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Lévy processes: Concentration function and
heat kernel bounds
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We investigate densities of vaguely continuous convolution semigroups of probability measures on the
Euclidean space. We expose that many typical conditions on the characteristic exponent repeatedly used in
the literature of the subject are equivalent to the behaviour of the maximum of the density as a function of
time variable. We also prove qualitative lower estimates under mild assumptions on the corresponding jump
measure and the characteristic exponent.

Keywords: heat kernel estimates; Lévy process; non-local operator; non-symmetric Markov process;
non-symmetric operator; semigroups of measures; transition density

1. Introduction

Over the last years we observe a growing interest in studying analytic and probabilistic properties
of Lévy processes. It stems from a fact that they constitute a rich class of stochastic models which
have many applications in finance, physics, biology and other fields. The present paper is devoted
to a question of finding bounds to the transition density (the heat kernel) of a Lévy process.

We first briefly introduce the general framework and after that, together with a few examples,
we describe our motivations. Let d € N and ¥ = (¥;);>0 be a Lévy process in RY [34]. Recall
that there is a well known one-to-one correspondence between Lévy processes in R¢ and vaguely
continuous convolution semigroups of probability measures (P;);>0 on R¢. Due to the presence
of the convolution structure, it is convenient to use Fourier transform in order to study Y. Indeed,
the celebrated Lévy—Khintchine formula says that the characteristic exponent W of Y defined by

Eei<X’Y’>=/ NP (dy) =TV x eRY,
R4

equals
W(x) = (x, Ax) —i{x, b) —/ ("% — 1 —i{x, 2)1)<1)N(d2),
R4

where A is a symmetric non-negative definite matrix, b € R¢ and N (dz) is a Lévy measure, that
is, a measure satisfying

N({0}) =0, /d(l AlzP)N(dz) < oc.
R
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The triplet (A, N, b) is called the generating triplet of Y. From that general perspective our aim
is to discuss the existence, and even more, to establish certain estimates of the transition density
p(t, x) of Y;. Equivalently, it is a question of the absolute continuity of P;(dx) with respect to
the Lebesgue measure, and a problem of estimating its Radon-Nikodym derivative. It is rather a
standard practice to use the characteristics describing continuous and jump part of a Lévy process
in order to formulate assumptions and state results. To this end for » > 0, we define

P x|
h(r)y=r"7|All + LA —- |N(dx),
R4 r
and

K(r)=r"2A| + r_2/ Ix|? N (dx).

|x|<r

The function & is called the concentration function. It is significant from the point of view of
analysis and probability. We comment on that in a few lines. Note that e ™'V | = ¢~/ Re[¥ ()]
and if e "Y' ™) is absolutely integrable, then we can invert the Fourier transform and represent the
transition density as follows,

p(t,x) = (271)*‘1/ e XD =tV Q) g
R4
Readily, the real part of W equals Re[W(x)] = (x, Ax) + fRd(l — cos{x, z))N(dz). Next we
consider its radial, continuous and non-decreasing majorant defined by

W*(r) = sup Re[\I/(z)], r>0.

lzl<r

From [16], Lemma 4, we have

mh(l/r)flll*(r)fﬂz(l/r), r>0. (1)

Thus 4 is a more tractable version of W*. See Lemma 2.1 for basic properties of 4. On the other
hand, there exists a constant ¢ > 0, depending only on the dimension d, such that (see [33])

¢V h(r) <E[S()] <c/h(r), r>0,

where S(r) =inf{t: |Y; —tb,| > r} and
b=t [ e = NN o). @

Intuitively, & describes the average expansion of the process in the space. For other results relat-
ing h to probabilistic quantities of Lévy processes see, for instance, [6].

A natural question is whether the function # may also be used to control the distribution of
the process, that is the transition density p(f, x). Among many examples for which this is the
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case one reports the Wiener process and isotropic a-stable processes « € (0, 2). Before giving a
precise formulation let us note that these are two types of Lévy processes that exhibit radically
different behaviour on the level of realizations — continuous/caldag trajectories — and in terms of
the decay rate of the transition density at infinity — exponential/power-type decay. Namely, if we
denote by g(#, x) and p, (¢, x) the corresponding transition densities, we have that for all > 0
and x € R? (see [4] and [42]),

2 o —d—
g(t,x)=Qmt)y e 7, pu(t,x) ~min{r ! t|x| 7).

By f ~ g, we mean that the quotient f/g is bounded between two positive constants. Despite the
differences, these processes share certain common or at least similar properties. Their transition
densities can be expressed by the inverse Fourier transform with the respective characteristic
exponents |x|? and |x|*, the corresponding functions /(r) are up to multiplicative constants equal

to r~2 and r %, while the inverse 2! evaluated at 1/7 is t'/? and ¢!/, respectively. Further, for
allr >0,
sup g(t, x) = g(t,0) = et~ = c[n~(1/0)] ™,
xeR4
SUp pa(t, ) = pa(t,0) = ct™/* = c[n~"(1/n] ™.
xeR4

The above equalities, understood as inequalities “<”, are known as the on-diagonal upper
bounds, and they are crucial in the theory of symmetric processes on metric measure spaces
[1,2,8,9,11] as well as on R4 [29,35]. They may further lead to near- and off-diagonal bounds
when accompanied by additional assumptions [13]. Putting aside this context, we observe that
the transition densities of the Wiener process and isotropic a-stable processes satisfy

sup p(t,x) <c[h~'(1/0] 7, 3)

xeRd

which yields the desired control by 4. The validity of (3) for a given Lévy process is the prin-
cipal subject of our study. In this connection, in Section 3 we consecutively reveal numerous
descriptions of (3), which are expressed via conditions that relate the transition density p, the
characteristic exponent W and functions W*, h and K. Many of them are derived from the litera-
ture where they typically serve as a starting point for further investigation of particular subclasses
of Lévy processes. Therefore the equivalences we obtain not only enhance the comprehension of
(3) itself, but also provide a clarification of the existing results and enable significant reduction
of assumptions [24,25,27,39]. In particular, we propose the following characterisation which ex-
poses two key features that describe Lévy processes satisfying (3). Roughly these are scaling and
comparability of projections.

A Lévy process in RY has a transition density p(t, x) satisfying (3) for all t € (0, 1] and some
fixed constant ¢ > 0 if and only if the average expansion given by h(r) fulfils certain weak scaling
condition at zero, and each of the projections of the process on a one-dimensional subspace of
R? locally expands in the same manner as the original process, moreover this comparability
should be uniform under the choice of the projection.
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A rigorous formulation of this result may be found in Lemma 3.11. We note that the description
becomes more transparent if d = 1, since any projection equals the original process, the scaling
turns to be the determining feature (see Remark 3.2). For example, any «-stable process with
a € (0, 2) in one dimension satisfies (3). In particular, @-stable subordinators « € (0, 1) consti-
tute an example for which (3) holds. These are one-dimensional Lévy processes which lack any
symmetry as their distributions are supported on the right half-line. Therefore, even though the
two previously discussed examples are rotation invariant (hence symmetric) unimodal Lévy pro-
cesses [34], Definitions 14.12 and 23.2, neither the invariance (or symmetry) nor the unimodality
is necessary for (3). It is also known that they are not sufficient. For instance, in [17] the authors
considered such processes with transition densities satisfying

sup p(t,x) = lim p(t,x) =00, te(0,1).
xeRd x—0

However, if a Lévy process is rotation invariant, a similar to the one dimensional phenomenon
occurs, and (3) becomes equivalent to the scaling (see Remark 3.3, cf. [5], Proposition 19, Corol-
lary 20). For other positive examples, we refer the reader for instance to [10,12,15,19-21,23,30,
31,37,41,43]. We emphasise that with the results of the present paper it is easier to classify which
of the Lévy processes discussed in the literature fall into the class satisfying (3).

We will now show that (3) may fail for a decent symmetric process. Let X%!, X%2 X% be
independent one-dimensional symmetric stable processes with a1, a2, @3 € (0,2) and consider
Y, = (X", X;?, X;?). The transition density of ¥; equals

p(ta .X) = pOl] (t’ xl)paz (tv xz)Pa3 (ta -x3)v
where x = (x1, x2, x3) € R3. Consequently,

sup p(t,x) — p(l‘, 0) — Ct—l/au—l/otz—l/oz37 t>0,

xeR3

while % is comparable with r~m&{@1.22.03} for r € (0, 1) and with r~™nM@1.02.03) jf » > | Thus,
if 1 < a2 < a3, the quantity (A~} (1/1‘)]_3 does not provide an upper bound for sup, 3 p(t, x).
In such case projections of Y on the coordinate axes have average expansions that do not com-
pare. The function /, which measures the expansion of the original process over balls, does not
detect such nuances in the behaviour and hence it does not carry necessary information to con-
trol the distribution. More sensitive but perhaps also much more complicated objects than #, like
those proposed in [22], would have to be introduced to include this kind of examples into the
discussion. This is beyond the scope of that paper.

