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ABSTRACT. We prove that, for any p € (1,00), the second-order Cesaro se-
quence space Ces?(p) has the (3)-property and the k-NUC property for k > 2.
In addition, we show that Ces?(p) has the KadecKlee, rotundity, and uniform
convexity properties. For any positive integer k, we also investigate the uniform
Opial and (L) properties of the sequence space. We also establish that Ces?(p)
is reflexive and has the fixed-point property. Finally, we calculate the packing
constant (C') of the space.

1. INTRODUCTION AND PRELIMINARIES

Let w denote the space of all real-valued sequences. Any vector subspace of w is
called a sequence space. We write [, ¢, and ¢q for the spaces of all bounded, con-
vergent, and null sequences, respectively. Let bs, ¢s, [1, and [, (1 < p < o) denote
the spaces of all bounded, convergent, absolutely convergent, and p-absolutely
convergent series, respectively. Throughout the paper, we assume that (pg) is a
bounded sequence of strictly positive real numbers with sup{p;} = H, and we
set M = max{1, H}. The linear space [(p) was defined by Maddox [10] (see also
Simons [15] and Nakano [11]) as

l(p):{x:(xk)Ew:Z]xk]p’“<oo} (0 <pr < H < o0).
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It is a complete paranormed space via the paranorm

1
= (S lal) ™.
k
For simplicity of the notation, in what follows, a summation without limits always

runs from 1 to oco.
Next we define the second-order Cesaro sequence space by

2N ) = 1 “ B p
Ces™(p) = {$€W~;<(n+1)(n+2) kz:;(n%—l k)|x(k)\> <oo},
for 1 < p < oo, and for p = oo by

CesZ(oo):{wa:sgp<(n+1 "y kion—i-l— k)‘><oo}

These spaces generalize the Cesaro sequence spaces, as shown in the following
theorem.

Theorem 1.1. The following proper inclusions hold:
(1) I, C Ces(p), forp>1;
(2) 1, C Ces*(p), for p > 1;
(3) Ces(p) C Ces*(p), for p > 1.

Proof. 1t is enough to prove the last inclusion, because (1) and (2) were proved
n [16]. Let x = (z,) € Ces(p). Then

> (g o+ o)) ]
= Lé((n n 1)1(71 +2) kzi%(” * 1”:”(]“)‘)}7};
=[G wl) ] <

On the other hand, let us consider the following sequence:

(z,) = (0,0,...,0, n ,0,0,...).

nth position

=

Then it follows that

n

[ni((n n 1)1(n Ty 2 Hl- Bl=]) ] =

k=0 n=1

= =
/N
E)
_I_
—_
=|=3
S
+
N
N—
S
N
g

for every p > 1, but
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A Banach space X is said to be k-nearly uniformly conver (k-NUC) if, for any
€ > 0, there exists a number § > 0 such that, for any sequence (x,,) C B(X) with

sep(x,) > €, there are ny, no,...,n € N such that

whenever sep(x,,) := inf{||z, — Tn| : n # m} > e
A Banach space X has property (3) if, for each » > 0 and € > 0, there exists
d > 0 such that, for each element x € B(X) and each sequence (z,) in B(X)
with sep(z,) > €, there is an index k such that
T+ Tk
1=
A Banach space X is said to have the Banach—Saks property of type p if every
weakly null sequence (xy) has a subsequence (zy,) such that, for some C' > 0,

n
[>= o
1=0

J<s

<C(n+ 1)%

for all n € N.
A point zp € S(X) is called
(1) an extreme point if, for every z,y € S(X), the equality 2z = x+y implies
T =1Y;
(2) a locally uniformly rotund point (LUR-point) if, for any sequence (x,) in
B(X) such that ||z, + z|| — 2 as n — oo, there holds ||z, — z|| — 0 as
n — oo.

A Banach space X is said to have the rotundity property if every point of S(X)
is an extreme point. A Banach space X is said to have the Opial property if every
sequence (z,) weakly convergent to z, satisfies

liminf ||z, — xo|| < liminf ||z, — x|,
n—oo n—oo
for every x € X.
A Banach space X is said to have the uniform Opial property if, for every

€ > 0, there exists 7 > 0 such that, for each weakly null sequence (z,) C S(X)
and z € X with ||z|| > €, we have

1+ 7 < liminf ||z, + z||
n—o0

(see [13]).
For a sequence (z,,) C X, the following notion was defined in [5],

A((z,)) = liminf{||xi + x| 1d, ) > n,i# j},
n—oo

which is related to the packing constant (see [9]) and to the Banach—Saks property
as follows:

C(X) =sup{A((zy)) : (x,) is a weakly null sequence in S(X)}.
For each € > 0, define A(e) to be
inf{1 — inf[||z|| : # € A]: A is a closed convex subset of B(X) with 5(A4) > €},
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where
B(A) = inf{e > 0: A can be covered by finitely many balls of diameter < €}.

