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SQUARE FUNCTION INEQUALITIES
FOR MONOTONE BASES IN L*!

ADAM OSEKOWSKI
Communicated by D. E. Alspach

ABSTRACT. We describe a novel method of handling general sharp square
function inequalities for monotone bases and contractive projections in L'. The
technique rests on the construction of an appropriate special function enjoying
certain size and convexity-type properties. As an illustration, we establish a
strong L' — L' and a weak-type L' — L1> estimate for square functions.

1. Introduction

The purpose of this article is to study certain square function estimates arising
naturally in the context of monotone bases and contractive projections in L.
Our work here is a natural continuation of the research presented in [12], which
concerned mainly the maximal estimates arising in this context (see below). Let
us begin with the necessary background and notation. Suppose that the sequence
e = (en)n>0, taking values in a given real Banach space X, is a Schauder basis:
that is, for every f € X there exists a unique sequence a = (a,)n>0 C R
satisfying ||f — > _oaxexllx — 0. This basis (e,),>o is called unconditional
if for any f € X the corresponding series converges unconditionally. This can
be equivalently expressed as the inequality sup{||Pg|| : £ C N finite} < oo,
where, for a given F, the symbol Pg denotes the associated projection defined by
Prf = ZkeE arey. A basis is monotone if for each n the projection P, := Py 1,..m
is contractive; equivalently, for any nonnegative integer n and any real numbers
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The primary interest of this article lies in the properties of monotone bases
in LP(Q), F, ), where the underlying measure p is assumed to be positive and
nonatomic. Assume first that 1 < p < oo. Then, as observed by Ando [I],
every nonvanishing contractive projection of L” is isometrically equivalent to
a conditional expectation. This argument can be pushed further to yield that
every nondecreasing sequence (P,),>o of contractive projections (i.e., satisfying
PP, = Py, for all m,n) gives rise to a sequence of conditional expectations
with respect to a nondecreasing family of sub-o-algebras. Clearly, this immedi-
ately connects the subject with the theory of martingales. As shown by Dor and
Odell [7], an application of estimates for martingale transforms (for details on
martingale transforms, see Burkholder [2]) leads to the following.

Theorem 1.1. Assume that (Q, F, i) is a positive measure space. Let Py = 0,
Py, Pi, P, ...be a nondecreasing sequence of contractive projections in LP(S2,
Fop), 1l <p<oo. If fe LP(Q,F,u), then for any sequence of signs €g, €1, €a, . . .

Higk(zﬂk ~B|| <Gl (1.1)

for some universal constant C,, which depends only on p.

One can show that the optimal choice for the constant C, in (1.1) equals
p* — 1, where p* = max{p,p/(p — 1)}. This is a consequence of a related sharp
inequality for martingales established by Burkholder in [3] (see also [4]). The
theorem above implies that every monotone basis in L” is unconditional provided
that 1 < p < oco. Further combination with the results of Olevskil [9], [10] gives
that the unconditional constant of any monotone basis e of L? (1 < p < 00)
equals p* — 1. That is, for any n, any sequence ag, ai, as, ..., a, of real numbers
and any sequence of signs €g, €1, €9, ...,,, we have

HZ erarex|| < (p* — 1)HZ apey
k=0 P k=0

and the constant p* — 1 cannot be improved. See also Choi [6] in which the
unconditional constant is defined in a slightly different manner.

There is a very interesting question about the validity of the inequality (1.2) in
the limit case p = 1. A well-known result due to Paley [13, Theorem V| (see also
Marcinkiewicz [8]) states that the Haar basis, a fundamental monotone basis of
L'([0,1], B([0,1]),|-]) is not unconditional. Thus there is a further question about
an appropriate version for the inequality (1.2) for p = 1, which will serve as a
substitute for the unconditionality. In [12], we established the maximal estimate
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where 5 = 2.536. .. is the unique solution to the equation

1 —
b =3—exp 2B.

However, there is another very natural substitute of (1.2), which can be expressed
in terms of square functions. The purpose of the article is to pursue this line of
research. Here is the statement of our main result.

Theorem 1.2. Suppose that e = (e,)n>0 s a monotone basis of L'(Q, F,p).
Then for any n and any sequence ag,ay,as, . .., a, of real numbers, we have the
mequalities

n n 1/2

: )" |
HzakekHl - 2H (Z ‘akek‘ 1 (1 4)
k=0 k=0

and

m
sup E Q€

0<m<n 5—0

(S ), = | e

The constants 2 and \/3 are the best possible. They are already optimal in the
weak-type estimates

n
IS ane
k=0

=3 (), 1o

1

)

and

m

Zakek’”l. (1.7)

k=0

<3

1,00

sup
0<m<n

n 1/2
(32 o)
k=0

Here, as usual, ||f]/1,00 = supyso Au({w € Q : [f(w)] > A}) denotes the weak
first norm of f. We would like to mention here that the method we plan to develop
has its analogue in martingale theory (see [5], [11]), but the interplay between
the two settings is nontrivial. Namely, if we compare the above statement to its
version for martingale transforms, we have that the constants 2 and V3 are also
optimal in the probabilistic counterparts of (1.4) and (1.5) (again, see [5], [11]);
on the contrary, quite surprisingly, the best constants in the martingale versions
of (1.6) and (1.7) are strictly smaller.