Finally, the results of Section 3 show that (3) is related to lower estimates. In particular, it
implies

p(t,x+0)>c[h " (1/0]7,

for a specific range of t > 0, x € R? and a proper choice of a shift ® € R?. The aforemen-
tioned result of [33] relating the average expansion with /# suggests that ® should incorporate
the quantity (2) to grasp the internal shift of the process caused by the constant drift » and the non-
symmetry of the Lévy measure N (dz). It appears that ® should also sense where the maximum



Lévy processes: Concentration function and heat kernel bounds 3195

of the density is attained. More extensive discussion is pursued at the beginning of Section 5.
Recall that a Lévy process is symmetric if and only if » = 0 and N (dz) is a symmetric measure,
and then if the transition density exists it attains its maximum at the origin. This substantially
facilitates the analysis for symmetric Lévy processes. Qualitative results for non-symmetric once
are less present in the literature, mostly performed in a generality that allows only rather implicit
estimates [24,27,28] or carried out for very peculiar cases [18,26,32,38].

We note that #(0") < oo (h is bounded) if and only if A =0 and N(R?) < o0, i.e., the cor-
responding Lévy process is a compound Poisson process (with drift). Most of the conditions
discussed in the paper automatically preclude Y from being such a process. Nevertheless, to
avoid unnecessary considerations we assume in the whole paper that 2 (0") = co.

The remainder of the paper is organized as follows. In Section 2, we collect fundamental
properties of functions K and /. In Section 3, we prove the equivalence of several conditions for
small time and separately for large time. In Section 4, we propose an auxiliary decomposition of
a Lévy process. Section 5 is dedicated to the lower estimates of the transition density. Examples
and further applications are given in Section 6.

We conclude this section by setting the notation. Throughout the article, wy = 274/?/T'(d/2)
is the surface measure of the unit sphere in R?. B, is a ball of radius r centred at the origin.
By c(d, ...), we denote a generic positive constant that depends only on the listed parameters
d,.... We write f(x) = g(x), or simply f = g, if there is a constant ¢ € [1, c0) independent
of x such that ¢! f(x) < g(x) < cf(x). As usual a A b = min{a, b} and a v b = max{a, b}. In
some proofs, we use a short notation of the weak lower scaling condition (at infinity), that is, for
¢: (0,00) — [0, o] we say that ¢ satisfies WLSC(«, 6, ¢) or ¢ € WLSC(e, 6, ¢) if there are
a€R, 6 >0andc € (0, 1] such that

¢(r) = cA*Pp(r), A=1,r>0.

Borel sets in R will be denoted by B(RY). A Borel measure v on R? is called symmetric if
v(A) = v(—A) for every A € B(R?).

2. Preliminaries — Functions K and &

In this section, we discuss a Lévy process ¥ in R? with a generating triplet (A, N, b). The
following properties are often used without further comment.

Lemma 2.1. We have

lim, 00 A(r) =1lim,_, oo K(r) =0,

h is continuous and strictly decreasing,

r2K (r) and r*h(r) are non-decreasing,

VMK (Ar) < K(r) and A*h(0r) < h(r), A < 1,7 >0,
VAR Ow) <h Nu), > 1, u > 0.

Forallr >0,

U E WD =

N(dz) <h(r) and / 1zI>N(dz) < r’h(r).

|z|>r |z|<r
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Proof. The first property follows from the dominated convergence theorem and K < h. Similarly
we get the continuity of /. Next, since we assume that #(0) = oo, we get either that ||A]| # 0
or N(R?) = oo (hence for every [ > 0 there is 0 < k < [ such that fk<|x‘<l N(dx) > 0). Each
of them guarantees that 4 decreases in a strict sense. The remaining parts follow easily from the
definition of K and k. ]

Lemma 2.2. Forall 0 < a; < ay < 0o we have

a

h(az)—h(al):_/ 22K(r)r_1dr.

ai

Proof. It suffices to consider the non-local part for a; = a > 0 and a» = co. By Fubini’s theorem,

o o0
/ 2r_3/ |x|2N(dx)dr=f |x|2/ 2r_3drN(dx)=/ |x|2(a\/|x|)_2N(dx).
a |x|<r R4 aVv|x| R4

The last expression is equal to & (a), which ends the proof. (]

Lemma 2.3. Let oy, € (0, 2], Cj, € [1, 00) and 6), € (0, oo]. The following are equivalent.
(Al) Forall»<1landr <6y,
h(r) < ChA* h(hr).
(A2) Forall »>1andu > h(6)),

) < ()Y ).

Further, consider

(A3) Thereis c € (0, 1] such that forall A > 1 and r > 1/6j,
W*(Ar) = A% W™ (r).
(A4) There is ¢ > 0 such that for all r < 0y,
h(r) <cK(r).
(AS5) There are ¢ > 0 and 6 € (0, 0o] such that forall A <1 andr <0,
K(r) <cA*"K(Ar).

Then, (Al) gives (A3) with ¢ = 1/(cqCh), cq = 16(1 + 2d), while (A3) gives (Al) with
Cp = cq/c. (Al) implies (A4) with ¢ = c(ap, Cp). (Ad) implies (Al) with o = 2/c and

Cp = 1. (Al) gives (AS) with ¢ = c(ap, Cp) and 6 = 0. (AS) implies (Al) with Cy, = ¢ and
O = h~1(2h(0)).
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Proof. We show that (A2) gives (Al). The converse implication is proved in the same manner.
Letu = h(r). Then r < 6, is the same as u > h(6). If > € (0, Ch_l/o”‘) welet s = (CpA%) "1 > 1
and by (A2) we get
h(r) = h((Cps) ™V A= ) = su = (Cha) " h(r).
If A € [Ch_l/ah, 11, then (C,2%)~! < 1 and by the monotonicity of /,
h(ur) = h(r) = (Cua%) " h(r).

The equivalence of (A1) and (A3) follows from (1). We show the equivalence of (A1) and (A4).
By (A1) we have h(s) < 3h(hos) for s <6, and Ao = 1/(2C;)!/* < 1. By Lemma 2.2,

K(s) =

h(kos) =

$ d 1 1/2
/}L ﬂK(r)r_; = )\T(h()uos) - h(s)) > / h(s).

—1 A2 —1

08 0 o apl—1

-2
)‘0 -1 0

Conversely, again by Lemma 2.2 we get for 0 < r; <ry < 6,
rn
how) —hrw) == @f0) [ his)s ™ ds,
r

which implies that /(r)r?/¢ is non-increasing for r < 6, and ends this part of the proof. From
(A1) we get (AS) by using (A4). Now, if we assume (AS), then for A <1 and r < h=1(2h(9)),

0 0
%h(r):h(r)—h(@):/ K(s)s—ldsfc)\“h/ K(ws)s ds

A0
<cA% / K@u™"du < cA* h(wr). 0
)

r

Lemma 2.4. Assume that for some T, c1, c2 > 0 we have
/ e—CltRe[\I’(Z)] dZ < C2[h_1(1/t)]_d, O0<t<T.
R4

Then (A1) holds for some oy, € (0, 2], Cp, € [1,00) and 6, = h_l(l/T). Moreover, ay, and Cy,
can be chosen to depend only on d, c| and c;.

Proof. By (1)

/ e—Cl Rl g, >/ e 2h(/D) g, > e*CIZth(hfl(Z/t))wd[hfl(z/t)]fd
Rd Syt h

=e*w[n /]
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Thus for co = (c2¢*! Jwy)'/? we have h='(1/1) < coh~'(2/1), t < T. Letting ¢ = max{co, v/2},
o =log,(c) and considering 2=l <) <2" neN, we getfortr <T,

/) <er®h~ 0.
The statement follows from Lemma 2.3. |

Note that in Lemmas 2.3 and 2.4 we deal with the behaviour of the function # at the origin (or
globally if 6, = oo therein). Without proofs we give counterparts for the behaviour at infinity.

Lemma 2.5. Let oy, € (0, 2], cp, € (0, 1] and 6y, € [0, 00). The following are equivalent.
B1) Forallx>1andr > 6y,
cp A h(Ar) < h(r).
(B2) Forall A <1 and u < h(6y),

(eaM)Y = ) < h ).

Further, consider

(B3) Thereisc € [1,00) such that forall . <1 andr < 1/6y,

W*(Ar) <A™ (r).
(B4) Thereis ¢ > 0 and 0 € [0, 00) such that for all r > 0,
h(r) <cK(r).
(BS) There are ¢ > 0 and 0 € [0, 00) such that forall . > 1 andr > 0,
cA“ K (Ar) < K(r).

Then, (B1) gives (B3) withc = cq/ch, cqa = 16(1+2d), while (B3) gives (B1) with ¢, = 1/(cqc).
(B1) implies (B4) with ¢ = c(ay, cp) and 6 = (cp/2)~ /6y, (B4) implies (B1) with aj, =2/c,
cn =1 and 0, = 0. (B1) gives (B5) with ¢ = c(ap, cp) and 0 = (cp/2)~ Y/ @),. (B5) implies
(B1) with cp, =c and 6, = 6.

