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ABSTRACT. In this article, we show that there exist a function g € L*[0, 1] and
a weight function 0 < p(z) < 1 so that g is universal for each class L7 [0, 1],
p > 1, with respect to signs-subseries of its Fourier—Walsh series.

1. INTRODUCTION AND PRELIMINARIES

Let |E| be the Lebesgue measure of a measurable set £ C [0, 1], let xg(x) be
its characteristic function, let LP(E) (p > 0) be the class of all those measur-
able functions on E that satisfy the condition [, [f(2)[? dx < +oo, let LA[0,1]
(weighted space) be the class of all those measurable functions on [0, 1] that satisfy
the condition fol |f(z)[Pu(x)dx < +o00, where 0 < p(z) < 1 is a weight function
(known as the Muckenhoupt A, class; see, e.g., [4], [21]-][23]), and let {¢)} be a
complete orthonormal system in L?[0, 1].

Definition 1.1. Let 0 < p(z) < 1 be a measurable function on the set [0, 1].
We say that a function g € L'[0,1] is universal for a class L%[0, 1] with respect
to signs-subseries of its Fourier series by the system {4}, if for each function
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f € L2]0,1] one can choose numbers ¢, = 41,0 so that the series

00 1
> dalgens) with ) = [ glaarls)da,
k=0 0

converges to f in L0, 1] metric; that is,

p(z) dx = 0.

1
lim
m—00 0

> dkerl(g)er(z) — fx)

Let us recall the definition of the Walsh orthonormal system {W,,(x)}72,. Func-
tions of the Walsh system are defined by means of Rademacher’s functions

R,(z) =sign(sin2"7zx), x€[0,1],n=1,2,...,
in the following way (see [6]): Wy(z) = 1 and for n > 1,

Wn(l') = H erH(x)a

where n = 28 4+ 2k2 ... 4 2% (ky > ky > --- > k,). In the present paper, we
prove the following theorem for the Walsh system.

Theorem 1.2. There exist a function g € L*[0,1] and a weight function 0 <
w(z) < 1 so that g is universal for each class LE[0,1], p > 1, with respect to
signs-subseries of its Fourier—Walsh series.

Moreover, it will be shown that the measure of the set on which u(x) =1 can
be made arbitrarily close to 1, and the function g € L'[0, 1] can be chosen to have
strictly decreasing Fourier-Walsh coefficients and converging to it by the L'[0, 1]
norm Fourier-Walsh series.

Remark 1.3. In the proved theorem, the weight function p(z) cannot be made
equal to 1 everywhere in [0, 1]. Moreover, there does not exist a universal function
g € L'[0,1] (defined above) for any class L*[0,1], p > 1.

It can be easily shown that the assumption of existence of such a universal
function simply leads to a contradiction. Indeed, if that assumption were true,
then for the function kocy,(g)Wi,(x), where ky > 1 is any natural number with
condition ¢, (g) # 0, one could find numbers §; = £1,0 so that

m—00

1, m »
lim / ‘Z OxCr(g)Wi(x) — kock, (9) Wi, (x)| dz = 0.
0 k=0

Hence, we would simply get a contradiction: oy, = ko > 1.

The existence of functions, which are universal in different senses, have been
considered by mathematicians since the beginning of the twentieth century. The
first type of universal function was considered by Birkhoff [1] in 1929. He proved
that there exists an entire function g(z) which is universal with respect to trans-
lations; that is, for every entire function f(z) and for each number r > 0,
there exists a growing sequence of natural numbers {n;}72, so that the sequence
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{g9(z 4+ nk)}32; uniformly converges to f(z) on |z| < r. In 1952, MacLane [10]
proved a similar result for another type of universality, namely, that there exists
an entire function g(z) which is universal with respect to derivatives; that is, for
every entire function f(z) and for each number r > 0, there exists a growing
sequence of natural numbers {n,}?°, so that the sequence {g™)(2)}2, uni-
formly converges to f(z) on |z| < r. Furthermore, in 1975, Voronin [26] proved
the universality theorem for the Riemann zeta function ((s), which states that any
nonvanishing analytic function can be approximated uniformly by certain purely
imaginary shifts of the zeta function in the critical strip; namely, if 0 < r < % and
g(s) is a nonvanishing continuous function on the disk |s| < r, that is, analytic in
the interior, then for any € > 0, there exists such a positive real number 7 such
that
:‘r?lizﬂg(s) —((s+3/4+iT)| <e.