A few words about the organization of the article are in order. Section 2 contains
the description of the structure of a monotone basis in L'. Section 3 is devoted to
the detailed presentation of the method which allows us to study general maximal
inequalities for a certain class of monotone bases. In Section 4, we construct the
special function which yields the validity of the inequalities (1.4) and (1.5). In
the final part of the article, Section 5, we address the question of optimality of
the constants in (1.6) and (1.7).




696 A. OSEKOWSKI

2. On the structure of monotone bases in L'

The contents of this short section are based on work of Dor and Odell [7]. We
have decided to include them here for the sake of completeness and the reader’s
convenience. Our primary goal is to describe how to construct an isometry of
LY, F, ) onto a certain L'(2, F,v), which sends a given monotone basis e
onto a simple basis of the target space (the necessary definitions are introduced
below), so that the L'-norms of maximal function maxo<m<n | Y_peq arex| and the
square function (Y_, |axex|?)/?, n=0,1,2,..., are preserved.

Definition 2.1. A system of sets {A,,;:i=1,2,...,2", n=0,1,2,...} is called a
dyadic tree if for all n and 1 < i < 2", we have

An12ic1 N Apir0; =10 and Apii2ic1 UA 10 = Anjs

Definition 2.2. Given a dyadic tree of sets satisfying u(A,;) > 0 for all n and i,
we define the associated generalized Haar sequence h = (hg)g>o0 by ho = hop =

XAO,I/HXA()J || 1 and

hon-14i1 = hn; = Hy i/ || Hpill1,

where

H, ;= XAH,Qi,l/M(An,2i71> - XAn,gi/M(An,zi), i<2"n=12....
If h forms a basis, it will be referred to as a generalized Haar basis.

It is easy to check that the generalized Haar sequence (hy,),>o is uniquely
determined by a dyadic tree {A,,;} and the following condition: for each n > 1
and 1 < ¢ < 27, the function h,,; is a linear combination of x4 and x4
such that

n,2i—1 n,21

lhnili=1  and /hm:() forn > 1. (2.1)
Q

Note that if {A4,,} is the family of all dyadic subintervals of [0,1] and u is
Lebesgue’s measure, then the generalized Haar basis reduces to the usual Haar
system in L.

Definition 2.3. A basis d = (dy)r>o in L'(Q2, F,v) is called simple if there is a
sequence (possibly finite) of disjoint sets E, € F covering 2 so that (dy)g>o is
the union of disjoint subsequences (d});>1, n = 1,2,..., satisfying the following
two conditions.

(i) For each n the sequence xg, /||x&, |1, d5,d5, ... is a generalized Haar basis
for L'(E,).

(ii) For each n we have d} = ¢, xg, + ¥, where ||d}|1 = 1, |¥a]l1 < llenxs, |1
and 1), is a combination of the elements of (dj)r>0 which precede df.

Next, let us recall [7], which asserts that monotone bases of L' are equivalent
to simple bases.

Theorem 2.4 (|7, Theorem 3.1]). Let (ex)r>0 be a normalized monotone basis for
LYQ, F,u). Then there is an isometry T of L'(Q, F, ) onto some L'(Q, F,v)
which sends (ex)r>o to some simple basis (dy)k>0-
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The proof of this statement in [7] shows that one can take dv = |p|dpu and
Tf = f/p for an appropriately chosen measurable function ¢ : Q@ — R\ {0}.
Thus, we see that for each nonnegative integer n and any numbers ag, as, . . ., a,,

m m
aie = max E ard ‘
Z K k’) 0<m<n Rk

T( max

0<m<n

and
n 1/2 n 1/2
T((Z |ak€k!2> ) = (Z \akdk!2> :
k=0 k=0
which implies that

max
0<m<n

= max

m m
g are E ard H
F k‘ Li(p) 0<m<n . REk

L'(v)

and

" 2\ 1/2
= | tewei?) |
L (p)

LY(v)

" 1/2
(S tenes?)
k=0

for each n. Therefore, (1.4) and (1.5) follow in full generality if we establish them
for simple bases only. We will now introduce a method which will enable us to
study this special case efficiently.

3. A related boundary value problem

Throughout this section, e = (e;,)x>0 stands for a simple basis of L'(Q, F, u).
For any f = Y 77 aker, we will use the notation f, = P,f = > }_jarex
for the projection on the subspace generated by eg,eq,...,e,. In addition, for
any n = 0,1,2,..., we will write f!(w) = maxo<k<n |fr(w)| and S,(f)(w) =
(Yo larer(W)[?)Y?, w € Q, for the maximal and square functions of f, respec-
tively.