Lemma 2.6. Assume that for some T, c1, ¢y > 0 we have
/ efcltRe[\I'(z)]dZ < Cz[hil(l/t)]id, t>T.
Rd

Then (B1) holds for some oy, € (0,2], ¢y € (0, 1] and 6, = h_l(Z/T). Moreover, ay, and ¢y, can
be chosen to depend only on d, ci and c;.
N(dz) = N(B}).

Here are more general formulae that relate other objects to fl -
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Lemma 2.7. Let f: [0, 00) — [0, 00) be differentiable, f(0) =0, f' > 0and f’ € L}oc([O, 0)).
Forallr >0,

/| V@D = fo f'()N(BS)ds — f(rIN(By), @)
/II f(IZI)N(dz)=/O f/(s)N(By,,)ds. %))

Proof. We have (4) by

/ f(|Z|)N(dZ) =/ 1|z\<r <f lxslzlf/(s) dS>N(dZ)
|z|<r R4 0
= /r f/(s)(/ 1s<|z<rN(dZ)> ds
0 R4
=/ f’(S)</ 1ss|zN(dz)) ds—/ f’(S)< N(dz)> ds.
0 R 0 lz|>r

The equality (5) follows from

[ stapwan= [ 1,<|z(/ 1s<z|f’<s>ds)1v<dz). -
lz|=r R4 0

Putting f(s) = s2in (4) gives the following formula.

Corollary 2.8. Forallr > 0,
p
h(r)=r2||A|l +r*2/ 2sN(BS)ds.
0
Lemma 2.9. Let (A1) hold with a, > 1. If A =0, then f\z|<1 |zZIN(dz) = 0.

Proof. By (4) with f(s) = s we have f\z|<1 |zIN(dz) = fol N(B{)ds— N(BY).By Corollary 2.8,
we getrh(r) <2 for N(B{)ds. By our assumption the left-hand side of the latter is bounded from
below by a positive constant, so for N(BY)ds = oo and the proof is complete. (I

Lemma 2.10. Ler (A1) hold with oy, > 1. Then

2Cy,
|zIN(dz) = rh(r), r>0.
r<|z|<6y o — 1
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Proof. By (5) with f(s) = s and the Lévy measure 1,/ g, N (dz),

On On
/ |Z|N(dz)=/ / N(dz)dsf/ h(r Vv s)ds
r<|z|<6y 0 |z|>rVs 0

0, 6,
<rh(r) —i—f ' h(s)ds <rh(r) +/ ' Cp(r/s)*h(r)ds. 0

Corollary 2.11. Let (A1) hold with ay, > 1. Then there is a constant ¢ = c(d, oy, Cp) such that
forall 0 <r <6,

|br _b| S

¢ 2
AT max{r, r*}h(r).

Proof. If r > 1, then |b, — b| < r2h(r). Letr < 1. We have

|br—b|s/ |z|N(dz)s/ |z|N(dz>+/ N(d2).
r<lzl<l r<|z|<6y |z]|=0, A1

By (Al) we get
f N(dz) <h@y A1) < Ci(r/Oh A)h(r),
|z|=0p A1
which ends the proof by Lemma 2.10. (]
We end this section with a technical comment on (A1) and (B1).

Remark 2.12. If 6, < oo in (Al), we can stretch the range of scaling to r < R < oo at the
expense of the constant Cy,. Indeed, by continuity of 4, for 6, <r < R,

h(r) < h(Oy) < ChA“ h(AOy) < Ch(r/0p)* X" h(Ar) < Ch(R/01)* X" h(Ar).

Similarly, if 6, > 0 in (B1), we extend the range to 0 < R < r by reducing the constant c,. We
have for R <r <0y,

h(r) = h(By) = cpA® h(A0y) > cn(r/On)* A h(Ar) > ch (R/O)* A% h(Ar).

3. General Lévy processes

In this section, we discuss a Lévy process Y in R? with a generating triplet (A, N, b).

3.1. Equivalent conditions — Small time

We introduce and comment on eight conditions (C1)—(C8), which are common in the literature.
For (C2) and (C5) see [24,35,39], for (C3) see [5], and for (C4) see [27,28].
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Theorem 3.1. Let Y be a Lévy process. The following are equivalent.

(C1) The density p(t, x) of Y; exists and there are Ty € (0, 00], ¢; > 0 such that for all t < Ty,
- —d
sup p(t,x) <ci[h~'(1/D]"
xeRd

(C2) There are T € (0, o0], c2 > 0 such that for all t < T>,
/ ROl gz < o[ (1/0)] 7.
Rd

(C3) There are Tz € (0, o0], c3 € (0, 1] and a3 € (0, 2] such that for all |x| > 1/ T3,
c3W*(lx]) <Re[W(x)] and W*(Ar) =c3A®W*(r), A=1,r>1/Ts.

(C4) There are Ty € (0, 00], ca € [1, 00) such that for all |x| > 1/ T4,

W (|x|) < c4((x, Ax) —i—/
I{

Moreover, if T; = oo for somei =1,...,4,then T; =00 foralli =1,...,4.

|(x, 2) }ZN(dz)).

x,2)|<1

Proof. (C2) = (C1). Follows immediately by the inverse Fourier transform.

(C1) = (C2). Note that p(t/2,-) € L'(R?) N L®[RY) c L*(R?) for every ¢ > 0. Thus
e~ W2D¥0) e L2(R?) or equivalently |e~ /DY) |2 = ¢~1ReIVO] ¢ [ 1(RY), In particular, p(z, -) €
Co(Rd) holds by the Riemann-Lebesgue lemma. Now, let Z = Y! — Y2, where Y! and Y2 are
two independent copies of Y. Then Z has 2 Re[W (x)] as the characteristic exponent and a density
pz(t,-) € Co(R?) such that for all x € R?,

pz(t,x) = / plt,x = y)p(t, y)dy = 2m)~* / eI Walm ARV g,
R4 R4

Consequently, we get for t < T

fRd e @ORIV@ gz < o [~V (1/0)] = er[n (2/20)] 7Y,

and the statement follows by Lemmas 2.4 and 2.3 with ¢; = c2(d, ¢1) and T, = T1/2.

(C2) = (C4). The case of d = 1 is simpler and follows from Lemma 2.4, (A4) and (1). We
focusond > 2. For x # 0 let v=x/|x| and 11z = (v, z)v be a projection on the linear subspace
V = {Av: A € R} of R?. We consider a projection Z' = I1;Y of the Lévy process ¥ on V and
the corresponding objects W, K1 and h{. By [34], Proposition 11.10,

Wi(z) = W(z), zeRY,

Kl(r)zr_2||H1AH1||+r_2/ Tz N (dz),

[T z|<r
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5 Iz
hi(r)=r"~|IT | AT1 || + 1A > N(dz).
]Rd r

Note that

K1(1/1x]) = (x, Ax) +f (v, 2’ N (d2).

[{x,2)|<1

Therefore it suffices to show that for all » < Ty (see (1)),
2h(r) < caKi(r), (6)

with ¢4 > 0 independent of the choice of x, or equivalently of the choice of the projection IT;.
Similarly, we define Z%2 =TI,Y and we get W,, K> and h, for a projection IT, on the linear
subspace VL ={y e R?: (y, v) =0}. We let {v, v2, ..., vz} to be an orthonormal basis (with the
usual scalar product) such that v,, ..., vg € VL. Then x = Ev+&uy+---+&4vg, Where £ € R,
E=(&,...,&) € R¥1 and we write x = (&, ). Since Re[W (x)] is a characteristic exponent
we have by [3], Proposition 7.15, that

JRe[W(E.B)] < \/Re[W(£, 0] + /Re[W(0.5)] = \/Re[ W1 (2, 0)] + /Re[ W2(0. &) .

Thus Re[W (&, £)] < 2Re[W (£, 0)] 4+ 2Re[W>(0, £)]. In particular, see (7), both | and W, are
unbounded, so Z! and Z2 are not compound Poisson processes (with drift), therefore iy and h;
are unbounded and strictly decreasing. Further, by (1) for < 7>,

[ /] Z/ TRV g, > (/ o2 Re[ W1 (£.0)] dé) (/ o2 Re[V2(0.6)] dé)
R4 R Rd-1

. (/ e—“”’l(l/'f')dg) (/ o= dtha(1/E) dé) o
lEl<1/h7"(1/0) El<1/h3"(1/0)

> e Swgi [y /0] [y a4,
Directly from the definition we have hy < h, which implies A, ! < h~! and with the above gives
) < cohy W), u>1/Ts,
with ¢ = max{1, (czeg/wd_l)}. This implies by monotonicity of r2hy(r) that
h(r) < hi(r/co) < cghi(r), r<h~'(1/T»).