In 1987, Grosse-Erdmann [13] proved the existence of infinitely differentiable
functions with universal Taylor expansion, namely, that there exists a function
g € C*(R) with g(0) = 0 such that, for every function f € C(R) with f(0) =0
and for each number r > 0, there exists a growing sequence of natural numbers
{ni}32, so that the sequence

"k am) ()
9 m
Snk(g70) = E m$ >$
m=1 :

uniformly converges to f(x) on |z| < r.

The first-named author and Sargsyan [11], [12] studied the existence of uni-
versal functions for classes LP[0,1], p € (0,1), with respect to signs-subseries of
Fourier-Walsh series and signs of Fourier—Walsh coefficients. In particular, it was
shown in [11] that for each number p € (0,1) one can construct a function from
L0, 1] with convergent in L'[0, 1] Fourier-Walsh series having decreasing coeffi-
cients, which is universal for the class L?[0, 1] with respect to signs-subseries of
Fourier—Walsh series.

Note that the definition of function universality which we gave above could
have been framed correspondingly in terms of Fourier series universality. The
topic of the existence of universal series (in the common sense, e.g., with respect to
rearrangements, partial series, signs of coefficients) in various classical orthogonal
systems was also investigated extensively. The most general results were obtained
by Menshov [17], Talaljan [24], Ulyanov [25], and their colleagues (see [2], [3], [5],
[71-{10], [14], [15], [19], [20]).

The following questions, which arise in regard to the result of the present article,
have yet to be answered.

Question 1.4. Is Theorem 1.2 true for other orthonormal systems (e.g., trigono-
metric system, Franklin system, etc.)?

Question 1.5. Is it possible to achieve universality with respect to signs of Fourier—
Walsh coefficients (i.e., exclude zero values from the sequence J) in Theorem 1.27
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2. MAIN LEMMAS

Let us start from known properties of the Walsh system, which will be used
during the proofs. It is known (see [6]) that for each natural number m,

2m_1
2™ when x € [0,27™),
E Wk(l‘) = {O [ ) (2.1)
k=0 ’

when z € (27, 1],

and, consequently,

om+1_q 2m, when z € [0, 2_m_1)’
> Wile) =4 -27, whenze (272,
p—om 0, when z € (27, 1].

Thus, for each p > 0 we have
1,2mtl-1

AL ) dx = 2m-D), (2.2)

k=2m

Let

1 1 1
sy = ([ 1P )" and oy = ([ 1-Pata)de)”

(where p > 1, E C [0,1], and 0 < u(z) < 1) be the norms of spaces LP(E) and
Lr[o, 1], respectively Obviously, for any natural number M € [2™,2™+1) and real

numbers {a}>" 5. we have
'm+1

|3 i, = [ 3w

Note also that the basicity of the Walsh system in spaces LP[0,1], p > 1
provides the existence of a constant C,, > 0, so that for each function f € L?[0,1
the following inequality holds:

ISk (f HLp()l] Collf ooy,  VE €N, (2.4)

(2.3)

L20,1]
]

where {Sk(f)} are partial sums of its expansion by the Walsh system (see [6]).
In this article we use the following lemma, which was proved in [18, Lemma 3].

Lemma 2.1. For each dyadic interval A = [QLK, ’;—Kl], 0<i<?2KF K €N, and
M-K
2

for every natural number M > K such that 1s a whole number, there exists

a polynomial in the Walsh system

21\/I+1_1
H(z)= Y aWi(z),
k=2M
so that
(1) |ax| =275, when 2M < k < 2M+1,
(2) H(z) = ~1, if v € En, |E1| = 5]A|,
(3) H(z) =1, if v € Es, |Es| = 3|A|,
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(4) H(z) =0, if v ¢ A,
where E1 and Es are finite unions of dyadic intervals.

One of the main building blocks in the proof of Theorem 1.2 is Lemma 2.3,
which is proved with the help of Lemma 2.2.

Lemma 2.2. Let p > 1, let ng be some natural number, and let A C [0,1] be
a dyadic interval. Then for any numbers 0 < € < 1, 1 # 0, and natural number

q there exist a measurable set E, C A with measure |E,| = (1 —279)|A| and
polynomials
2mq—1 2ma—1
P,(z) = Z apWi(z) and H,(z) = Z parWi(x), o = +£1,0,
k=2"0 k=2m0

in the Walsh system, so that H,(x) = 0 outside A,

(1) 0<ag <ap<e whenk € [2™ 2% —1),
(2) lixa = Hllr(z,) =0,

M 1

nar Wi 21C|I|| Al

g e, | 55 s <

where C' is a constant defined by the space LP[0,1], and

M
E aka‘
n

k=2"0

(4) max

2n0 <M <2™4q

<e.
L1[0,1]