We now turn our attention to the method. Consider the set

D = {(z,y,2) € R x[0,00) x [0,00) : |z| V2> 0} U{(0,0,0)},
and suppose that V' : D — R is a fixed function satisfying /(0,0,0) = 0 and
V(z,y,2) =V(z,y 2| Vz), (z,y.2)€D. (3.1)

This function need not be Borel or even measurable. Suppose further that we
want to establish the estimate

/Q V(fulw), SulF) @), (@) dpl@) <0, n=0,1,2,...,  (3:2)

for all f € L'(Q2). To do this, we introduce the class U(V') which consists of all
functions U which enjoy the following.

(1) For all (z,y,2) € D, we have
Ula,y,2) = U, g, Jal v 2). (33)
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(2) For all (z,y,z) € D, we have
Ulx,y,z) =2 V(x,y,2). (3.4)

(3) If |x| < zand ay, ay € (0,1), t1,t2 € R satisfy oy +as = 1, gty +anty =0,
then

U(z,y,2) > aU(z +t1, (y* + Y2 2) + U (z + to, (v +13)V2,2). (3.5)
(4) If |z| < z and 1,12 € R, then
‘t2|U($v Y, Z) > |t2|U(ZL‘ +t, (y2 + t%)lﬂa Z) + ‘t1|U<t27 ’t2|a |t2’) (36)

Let us gain some intuition about these requirements. The property (1) is a tech-
nical assumption which handles the maximal function in an appropriate induction
argument (see below). In a moment, we will show that the properties (1), (3), and
(4) yield (3.2), but with V' replaced by U; therefore, the role of the majorization
(2) is to enable the replacement of U by V. The condition (3) can be regarded
as an appropriate concavity-type property. More precisely, (3) means that for
any (z,y,2) € D with |z| < 2, the function ®(t) = U(z + t, (y* + t2)/2, 2),
t € R, is majorized by a linear function ¥ satisfying ¥(0) = ®(0) (if U is
of class C', then U (t) = U(z,y,z) + tU.(z,y, z); otherwise one sets ¥(t) =
U(z,y, z) +tlimsup, o, (U(z — s, (y* +5*)Y2,2) = U(z,y, 2))/s). Finally, (4) can
be understood as a uniform bound for the slopes of all such functions V.

Observe first that the above requirements enforce the conditions

U(0,0,0) =0 (3.7)
and
Ut [t 1)) <0, teR. (3.8)
Indeed, plugging ¢, = 0 into (3.6) gives U(0,0,0) < 0, while (1) together with
V(0,0,0) = 0 implies the reverse bound. Thus (3.7) follows. To see (3.8), fix t # 0,
and apply (4) toxz =y = z = 0 and t; = t, = t. As the result, we get an estimate
which is equivalent to 0 > U(t, |¢|,0) + U(t, |t], |t|) which, by (3.3), yields (3.8).
What is the relation between the inequality (3.2) and the class U(V)? The
answer is contained in the following statement.

Theorem 3.1. If the class U(V) is nonempty, then (3.2) is valid.

Proof. Since (ex)r>0 is simple, we see that each term ey is either a generalized Haar
function, or it can be written in the form cxg, + ¢, where 9, is a combination
of eg,e1,...,e5_1, the set E), is disjoint from the union of the supports of these
functions, and [|r]l1 < |lexg, |- Take f € LY(Q, F, u), and let ag,ay, as, ... be
the coefficients appearing in the expansion of f. The main ingredient of the proof
is to show that for any n > 0,

/U(fmsn(f)af;) dME/U(fn+lasn+1(f)>f:+1) dﬂ (39)
Q Q

To this end, fix n > 0, and suppose first that e, is a generalized Haar function
and that its support E is contained in the union of the supports of ey, €1, ..., €,.
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Then the triples (fn, Sn(f), f), (fas1,Sn+1(f), fuy1) coincide outside E, and

hence it suffices to show that
[ UG080 0= [ Ulfur S i) dn (310)
E E

But f,,, S.(f), and f} are constant on E because of the structure of the simple
basis e. Denoting the corresponding values by z, y, and z, we see that |z| < z.
By (1), we have

U(fnJrla Sn+1(f)7 f;+1) = U(fn+175n+l(f)7 f;) on Q>

which allows us to transform the previous estimate into

L / U(.I' + An+1€n+1, (y2 + ‘an+1€n+1‘2)1/27 Z) dﬂ < U(ma Y, Z)'

w(E) Je

This bound follows at once from (3) because e, is a generalized Haar function
(see the second equation in (2.1)). Next, suppose that e, is of the second type
(i-e., 41 = X,y + Ung1, for appropriate ¢ # 0, Ey 41, and ¢,41). Let £ be the
support of e,1. Again, the triples (fn, Sn(f), f1), (fas1, Snt1(f), fri1) coincide
outside E; furthermore, U(f,, Sn(f), f¥) = 0 on E,1; (see (3.7)). Consequently,
(3.9) can be rewritten in the form

/ U(fn75n<f)7fn*) dMZ / U(fn+175n+1(f)7f;+1) dlu’ (311)
E\E,41 E

The right-hand side above is equal to
[ vteleble)dut [ Ut (8200 +020) Y fii) d
En+1

E\En+1
1/2

= 1(Ear)U (e, Ic], Ic]) + / U(fa + s, (S20F) +02,,)