By Lemma 2.4 h satisfies (A1) with some o, = o (d, ¢2), Cp, = Cp(d, c2) and 6, = Kl (1/T7).
Consequently, since h1 and & are comparable (k1 < h always holds), & satisfies (A1) with o,
C%Ch and 6;,. Lemma 2.3 for A assures (6) with ¢4 = c4(d, ¢») and Ty = h_l(l/Tz).

(C4) = (C3). Note that 1 — cos(r) > (1 — cos(1))r?2 for |r| < 1. Thus, together with the
assumption we have for |x| > 1/T4,

Re[W(x)] = {x, Ax) + (1 —cos(1)) |(x.2)’N(d2) = 1%25(1)

[(x.2)|<1

\IJ*(|x|)
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It remains to show that W* € WLSC, or equivalently that (A1) holds for 4. We take v € R¢ such
that |v| = 1 and we let IT; to be a projection on the linear subspace V = {Av: A € R} of RY. We
consider a projection Z! = I1; Y of the Lévy process ¥ on V and the corresponding objects K
and /1. Note that for r > 0,

Kl(r)Z((v/r),A(v/r))+/<( e 1|((v/r),Z)|2N(dz),

and therefore by (1) and our assumption for r < Ty,
hi(r) <h(r) <c48(1 +2d)K1(r) < ca8(1+2d)hi(r).

Using Lemma 2.3 we get (Al) for hy with oy, = oy, (d, ca), Cpy =1 and 6, = T4. Since hy
and h are comparable we conclude (A1) for A. Finally, the result holds with o3 = a3(d, ca),
c3=c3(d,cq4) and T3 = Ty.

(C3) = (C2). By (1) and our assumption Re[W (x)] > c[h(1/|x]|) — h(T3)] for all x € R4
with ¢ = ¢(d, ¢3) < 1. Next, by Lemma 2.3 (A1) holds with oy, = a3, 6 = T3 and Cj, = c4/c3,
cq = 16(1 4 2d). In particular, 2~ (1/(ct)) = (cc3/cg)/*3h=1(1/t) for t < 1/h(T3). Further,
h(1/r) is increasing and satisfies WLSC(a3, 1/T3, ¢3/c4). Then by [5], Lemma 16, for t <
1/ h(T3),

/ e ReV@I g, Secth(T3)/ e—cth(1/lz) g, < Cecth(T3)[h—1(1/(Ct))]—d < Cz[h—l(l/t)]—d.
Rd RA

To sum up, (C2) holds with ¢; = c2(d, a3, c3) and T = 1/ h(T3). ([
Remark 3.2. If d = 1, the conditions (C1)—(C4) are tantamount to conditions (A1)—(A4). Fur-
thermore, T3 = 6 and a3 = «y,. Indeed, in such case (C4) reduces to (A4) with 6, = T4 and ¢

related to ¢4 according to (1).

Remark 3.3. If Y is rotation invariant (see [34], Definition 14.12), then the conditions (C1)—
(C4) are tantamount to conditions (A1)—(A4). Furthermore, 73 = 6}, and a3 = «,.

The latter is a consequence of the following two results (see [34], Exercise 18.3).

Lemma 3.4. We have det(A) # 0 if and only if (C3) holds and A # 0. If det(A) # 0 and
Jpa |X[*N(dx) < oo, then (C3) holds with T3 = oc.

Proof. We first prove that under (C3) the condition A # 0 implies det(A) # 0. Indeed, if that
was not the case we would have Ax = 0 for some |x| = 1 and then by (1) with ¢; = 16(1 + 2d),

c3h(r)r? < (ca/2)Re[W (x/r)]r? = (ca/2)r? /d(l —cos((x/r,z)))N(dz)
R

< [ (P APV
R4
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which leads to a contradiction since the latter tends to zero as » — 0. On the other hand, if
det(A) # 0, since A is non-negative definite, there is ¢ > 0 such that (x, Ax) > c|x|>. We also
have || A < h(r)r? <h(R)R? =: k for r < R, thus h satisfies (A1) with o, = 2, 6, = R and by
(1) we get Re[W(x)] > (x, Ax) > (c/k)h(1/]x]) > (c¢/(2k))¥*(|x|) for |x| > 1/R. Then (C3)
holds with o3 =2, T3 = R by Lemma 2.3. If additionally f]Rd |x|2N (dx) < oo, the above is true
with k = [|A]| + [pa |x|*N(dx) and R = oo. O

Lemma 3.5. If A =0, N(dz) ® No(dz) and b € RY, where Ny is rotation invariant, then the
conditions (C1)—(C4) are equivalent to conditions (A1)—(A4). Furthermore, T3 = 0, and a3 =
oy .

Proof. Plainly, (C3) implies (A3). On the other hand,

2
/ |(x, 2)| "No(dz) = |x|? / |2il* No(dz)
[{x,2)<1 lzil<1/]x]|
Z|X|2/ Izi*No(dz), i=1,....d.
lzl<1/1x]
Thus (A3) (actually (A4)) and (1) give for all |x| > 1/6;,

W*(|xl) < 2h(1/1x]) <2cK(1/)x]) < c// |(x, z) |2N(dz) <"Re[¥(x)],

[(x,2)| <1

which complements conditions for (C3). O

From the next result we see that (C2) implies bounds for moments of higher orders, i.e.,
bounds for the spatial derivatives of the density.

Proposition 3.6. The conditions of Theorem 3.1 are equivalent with:

(C5) Thereis Ts € (0, 0o] such that for some (every) m € N there is ¢s > 0 and for all t < Ts,

/ |Z|me—tRC[\I-’(Z)] dz S cs [h_l(l/t)]_d_m.
R4
Moreover, (C3) implies (C5) with ¢cs = cs(d, m, a3, c3) and Ts = 1/ h(T3).

Proof. First we show that (C3) gives (C5) for every m € N. By (1) and our assumption there is
c=c(d, c3) <1 such that forall t > 0,

/ |Z|meftRe[\IJ(z)] dz < ecth(T3)/ |Z|mefcth(l/|z|) dz
Rd - R4\ {0}

o0
=ecth(T3)wd/ o—Ccth(/r) m+d—=1 4.
0

_ peth(T3) _®d / e—cth(/IED g
CUerd an+d\{0}
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Let ¢y = 16(1+2d). By Lemma 2.3 h(1/r) satisfies WLSC (a3, 1/ T3, ¢3/cq) and k=1 (1/(ct)) >
(cc3/e) /3 h=1(1/1) for t < 1/h(T3). By [5], Lemma 16, for all < 1/ h(T3),

/ e~ IED g < C[n(1/(en)] " < es[h~ (1/0)] ",
]R'”*d\{()}

Here ¢5 = ¢5(d, m, a3, c3). It remains to prove that if (C5) holds for some m € N, then (C2) also
holds. Indeed, (C2) follows by

/ eI Rel¥(2)] dz 5/ dz + [h_l(l/t)]m/ |Z|me—tRe[\I1(z)] dz.
R4 lzI<1/h=1(1/1) lz|>1/h=1(1/1) 0

Observe that for all r1, r» > 0 we have
b~ bl < [ 2IN@2) < (1 v r)h(r1 ATa). ®)
riArn <|z|<riVvry

Lemma 3.7. The conditions of Theorem 3.1 imply that

(Im) The density p(t,x) of Y; exists and there are T € (0, 0], ¢ € [1, 00) such that for every
t < T there exists |x;| < ch~'(1/t) so that for every |y| < (1/c)h = (1/1),

P,y + X+ thy1 1) = (/[ (/0]

Moreover, (C3) implies (Im) with c = c(d,a3,c3) and T = 1/h(T3/c). If Tz < o0 in (C3), then
(Im) holds for every T > 0 with c = c¢(d, @3, c3, T3, T, h).