Proof. The proof is performed using mathematical induction with respect to the
number ¢. Let A = [5&, 2] € [0,1], 0 < i < 2%, K € N. Choosing a natural
number K; > K such that

K £

2= < 1 (2.5)

we present the interval A in the form of a union of disjoint dyadic intervals
N1
A=]al
i=1

with measure |A{’| = 275171 i = T_N;. Obviously, Ny = 2K1-K+1,
By denoting Kél) = ng — 1, for each natural number ¢ € [1, N;| we choose a

natural number Ki(l) > Kﬁ)l (K fl) > K;) such that the following conditions take
place:

6)
K _ZKl_l is a whole number,
1)
1 1 _E ARt
(b) (KV = K2~ < &,

kM4

(c) 212772z <&
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It immediately follows from (2.5) that

K§1>+K1+1

|[|2=— = <e. (2.6)
By successively applying Lemma 2.1 to each dyadic interval A,El) (1 =1,Ny)
and corresponding number Ki(l), we can find polynomials in the Walsh system

(1)
o+ g

i

7 (z) = Yo W), i=1TN (2.7)

k_QK(I)

such that

KD x4

lay| =[l]2="= , whenke [QKZ'(U,2K1'(1)+1), (2.8)
—~ —~—
1, forze B c AV [EY) = 1AW,

1) —~—(1)
c Agl), ‘Ez ‘ _ %lAZ('l)‘ (2.9)

Y

(1) =~
H; (x) = I, forxckE;
0, forx¢ Agl).

Hence, by denoting

N1
Hy(z) =Y H (), (2.10)
i=1
we get
—1, forze Ey CA,|E|= %
Hi(z)=<¢1l, forxeA\E, (2.11)
0, forx¢A.

As the polynomial ﬁgl)(a:) is a linear combination of Walsh functions from the

Ki(l) group, it is clear that the set E; can be presented as a union of a certain
number Ny of disjoint dyadic intervals

(1)
with measure |A§2)| = 2_KN11_1, i=1,Ns.
By defining
and

( (1)
K+ Ky +1

C_Lk = |l|2_f7 when k& S [2K§i}1+17 2Ki(1))7i S [17 Nl]a
5 0, when k € [2K§i)1+1’ 2Ki(1))>
k pu—

1, when k € [2Ki<1), 2Ki(1)+1),

R a (1)
a Ky /+1
(ax = lax|, O =035, whenk € [270,27M7),

i€ [1,N], (2.13)
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let us verify that the set £y and polynomials

2K§\})+1 1 2K](\})+1 n
P1<l’> = Z aka(x) and Z 6kaka 5k = :|:1, 0,
k=2"0 =2"0

satisfy all statements of Lemma 2.2 for ¢ = 1. Indeed, by using (2.11) and (2.12)
we obtain |E;| = (1—27")]AJ. Statement (1) follows from (2.6), (2.8), (2.13), and

from the monotonicity of numbers Ki(l) (i = 1, Ny). Statement (2) immediately
follows from (2.11) and (2.12). To prove statements (3) and (4), we present the

(1) _ _
natural number M € [270 25M) in the form M = 2" + s, s € [0,2"), where

e (K, K] for some m € [1, Ny]. Since intervals Agl) (1 =1, Ny) are disjoint,

by using (2.4), (2.7), and (2.9)—(2.13) we have

e < [T+ 3 Bt
HZ kAW o] Z LP[0,1]+ kE;n kAW Lo0.]

k=2"0
—(1
< | Hullopony + Coll Ho | oo
= 1 (1) 1 1
= (UPE] + 1P| Ea]) + ClI[|AD[s < 201} A7,

where C' = C), + 1.

Furthermore, for each natural number n € [no, K](\}l)] we denote b, = ag, k €
27271 (coefficients aj, of Walsh functions from nth group are equal in Hy(x)).
Taking into account (2.2), (2.3), (2.5), (2.8), (2.13), and condition (b) for numbers
KY (i =1,N,), we get

K(l) Ny KM Ny kW 4k 1 c
1 1 i
> =2 S b= S - KO < S
n=ng K(1)1+1 i=1
M n—1 +s
W‘ < S, H W‘
|3 a uw—Z + Zak oo
k=20 n=ng
on+1_1q K(1>+K1+1 -
< Zb +H Z by WkH <3 C iR <
n=ng

which proves Lemma 2.2(4).
Assume that for ¢ > 1 the natural numbers

KV < <Ky << KT << KUY

Y

sets

E,1CA  and  E,,=A\E,, (2.14)
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and polynomials