E\EnJrl

Jf) du
by virtue of (1). Applying (4), we get the pointwise estimate
U(fa+tusrs (Sa() +¥ni1) 775 £r) S U(fas SulF): 1)
A

By (3.8), we have the inequality U(c, ||, |c|) < 0. Moreover, |[{n41])1 < cpu(Enta),
which follows from the form of e, ;. This yields

Un,
/ ‘_“'U(c, lef, lel) dp > p(En)U (¢, el |el)-
E\Ey+1 ¢

1/2

Combining the above gives (3.11) and hence the sequence

([ 0582 )

is nonincreasing. Consequently, by (2), we obtain that for any n > 0,

/QV(fmSn(f),f?Z) dMS/QU(fmSn(f)?frt) dMS/QU(fo,So(f),fS‘) dp.

n>0
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It remains to note that fi = So(f) = |fol, and we use (3.8) to get the desired
estimate (3.2). O

A very important phenomenon is that the implication of the above theorem
can be reversed: the validity of the estimate (3.2) yields the existence of a spe-
cial function satisfying conditions (1)—(4). We need some additional notation to
explain this fact. For a given measure space (2, F, u) with p(£2) > 1, we denote by
E(Q, F, p) the family of all simple bases (eg)r>0 of L' (2, F, i) such that e is the
characteristic function of a set of measure 1. Of course, this family is nonempty.
Next, for a given basis e € (€, F, ) and a real number z, we define M(x,e) to
be the class of all functions f which admit the expansion f = zey + >, _; arex
for some n and some sequence aq, as, ..., a, € R.

Equipped with the above definitions, we are ready to introduce the abstract
function U? : D — RU{oco} which will be shown to belong to the class U(V). Set

Ux,y,2) = sup{/ V(f, (y260 — 2%y + SQ(f))l/Z, frv zeo) d,u}, (3.12)
Q

where the supremum is taken over all measurable spaces (€2, F, 1) with p(2) > 1,
all e € £(Q, F,u), and all f € M(z,e).

Theorem 3.2. If the inequality (5.2) holds true, then the function U° belongs to
the class U(V').

Proof. The condition (1) is a consequence of the pointwise bound f* > |fy| =
|z|eg, since f*V zeg = f*V ((|Jz| V 2)ep). To prove (2), we compute the integral
in (3.12) for n = 0 and some arbitrary basis e € £(Q2, F, u). Because eq is the
indicator function of some set of measure 1, we see that the integral is equal to
V(z,y,|z| vV z) = V(x,y,2z) by (3.1). This implies the desired property (2). To
establish (3), choose z,y, z, a1, as, t1, and t3 as in the statement of the condition.
Take two bases el € E(QL, Floul), €2 € (02, F%, u?) and two functions f!, f?
enjoying the following finite expansions in e! and e*:

fr=(@+t)eh+ > aper, i=1,2 (3.13)
k=1

(we may assume that the length of the expansion is the same for both pairs,
enlarging one of them by zeros if necessary). By the very definition of the square
function,

SA(f) = (@ +t:) el + > lajer|” (3.14)
k=1

Now suppose that Q' and Q? are disjoint, and let us glue the measure spaces
(2, F', ") into one space (2, F, u), with Q = Q'uQ?, F = o(F', F?), and p(A'U
A%) = aypt (AY) + apu?(A?) for all A* € F, i = 1,2. Next, we concatenate e' and
e? into one basis e € £(Q, F, u), putting eg = ejxa1 + €3xaz, €1 = %afleéxgl —
Tay'edxqe, and, for k > 1,

-1_1 —-1.2
€2k = Q1 €pXal, €2k+1 = Qg €L X02-
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It is evident that this new sequence forms a simple basis of L'(Q, F, u). In addi-
tion, eq is the indicator function of a certain set of measure 1, so e € £(Q), F, ).
Using (3.13), we check easily that the function

f=Fxar+ fPxee (3.15)

has the following expansion in the basis e:

f = meg + 2a1t1e1 + Z(ala,ﬁegk + Qpaieopst )

k=1
Therefore, using the equality 2a;t1e; = tiefxar + taedxqz, we have
S*(f) = a®eo + tiegxar + thegxar + Z |ager P xar + Z [GEAP
k=1 k=1
Consequently, by the definition of U° and the formula (3.15) for f, we have
U°(z,y,2)

> / V(f, (y260 — 2%y + SQ(f))l/Q, frv zeo) du
Q

V2PV zed) dut

1/2

o / VI (6 + £2)ed — (@ + h)2ed + 52(1Y)
Ol

+ Oég/ V(2 (v +83)eg — (x+t2)%eg + S*(f2) 7 (f)*V zef) di®.
QQ

Take the supremum over all triples (Q°, F* 1), all n, and all functions f’ to

get (3.5). Finally, to show (3.6), we may assume that ¢1,t2 # 0. Pick two bases

et € E(Q, Fi, ut) with (2, F', u') as above and two functions f1, f? of the form

ft= (:c+t1)e(1)—|—2aile}1, 12 :t268+2aiei.
k=1 k=1
Set
t
Q-QURL Foo(FLF, AU = () 4 )
2
for all A' € F1, A* € F2. Furthermore, put ey = ejxq1, €1 = %eéxm + %e%xgz
and, for £ > 1, define
1 t2 ,
€ak = €pXal and  egpy1 = 7. CkXaz-
1
It is straightforward to verify that e is a simple basis; this follows at once from
the simplicity of e! and e2. The only thing which needs to be checked is whether
ey satisfies Definition 2.3(ii). But this amounts to verifying the inequality