The function A is called the modulus of noncompact convezity (see [7]). A Ba-
nach space X is said to have the property (L) if lim._,;- A(e) = 1. It was proved
in [13] that the property (L) is a useful tool in the fixed-point theory and that
a Banach space X has the property (L) if and only if it is reflexive and has the
uniform Opial property.

Gurarii’s modulus of convexity (see [3]) is defined by

Bx(€) = inf{l — ogig;”ax + (1 —-a)yl;z,y € S(X),|lx—y| = e},

where 0 < e < 2. Let X be a real vector space. A functional o : X — [0,00) is
called a modular if

(1) o(x) = 0 if and only if z = 0,
(2) o(ax) = o(x) for all scalars o with |a| =1,

(3) o(ax + By) < o(x)+o(y) for all z,y € X and o, 5 > 0 with a + 5 = 1.
The modular ¢ is called convex if it satisfies the following:

(4) o(ax+ By) < ac(x)+ fo(y) for all z,y € X and a, f > 0 with a4 5 = 1.
A modular o is called

(5) right continuous if lim, 1+ o(ax) = o(x) for all x € X,

(6) left continuous if lim,_,1- o(ax) = o(x) for all z € X,

(7) continuous if it is both right and left continuous,

where X, = {z € X : lim,_+ o(ax) = 0}. We define the operator o, on Ces?(p)
by

)= 3 (i 2 -kl

If p > 1, by convexity of the function ¢t — |¢|?, we conclude that o, is a convex
modular in Ces?(p).

The modular o), is said to satisfy the dy-condition (see [3]) if, for every € > 0,
there exists a constant M > 0 and m > 0 such that

op(2t) < Moy(t) + € (1.1)
for all t € X, with o,(t) < m.

2. RESULTS

We start this section with the following lemma, whose proof is similar to that
of [3, Lemma 2.1].

Lemma 2.1 ([3, Lemma 2.1]). If o, satisfies the do-condition, then, for any A > 0
and € > 0, there exists 6 > 0 such that

|op(t+w) — ap(t)| < e (2.1)
whenever t,w € X, with op(t) < A and o,(w) < 6.
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Theorem 2.2 ([3, Lemma 2.1]). Suppose that o, satisfies the do-condition.

(1) For any x € X,,, ||z|| =1 if and only if o,(x) = 1.
(2) For any sequence () € Xo,, ||zn| — 0 if and only if o,(x,) — 0.

Theorem 2.3. If 0, satisfies the dy-condition, then, for any € € (0,1), there
exists 0 € (0,1) such that o,(x) <1 — € implies ||z <1—14.

Proof. The proof of the theorem follows directly from the above two facts (see [3]).
]

Theorem 2.4. For any v € Ces*(p) and e € (0,1), there exists § € (0,1) such
that o,(x) <1 — € implies ||| <1—4.

Proof. The proof of the theorem follows directly from Theorem 2.3. O

Proposition 2.5. If p > 1, then the modular o, is continuous on CesQ(p), and
it also satisfies the following conditions:

(1) if 0 < a <1, then aMo,(2) < 0,(2) and o,(ax) < aoy(z);
(2) if « > 1, then op(z) < aMoy(£);
(3) if a > 1, then op(7) < aop(L).

Proof. Tt is similar to the proof of [12, Proposition 2.1]. O

Now we will define the following two norms (the first one is known as the
Luzemburg norm and the second one as the Amemiya norm) in Ces®(p):

. xXr
||z = mf{a >0 ap(a) < 1} (2.2)
and
o1
el = inf {1+ 0, ()}, (2.3

Proposition 2.6. Let x € Ces*(p). Then the following relations between op and
| - ||z are satisfied:

(1) of ||zl <1, then ap(x) < ||z ;
(2) if lzll > 1, then op(x) = |||z
(3) ||zl =1 if and only if o,(z) = 1;
(4) ||zl <1 if and only if op(z) < 1;
(5) ||zl > 1 if and only if op(z) > 1.