Hq_l(l') = Z 5kaka(x), 5k = :|:1, 0

k=210
are already chosen to satisfy the conditions
KM k{1

(a') + is a whole number (KJ(\(,]O) = K)),
KZ(V)_,'_K%':U_‘_I
(b') (Kz'(y) - Ki(z)l)Q(”_l)\l]2*ﬁ1 < 3

K

() 27|27 7= < 5,

K§V>+K§\l;71)+1

ap =227 =" —

v—1 .
K(()l,) . {Kj(\fl,l)v if v > 1,

T -1, ifv=1,

for k € [2K+1 oK1y (2.15)

for any natural numbers ¢ € [1, N,] and v € [1,q — 1]. Besides,

(¢g—1)

Nq—l q—l

€ n n
Z b, < Z SYTESE where b, = ay, k € [2",2"1), (2.16)
n=ngo k=1

—(27 = 1), forx € By,

H, 1(z) =<1, for x € E,_q, (2.17)
0, for z ¢ A,
Byal=271A]  and Bl =(1-277)a],  (218)

and the set Eq,l can be presented as a union of a certain number N, of
disjoint dyadic intervals

Nq
E,a =AY (2.19)

=1

: (a) S
with measure |A;"| =2 N1 i =1 N,.

For each natural number i € [1, N,] we choose a natural number KZ.(Q) > K Z.(f)l
(K\ = K](\‘,qull)) such that the following conditions hold:

KO-k

(a") ——*"— is a whole number,
(@) 4 pla—1)
" (9) (@) yo(g—1) ,m €
(b7) (K7 — K;24)207 D12 2 < sy,
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K@

(") 29)i2= "5 < &
:

By successive applications of Lemma 2.1, for each interval qu) C Eq,l (1 =

1, N,) and corresponding number Ki@, we can find polynomials in the Walsh

system
oK1y
H@) = Y aWi), i=1N,
21
such that

(@) |, z-(a—1)
K, +KNq +1

- (a) (q)
G| =207 Yi[2= =", when k € [25%" 25"y

—o0 Y, forz e B" ¢ A B = 1A,
(@) . —(a)
H; " (x) = 20°1  forx € E;

0, for z ¢ AY.

=~
C AP IE | =31A)

Hence, by denoting

Hy(x) = Hya () + A @)

and taking into account (2.17) and (2.19), we obtain
—(29—1)l, forze E,C E,,|E,| =2

20

H(z) =<1, for z € A\ B,

0, for x ¢ A.
Now, let us define a set
E,=A\E, (asin (2.14))

and numbers

/ KD pla=1)
RN+

= 22T e k€ D 2

5. — 40 whenke 2Rt k"), i €[1,N,]
k 1, when k€ [2KZ.<"),2KZ.(‘7>+1)’ » 1Vqls
. (@

L ax = |ay], O = O - %, when k € [2”0,2Kqu+l)’

and verify that the set £, and polynomials

ong 1

Pq@) = Z apWi(x),
k=270
ong 1

Hq(ZU) = Z (Skaka(l’), 5k = i—l,O,

k=2"0

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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where n, = K](\(,’q) +1, satisfy all statements of Lemma 2.2. Indeed, from (2.24) and
(2.25) it follows that |E,| = (1—277)|A|. Statement (1) follows from (2.6), (2.15),
(2.21), (2.26), and from the monotonicity of numbers K, i € [1,N,], v € [1, ).
Statement (2) immediately follows from (2.24) and (2.25). To prove statements
(3) and (4), we present the natural number M € [2"0,2"¢) in the form M = 2"+s,
s € [0,2™). Let us consider only the case when 1 € (K](\?q__ll), K](\?q)], since all other

cases are under consideration in previous steps of induction. Let i € (K (@) KTSfZ)]

m—1

for some m € [1, N,|. From (2.4), (2.17)-(2.20), (2.22), and (2.26) we have

M
k=270

m—1 oMy g
—5(q)
ST IS s
Lejo,1] — H 1 1+; ’ LP[O,1]+ 1; L Lr[0,1]
—5(q)
< ||Hq||Lp[0,1] + Cp”an HLP[OJ]
~ 1
< (JUP1By| + 27|17 |E, )7 + G20 1| AD > < 21C1]| A7