1 (D)
et |, < |5retxen]

1
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which is trivial: actually, both sides are equal. Now, we easily see that the function
f given by f = flxar + f?xq:2 has the expansion

- ta?
f = xeg + 2t1€1 + E (a,lgegk -+ %62k+1> .
2
k=1

Consequently, by the definition of U°, we get

UO(ZL’,y,Z> 2 /Qv(fa (y260 - 1‘260 +52<f))1/27f* \/260) d:u

::/'vw%«f+w®%—«x+mf+s%ﬂ»”iuﬂ*vwadw
Ql

BT v s, 2 v o) age.
[ta] Jao

However, (f2)* > |f2], so
V(£ 8(F%), (f) v 0) = V(2 8, (F) VIfsl) = V(2 g% () V [t2leg).
and so it suffices to take the supremum over all f* to obtain (3.6). O

We conclude this section with two important observations.

Remark 3.3. (i) If the maximal function does not appear in the estimate
under investigation, then we may consider U, V defined on the appropriate
2-dimensional domain. Simply remove the variable z corresponding to the nonex-
isting maximal function. A similar argument applies to the case when the studied
inequality does not involve the square function: then the variable y can be omit-
ted. However, in general we cannot remove the variable x in the case when the
inequality involves the square and maximal functions only (e.g., like in (1.7)). To
understand the reason, we direct the reader to (3.12). If V' does not depend on
y or z, then the same is true for U° (i.e., there exists a special function of two
variables only). However, if V' does not depend on x, then in general we cannot
say the same about UY.

(ii) In certain cases, the function U inherits some crucial properties from
the function V', which in turn simplifies the search for its explicit formula. For
example, if V' is homogeneous of order p, then so is UY. To see this, pick arbitrary
(Q,F,p) with u(Q2) > 1, e € E(Q,F,pn), f € M(z,e) and A > 0. Then \f €
M(\z,e) and hence

U°(Ax, Ay, \2) Z/QV()\f,)\S(f),/\(f*\/zeg)) dp

= )\p/ V(f,S(f),f* V zeo) dp.
Q

Taking the supremum over all the parameters gives the inequality

Uz, My, \2) > XU (z,y, 2) for (z,y,2) € D,
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and switching from X to A™! yields the reverse bound. Using a similar reasoning,
one can show that if V' satisfies the symmetry condition

V(z,y,2) =V(-2,y,2) =V(r,—y,z) forall (z,y,2) € D,

then the same is true for U°.

4. Proofs of (1.4) and (1.5)

As an application of the method described in the previous section, let us present
the proofs of the estimates formulated in the introduction. Obviously, it suffices
to focus on the L'-inequalities (1.4) and (1.5); then the weak-type bounds follow
immediately by the use of Chebyshev’s inequality. We start with (1.4). In view of
Lebesgue’s monotone convergence theorem and Fatou’s lemma, it suffices to prove
that for any monotone basis e of L'(Q, F, i), any n and all ag,ay, as,...,a, € R

we have
/J;akek(w)’ dp(w) < 2/{)(;}%%@))‘2) i dp(w).

This can be rewritten in the more compact form

/Q V(fur Sulf)) du < 0. (4.1)

where V(z,y) = |z| — 2y and f,, S,(f) are as previously. Thus the problem is
of the form (3.2) and hence it can be treated by means of Theorems 3.1 and 3.2.
Now, for any (z,y) € R x [0,00), define the special function by

oy = { @A =T il <y, o
e — 2y if |z] > y. ‘

Theorem 4.1. The function U belongs to U(V).

Proof. We need to verify the conditions (1)—(4). The first of them is empty, since U
does not depend on z. To show the majorization (2), we may assume that |z| <y
(otherwise both sides are equal). Squaring both sides, we obtain the equivalent
form (|z| — y)? > 0, which is obviously true. The main technical difficulty lies in
proving the conditions (3) and (4).

Proof of (3). We will prove the estimate

Uz +t,(y* +2)"?) < U(z,y) + Usla, y)t (4.3)

for all z € R, y > 0, and ¢ € R. This will yield the desired condition. Indeed, if
we apply (4.3) to t = t; and multiply both sides by aq, then apply (4.3) to t = t5
and multiply throughout by «s, and finally add the obtained estimates, we get
the inequality from (3) (for y > 0, but the passage to nonnegative y is trivial, by
a continuity argument).