Proof. 1t is similar to the proof of [1, Proposition 3.10]. O

Theorem 2.7. The space Ces2(p) 1s a Banach space under the Luxemburg and
the Amemiya norm.

Proof. We will prove that Ces? (p) is a Banach space under the Luxemburg norm.
In what follows we need to show that every Cauchy sequence in Ces®(p) is con-
vergent according to the Luxemburg norm. Let {z}} be any Cauchy sequence in
Ces®(p) and € € (0,1). Thus there exists a positive integer ng such that, for any
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n,m > ng, we get ||z — 2|, < e. From Proposition 2.6 we obtain
o™ — 2™) < [l — 5| <, (2.4

for all n, m > ng. This implies that

00 1 k ‘ § - )
S (G Lk o =) <o 09

For each fixed k£ and for all n,m > ny,

k
1 Ny (n m
=0

Hence (y\")), = (m S (k+1—10) 2™ ), is a Cauchy sequence in R. Since

R is a complete normed space, there exists
1 k
_ BLESERIE)
(Yr )k ((k;+1)(k+2) (k+ 1 =)zl .

=0

in R such that (y,in)) — Yy as n — 00. Therefore, as n — oo by relation (2.4), we
have

00 1 k . N
;((k—l— 1)(k +2) ;(“ L=l =) <

for all m > ng. In the sequel, we will show that (y) is a sequence from Ces®(p).
From Proposition 2.5 and relation (2.5) we have

lim o,(z™ — 2™) = g,(x — () < ||z — 2|, <,
n—oo

for all m > ng. This implies that (z(™) — x as m — oo. We therefore have
v = 2™ — (™ — z) € Ces*(p). And this proves that Ces*(p) is a complete
normed space under the Luxemburg norm. 0

In what follows, we will show some results related to the Luxemburg norm, and
due to this reason we will denote it by || - ||.

Theorem 2.8. The space Ces*(p) is rotund if and only if p > 1.

Proof. Let Ces®(p) be rotund, and choose p = 1. Consider the following two
sequences given by

1)(n + 2
(n+ ;£”+ ),0,0,...>

TV
nth term

x=<0,0,...,0,

and
2(n+1)(n+2)

3n

nth term

y:<o,0,...,o, ,0,0,...).

N

Then obviously = # y and

op() = op(y) = 0p<x ;— y) =1
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Then it follows from Proposition 2.6(3) that z,y, =¥ € S[Ces®(p)], which leads

to the conclusion that the sequence space Ces? (p) is not rotund. Hence p > 1.
Conversely, let © € S[Ces*(p)], where 1 < p < oo and g,z € S[Ces*(p)] such

that x = y—;z By convexity of o, and property (3) from Proposition 2.6, we have

op(y) + 0p(2) 1 1
1= <%<_ — =1
op(z) < 5 _2+2 ,

which gives that o,(y) = 0,(2) = 1 and

From the last relation we obtain that

00 1 n »
Z((n+ CEEP Bla(0)])

- 312 (g S - Hbwl)
N nio;((n . 1)1(71 = kz:;(n +1-— k)\z(;{;)Dp}.
Since = = y;rz, we get

00:1 1 fLZO P
+;<(n+1)(n+2) ;(“ 1= 1l0)])')
This implies that
1 - P
((H Do o 1= Rlyh) +2(k)|)

1 1
> ((n+ D(n +2) ZO(” 1= B)y()])

L L S+ 1-R)a(k)])”

* §<(n+1>(n+2) 2

From the last relation we get that y; = z; for all i € N, whence z = y. It means
that the sequence space Ces?(p) is rotund. O

In what follows we will give two facts without proof, because their proofs follow
directly from Propositions 2.5 and 2.6.
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Theorem 2.9. Let x € Ces*(p). Then the following statements hold:

(i) if 0 < a <1 and ||z|| > «, then o,(x) > a™M;
(i) if @ > 1 and ||z]| < a, then oy(x) < oM.

Theorem 2.10. Let (x,,) be a sequence in Ces?(p). Then the following statements
hold:

(1) limyo0 ||Z0|| = 1 implies lim,, o0 0 () = 1.
(i) 1Moo 0p(@n) = 0 implies limy, o0 ||z, = 0.