(C'= C,+ 1), which proves statement (3).
Furthermore, for each natural number n € [ng, K ](\(,12] as in (2.15), we denote

by = ap, when k€ [27 2",

Taking into account (2.2), (2.3), (2.16), (2.21), (2.26), condition (¢’) for number
7=

Ky (q Y and condition (b ) for numbers K @ (; =T, ), we get

M n—1 27 s
W‘ < S0 +H W‘
K}Vq b K@ o+l
<y bn+Z Z b+ Z A .
n=ng 1+1 ’
q—1 B K(Q)+K(q Dy
1 —7‘11
€ S S DK - kit

1
aco K](\;]q7)+1

420727 2

NI

<&,

which proves statement (4).
Lemma 2.2 is proved. 0

Lemma 2.3. Let numberspy > 1, ng € N, 0 < ¢ < 1, and polynomial f(x) # 0 in
the Walsh system be given. Then one can find a measurable set E. with measure
|E.| > 1 — ¢ and polynomials

2n—1 1

P(x) = Z apWy(z) and  H(z) = Z SpaWi(z), 0 = £1,0,

k=2"0 k=2"0
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in the Walsh system which satisfy the following conditions:

(1) 0<ag <ap<e, ke2m2"—-1),
(2) Hf(x)_HHLPO(EE) <&,

M
(3) 08 k;() 6kakaHLP(F) < oy +

for any measurable set F' C E. and p € [1,po], and

M
(@) RN DI B
Proof. We choose a natural number ¢ so that

271 < g, (2.27)

and we present the function f(z) in the form
Vo
f(.T) - Z leAj (23),
j=1

where [; # 0, j = 1,19, and {A;}2 are disjoint dyadic subintervals of the section
[0, 1]. Without loss of generality we can assume that all these intervals have the
same length and are small enough to provide the condition
1 €
1r§n%>§0{2qCUjHAj]p} <3 (2.28)
where C is the positive constant of Lemma 2.2(3).
Applying Lemma 2.2 to each dyadic interval A;, j = 1,14, and taking into

account (2.27) and (2.28), we can find sets EY ¢ A; with measure

BO| = (1 - 270)|A) > (1 - )|y (229)
and polynomials
21
k=2"j—1
-1 '
AP @)= Y &) Wil), 6 =+L0,
k=21

in the Walsh system, so that ]r]éj)(a:) = (0 outside A;,

0<a, <aq’ <3, for all k € [270,2m — 1), (2.30)
0<al), <a? <al;l) |, forallke[2u,2m —1),j>1,
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M
max || 3 5,§j>a§j>WkH < 201 |Ay1 <, (2.32)

2Mi—1< M <2"3 Lro[0,1
< el [0,1]

M .
Z C_L,(CJ)Wk‘

k=2"j—1

£

< —. 2.33
Lo, 271 ( )

max
2 -1 < M < 2"

We define a set
Vo Vo
E.=|JEYU ([0, 1/ A]) (2.34)
j=1 j=1

and polynomials

Yo 2””071

P(x)=) PP (x)= ) aWi(),
j=1 k=2"0
Vo Ny~ 1

H(z) =Y HY(x) Z Ok Wi(x),
j=1 =270

where a; = a,(j’ and 0y, = 5,(3) when k € [2"-1,2%). Note that HY =0 on the set
[0, 1]/ U2, Aj (in case it is not empty) for any j € [1, o).
From (2.29)—(2.31) and (2.34) it follows that

|E| >1—¢

0 < Gpyr <@g < g when k € [27,2™0 — 1), (2.35)
Vo

1f = Hlzro(r.y < Z 1lixa, — Héj)“Lm(E,gﬂ) =0. (2.36)
=1

Furthermore, let M be a natural number from [20, 2"0). Then M € [2"m-1, 2"™)
for some m € [1,1p]. Taking into account (2.31), (2.32), and (2.34), for any
measurable set F' C E. and p € [1,py] we have

k=2"0 Lr(F)
m—1
< _
<X, XA
]:1 =2"m—1
m—1 _
Z HZJXA HéJ)HLPU(El(Iﬂ) + Hzl leAj 1o
j=1 j=
e <oy + (237)
Po[0,1] 2

k=2"m—1
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and, by using (2.33), we obtain

M %) N
_ —(7)
i W‘ < max a W)
H Z RETK Lo, ZQ%ASN@%‘ Z k k

k=270 ]:1 k=2"ji—1

€
< —. 2.38
Lo 2 ( )

Hence, polynomials P(x) and H(x) satisfy all statements of Lemma 2.3 except
for (1). To have strict inequalities between coefficients, we choose such a natural
number Ny that

