are some λi ≥ 0,
i ∈ Sd , satisfying (2.4), such that the sequence {ai}d−1

i=0 is given by (2.5). In particular, one has
a0 = 1. Moreover, it follows from (3.1) together with Remark 3.2 that {ai}d−1

i=0 is d-monotone.
Conversely, given a d-monotone sequence {ai}d−1

i=0 with a0 = 1, define λi = ∇ i−1ad−i ≥ 0,
i ∈ Sd . It follows from Lemma 3.1 with k = d − 1 − n that {ai}d−1

i=0 are given by

ai−1 =
d−i∑
j=0

(
d − i

j

)
λj+1, i ∈ Sd .

In particular, one has
∑d−1

i=0

(d−1
i

)
λi+1 = a0 > 0. By Lemma 2.2, the survival copula of the

MOd distribution with parameters λi , i ∈ Sd , is given by the function C in (1.4). Hence, C

is a copula. �

We remark that while proving Theorem 1.3, we have, in the process, shown Lemma A.1 in
Mai and Scherer (2011). Additionally, note that because the univariate marginals of copulas
are standardized to uniform distributions, the copula parameters {ai}d−1

i=0 determine the λ’s
only up to the parameter of the univariate marginals. Namely, for any d-monotone sequence
{ai}d−1

i=0 with a0 = 1 and any ϑ > 0, we have that λi = ϑ∇ i−1ad−i , i ∈ Sd , define admissi-
ble parameters of an exchangeable MOd distribution whose univariate marginals follow an
exponential distribution with rate parameter ϑ .

Proof of Theorem 1.4. The fact that (1.5) is a subset of exchangeable MOd survival copulas
follows directly from Theorem 1.3 and Remark 2.3. The converse inclusion is an immediate
consequence of Lemma 2.2 (or for that matter Lemma 2.1 in Mai and Scherer (2011)) and
Theorem 1.3. �

Remark 3.3. To solve (2.5) for λi/ϑ , i ∈ Sd , we set λi/ϑ = ∇ i−1ad−i for all i ∈ Sd and
then applied Lemma 3.1 to infer that it is the solution. Lest the reader be unsatisfied by such
an ansatz, we note that

ai−1 =
d−i∑
j=0

(
d − i

j

)
λj+1, i ∈ Sd, (3.4)

can also be inverted directly with the help of the Möbius inversion formula. For completeness,
we recall that if f and F are two functions defined on the subsets of Sd such that F(I) =∑

J⊆I f (J ) for all I ⊆ Sd , then f (I) = ∑
J⊆I (−1)|I\J |F(J ); see Lemma 3.1 in Genest,

Quessy and Rémillard (2007) or Theorem 2 in Weiss (2009). To invert (3.4), define f on the
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subsets of Sd−1 by f (I) = λ|I |+1 and for any I ⊆ Sd−1, set

F(I) = ∑
J⊆I

f (J )

=
|I |∑

j=0

(|I |
j

)
λj+1

= ad−|I |−1.

Then, by application of the Möbius inversion formula, it follows for all I ⊆ Sd−1 that

λ|I |+1 = ∑
J⊆I

(−1)|I\J |F(J )

= ∑
J⊆I

(−1)|I\J |ad−|J |−1

=
|I |∑

j=0

(−1)|I |−j

(|I |
j

)
ad−j−1

=
|I |∑
i=0

(−1)i

(|I |
i

)
ad−|I |−1+i

= ∇|I |ad−|I |−1,

where the penultimate equality uses the substitution i = |I | − j and the symmetry of the
binomial coefficients, and the last equality is due to (1.2).

4 An alternative proof of necessity in Theorem 1.3

Mai and Scherer (2009) showed the necessity in Theorem 1.3 analytically thanks to some
relatively complicated combinatorial argumentation. In the spirit of Shenkman (2017), we
exploit the monotonicity properties of the survival probabilities to provide a much simpler
proof.

Proof of necessity in Theorem 1.3. If C is a copula, then, due to uniform marginals,
C(u,1, . . . ,1) = u for all u ∈ [0,1], and therefore a0 = 1. By Sklar’s theorem for survival
functions, the symmetric function S defined on [0,∞)d as in (2.6) is a survival function of
an exchangeable random vector τ . Define the sequence {βk}dk=0 by β0 = 1 and

βk =
k∏

i=1

e−ai−1, k ∈ Sd .