To show (4.3), note that we may assume that > 0, by symmetry. We consider
four cases. Suppose first that > y and |z +t| > (y? +t?)"/2. Then t > —ux, since
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otherwise, squaring the previous estimate, we would get z? + 2tz > y2, which is
a contradiction. Hence, (4.3) reduces to the trivial bound

T+t =202+t <x+t-2y.

Suppose now that # >y and |z +t| < (y? +12)"/2; then t < ty, where t, < 0 is the
unique number satisfying x + to = (y? + t2)1/2. The inequality (4.3) is equivalent
to 2y —x —t < (2y? + 212 — (x +t)?)"/2. Both sides are nonnegative, so squaring
both sides we get the equivalent form

2y + 2yx + 2% + 22t + 2yt < 0.

This bound is true for t = t; by the previous case. Hence, since t < tq and x,y
are nonnegative, the inequality holds. Next, assume that © < y and |z + t| <
(y? +t?)Y/2. Then (4.3) reads

—(2y7 420 — (@ +0°) " < -2 =) at(2y? — )V,

or, equivalently,

207 — 2 — ot < [(20° — 2°)(2y° — 2 + 7 — 2at)] 12
If the left-hand side is negative, then there is nothing to prove; otherwise, we
square both sides and manipulate a little to obtain the equivalent estimate 22t? <
(2y* — 2?)t?, which is true due to the assumption z < y. Finally, suppose that
v <yand |z +t| > (y2+1t3)Y2 Then (z +1)? < y? + 22t + 12 < 2(y? +t?) and
the calculations from the previous case can be repeated: we get

Uz, y) + Uz, y)t > —(22 + 26 — (z +1)°) ",

and the expression on the right-hand side is not smaller than |z +t| —2(y?4t2)!/2,
which can be easily checked by squaring.
Proof of (4). If t = 0, then both sides are equal; otherwise, we divide both

sides by [to| and note that the inequality reduces to
Ulz,y) 2 Uz +, (4" +£2)") - |t

for all z, y, and ¢. Again, we consider four cases, depending on the interplay
between z, y and x + ¢, (y* + t2)Y2. If |z| > y and |z + t| > (y® 4 t?)'/2, then
the desired bound is the sum of the obvious estimates |z| > |z + t| — |¢| and
—2y > —2(y? +t)V2 If |z| > y and |z +t| < (v + t?)Y/2, then

2 =2y + 1t 2~y + [t = (7 + ) 2 (297 128 — (e +)°)
which is precisely the claim. If || < y and |z +t| > (y? + t?)'/2, then, using (2),
we have

—(2% =22 > Ja =2y > |+ t| — [t] - 2(y° + )12,
as desired. Finally, if |z| < y and |z + ¢| < (y? + t2)Y/2, the estimate (4), after

squaring, is equivalent to

1/2

t* —at + [t (2(* +1°) = (z +1)%) " >0,
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and follows from the estimates t> > 0 and (2(y2 +t2) — (z+1)*)"/2 > (32 +12)'/? >
y > |x|. O

The proof of the estimate (1.5) will be similar (of course, a different special
function will be used). Arguing as previously, it is enough to show that for any

monotone basis e of L'(Q2, F, i), any n, and all ag, ay, as, . .. ,a, € R, we have
n N\ 1/2 m
/(Z|akek(w)‘ ) dp(w) < \/5/ max Zakek(w)‘du(w).
@ k=0 o Osm=nl =g

This is equivalent to saying that

[ Va0 1) <o (4.4

where V(z,y,2) = y — v/3|z| V 2. This problem is of the form (3.2), and we
can apply the machinery developed in the preceding section. The corresponding
special function U : D — R is given by
2 _ 22 o(lgl v 2)2
2v/3(|z| V 2)

(4.5)

when |z| V z > 0, and U(0,0,0) = 0.
Theorem 4.2. The function U belongs to U(V').
Proof. The condition (1) is evident. To show majorization (2), observe that for
(z,y,2) # (0,0,0),
2 _ 22 _ 9(z| v 2)2
Uiy ey = Vo2 =2l v 2)
2/3(|z| V 2)
y* = 3(z| v 2)°
2v/3(|z| V 2)
_ 2 _ 2
_ = Vel v+ 2B el ve) =6l R
2v/3(|z| V 2)

Again, the most elaborate part of the proof is the study of (3) and (4).

Proof of (3). As previously, we will show the slightly stronger bound

Uz +t,(y* + %)%, 2) <Ulw,y,2) + Un(,y, 2)t (4.6)

for any z,t € R and y, z > 0 such that |z| < z. By symmetry, we may and do
assume that ¢ > 0. If |x 4 ¢| < z, then both sides are equal. If |x + ¢| > z, then
|z +t|Vz =2+t and the estimate becomes

y? +t* — 3(z + t)* <y2—x2—2xt—222

z+t z

or (Y +t*— (z4+1t)?)(z— (v +1) <2(x+t)z(x +t— z). Dividing both sides by
x4+t — 2z we get the equivalent form x? — 2zt — y? < 2(x + t)2, which is evident:
we have y? > 0 and 22 + 22t < 2z(z + t) < 22(z + ¢).
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Proof of (4). If to = 0, then the inequality is satisfied. If ¢ # 0, we divide both

sides by t9, put t = t1, and obtain the equivalent form
I

Uz, y,2) > Uz +t, (> + )2 2) — .