9—No g (2.39)
and define polynomials
20 —1 2" —1
P(x) = Z apWy(z) and H(z) = Z orarWi(x),
k=270 k=270
where
a = ay + 2~ WMotk (2.40)

It is not hard to verify that polynomials P(x) and H(x) satisfy all statements
of Lemma 2.3. Indeed, statement (1) immediately follows from (2.35), (2.39),
and (2.40). Furthermore, considering (2.36)—(2.40) for each natural number M &
[270 2™0) measurable set F' C E., and p € [1,po] we get

20 —1
If = Hllzrogmy < I1f = Hllzro(s) + H > 2Nt Lo
k=2"0 ’
9™ 1
< 37 1062 NI ooy < 270 <,
k=2m0
M M M
5 W) <H 5*W’ H 52—<N0+’f>W]
Hk;() kWi Lo(F) = k;{) kWi LP(F)+ k;g k k o]
- M
< HfHLP(F) + 5 + Z H5k2_(NO+k)WkHLp[O,1]
k=2"0
€ Ny
< |\f||LP(F)+§+2 < fllzer) +¢
and
M M M
Wil < [ 30 @i 2700
H Z ak k Ll[O,l] - Z ak k Ll[O,I] + Z || ||L1[0’1]
k=20 k=270 k=270
< g + 27N < ¢
Lemma 2.3 is proved. 0J

Now with the help of Lemma 2.3 we will prove the main lemma of the article,
which will be used in the proof of the main theorem.
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Lemma 2.4. For any § € (0,1) there exists a weight function 0 < u(x) < 1, with
{z € [0,1]; u(x) = 1} > 1—0, so that for any numbers py > 1, ng € N, e € (0,1),
and polynomial f(x) # 0 in the Walsh system, one can find polynomials in the
Walsh system

2n_1 n_1
P(z) = Z arWi(x) and H(x) = Z raprWi(z), 0 = +1,0,
k=2"0 k=2"0

satisfying the following conditions:

(1) 0<appy <ap<e, ke2™ 2" —1),
) If = Hl o <,
M
) 2m0L A <on k;g 5kaka‘ 1200.1) <2|fllzzpa +& Vp € [1,po],

< e.
L1[0,1]

(4)

Proof. Let p,, / 400, d € (0,1), and Ny = 1, and let {f,,(z)}>_,, x € [0,1], be
a sequence of all polynomials in the Walsh system with rational coefficients. By
successive applications of Lemma 2.3, it is possible to find sets FE,, C [0,1] and
polynomials in the Walsh system of the form

max
2m0 <M <2

M
Z aka‘

oNm _1

Pu(z)= Y al"Wi(x), (2.41)
k=2"m-1

2Nm 1
= > oMaMWi(x), o™ ==£1,0, (2.42)

kQle

which satisfy the following conditions for any natural number m:

Bl >1- o5 (2.43)
0<a™ <o« 1 g [2Nm-1 9Nm _ 1) (2.44)
k+1 k 4Nm—1 9 ) ) .
1

| frn — Hinll2om (B,) < == T3 and (2.45)

for any measurable set F' C E,, and p € [1, p,,] we have

1
2Nm—2€}/}[(<2zva Z 5k ak WkH <l fmller (") T omia om+2” (2.46)
and
- 1

W] 2.47

k=2Nm—-1
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We set
Q, = :“nozonEm, n € N,
E=Q; = ;wn Ep, 7= [log,,0]+1, (2.48)
B=0U (U, %00\ Q).
It is clear (see (2.43) and (2.48)) that
|B| =1, |E| >1—0.

We define a function p(z) in the following way:

1, zeBU(0,1]\B),
p(z) = (10, 11 )N (2.49)
fn, T EQ\Qo1,n>n+1,

where

1 ! -1
Hn = Spn(nra) [H hm} ’ (2:50)

m=1

1
By = 1£%3§m{1+/ ‘fm(xﬂpdx

—|— max / ’ (5,8” W)
oNm—-1

Nm—1 <M<2Nm

pd:v}.