Let n ∈ N arbitrary. Observe that for all k = 0, . . . , d , n
√

βk = P(τi > 1/n, i ∈ Sk), and,
hence,

∇d−k n
√

βk =
d−k∑
j=0

(−1)j

(
d − k

j

)
P(τi > 1/n, i ∈ Sk+j )

= ∑
J⊆{k+1,...,d}

(−1)|J |
P(τi > 1/n, i ∈ Sk ∪ J )

= P(τi > 1/n, i ∈ Sk)
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− ∑
∅ 	=J⊆{k+1,...,d}

(−1)|J |−1
P(τi > 1/n, i ∈ Sk ∪ J )

= P(τi > 1/n, i ∈ Sk)

− P

( ⋃
j∈{k+1,...,d}

= {
τi > 1/n, i ∈ Sk ∪ {j}})

= P
({τi > 1/n, i ∈ Sk} ∩ {

τi ≤ 1/n, i ∈ {k + 1, . . . , d}}) ≥ 0,

where the first equality is due to (1.2), the second to exchangeability of τ and the fourth
to the inclusion-exclusion principle. In view of Remark 3.2, we conclude that { n

√
βk}dk=0 is

(d + 1)-monotone for all n ∈ N. Further, since {βk}dk=0 is strictly positive, it follows for all
k = 0, . . . , d − 1 that

∇d−k lnβk = lim
n→∞n∇d−k( n

√
βk − 1

) = lim
n→∞n∇d−k n

√
βk ≥ 0.

Finally, observe that for all k = 0, . . . , d − 1,

ak =
k+1∑
i=1

ai−1 −
k∑

i=1

ai−1 = − lnβk+1 + lnβk = ∇ lnβk

and, consequently, ∇d−1−kak = ∇d−k lnβk ≥ 0 for all k = 0, . . . , d − 1. Hence, {ai}d−1
i=0 is

d-monotone by Remark 3.2. �

5 Conclusion

In this article, we have shown that the proofs of Theorems 1.3 and 1.4 provided by Mai and
Scherer could be significantly simplified. Furthermore, we have given an alternative proof
of necessity in Theorem 1.3 which is interesting in its own right since it illustrates well the
analytical tractability of the exchangeable Marshall–Olkin distribution.

Acknowledgments

I sincerely thank the Editor-in-Chief Francisco Louzada and two anonymous reviewers for
their comments and advice.

References

Cuadras, C. M. (2009). Constructing copula functions with weighted geometric means. Journal of Statistical
Planning and Inference 139, 3766–3772. MR2553761 https://doi.org/10.1016/j.jspi.2009.05.016

Esary, J. D. and Marshall, A. W. (1973). Multivariate geometric distributions generated by a cumulative dam-
age process. In Naval Postgraduate School. Monterey, California. Available at http://calhoun.nps.edu/handle/
10945/30003.

Genest, C., Quessy, J.-F. and Rémillard, B. (2007). Asymptotic local efficiency of Cramér–von Mises tests
for multivariate independence. The Annals of Statistics 35, 166–191. MR2332273 https://doi.org/10.1214/
009053606000000984

Georges, P., Lamy, A. G., Nicolas, E., Quibel, G. and Roncalli, T. (2001). Multivariate survival modelling: A uni-
fied approach with copulas. https://doi.org/10.2139/ssrn.1032559

Giesecke, K. (2003). A simple exponential model for dependent defaults. The Journal of Fixed Income 13, 74–83.
Gnedin, A. V. and Pitman, J. (2008). Moments of convex distribution functions and completely alternat-

ing sequences. Probability and Statistics: Essays in Honor of David A. Freedman 2, 30–41. MR2459948
https://doi.org/10.1214/193940307000000374

http://www.ams.org/mathscinet-getitem?mr=2553761
https://doi.org/10.1016/j.jspi.2009.05.016
http://calhoun.nps.edu/handle/10945/30003
http://www.ams.org/mathscinet-getitem?mr=2332273
https://doi.org/10.1214/009053606000000984
https://doi.org/10.2139/ssrn.1032559
http://www.ams.org/mathscinet-getitem?mr=2459948
https://doi.org/10.1214/193940307000000374
http://calhoun.nps.edu/handle/10945/30003
https://doi.org/10.1214/009053606000000984


A primer on the characterization of the exchangeable Marshall–Olkin copula 135

Hausdorff, F. (1921). Summationsmethoden und Momentfolgen. I. Mathematische Zeitschrift 9, 74–109.
MR1544453 https://doi.org/10.1007/BF01378337

Mai, J.-F. (2010). Extendibility of Marshall–Olkin distributions via Lévy subordinators and an application to
portfolio risk. Dissertation, Technische Universität München. Available at https://mediatum.ub.tum.de/doc/
969547/file.pdf.