Theorem 2.11. Let v € Ces®(p), and let (z™) C Ces*(p). If o,(z™) — o,()
and x,&n) — 21, asn — oo for all k € N, then [|[2™ — 2| = 0 as n — co.

Proof. The proof of the theorem is similar to Theorem 2.9 in [12]. OJ
Theorem 2.12. The Banach space Ces*(p) has the (j3)-property.

Proof. Let us suppose for the contrary that Ces®(p) does not have the (3)-
property. Then there exists ¢ > 0 such that, for any § € (0, 1+2++p), there is

a sequence (r,) C S(Ces®p) with sep(z,) > ¢ and an element z, € S(Ces*(p))
such that

for every n € N. Let us consider ¢ as a fixed value from (0, ;7575 ). We claim that

T, + To||P

2

>1-—09,
Ces?(p)

1 - P+l

jllr?osip 2 <(n +1)(n+2) 2 (nt1- i)‘x(m)p Sw o (2.7)

n=j+1 i=1

Otherwise, we can assume that there exists a sequence (ji) such that j, — oo as
k — oo and

> 1 - ortls

Z <(n+1)(n+2) Z(n+1_i)|$(i)|>p> w1’ (2.8)

n=jp+1

for every k € N. Let 6; > 0 be a real number corresponding to e = and A =1
in Lemma 2.1. Then there exists n; such that

o0 n

1 » \P
2o Xt 1.t ey = 2 <(n+1)(n+2) (Hl_k)‘xo@‘) <a.

n=ni1+1 1=0
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Take k large enough such that j, > n;. Then from Lemma 2.1, the convexity

%

of the function | - |P, and relation (2.8), we have

- 1 = (1) + 2o (i)
1-9¢ < 11—k ‘—
<; (n+1)(n+2)2<Z+  —

1=0

:n=1<(”+1)1(n+2) ;(¢+1_k)‘w )p
+n—nzl+1<(n+1)1(n+2 ;@Jrl—k)lw )p
> 1 y (Z—i—l—k)‘xo(z)Dp

1 & 1 . T\ P
+§Z<(n+1)(n+2);<Z+1_k>|$k(l)|)

n=1

+ Y ((n+1)1(n+2> izo(z’+1—k)‘$2@

1 1S 1 . N
= §+§Z<(n+1)(n+2) =0 (Hl_k)‘ka)

) 1 U P
_ Z ((n+1)(n+2)Z(z—kl—/{:)‘xk(z)‘) +4

op
=0

<1-20+0=1-0.

n=ni+1

Hence, relation (2.8) is valid. Now, from the inequality

n
p

1 ' .
(G D 20+ 1= Plnd])

S 1 . )Y
= Z<(n+ D(n+2) > (04 1= Blanld)] )

n=1 =0

it follows that
’xk(l)‘ - n1+1—i

Y

for every k € N and ¢ = 1,2,...,ny. It means that there exists a subsequence
(yn) of (x,) and numerical sequence (a,) such that limy o yi(i) = ay, for i =
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1.2,...,ny. Therefore

ni 1 n | | | )
;<(n +1)(n+2) & (i +1—k)|y(i) - ym(Z)D <46
for sufficiently large n and m. Consequently,
Hyk - Z/mngsﬂp) - ;((n - 1)1<n - 2) ;(z +1— k)‘yk(z) . ym@)‘)p
ni 1 n . | | )
= e ((n +1)(n+2) Zg(;(z +1— k)\yk(z) - ym(z)D
3 ! . . N\ P
+ n:nzl+1<(n + 1)(7], + 2) ;(2 +1-— k)‘yk(z) — ym(z)D
ni 1 n | | | )
< e ((n + 1)(n + 2) ;(l +1-— k)‘yk(l) — ym(l)D
2 n;ﬂ((n n l)l(n ) ;(z +1- k)|yk(¢)\)p
2 2 (e eSS > (i1 =Blun(i)] )
<6+275
< €o,

whence sep(z,,) < sep(y,) < (eo)%. This contradiction shows that Ces?(p) has the
property (/). O

Corollary 2.13. The space Ces®(p) has the Kadec-Klee property.
Corollary 2.14. The space Ces®(p) has the k-NUC property for every k > 2.

Corollary 2.15. The spaces Ces®(p) and (Ces*(p))* have the Banach-Saks prop-
erty.

The proof of Corollary 2.15 follows from [4, Theorem 1].