It follows from (2.48)—(2.50) that for all m > n,

[ e - /Q

n=m+1 n\ - 1

< Z 2pn n+2 /‘H ‘pmdx>

n=m+1
1
S Spm(m2)”

|pm Ihn dx)

(2.51)

In a similar way, for all m > n, M € [2N=-1 28) and p € [1, p,,] we have

1
Pm
and
- 1
‘ Z s a™Mw, (:E)‘pu(x) dey < ——— (2.53)
(0,1\2m kR * op(m+2) " :

k=2Nm-1

Since Q,,, C E,,, by using conditions (2.45), (2.48)—(2.52), and Jensen’s inequal-
ity, for all m > n we obtain

/Ifm = Hyn(@)|"" p(x) dz
/!fm — |pm (x) dx
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+ / \ fm(x) — \p "u(x) dx
0,1\,
< Ll +2.20m ! < !
IPm (m+2) Ipm (m+2) Ipm (m—1)
or
1

Furthermore, taking relations (2.46), (2.48)—(2.50), (2.53), and Jensen’s inequal-
ity into account for all M € [2Nm=1 2N=) 1 e [1,p,,], and m > 7 + 1 we get

Zékak Wi()

kQle

/m . k;ak Wk()

k=2"Ym—1

/m\gm‘ S Sl )

k=2Nm-1

/‘Z(Skak Wi(x)

"kQle

+Zun/

n=n+1 O\ Q-1 k=2Nm—1

p

p(x) dz

p

p(x) dz

w(x) d

p

p(x) dx

5,(€m)a,(€m)Wk(x)’ de + ———

op(m+2)

1 \» - 1 \» 1
< (HmeLp<ﬂa)+2m+2> + ) Mn<\|fm|\m(9n\ﬂn71)+2m+2> t Somr

n=n+1

<2p / | fn(@) P dz + Z/ | fin() -,undzr:)

n=n-+1 Qn\Qn—1

1 1
+—2p(m+2) <2 +2F. Zlﬂn+1> < 2p||fm||L”01 9p(m—1)
n=n+
or
S aaw| <ol ! (2.55)
k ak k 1200, mllz80,1) T om—1" :

k=2Nm-1

Let np € N and ¢ € (0, 1) be arbitrarily given. From the sequence { f,,(z)}5_;
we choose such a function f,,(z) that

8
mo > max{ﬁ,log2 g}, Pmg > Do, 2V mo=1 > QM0 (2.56)

1f = fanollrojo ) < 71’ (2.57)
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and for k € [270,2Nmo) set

(mo) 1 o N 1
ak; = a N’mo 1 + 2k+—mou When k’ E [2 072 0 )7 (258)
a’l(cmO)a when k € [2Nmo—1 2Nmo ),
0 when k € [2"0, 2Vmo-1)
O = 50 ’ ’ 2.59
) {51(!%) = 41,0, when k € [2Nmo-1 2Nmo), (2.59)
and
2Nm0—1 QNmO—l_l
Pa)= 3 aWi@)= 3 alWi(e) + Pulo)
k=2m0 k=270
oNmg _1
H(z) = Z O Wi(2) = Hpyy ()
k=2"0

Now it is not hard to verify that the function u(x) and polynomials P(x)
and H (z) satisfy all the requirements of Lemma 2.4. Indeed, statements (1)—(3)
immediately follow from (2.44) and (2.54)—(2.59). Furthermore, by using (2.47)
and (2.56)—(2.58) we obtain

M My
max Z aka‘ < max Z aka’
2n0 < M<2Nmo e L0,1] 20 < My <2 mo—1 et L0,1]
Mo
+ max Z a,imO)Wk‘
2Nmo—1.< My <2Nmo N L1[0,1]
My
< max Z aka‘ + =
2m0 <My <2™mo—1 1l Lo 2

Let M, be an arbitrary natural number in [2"%, 2Vmo-1), Then M; € [2™,2™M+1)
for some ny € [ng, Np,—1) and, considering (2.1), we have

My
(mo) . on1
H Z aka‘ L1[0,1] = 2 Nmo—1 H Z ‘Ll[o 1) g 2

k=270

Moo €

+ Z 9k+mg < 5’

k=270
which proves statement (4).
Lemma 2.4 is proved. 0

3. PROOF OF THEOREM 1.2

Let 0 € (0,1), pm 7 +o0, and let {fn(x)}5o_,, = € [0,1], be a sequence
of all polynomials in the Walsh system with rational coefficients. By virtue of
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Lemma 2.4, there exist a weight function 0 < u(z) < 1 with |[{z € [0,1], u(z) =
1}| > 1 —§ and polynomials

N,,—1

Pn(z)= Y aé’"’wku), (3.1)
k=Np—
Nm—1
= > §Ma"Wi(x), 6" =+1,0, (3.2)
k=Npm—1

in the Walsh system which satisfy the following conditions for any natural number
m:
0< a,(cll < a(l)
0 g™ gm _ O (33)
<y < < min{2 } form >1,
when k € [Ny,_1, Ny — 1),
|.frn — HmHLﬁm[o,l] <27 (3.4)

max H Z ‘51: ak )W’