(@.2) 2 U+ 4.7 +£)%2) =

By symmetry, we may assume that ¢ > 0. If |z + ¢| < z, then some simple

manipulations transform the estimate into —2zt—2zt < 0, which is obviously true.

Suppose then that |z +t| > z; then |z +t| = z+¢ and, after some straightforward

calculations,

t] k)
Uz +t, (y* + )2, 2 _ _
( W )e) V3 2\/_(x+t) 2V/3
y + a2 4z
< Ul(zx,y,z).
2\/’2 23~ (.9.2)
This completes the proof. O

5. Sharpness

In this section, we address the optimality of the constants 2 and v/3 involved in
the estimates (1.4)—(1.7). Obviously, it is enough to show that these constants are
the best in the weak-type estimates (1.6) and (1.7), respectively. Our argument
will exploit Theorem 3.2.

Sharpness of (1.6). Suppose that the estimate (1.6) holds true with some con-
stant . Then for any n and any coefficients ag, aq,...,a, € R, we have

2/¢<‘Z Qe

This is equivalent to the estimate

/Q V(fur Sul(f)) di <0,

where V' is given by V(z,y) = 2X{jz/>2y — By. By Theorem 3.2, the function

0°a,) =sup{ [ V(1 5,00) e}

with the supremum taken over appropriate parameters, belongs to the class U(V').
Since V(z,y) = V(—=x,y) for all x,y, the function U inherits this property. Apply
B) withx=y=0,t; =—ty =1, a1 = ay = 1 to get

/2
> 2 < 6/ |akek] du.

1 1
0=0°0,0) > §U°(1, 1)+ §U°(—1, 1) =U%1,1),

so in particular U°(1,1) is finite. Now, for given integers 0 < k < n, apply (4)
with x = 1+ k/n, y = (1+k/n?)2 t; = 1/n and t, = 1 to obtain

U0(1 ¥ S (1+ %)m) > U0(1+ % (1 LS 1)1/2> + %Uo(l,l).

n2
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This, by induction, implies that
1

U°(1,1) > U° (2, (1 + E>1/2> F U1, 1),

and hence, using (2), we get

o2 un(a (14 ) 2 v (0 )") <2 a4 )

Letting n — oo, we see that [ must be at least 2. This proves the desired
sharpness. O

Sharpness of (1.7). The argument is similar. We assume that the inequality (1.7)
holds true with some constant . Then for any n and any coefficients ag, ay, . . .,
a, € R, we have

V(3 k) 2 v8) < [ o

k=0 Q

m
E arCr

or [o, V(fu,Su(f), f7)dp < 0, where V(z,y, 2) = \/gx{yz\/g} — 7v|z| V z. By the
machinery developed in Section 3, the function

00,12 = sup [ V(.00 ) e}

dp,

(with the supremum taken over appropriate parameters) lies in the class U(V).
Furthermore, we have U%(z,y,2) = U(—=z,y, 2), since the same property holds

for V.
By (4), appliedtox =y =2=0,t; = =ty = 1, and oy = ay = 1/2, we get

1 1
0=0°0,0,0) > §U°(1, 1,0) + 5UO(—1, 1,0) = U°(1,1,0) = U°(1,1,1),

where in the last passage we have exploited (1). Consequently, U°(1,1, 1) is finite.
Now apply (4) with z =y =2 =1, t; = —1, and ¢, = 1 to obtain

U°(1,1,1) > U°(0,v/2,1) + U°(1, 1, 1),
or U°(0,4/2,1) < 0, by the aforementioned finiteness of U°(1,1,1). Now use (3)
withx =0,y =v2, 2 =1,t, = —t, =1, and oy = ay = 1/2 to get
1 1
0>U%0,v2,1) > 5U0(1, V3,1) + §U°(—1, V3,1) =U%1,v3,1).

This, by (2), implies that V(1,v/3,1) < 0, or v > /3. Hence the constant /3 is
indeed the best possible. O

Acknowledgments. Thanks are owed to the anonymous referees for a careful
reading of the paper and several helpful suggestions.

The author’s work was partially supported by Narodowe Centrum Nauki
(Poland) grant DEC-2014/14/E/ST1/00532.



708 A. OSEKOWSKI

10.

11.

12.

13.