Proof. We note that there is a9 = ag(d, o3, ¢3) > 1 such that for A := aph™! (1/t) < T3 we have
P(|Y; —tb,| = 1) < 1/2. Indeed, by [33], page 954, there is ¢ = c(d) such that for r = A,

P(|Y; — thy| >r) <ct <r‘1

(b—b)+ / dper — 1) N (d2)
Rd

¥ h(r)) — cth(r),
and applying Lemma 2.3 we get h(r) = h(X) < (ca/c3)ay *h(r/ag) = (ca/c3)a, **t~'. Then

1/2<1=P(|Y; —thy| = 1) = / p(t.x)dx <wgh? sup [p(t,x +1b;)]. (9

[x—tby| <A x| <A

Therefore, by the continuity of p, whenever A < T3, then there exists |&/| < X such that p(z, & +
thy) > 1/(2wd)k_d. Further, by (C5) there is ¢5 = ¢5(d, a3, ¢3) such that sup, cga |V p(f, x)| <
cs/Rwa)A~4"! for every t < 1/ h(T3). This gives for A < T3 and |y| < 1/(2c5)A,

pt, & +1tby +y) = p(t.& +1by) — |yl sup [Vip(r,x)| = 1/(Gwa)r ™.

xeR4

Then for every t < 1/h(T3/ag), xs =& +t(b). — b[h—l(l/t)]) and every |y| < ao/(ZC5)h_1(1/t),

Pt X+ thy-1¢1 iy + ¥) = p(t. & + thy +y) = 1/(4wa)[agh™ (1/l)]7d-
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Note that |x;| < 2aoh~'(1/1), because by (8) we have 7|b;. — by, (/011 = A. Now we prove the
last sentence of the statement. It suffices to show that if (Im) hods with 7 > 0 and ¢ > 1, then
it also holds with 27 and a modified ¢, where the modification depends only on d, o3, c3, T3,
T,h.LetT <t <2T and x; = 2x;/2 — tby,-1(1/y) +tby-1(2/4))- Then by Chapman—Kolmogorov
equation,

P,y + X+ tby-10/y)

>

[ p(t/2,y =2+ xi2 4 (1/2)bpy-12/1y))
lzl<(1/)h=12/1)

X p(t/2, 24 x4 (t/2)by-121y)) d2

>

_ —d
/ p(t/2,y — 2+ xi2 4 (t/2by-12)1y) dz(1/c) [h Ye/m]™.
lzl<(1/c)h=1(2/1)

By the monotonicity of A~! there is ¢ = ¢(T, h) such that h='(u) < ch~'Qu) if 1/Q2T) <
u < 1/T. Then for |y| < 1/Qcc)h~'(1/1) and |z| < 1/(2c)h~1(2/t) we have |y — z| <
(1/c)h~1(2/1), thus

/ p(t/2, y—z+ Xt/2 + (t/z)b[h_l(Z/t)]) dz > (1/C)Cl)d(2c)7d.
lzl<(1/0)h=1(2/1)

Note that |x;| <2(c + DAL (1/1) by the bound of |x; /2| and (8). The proof is complete. U

Here are two consequences of merging Lemma 3.7 with the condition (C1) (note that (C6)
implies (C1) by integrating over a ball of radius (1/cg)h~'(1/1)).
Corollary 3.8. The conditions of Theorem 3.1 are equivalent with
(C6) The density p(t,x) of Y; exists and there are Tg € (0, 00], c¢ € [1, 00) such that for
every t < Tg there exists |x;| < ceh ™' (1/1) so that for every |y| < (1/ce)h ™' (1/1),

p(t, y +xl +tb[h_l(1/l‘)]) > (l/C6) Sup p(t,x)

xeRd
Moreover, (C3) implies (C6) with ce = ce¢(d, a3, c3) and Te = 1/ h(T3/ce). If T3 < o0 in (C3),
then (C6) holds for every Tg > 0 with c¢ = c¢(d, a3, c3, T3, Tg, h).

The next corollary, which is in the spirit of (C1), gives another connection with the existing
literature, cf. [28], Theorem 2.1.
Corollary 3.9. The conditions of Theorem 3.1 are equivalent with

(CT) The density p(t,x) of Y; exists and there are T7 € (0, o], ¢7 € [1, 00) such that for all
t<Tr,

[ /0] < sup px) <er[ht ]

xeRd
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Moreover, (C3) implies (CT) with ¢c;7 = c¢7(d, a3, c3) and T7 = 1/ h(T3/c7). If T3 < oo in (C3),
then (C7) holds for every T7 > 0 with ¢c; = c7(d, a3, c3, T3, T7, h).

We elucidate a crucial difference between a general (possibly non-symmetric) case and the
situation when b = 0 and N (dz) is symmetric.

Remark 3.10. If Y is a symmetric Lévy process we have b, = 0 for all r > 0 and moreover
we can take x; = 0 in the statements of Lemma 3.7 and Corollary 3.8. Therefore the two results
provide a lower (near-diagonal) bound for p(, y). Indeed, in the proof of (9) we have

sup [p(t,x +tb;\)] = p(t,0)

|x]<A

and we may take & = 0 and thus also x; = 0.

There are at least several ways how to reformulate the condition (C3), only using (1) and
Lemma 2.3, to discover more about its meaning. We will present one such reformulation which
formalizes the description of (3) presented in the introduction.

Lemma 3.11. The conditions of Theorem 3.1 are equivalent with

(C8) There are Tg € (0, 0], cg € [1, 00) and ag € (0, 2] such that for every projection T1| on
a one-dimensional subspace of RY,

h(r) <cghi(r) and h@r) <cgA®h(ir), A<l1,r <Tg.

where hy corresponds to a projected Lévy process T11Y .

Proof. Note that we always have h; < h, since hy(r) = r2||T1; ATl; || + fRd(l A lnr‘—flz)N(dz)
[34], Proposition 11.10. We first prove (C8) == (C3). Due to Lemma 2.3 it suffices to focus
on the first part of (C3). Let x € R?, x # 0, and consider IT; to be a projection on a subspace
spanned by v = x/|x|. Since h and h; are comparable on r < T3 we get (A4) for hq, which
together with (1) gives for |x| > 1/Tg,

W*(Jx]) < 2h(1/1x]) < 2eshi(1/1x]) < 2cgc(as, cs) K1 (1/]x])

=2cgc(ag, Cg)((x, Ax) +f |(x, Z>|2N(dz)) <2cgc(ag, cg) Re[\IJ(x)].
I

x,z)|<1

Thus (C3) holds with ¢3 = ¢3(d, ag, cg), T3 = T3, a3 = ag. Now we establish (C3) =— (C8).
Let v € RY, |u| = 1, be such that IT; projects on a subspace spanned by v. We denote by ¥ the
characteristic exponent of I1;Y. Recall that W (z) = W(I1;z). Then for r < Tg we set x =rv to
get

c3W*(r) <Re[W(x)] =Re[ W (x)] < ¥{ (),
which by (1) proves (C8) with cg = cg(d, ¢3), Ts = T3 and ag = o3. O
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3.2. Equivalent conditions — Large time

Our next result resembles Theorem 3.1, except that here we analyse the density for large time.
The main difference is that in the third and the fourth condition below we add a priori that from
some point in time onwards the characteristic function is absolutely integrable.

Theorem 3.12. Let Y be a Lévy process. The following are equivalent.

(D1) There are Ty, c1 > 0 such that the density p(t, x) of Y; exists for all t > Ty and

sup p(r,x) <[k~ (/0] 7%

xeRd

(D2) There are Ta, c3 > 0 such that for all t > T,

/R, RN gz < o [n /0]

(D3) There are T3 > 0, c3 € (0, 1] and a3 € (0, 2] such that for all |x| < 1/ T3,
c3W*(Jx]) <Re[W(x)] and W (ar) < (1/c)ABW*(r), A<1,r<1/T;.

We have e=0% e L1(R?) for some to > 0.
(D4) There are Ty > 0, cq € [1, 00) such that for all |x| < 1/ Ty,

\Il*(|x|) < C4<<x, Ax) +/
I{

We have e=0¥ ¢ LY(R?) for some tq > 0.

|(x, 2) |2N(dz)).

x,z)|<1

Proof. (D2) — (D1) is direct. (D1) =— (D2) with ¢; = c3(d, c1) and T, =4T;, (D2) —
(D4) with ¢4 = c4(d, ¢2) and Ty = ¢(d, c2)h~'(1/T3), and (D4) = (D3) with a3 = a3(d, c4),
c3 = c3(d, c4) and T3 = Ty, by proofs similar to that of Theorem 3.1, where Lemmas 2.3 and 2.4
are replaced by Lemmas 2.5 and 2.6. Details are omitted. We prove that (D3) = (D2). By (1)
and our assumption there is ¢ = ¢(d, c¢3) such that

/ e IRIVDI gz < / emeth/IzD g7 4 / IR gy — gy 4,
Rd lzl<1/T3 lZI=1/T;

Now, define

~ BT h(T: <T
h(r): r 3 ( 3)9 r_ 3’
h(r), r>T;.

It’s not hard to verify that the function f(r) = ]’~l(1 /r) satisfies WLSC(w3, 0, ¢3/c4) and therefore
by [5], Lemma 16,

I < / e~ gz <[ ]t =eh ] =er A/ 1> 1/k(T).
Rd
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Next, for ¢ > 2ty we have

L= / RV g < sup (W RIVO) / ORIV @] g
lzI=1/T3 lz1>1/T3 R4

Since e ¥ e LI(R?), then p(fo, x) exists. Thus by Riemann-Lebesgue lemma, e 0% ¢
Co(Rd). In particular, lim)y|—oc Re[W(x)] = oo. The latter implies that Re[W (x)] # 0 if x # 0
(otherwise we would have Re[W (kx)] = O for some x # 0 and all k € N). Then by continuity of

W (x),

~(/DRIV@) — (o infsz1/m; (/2 RAVTY _ ot

sup (e ch,  where cp € (0, 1).

l21=1/T3

Finally, cf) is bounded up to multiplicative constant by /e /t)]_d (see (B2)). This ends the
proof. (]

4. Decomposition

Let Y be a Lévy process in R¢ with a generating triplet (0, N, b) and assume that (C3) holds.
The aim of this section is to decompose Y into Z!* and Z>* is such a way that it can be used to
investigate its density. The idea is to some extent motivated by [32]. We introduce an auxiliary
Lévy measure v satisfying for some a; € (0, 1],

av(dx) < N(dx),
and for some ay € [1,00) and all x| > 1/T3,
Re[\ll(x)] <a Re[\l—'u(x)].

