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We establish conditions to characterize probability measures by their LP-quantization error functions in
both R and Hilbert settings. This characterization is two-fold: static (identity of two distributions) and
dynamic (convergence for the L”-Wasserstein distance). We first propose a criterion on the quantization
level N, valid for any norm on R4 and any order p based on a geometrical approach involving the Voronot
diagram. Then, we prove that in the L%-case on a (separable) Hilbert space, the condition on the level N
can be reduced to N = 2, which is optimal. More quantization based characterization cases in dimension 1
and a discussion of the completeness of a distance defined by the quantization error function can be found
at the end of this paper.
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1. Introduction

Vector quantization was originally developed as an optimal discretization method for signal trans-
mission and compression by the Bell laboratories in the 1950s. Many seminal and historical con-
tributions on vector quantization and its connections with information theory were gathered and
published later in [10]. In the unsupervised learning area, vector quantization has a close connec-
tion with the automatic classification (clustering) through the k-means algorithm. More recently,
in the 1990s, it became an efficient tool in numerical probability to compute regular and condi-
tional expectations (see [1,15] and [17]) with in view the pricing of derivative products. Thus,
a quantization based numerical schemes have been developed for American option pricing (see
[2]), and for the simulation of Backward Stochastic Differential Equation or nonlinear filtering
(see [18]). For a first mathematically rigorous monograph of various aspects of vector quanti-
zation theory, we refer to [7] (and the references therein). For more engineering applications to
signal compression, see, for example, [6] among an extensive literature.

In all these applications, either of probabilistic or statistical nature, vector quantization is used
to produce a kind of skeleton of a probability distribution. To be more precise, let (2, A, IP)
denote a probability space and let X be a random variable defined on (2, A, P) and valued in
(E,| - |g), where E is R? or a separable Hilbert space H and | - | denotes respectively the
norm on R¥ or the norm on H induced by the inner product (- | -) 7. Let 1 denote the probability
distribution of X, denoted by Px = p or Law(X) = u and assume that u has a finite pth moment,
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p €[1, +00). The quantization grid (also called codebook in signal compression or cluster center
in machine learning theory) is a finite set of points in E, denoted by I' = {x1,...,xy} C E.
Let us define the distance between a point £ and a set A in E by d(§, A) = mingecy | — alg.
The L?-mean quantization error of I', defined by e, (u,I") := ||d(X, )|, = [fE minger |€ —

1
a|§u(d$)] 7, is used to describe the accuracy level of representing the probability measure u by
I'.Let N > 1. A quantization grid ') satisfying

1
. I . ’
ep(p, T*M) = inf [Ed(X,D)P]r = inf UE glelglé—al’éu(dé)} (1.1
card(D)<N card(l) <N

is called an L?-optimal quantization grid (or optimal grid in short) at level N. We refer to [7],
Theorem 4.12, for the existence of such an optimal grid on RY and to [14], Proposition 2.1, or
[5] on (separable) Hilbert spaces. There is usually no closed form for optimal grids, however, in
the quadratic case (p = 2), it can be computed by the stochastic optimization methods such as
the CLVQ algorithm or the randomized Lloyd algorithm (see [16], Section 3, [12] and [19]).
Optimal grids I ) “carries” the information of the initial measure. For example, let
1 € Ppie(RY) for some & > 0, where P, (E) := {u probability distribution on E s.t. [, &5 x
u(dé) < +o0}. Let u = h - A4 be an absolutely continuous distribution (14 denotes the Lebesgue
measure). If for every level N > 1, '™ is an optimal quantization grid of u at level N, then

1 ®Y) hd/(d+p)(§)
— Z Bx—yu_fhd/(d*'l’)d)»dkd(dg)’ as N — +o0o, (1.2)

xel* M)

where, for a Polish space S, g denotes the weak convergence of probability measures on S.
We refer to [7], Theorem 7.5, for a proof of this result. This weak convergence (1.2) emphasizes
that, an absolutely continuous probability measure u is entirely characterized by the sequence of
LP-optimal quantization grids ') at levels N, N > 1.

We consider now the L”-mean quantization error function as follows.