Theorem 2.16. For any 1 < p < oo, the space Ces*(p) has the uniform Opial
property.

Proof. Let € > 0, and let € Ces®(p). Then there exists n; € N such that

o0 n

2 ((n+ 1)1(n—|— gy 2+ Pla]) < (7)"

n=ni+1 0
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for € € (0,¢) and 1+ 5 > (1 + €)?. On the other hand, from 7] ces2(py = € We
obtain that

n=1 - k=0
3 (g D0+ 1= Dl
Ml (n+1)(n+2)
< ny ( 1 Zn:(”+1_k)‘ (k:)|> N (e())
“—\(n+1)(n+2) — 4
< ( (n+1—k)|x ) + —,
— (n+1)(n+2)kzzo | | 4
whence
- 1 - P 3€P
1= R)z)]) = =
;((n+1)(n+2) 2+ Ne®)) =5
Let (2,,) C S(Ces?*(p)) be any weakly null sequence. From x,,(i) — 0, for i =
1,2,..., it follows that there exists mgy € N such that
ni . €
HZZI;m(Z)el Ces?(p) < Z7

=1

for every m > myq. Therefore,

e+ i = [ a2+ 3 (i) 2(0)e

et Ces?(p)
2[5t 3 sty S5,
HZ<>\

for every m > mgy. Moreover,

Hix(i)ei + ._i T (0)e

= [[(2(D), 2(2), ... 2(m), @ + 1), ) [ e

Ces? (p)
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ni

_Z< oS n+2) Z(n+1—i)|x(i)|

1 . A\ P
+(n+1)(n+2) Z (n+1—z)|xm(z)|)

1=n1+1

G 1 G TN
> ;( n+1)(n—|—2) Z(n—i— 1= i) (7))

[e.e]

Z( n—i—2) Z (n—i—l—z’)‘xm(i)})p (2.10)

n=1 i=n1+1
> 3€P . (1 ep)
4 4
Ep

-1 ha
+2

> (1+e)". (2.11)

Now, from equations (2.9) and (2.10), we get

|em + x| > 1+§.

This means that Ces?(p) has the uniform Opial property. O

Corollary 2.17. For 1 < p < oo, the space Ces*(p) has the property (L) and the
fized-point property.

Theorem 2.18. The equality C(Ces*(p)) = 2% holds for any p > 1.

The technique of the proof is similar to that of [5, Theorem 3], and so we omit
it.

Theorem 2.19. The Gurarii modulus of convezity for the sequence space Ces? (p)
(1<p<o0)is
€\P\ »
BCes <1_<1_<§) >p7

Proof. We follow some techniques given in [14]. Let 2 € Ces®(p). Then

for every e > 0.

o0

1 = P
;((n—l— 1)(n+2) kz_()(n+ 1= k)|w(k)’> < 0.

If we denote by A the matrix which represents the sequence space defined by the
above relation, then it can be expressed in the following form:

(n+1)(n+2)

A ( ) M forogk'gn;n,ke{07172;3747"'}7
= (a —
k 0 for k > n.
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Let € > 0. From the definition of matrix A, it follows that there exists the inverse
matrix B. We define the following two sequences:

== (51 () 8(5)0-)
== (5(1- () (-5)0-)

The norms of the above sequences are

ol = 4@ = (1= ()7 +]5] =1
Ity = 46, = (1= (5)") [ + \—- -
and
|z — yHCeSQ(p) = HA(JU - y)”,p
p

i

(0= G - 0= T+ (D) -

Now we will estimate the infimum of the expression

-5

—a)- H
0<a<1 Yllces?p)’

for every x,y € S(Ces?(p)). We have
inf ||a r+(1—a) y||CeSQ(p)

0<a<1

= inf |a-A(@)+(1-a)-A

0<a<l ”lp
1

=it {Jo(1- <§>’”>5 ra-a(i-(5))

Hla(5) +a-a(-5)Y |
=t {1-(5) + a0 (3) Y
(- ()

Hence, for every p > 1, we get the estimate
1
E\P\ p
fein <1 (1= (3) )" 0
Corollary 2.20.

(1) If € = 2, then Boezy < 1 and Ces?(p) is strictly conver.
(2) If0 < e <2, then 0 < Bee(yy < 1 and Ces?(p) is uniformly conver.
(3) Under conditions from (2), Ces*(p) is reflexive.

p
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