Here W, corresponds to (0, v, 0). We similarly write /,. For A > 0 consider the following Lévy
measures

ai a
Nia(dx) = N(dx) — EV|Bx(dx), N (dx) = ?V|BA (dx).
We let Z1* and Z%* be Lévy processes with generating triplets (0, Ny, b) and (0, N, 0),

respectively. By analogy we write Wy, h1;, p1.a, bru and V2., ha,, P2a, bf"\. We collect
technical inequalities that will be used without further comment.

Remark 4.1.

(i) For x e RY,

% Re[W, ()] < = Re[W(x)] < Re[W),(x)] < Re[W(x)].

| =

(i) For |x|> 1/T3,

alcgllJ:f(lxl) < 03\11*(|x|) < Re[\ll(x)] <ap Re[\IJU(x)] < azlllff(|x|).
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(>iii) Forr > 0,
ayhy(r) < h(r),
and for r < T3,

h(r) <ax(cqa/c3)h,(r),

holds with c¢; = 16(1 + 2d) by (ii) and (1).
(iv) The function W, satisfies (C3) with T, = T3, ¢, = (c%al) /az and oy, = 3.

The first result resembles in its formulation and in the proof Lemma 3.7 applied to Z!*, but it
is tuned to a new approach and involves auxiliary objects like 4.

Lemma 4.2. There are constants ap = ao(d, a3, c3,a) > land cp, =cp,(d, a3, c3, a1, az) such
that for every X .= aoh,jl(l/t) < T; there exists |x;| < A for which

inf [pua(ey+% + thi*)] = 1/(4wg)r™.

‘ylfcpl
Proof. Step 1. There is a constant ag = ag(d, o3, c3, a2) > 1 such that for A := aoh;1 (1/t) < T3,
P(|z}* —th)*| = 1) < 1)2.

Indeed, by [33], page 954, there is ¢ = c(d) such that for r = A,

]P’(|Ztl'A — zbi‘k| > r) <ct <r1

(b - b)]h')h) + /]Rd Z(1|z|<r - 1|z|<1)N1.A(dZ)

+ hl.m))
=cthy,(r) <cth(r).
Applying Lemma 2.3, we get
h(r) < (ca/c3)(1/ag)™h((1/ao)r) < az(ca/c3)*ay “hy(r/ao) = ax(ca/c3)*ay 1"

Now, the inequality follows with ag = (2cas(cq/c3)?) /.
Step 2. We note that for A < T3 there exists |x;| < A such that

pua(t, % +1tb} ) > 1/Qwg)r ™.

It clearly follows from the continuity of p; , and

121 =P(12;" —1b;*| = 3) Zf 1t ¥)dx < wghd sup [pra(t,x +1b;*)].

|x—tb}*| <A x| <A

Step 3. We claim that there exists a constant cg;3 = ¢53(d, o3, ¢3, ay, az) such that for every
t < 1/h,(T3) we have

sup |V p1a(t, x)| < coz/Qoo)r ™"
xeRd
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Since W, satisfies (C3), by (C5) there is ¢|, = ¢, (d, ay, ¢,) such that for every ¢t < 1/h,(T),
/Rd 2] Re¥1 @) g7 < /ﬂéd lzle™ @RI g2 < o [ (2 @) ]!

< [(@rev/@ea) " hy /0]

The last inequality follows from Lemma 2.3.
Step 4. The statement of the lemma now follows. Indeed, by Step 2. and Step 3. we have for

every |y| =1/(2cg3)A,

pua(t,y + % +1tb*) > pua(t, % +thi) — |yl sup |[Vepra(t, )| = 1/(4wa)r ™.
xeRd

[l
In what follows we study Z2>*.

Lemma 4.3. Let ag be like in Lemma 4.2. There is a constant cp, = cp,(d, a3, c3,a1,a2) > 1
such that for every A := aoh‘jl(l/t) < T3 and |x| > cpzk_l,

Re[W, (x)] < (4/a1) Re[ W2, (x)].
Further, W, ;, satisfies (C3) with T =L /cp,, c = c(c3,a1,a2) and o = a3.

Proof. Step 5. We observe that

Re[W, (x)] = (2/ar) Re[ W2, (x)] + /II A(1 — cos((x,z)))v(dz)
< (2/ap) Re[Wy;. (x)] + 2k, (1).
Using (1) and (C3) for W}, for |x| > 1/A > 1/T, we have

axcy

2hy (1) < cq Wi (1/4) < (ca/en)(Ix|2) ™" Wi (1x]) < ( )(|x|x)°‘” Re[W, (x)].

aicscy

Finally, we choose cp, such that 2k, (1) < (1/2) Re[W, (x)]. The last sentence follows from the
comparability of Re[W, (x)] and Re[W, , (x)] (see the definition of N ;). O

In the next result, we put Z!** and Z%* together to obtain estimates for the process Y. Given
T € (0, 00], a, r > 0 consider a family of infinitely divisible probability measures,

X(T,a,r):={w: pis the distribution of (Z* — tb;*) /A +y

for some A :=ah, ' (1/t) < T and |y| <r}. (10

We note that X" is completely described by the choice of (T, a,r) and ay, v.
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Proposition 4.4. Let ay, ¢, and A be like in Lemma 4.2. Take 61,6, > 0 and ro =1 + 61 + 6.
Forallt < 1/h,(Ts/ag) and |x| <61, (1/1),

Lx+0,)>1/ Y01 inf B, ).
pt, x4+ 0;) > 1/(4wy)[aoh; ' (1/1)] MeX(lrr;,aO,m)M( ep)

whenever ©, € R? satisfies |th;, — ©;| < 611 for A < T;.

Proof. Step 6. Note that ¥ = Wy ; + W, and by, = b}f‘ + b)%"\. By Lemma 4.2, we have for
Oy =X —)El _tb)»+®t’

plt.x +©) = / Lot + O, — D pas(t.2)dz
R
= /d pra(t,y + % + b, %) paa(t, on + thy? — y) dy
R

= [ e (o 183 - y)dy
|y|SCpl A

= 1/@Go)r  P(|ZH* — th3* — o] < cp,A).

By Lemma 4.2 and our assumptions |o;| < rgA. This ends the proof. (]
In comparison to Lemma 3.7, Proposition 4.4 suggests an explicit shift in the space coordinate

and gives a choice of the shift within certain class (see also (8)). On the other hand, it still
leaves the crucial question of the positivity of inf,,e x (73,49,r9) M(Bc,,l) unresolved. In the next
three lemmas, we begin the investigation of X' (7T, a, r). The issue of the positivity is eventually
addressed in Section 5.
Lemma 4.5. Let ag be like in Lemma 4.2. Then X (T3, ao, r) is tight for every r > 0.
Proof. Step 7. By [33] there is ¢ = ¢(d) such that for every u € X (T3,a9,r) and R > 1 +r,

w(By) =P(|(2" — 1b3*) /3 + y| = R) <P(|(22* — 1b}*)| = (R —r)2)

< ct((R —r)~ !

—bi* + /Rd 2(jzj<r — Lz <) N2,.(d2)

+ ha i ((R— r)A))

=cthy; (R —r)r) =ct(a1/2)(R —r)? / (1z1*/2%)v(dz)

|z]<A

(a1/2) (a@1/2)
=< Cfmhv()») < Cm,

which gives the claim. ]
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Lemma 4.6. Let ag be like in Lemma 4.2. There is a constant ¢p, = ¢p;(d, a3, c3, a1, az) such
that for every pu € X(T3,ap,r) and r > 0,

/Rd]ﬁ(z)|dz < Cps-

Proof. Step 8. The characteristic exponent of u € X equals —i(x,y — tb/%A JA) + W (x/M).
Since W, satisfies (C3), by (C2) there is ¢/, = ¢/, (d, ay, ¢,) such that for A = aph ' (1/t) < T;
we have

/ |ﬁ(z)|dz:/ e_’Re[w2-A(Z/A)]dZ:Ad/ e TRel¥2,(] 4,
R4 Rd R4

< / dz+ 2 / e~ /en RN @] g
\zlicpz)FI Rd

— —d
< a)dc;l,2 + e A [hy N ep /0] < a)dc;i72 + clad (cpycafcn)¥.
The last inequality follows from Lemma 2.3. ]

Lemma 4.7. Let ag be like in Lemma 4.2. For every r,r1 > 0 there exists an infinitely divisible
probability measure g such that

inf u(Br) = no(Bry)s
neX (Ts,a9.r)