Definition 1.1 (Quantization error function). Let u € P, (RY), p €[1,400). The LP-mean
quantization error function of u at level N, denoted by ey , (i, -), is defined by:

enp(t. ) (RY)Y — Ry
L (1.3)
X = (X1 ey XN) > ey p (i, X) = [/R min [£ —mpu(ds)}

The definition of ey ,(u,-) obviously depends on the associated norm on R? and the
variable of ey ,(u,-) is a priori an N-tuple in (Rd)N . However, for a finite grid I’ C
R4, if the level N > card(I'), then for any N-tuple x' = (xf,...,x}:,) e RY)N such
that T" = {xf,...,x}:,}, we have e,(u,I') = eN,p(y,,xF). For example, e,(u, {x1,x2}) =
ez, p(i, (x1,x2)) = e3 p(1, (x1,x1, x2)), etc. Note that ey p, is a symmetric function on (RHN
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and that, owing to the above definition,

rcRd,clgcfi(r)gN el 1) = xe%ﬂlg)” eN.p( X). (14
Therefore, throughout this paper, with a slight abuse of notation, we will also denote the L”-
quantization error at level N for a grid I' of size at most N by ey (i, I').

The equality (1.4) directly shows that the optimal grids are characterized by the L?”-mean
quantization error functions. Next, we show that the quantization error function ey ,(u, ) is
entirely characterized by the probability distribution .

Notice that for any u € P, (R9), the function en,p(u, -) defined in (1.3) is 1-Lipschitz contin-
uous for every N > 1 since for any x = (x1,...,xn), y=(¥1,..., YN) € (]Rd)N,

|eN,p(l/«v x) —en,p(u, y)|

1 1
p P
— : — P _ ; —v:|P
= || [, min te = siruae) | [ [ min e -]
_ 1
P
< / min ’5 —xi‘— min |& —yj|)p,u(d§)i| (by the Minkowski inequality)
| Jra l1<i<N I<j=N
_ 1
P
< f max |xi—yi|”u<ds>} = max |x; — . (1.5)
| JRd I<i<N 1<i<N

‘We recall now the definition of the L”-Wasserstein distance.

Definition 1.2 (L?”-Wasserstein distance). Let (S, d) be a Polish space and S = Bor(S, d) be its
Borel o-field. For p € [1, +00), let P, (S) denote the set of probability measures on (S, S) with
a finite p’*-moment. The LP-Wasserstein distance Wy (1, v) between 1, v € P, (S), denoted by
Wy (1, v), is defined by

1
pr,v):( o[ d(x,y>Pn(dx,dy>>”
SxS

mwell(u,v)
1
=inf{[Ed(X,Y)"]?, X,Y : (2, A, P) > (5,8) with Px = uu, Py = v}, (1.6)

where in the first line of (1.6), IT(u, v) denotes the set of all probability measures on (2, 5%?)
with respective marginals u and v.

If we consider ey (i, x) as a function of u € PP(Rd), then ey, is also 1-Lipschitz in . In
fact, let X, Y be two random variables with probability distributions Py = u and Py = v. For
every N-tuple x = (x,...,xy) € (RN | we have

|€N,p(/vax) - eN,p(va)i

.....

’ min |X—xi|H —
i N p

)

i=1,...,.N
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g

min |X —x;|— min [|Y — x;|
j= i=1,...,.N

i=1,..., i=1,...,

) (by the Minkowski inequality)
p

|

' max ||X—xl-|—|Y—x,-|}H <X =Y, (1.7)
i=l1,..., N P

As this inequality holds for every couple (X, Y) of random variables with marginal distribu-
tions w and v, it follows that for every level N > 1,

sup len p(1, x) — en,p(v, X)| < Wy (1, v). (1.8)

xe(RHN

||€N”,,(,LL, )= eN’[’(v’ ) Hsup =

Hence, if (4x)n>1 is a sequence in P, (RY) converging for the W-distance to u € Pp (RY),
then
n——+00
HEN,p(Mm’)_eN,p(va‘)H =Wy (tn, hoo) — 0. (1.9)

sup —

Definition 1.1, and the inequalities (1.5), (1.7), (1.8), (1.9) can be directly extended to any sep-
arable Hilbert space H. Inequalities (1.8) and (1.9) show that for every N > 1, and p € [1, +00),
the quantization error function ey, ,(u, ) is characterized by the probability distribution .
Hence, the characterization relations between a probability measure u, its L”-quantization error
function and its optimal grids can be synthesized by the following scheme:

[Probability measure [ }

If p€ Ppre(RY), p < Mg
(absolutely continuous) and
if we know the optimal grid
for every level N, see (1.2).