References

. T. Ando, Contractive projections in L, spaces, Pacific J. Math. 17 (1966), 391-405.
Zbl 0192.23304. MR0192340. DOI 10.2140/pjm.1966.17.391. 694

D. L. Burkholder, Martingale transforms, Ann. Math. Statist. 37 (1966), 1494-1504.
Zbl 0306.60030. MR0208647. DOI 10.1214/aoms/1177699141. 694

D. L. Burkholder, Boundary value problems and sharp inequalities for martingale trans-
forms, Ann. Probab. 12 (1984), no. 3, 647-702. Zbl 0556.60021. MR0744226. DOI 10.1214
aop/1176993220. 694

D. L. Burkholder, A proof of Pelczyriski’s conjecture for the Haar system, Studia Math. 91
(1988), no. 1, 79-83. Zbl 0652.42012. MR0957287. DOI 10.4064/sm-91-1-79-83. 694

D. L. Burkholder, The best constant in the Davis inequality for the expectation of the mar-
tingale square function, Trans. Amer. Math. Soc. 354 (2002), no. 1, 91-105. Zbl 0984.60041.
MR1859027. DOI 10.1090/S0002-9947-01-02887-2. 695

K. P. Choi, A sharp inequality for martingale transforms and the unconditional basis con-
stant of a monotone basis in L?(0,1), Trans. Amer. Math. Soc. 330 (1992), no. 2, 509-529.
Zbl 0747.60042. MR1034661. DOI 10.2307/2153920. 694

L. E. Dor and E. Odell, Monotone bases in L,, Pacific J. Math. 60 (1975), 51-61.
Zbl 0323.46019. MR0399832. DOI 10.2140/pjm.1975.60.51. 694, 696, 697

J. Marcinkiewicz, Quelques théoremes sur les séries orthogonales, Ann. Soc. Polon. Math.
16 (1938), 84-96. Zbl 0019.01403. 694

A. M. Olevskil, Fourier series and Lebesgue functions (in Russian), Uspekhi Mat. Nauk 22
(1967), no. 3, 237-239. MR0212485. 694

A. M. Olevskii, Fourier Series with Respect to General Orthogonal Systems, Ergeb. Math.
Grenzgeb. (3) 86, Springer, New York, 1975. Zbl 0321.42010. MR0470599. 694

A. Osekowski, Two inequalities for the first moments of a martingale, its square function and
its maximal function, Bull. Pol. Acad. Sci. Math. 53 (2005), no. 4, 441-449. Zbl 1113.60045.
MR2214933. DOI 10.4064/bab3-4-9. 695

A. Osekowski, Sharp inequalities for monotone bases in L', Houston J. Math. 42 (2016),
no. 3, 833-851. 7Zbl 1379.46016. MR3570714. 693, 694

R. E. A. C. Paley, A remarkable series of orthogonal functions, I, Proc. Lond. Math. Soc.
(2) 34 (1932), no. 4, 241-264. Zbl 0005.24806. MR1576148. DOT 10.1112/plms /s2-34.1.241.
694

DEPARTMENT OF MATHEMATICS, INFORMATICS AND MECHANICS, UNIVERSITY OF WARSAW,
BANACHA 2, 02-097 WARSAW, POLAND.

E-mail address: ados@mimuw.edu.pl


http://www.emis.de/cgi-bin/MATH-item?0192.23304
http://www.ams.org/mathscinet-getitem?mr=0192340
https://doi.org/10.2140/pjm.1966.17.391
http://www.emis.de/cgi-bin/MATH-item?0306.60030
http://www.ams.org/mathscinet-getitem?mr=0208647
https://doi.org/10.1214/aoms/1177699141
http://www.emis.de/cgi-bin/MATH-item?0556.60021
http://www.ams.org/mathscinet-getitem?mr=0744226
https://doi.org/10.1214/aop/1176993220
https://doi.org/10.1214/aop/1176993220
http://www.emis.de/cgi-bin/MATH-item?0652.42012
http://www.ams.org/mathscinet-getitem?mr=0957287
https://doi.org/10.4064/sm-91-1-79-83
http://www.emis.de/cgi-bin/MATH-item?0984.60041
http://www.ams.org/mathscinet-getitem?mr=1859027
https://doi.org/10.1090/S0002-9947-01-02887-2
http://www.emis.de/cgi-bin/MATH-item?0747.60042
http://www.ams.org/mathscinet-getitem?mr=1034661
https://doi.org/10.2307/2153920
http://www.emis.de/cgi-bin/MATH-item?0323.46019
http://www.ams.org/mathscinet-getitem?mr=0399832
https://doi.org/10.2140/pjm.1975.60.51
http://www.emis.de/cgi-bin/MATH-item?0019.01403
http://www.ams.org/mathscinet-getitem?mr=0212485
http://www.emis.de/cgi-bin/MATH-item?0321.42010
http://www.ams.org/mathscinet-getitem?mr=0470599
http://www.emis.de/cgi-bin/MATH-item?1113.60045
http://www.ams.org/mathscinet-getitem?mr=2214933
https://doi.org/10.4064/ba53-4-9
http://www.emis.de/cgi-bin/MATH-item?1379.46016
http://www.ams.org/mathscinet-getitem?mr=3570714
http://www.emis.de/cgi-bin/MATH-item?0005.24806
http://www.ams.org/mathscinet-getitem?mr=1576148
https://doi.org/10.1112/plms/s2-34.1.241
mailto:ados@mimuw.edu.pl

	1 Introduction
	2 On the structure of monotone bases in L1
	3 A related boundary value problem
	4 Proofs of (1.4) and (1.5)
	5 Sharpness
	Acknowledgments
	References
	Author's addresses