The measure iy is a weak limit of a sequence u, € X (T3, ag, r) and it is absolutely continuous
with a continuous density

g0(x) = 21) /R IR dz,

Proof. Step 9. Let u, be a sequence realizing the infimum. By Lemma 4.5 and Prokhorov’s
theorem, we can assume that w, converges weakly to a probability measure pg. Thus, since
B, is open, the inequality holds and pg is infinitely divisible, see [34], Theorem 8.7. By [34],
Proposition 2.5(xii) and (vi), Lemma 4.6 and Fatou’s lemma, we get -[]Rd |Ito(z)|dz < cp,. This
ends the proof. ([

5. Lower bounds

In this section, we discuss a Lévy process Y in R? with a generating triplet (A, N, b). The
analysis of the upper bounds of transition densities carried out in Section 3 led to lower bounds
in Lemma 3.7, Corollaries 3.8 and 3.9. As explained in Remark 3.10, Lemma 3.7 applied to
symmetric Lévy processes gives the so called near-diagonal lower bounds. The situation becomes
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more complicated if the symmetry is spoiled, and an obscure shift by unknown x; appears. This
is a potential obstacle for further applications. We propose the following correction to remove
this problem: show that at the expense of a constant one can freely choose 6 > 0 for which
the estimates are valid with any y € RY satisfying |y| < @h~'(1/¢). This in turn will make it
possible to remove x; by the choice of 6 and y. Obviously, such approach will fail in general
even under (C3), with «-stable subordinators as counterexamples (see Remark 5.4), therefore
additional restrictions will be needed.

First we concentrate on the case with non-zero Gaussian part. Note that the Gaussian compo-
nent of 4 equals 2| A||. Thus, if A is non-zero, it will dominate locally. This is reflected in the
next result.

Proposition 5.1. Assume that (C3) holds and A # 0. Then for all T,0 > 0 there is ¢ =
cd,A,N,T,0)>0suchthat forall0 <t < T and |x| < 0/1,

pt.x +1tb ;) =&t 42,

If additionally fRd |x|2N (dx) < 0o, then we can take T = oo with & > 0.

Proof. We consider two Lévy processes Z! and Z? that correspond to (%A, N, b) and (% A,0,0),
respectively. By Lemma 3.4, the condition (C3) holds for ;. Lemma 3.7 assures that there is
a constant ¢ = c¢(d, A, N, T) > 1 such that for every t < T there is |x;| < chl_l(l/t) so that

for every |y| < (l/c)hfl(l/t) we have pi(t,y + x; + tb[hl—l(]/t)]) > (l/c)[hfl(l/t)]_d. Since
v =V 4 W, we get

p(t,x+tbﬁ)=Ad pi(t,x +1b ;—2)p2(t,2)dz

= /Rd pl(t’ y +xt +tb[h;1(1/,)])P2(t’Uz - )’)dy
> (1/0)[h7 (/0] B(|22 — o] < (1/0)h (1)),

where o; :=x —x; +1b ; — tb[h—](l/t)]. Now, for r < R := hl_l(l/T) we have %||A|| <
1
h1(r)r? < hi(R)R* =: i, which by putting r = hy ' (1/1), implies for r < 1/hi(R) =T,

1/ic < t/[h7 (/0] <2/11Al.

By (8), we get for t < T that

1/2

t|b\/;—b[h;1(1/t)]|5(1VK)(1\/(2/||A||)1/2)h1_1(1/t) and |x| <6(2/1A1)"*h7 (1)),
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Thus, |o;| < mlhl_l(l/t) with my =mi(d, A, N, T,8). Note that by Lemma 3.4 the density of
Z? equals pa(t, x) = 2mt)~%/%(det(A)) /2 exp{—(x, A~'x)/(2t)}. Then

P(|2} — o] < (1/0)h (1/1))

/ 1 pa(t/[h7 /D] 2) dz
le—or/hy ! (1/D)l<1 /e

> inf / 2/ IAN " pa(1 /i, 2y dz = my > 0,
le—yl<1/e

T lyl=m
Eventually, for all t < T and |x| < 6+/%,
plt.x +tb ) = (maf) [T (/D] = (majo)(I1A1/2) 412,
If fRd |x|2N(dx) < 00, the above is valid for all r > 0 with k = ||A]|/2 + fRd |x|2N(dx). O

Now we focus on the case with zero Gaussian part. We record that processes satisfying as-
sumptions of Proposition 5.1 have a non-zero symmetric (Gaussian) part and their trajectories
are of infinite variation [34], Theorem 21.9. We will exploit these two features of processes sep-
arately, combine them with the decomposition of Section 4 and obtain non-local counterparts of
Proposition 5.1.

We start by engaging a symmetric Lévy measure v, (dx). The assumptions and the claim are
stated by means of W, and &, that correspond to the generating triplet (0, vy, 0). The result
extends part of [24], Theorem 2, and in our setting improves [28], Theorem 2.3, [27], Theorem 1.

Theorem 5.2. Assume that (C3) holds and A = 0. Suppose there is ay € (0, 1] such that
aivs(dx) < N(dx),
and ay € [1, 00) such that for every |x| > 1/ T3,
Re[\IJ (x)] <a Re[llls (x)].

Then for all T, 6 > O there is a constant ¢ = ¢(d, &3, ¢3, T3, ay, az, vs, T, 0) > 0 such that for all
0<t<Tand|x]|<0h;'(1/1),

~T7—1 —d
pt.x +tby, 1 ) = (A (1/D] "
If T3 = 00, then we can take T = 0o with ¢ > 0.

Proof. Consider the decomposition of Y introduced in Section 4 with v = v;. We will apply
Proposition 4.4 to conclude the statement of the theorem, but first we prove an auxiliary result,
which complements preparatory Steps /-9 used in proofs of Lemmas 4.2, 4.3, Proposition 4.4
and Lemmas 4.6, 4.5 and 4.7.
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Step 10. Let ag be taken from Lemma 4.2. We show that for every r, r; > 0,

inf u(By) = csi10 > 0,
neX (T3,a9.1)

and cgr10 = c5r10(T3, ao, ay, r, r1, vg). Recall that X(T, a, r) is defined in (10). Note also that
tbf‘A =0 and Zt“ is symmetric. Let w,, (o and go(x) be like in Lemma 4.7. Let y, be such
that u, is the distribution of Zt“ /A 4 y,. Since |y,| < r, by choosing a subsequent, we can
assume that y, converges to yg. Then fig(dx) = uo(dx + yp) is a symmetric infinitely divisible
probability measure, as a weak limit of symmetric u, (dx + y,), with a continuous symmetric
density

go(x) = go(x + yo),
and hence

sup go(x) = go(0) > go(x) > ¢ forall [x| <e,
xeRd
and sufficiently small ¢ > 0. Since the support of [io(dx) is a group (see [7] or [36], Theorem 3),
then it has to equal to R?. Therefore o (Br) = fto(Br, — yo) > 0. This ends the proof of Step 10.
Now, the following is true.

Claim. For every 6 > 0 there are ay = ao(d, a3, c3,a3) and ¢; = ¢1(d, a3, c3, T3, a1, az, v,
0) > 0 such that for all 0 <t < 1/ hs(T3/ap) and |x| < Ohs_l(l/t),

~ _ —d
p(t.x + by ) Z €1 [hy /0]
If T3 = 00, we also have ¢| > 0.

Indeed, it holds by Proposition 4.4 with 6 =6, 6, = 16(1 4 2d)a, and ©; = tb[h he
application of (8) and Step 10. with r =rg, r1 =cp,.

We prove the final statement by extending the time horizon. In view of the Claim, we only
have to consider the case 73 < oco. Let 1o = (1/2)/ hy(T3/ap) with ap = ap(d, a3, c3,a2) > 1
taken from the Claim. It suffices to examine ¢ € [ktg, (k + 1)19), k € N. For k = 1 the statement
holds by the Claim. We show by induction that the statement is true for all k¥ > 2. By Chapman—
Kolmogorov equation, we have for x :=x + tb[h

St

S1ayo1 1001 gy — (&= 100Dy gy

P+ 1hy )
= /)z|<hl(1/zo) P(f —10,y+ @ — tO)b[h;I(1/(,,t0))])p(t0, x—y+ tOb[h;l(l/to)])dy-

In what follows, we find the upper bound of |x — y|. By (8) and fy <t — fy we have

b1 171 = 0By 17100 — ¢ = 100B1 (1 pe—o|

= [t = 10) g1 (171 = bpas 1 1 =10 T 0P 1701~ Bras 11007
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<h; (/o[ = t)h(hy ' (1/(t = 10))) + toh (kg (1/10))]
<h;'(1/Oth(h;1(1/10)) < hy (/1) (k + Daz(ca/c3).
while
hyt (/0 < b1/ + D).

Therefore, |x — y| < Glhs_l(l/to), where 0; = 01(d, a3, c3, T3, a1, az, vs, k, 0), if only |x| <
0h;1(1/t) and |y] < h;'(1/1). Then by the Claim,

- ~ — —d
plio, & =y +10by, 1 o) = E1 [y (1/10)]

Since t — 1y € [(k— )19, ktp) and |y| < hs_l(l/to) < hs_l(l/(t—to)), by the induction hypothesis,

(e =10, 3+ (0 = 10014 yoyyy) = Gt [ 1/ = 0)] .