See (1.8) and (1.9)

Optimal grid

T (N)

Quantization error
function ey, p (i, -)

argmin
see (1.4)

The characterization of a probability measure p by its L?-optimal quantization grids suggests
to consider the “reverse” questions of (1.8) and (1.9): When is a probability measure . € P (RY)
characterized by its L?-quantization error function ey , (i, -)? And if so, does the convergence
in an appropriate sense of the LP -quantization error functions characterizes the convergence of
their probability distributions for the W, -distance?

These questions can be formalized as follows (the first one in a slightly extended sense):

e Question 1 — Static characterization:
If for u,v e P, (RY), en,p(i, -) =en, p(v,-)+ C for some real constant C, then do we
have u = v (and C = 0)?
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o Question 2 — Characterization of Wy-convergence:
If for wp,n>1, uso € Pp(Rd), en,p(iy, -) converges pointwise to ey, » (o, -), then

do we have W), (i, thoo) notes 0?

For any Ni, N, € N* with N; < Na, it is clear that ey, ,(i,) = en,, p(v,-) (resp.

n——+00 . . n——+00
€Ny, p(lns ) = €Ny, p(lhoo, +)) Implies en, p(, ) = eny, p(v, ) (resp. eny, p(in, -)
en,,p(loo, -) ). Hence, beyond these two above questions, we need to determine an as low as
possible level N for which both answers are positive. For this purpose, we define

Na p,.| = min{N € N* such that answers to Questions I and 2

for ey, are positive}. (1.10)

The paper is organized as follows. We first recall in Section 1.1 some properties of the Wasser-
stein distance WV,,. Then in Section 2, we begin to analyze the problem of probability distribu-
tion characterization in a general finite dimensional framework by considering any dimension
d, any order p and any norm on R?. We show that a positive answer to Questions I and 2 fol-
lows from the existence of a bounded open Voronoi cell in a Voronoi diagram of size N, which
in turn can be derived from a minimal covering of the unit sphere by unit closed balls cen-
tered on the sphere. As a consequence, we define for N > Ny || a quantization based distance
On,p:=llen,p(t,-) —en, p(v, )llsup Which we will prove to be topologically equivalent to the
Wasserstein distance WW,,. The results in this section are established for p > 1, but several results
can be extended to the case 0 < p < 1 by the usual adaptations of the proofs.

In Section 3, we consider the quadratic case (i.e. the order p = 2) and extend the character-
ization result to probability distributions on a separable Hilbert space H with the norm | - |y
induced by the inner product (- | -)y. In this section, we will prove by a purely analytical method
that Ny 2 |, = 2! and the topological equivalence of Wasserstein distance W, and the distance
O (1, ) = llea (i, -) — €22(v, ) llsup on Pa(H).

Section 4 is devoted to the one-dimensional setting. Quantization based characterization not
yet covered by the discussion in Section 2 and Section 3 are established. Furthermore, we prove
that Q1 is a complete distance on P (R) and give a counterexample to show that the distances
On.2, N > 2 are not complete on P>(R) in Section 4.2.

1.1. Preliminaries on Wasserstein distance

Let (S, d) be a general Polish metric space. The relation between weak convergence and conver-
gence for the Wasserstein distance VW), (see Definition 1.2) is recalled in Theorem 1.1. We recall
below some useful facts about the L”-Wasserstein distance that will be called upon further on.

I'Since the dimension of the Hilbert space that we discuss in this section can be finite or infinite, we write directly H
instead of d in the subscript of Ny p,|.|-
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The first one is that, for every p € [1, +00), W, is a distance on P, (S) (Wzl: if p € (0, 1)), see,
for example, [22], Theorem 7.3, for the proof and [3] for a recent reference. Next, the metric
space (P,(S), Wp) is separable and complete, see, for example, [4] for the proof. More gen-
erally, we refer to [23], Chapter 6, for an in depth presentation of Wasserstein distance and its
properties.

Theorem 1.1 (see [22], Theorem 7.12). Let j, € Py(S) for every n € N* U {oo}. Let p €
[1, 400). Then,
(@ Wpy(itn, oo) = 0 if and only if

()
(a) Mﬂ - MOO!