Nip—1<M<Np, L2[0,1] < 2Hfm||L{;[o,1} +277, (3.5)

for any p € [1, pn], and

M
(m) ’ <gm-l 3.6
ijré%(d\fm” Z YR o) ' (3:6)
=Nm-—1
From (3.1) and (3.6) it immediately follows that
Pm‘ <SP o < 3.7
Hmzzl Lol — mZ: [Pl [0,1] < +00. (3.7)
By denoting

No—1
Py(z) = arWi(z), (3.8)

k=0

where coefficients ay, k € [0, Ny), are arbitrary monotonically decreasing positive
)

(1

numbers with ay,—1 > ay’, we define a function g(z) and a series Y, axWi(x)

as follows:

=Y Pu(x), (3.9)

ay = a,(ﬁm), when k € [N,,_1, N;),m € N, (3.10)

and ay, are coefficients in Py(x) (see (3.8)), when k € [0, Ny). By using (3.3) and
(3.6)—(3.10) we conclude that the series > e o aWi(x) converges to g € L[0,1]
in L'[0,1] metric, and a = f, g t)dt \, 0.
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Let p > 1, and let f € LE(0,1). We choose such a polynomial f,, (x) from the
sequence { f,(z)}o°_, such that

If = foullzoy <272 and  p,, >p. (3.11)

By denoting

s _ Ja =£1,0, when k€ [N,1, Ny,
k 0, when k € [0, N,, 1),

and taking into account (3.2), (3.4), (3.5), and (3.11), we have

Ny, —1
— oparW, ‘
|1 > dendhil
S ||f - fV1| LZ[O,I] + ||fl/1 - HVlHLZVl [0,1]

<2242t <2t

and

max
Nyl 1<M<Nl/1

Z 5kakaH < 2| frllpo,y +277

Assume that for ¢ > 1 numbers v; < 15 < --- < 1,1 and {0 = £1 O}k a1t

are already chosen, so that for each natural number j € [1,q — 1] the followmg
conditions hold:

Vj

. 5}&”.7‘) ==+1,0, when k € [Nu flaN )
F 0, Whenk‘ﬁéU [ Ny,—1, Ny,

<27, (3.12)

Ly[0,1]

Z 5kaka‘

u—l

Ny, —1
Hf— Z 5kaka‘

max

u 71<M<N,, < 2||fuj||Lﬁ[0,1] + 27V

Ly[o.1]

We choose a function f,, (x) from the sequence { f,,(z)}i—; With v, > v,_1 so
that
Nyy ;1

Hf— Z orarWi(z) — fo, <2797 (3.13)

Ly[0,1]

and we define

(3.14)

5](;’!1) — :t]_’ O, When k € [Nuq—lle/q)7
O =
07 Whenk%U [ VJ—17NI/]').
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Taking into account (3.2), (3.4), (3.13), and (3.14), we get

Ny,—1

Hf— Z 5kaka‘
k=0

L310,1]

LE[0,1] + ||qu — 1y, HLiuq [0,1]

Nyy_y -1
< Hf - Z okarWi — fo,
k=0
<27t p ol <07 (3.15)
Furthermore, from (3.12) and (3.13) we have
Nyy_i—

1 fvellzon < Hf— Z oraxWi — fu,
k=0

1

L}[0,1]

o < 270t p 9Tt L 974t
n 0,1

Ny y—1
+Hf— Z 5kaka’
p

Thus, from (3.5) and (3.14) it follows that for each natural number M € [N, 1,
NVq)7

| 3 sy

k;:NI/qfl

<2 Fo rpioq + 277 < 2794, 3.16
pron < Hallzon (3.16)

By induction, we easily determine a growing sequence of indexes {l/q};r:“l’ and
numbers {6, = £1,0};2 so that conditions (3.14)—(3.16) hold for any ¢ € N.
Hence, we obtain a series

“+o0o
Zékaka(:p), 6k = :|:1,0, (317)
k=0

which converges to f in LF[0,1] metric. Indeed, from (3.15) it follows that the
subsequence {S,, () 725 of its partial sums

N—-1
Sn(z) = SayWil(z), N=1,2,. ..,
k=0

converges to f in LP[0, 1] metric, and (3.16) provides the convergence of the whole
sequence Sy(z).
Theorem 1.2 is proved. O
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