Finally,
~ ~ — —d _ ~ — —d
Pt x by 1y ) = Grwaée [y 1/ = 10))] " = @l /o] O

In the next result, we consider processes that necessarily have trajectories of infinite variation,
see Lemmas 2.9 and [34], Theorem 21.9. The functions W, and h, correspond to the generating
triplet (0, v, 0).

Theorem 5.3. Assume that (C3) holds with a3 > 1 and A = 0. Suppose there is aj € (0, 1] such
that
av(dx) < N(dx),
and ap € [1, 00) such that for every |x| > 1/ Tz,
Re[W(x)] < apRe[W, (x)].
Then for all T, 0 > 0O there is a constant ¢ = ¢(d, «3, c3, T3, a1, a2, v, T, 0) > 0 such that for all

0<t<Tand|x|<60h;'(1/1),

~T7 —1 —d
Pt x +tby 1) > ényta/n]™.
If T3 = 00, then we can take T = oo with ¢ > 0.

Proof. Consider the decomposition of Y introduced in Section 4. Then the proof is the same as
that of Theorem 5.2, only the justification of Step 10. is different, because instead of using the
symmetry of v we take advantage of the assumption that o3 > 1.

Step 10. Let ap be taken from Lemma 4.2. We show that for every r, r; > 0,

inf  w(B) =cs10>0,
neX(Tz,a9,r)
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with ¢gr10 = ¢5r10(T3, ag, ay, v, r1, v). Let wy,, no and go(x) be like in Lemma 4.7. We denote
by W, (x) and Wo(x) the characteristic exponents corresponding to w, and wo. By [34], (8.11),
we have that Re[W, (x)] converges to Re[W((x)] and W, converges to \IJ(’;. Since Re[V¥,(x)] =
tRe[W1(x/A)] and Wy (r) =15, (r/A), by Lemma 4.3 we get that (C3) holds for Wy with
To = cp,, co = co(c3, a1, az) and op = a3 > 1. If it happens that Wy has non-zero Gaussian part,
then Lemma 3.4 guarantees that the support of the measure 1o equals R, which ends the proof
in that case. Suppose that Wy has zero Gaussian part and denote by Ny(dz) the corresponding
Lévy measure. We will justify that for every x € R?, x #0,

/ |(x, 2)| No(dz) = . (11)
lz]<1
Let IT; be a projection on a subspace spanned by x/|x|. Then

/| 1!(x/|x|,z>|zvo(dz>z/ IleINo(dZ)—No(Bf)=/H 1|z|Nl(dz)—No(Bf),

[T z]<1

where Nj(dz) is a Lévy measure of an infinitely divisible distribution that is the IT; projection
of uo (see [34], Proposition 11.10). We denote by /& the concentration function for Ni(dz).
By (C3) for Wy and Lemma 3.11 we get (Al) for 4y with ay, > 1. Then (11) follows from
Lemma 2.9. Finally, by [40], Corollary on page 232, or [36], Theorem 3, the support of 110 is R?.
This ends the proof. g

Remark 5.4.

(i) One of the main improvements of Theorem 5.2 and 5.3 in comparison to known results
is that we can arbitrarily choose 68 > 0. We take advantage of that in Proposition 6.1.

(ii) The assumption ajvs(dz) < N(dz) of Theorem 5.2 cannot by replaced by a weaker con-
dition a1 Re[W(x)] < Re[W (x)], because the latter and other assumptions of the theorem
are satisfied for «-stable subordinators (take W to be the characteristic exponent of the
isotropic «-stable process), but the statement is not true for that process. Namely, if 6 > 0
is large enough, then p(f, x + lb[h;l(l/t)]) =0 for some 0 <t < T and x € R satisfying
x| <0h71(1/1).

(iii)) The assumption Re[W (x)] < a» Re[W(x)] of Theorem 5.2 holds if a stronger condition
N(dz) < arvg(dz) is satisfied, but the latter is much more restrictive (see also Example 1).

(iv) It is essential for applications in forthcoming papers that constants in the results of The-
orems 5.2 and 5.3 are uniform for the whole class of Lévy processes if only certain
parameters do not change.

6. Examples and applications

We apply Theorem 5.2 to a Lévy process Y in R? which is the sum of the (symmetric) cylindrical
a-stable process and any arbitrarily chosen independent «-stable process o € (0, 2).



Lévy processes: Concentration function and heat kernel bounds 3219

Example 1. Let b € R? and define N (dz) = vs(dz) + v4(dz), where for « € (0, 2),

d d
v(d2) =Ag Y lul ™ " du [ [sodz), 2=, 2a),
k=1 i=1
ik
and

o0 d
va(B)%/SA(dE)[) 1B(rg)r1%, B € B(RY). (12)

Here Ay =2°T((1 + ) /2)/ (/|0 (—a/2)|), S = {x e R?: |x| = 1} and A is a finite measure
on S. Then Theorem 5.2 applies to a Lévy process Y with the generating triplet (0, N, b). Indeed,
first note that vy is a special case of v, with A having properly chosen atoms on the sphere and

ho(r) ~r~*A(S), r>0. (13)
Therefore, by vs(dz) < N(dz) and (1) we get
d™P1x|® < ] + -+ xal? = Re[Wy(0)] <Re[W(x)] < W*(x) <2h(1/Ix]) <clx|?,

for ¢ that depends only on « and X. This shows that the assumptions of Theorem 5.2 are satisfied.
In particular (C3) holds and 73 = co. We emphasize that for such N one can rarely expect to have
N(dz) < cvs(dz) for some constant c. The latter as an assumption would dramatically reduce
admissible measures A.

It has been announced in the introduction that any «-stable process « € (0, 2) in one dimension
satisfies (C3). It follows from Remark 3.2 and (13).

Example 2. Letd =1 and Y be a Lévy process with the generating triplet (0, N, 0), where
N(dx) = |x| *1<0dx.

Note that N (dx) is of the form (12) with o = 1 and A(d§) = §;_1,(d%), that s, Y is a (one-sided)
1-stable process. Then

P(Y; € (—00,0)) — 0, ast— 0F.

Indeed, using the notation of [14], Theorem 1, we have M(x) =T (x) = —D(x) = x L AGx) =
—1 —1In(x) and U (x) = 2x. Thus, A(x)/~/U(x)M(x) — +oo as x — 07.

The above example explains a restriction to a3 > 1 in the following result.

Proposition 6.1. Assume that (C3) holds with oz > 1.

(1) For all T,6 > O there is a constant ¢ = ¢(d, a3, c3,T3, A, N, T, 0, |b|) such that for all
0<t<Tandl|x|<0h™'(1/1),

pt,x)=é&h "t a/m] ™
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>i1) For A > 0 let
C,= {x eR?: x; > klil,i:(xl,...,xd_l,O)}.

For every T > O there is a constant ¢ = c(d, a3, ¢c3, T3, A, N, T, |b|, 1) such that for every
orthogonal matrix O and forall0 <t < T,

P(X; € OC)) =c>0.

Proof. Let A =0. By Remark 2.12 and Corollary 2.11 there is 8; = 6,(d, a3, ¢3, T3, h, T') such
that t|b[h71(1/,)] —b| < 01h_1(1/t) for all + < T. Using Remark 2.12 and (A2) we also get
for 2 = 02(c3, T3, h, T, |b]) and all 1 < T, that |th| < 6h~1(1/1). Let |x| <6h~1(1/t). Then
X =x —thy-1(1 )y satisfies || <6h~'(1/1) forall t < T with & =6 +6) +6,. By Theorem 5.3
withv =N and a; =ap =1 there is ¢ = ¢(d, a3, c3, T3, N, T, |b|) so that

_ ~Ty — —d
p(t.x) = p(t. X +thy-1¢1) = E[A (/D]

Finally,

P(X; € 0C)) = / p(t,x)dx = h~'(1/0]"10CL N By1(y )l = ¢ > 0.
OCmBh—l(l/n

Similarly, if A 0, we use comparability of 4 (r) and r~2, replace A~ (1/1) by /7 and apply
Proposition 5.1. (]

Define the first exit time from an open set D by tp = inf{r > 0: X, € D}.

Corollary 6.2. Assume that (C3) holds with az > 1. Let an open and bounded set D C R have
the outer cone property. Then every point from D€ is regular for D, that is, P* (tp = 0) =1 for
every x € D°.

Proof. By the right continuity of paths X; we may and do assume that x € dD. We have
P*(tp <t) > P*(X; € D) for every t > 0. By the outer cone property and Proposition 6.1
we get PY(tp <t) > ¢, t < T. This implies that P*(tp = 0) > ¢ > 0. Applying Blumenthal’s
0 — 1 law ends the proof. (I
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