Mai, J.-F. and Scherer, M. (2009). Lévy-frailty copulas. Journal of Multivariate Analysis 100, 1567–1585.
MR2514148 https://doi.org/10.1016/j.jmva.2009.01.010

Mai, J.-F. and Scherer, M. (2011). Reparameterizing Marshall–Olkin copulas with applications to sam-
pling. Journal of Statistical Computation and Simulation 81, 59–78. MR2747378 https://doi.org/10.1080/
00949650903185961

Mai, J.-F. and Scherer, M. (2012). Simulating Copulas. Series in Quantitative Finance 4. London: Imperial Col-
lege Press. MR2906392 https://doi.org/10.1142/p842

Mai, J.-F., Scherer, M. and Shenkman, N. (2013). Multivariate geometric distributions, (logarithmically) mono-
tone sequences, and infinitely divisible laws. Journal of Multivariate Analysis 115, 457–480. MR3004570
https://doi.org/10.1016/j.jmva.2012.11.012

Marshall, A. W. and Olkin, I. (1967). A multivariate exponential distribution. Journal of the American Statistical
Association 62(317), 30–44. MR0215400 https://doi.org/10.2307/2282907

Nelsen, R. B. (2006). An Introduction to Copulas. Springer Series in Statistics. New York: Springer. MR2197664
Ressel, P. (2011). Monotonicity properties of multivariate distribution and survival functions with an application

to Lévy-frailty copulas. Journal of Multivariate Analysis 102, 393–404. MR2755005 https://doi.org/10.1016/
j.jmva.2010.10.001

Ressel, P. (2013). Finite exchangeability, Lévy-frailty copulas and higher-order monotonic sequences. Journal of
Theoretical Probability 26, 666–675. MR3090545 https://doi.org/10.1007/s10959-011-0389-9

Schoenberg, I. J. (1932). On finite and infinite completely monotonic sequences. Bulletin of the American Math-
ematical Society 38, 72–76. MR1562329 https://doi.org/10.1090/S0002-9904-1932-05330-7

Shenkman, N. (2017). A natural parametrization of multivariate distributions with limited memory. Journal of
Multivariate Analysis 155, 234–251. MR3607893 https://doi.org/10.1016/j.jmva.2017.01.004

Spizzichino, F. (2009). A concept of duality for multivariate exchangeable survival models. Fuzzy Sets and Sys-
tems 160, 325–333. MR2473106 https://doi.org/10.1016/j.fss.2007.10.009

Weiss, S. (2009). The inclusion exclusion principle and its more general version. Available at http://www.compsci.
hunter.cuny.edu/~sweiss/resources/inclusion_exclusion.pdf.

Department of Mathematics
Technische Universität München
Boltzmannstraße 3
85747 Garching bei München
Germany
E-mail: natalia.shenkman@hotmail.com

shenkman@tum.de

http://www.ams.org/mathscinet-getitem?mr=1544453
https://doi.org/10.1007/BF01378337
https://mediatum.ub.tum.de/doc/969547/file.pdf
http://www.ams.org/mathscinet-getitem?mr=2514148
https://doi.org/10.1016/j.jmva.2009.01.010
http://www.ams.org/mathscinet-getitem?mr=2747378
https://doi.org/10.1080/00949650903185961
http://www.ams.org/mathscinet-getitem?mr=2906392
https://doi.org/10.1142/p842
http://www.ams.org/mathscinet-getitem?mr=3004570
https://doi.org/10.1016/j.jmva.2012.11.012
http://www.ams.org/mathscinet-getitem?mr=0215400
https://doi.org/10.2307/2282907
http://www.ams.org/mathscinet-getitem?mr=2197664
http://www.ams.org/mathscinet-getitem?mr=2755005
https://doi.org/10.1016/j.jmva.2010.10.001
http://www.ams.org/mathscinet-getitem?mr=3090545
https://doi.org/10.1007/s10959-011-0389-9
http://www.ams.org/mathscinet-getitem?mr=1562329
https://doi.org/10.1090/S0002-9904-1932-05330-7
http://www.ams.org/mathscinet-getitem?mr=3607893
https://doi.org/10.1016/j.jmva.2017.01.004
http://www.ams.org/mathscinet-getitem?mr=2473106
https://doi.org/10.1016/j.fss.2007.10.009
http://www.compsci.hunter.cuny.edu/~sweiss/resources/inclusion_exclusion.pdf
mailto:natalia.shenkman@hotmail.com
mailto:shenkman@tum.de
https://mediatum.ub.tum.de/doc/969547/file.pdf
https://doi.org/10.1080/00949650903185961
https://doi.org/10.1016/j.jmva.2010.10.001
http://www.compsci.hunter.cuny.edu/~sweiss/resources/inclusion_exclusion.pdf

	Introduction
	Prerequisites on the exchangeable Marshall-Olkin copula
	Characterization by d-monotone sequences
	An alternative proof of necessity in Theorem 1.3
	Conclusion
	Acknowledgments
	References
	Author's Addresses