) Ixg e S, fs d(x0. &) pn (dE) — /S d(x0, &) oo (dE).
®) If

dxp € S, lim sup/ d(x0, &) u,(dg) =0, (1.11)
d(x0.6)P=R

R—>+oon21

then (Ln)n>1 is relatively compact for the Wasserstein distance W,,.

2. General quantization based characterizations on R¢

This section is devoted to establishing a general criterion that positively answers to Questions 1
and 2 in any dimension d, for any order p and any norm on R¢. The idea is to design an approx-
imate identity ((,05).,,»02 based on the quantization error function ey (i, -). Our construction of
(¢e)e>0 relies on a purely geometrical idea: it is based on a specified Voronoi diagram contain-
ing a bounded open Voronoi cell that we introduce in Section 2.1. The static characterization
is established in Theorem 2.1. Furthermore, Theorem 2.2 shows that a pointwise convergence
of the quantization error functions is enough to imply the WW,-convergence of a P, (R9)-valued
sequence.

2.1. A review of Voronoi diagram, existence of bounded cells
LetT" = {x1,...,xn} be a grid of size N. The Voronoi cell generated by x; € I is defined by

V(D=8 <R g il = min (& —x;1}. @.1)

and (Vy, (I"))1<i<n is called the Voronoi diagram of I', which is a finite covering of R (see [7]).
A Borel measure partition (Cy, (I'))1<;<n is called a Voronoi partition of R? induced by T if for

2By approximate identity we mean @, € LY R4, BRY), Ad), € > 0, such that fRd pedrg =1, sup,- f]Rd lpeldrg <
+00 and limg_, ¢ f{|5|>n] @ (E)Aq(€) =0 for every n > 0.
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everyi € {1,..., N}, Cy, (I') C Vi, (I'). We also define the open Voronof cell generated by x; € I'
by

0 _ d.g_ . i
Vo (r) = {s €R!:lg —xil <, _min
If the norm | - | on R? is strictly convex, we have \Q/xi T = V;; (') and Vg (I') = Vi, (D),
where A and A denote the interior and the closure of A. Examples of strictly convex norms are
the isotropic ¢,-norms for 1 < r < +oo defined by |(a',...,ad)|, = (la'|" +--- + |a?|")V/".
However, this is not true for any norm on R, typically not for the £'-norm (see [7], Figure 1.2)
or the £°°-norm.
We recall that A C R is star-shaped with respect to a € A if forevery b € A and any A € [0, 1],
a+Ab—a)eA.

i|.§—xj|]. 2.2)

Proposition 2.1. (see [7], Proposition 1.2) Let T" = {xy, ..., xn} be a grid of size N > 1. For
everyie{l,...,N}, V,,(I') and V)Z (I") are star-shaped relative to x;.

Now we discuss a sufficient condition to obtain a Voronoi diagram containing a bounded open
Voronoi cell. The first result in this direction is a rewriting Proposition 1.10 in [7] for Euclidean
norms (stated here in view of our applications).

Proposition 2.2 (| - | Euclidean norm). Let (by,...,b4+1) be an affine basis of R? and let
by € Conv({by, ..., bas1}) # D. Set T ={0,by — by, ..., bgs1 — bo}. Then, the open Voronoi

cell Vi (I") generated by 0 is bounded.

Let us provide now a geometrical criterion for a general norm | - | on R?, let B||(x, ) denote
the closed ball centered at x with radius r and let S).|(x, r) denote its sphere.

Proposition 2.3. Let ay, ..., a; € S|.(0, 1) such that S)./(0,1) C U{-‘Zl B|.|(ai, 1) (such a cover-
ing exists s_ince S8).1(0, 1) is compact). If we choose I = {0, ay, . .., ai}, then the Voronoi open set
V(;’(l") C B} (0, 1) and Ad(V()”(F)) > 0.

Proof. As §).(0,1) C Uf:l l_?|.|(a,-, 1), for every & € S5),/(0, 1), there exists j € {1, ..., k} such
that |§ —a;| <1=|§|. If ' ={0,ay, ..., ar}, then

vé € 85,00,1), Jjef{l,...,k} suchthat &€V, (I'). (2.3)

Assume that there exists & € VO” I\ BI-I (0, 1). Since VO"(F ) is star-shaped relatively to 0 and

é € (0, 1), we have é—l € 814(0, 1) N Vg (T"). This contradicts (2.3) since V(I') N Vg, (I') #

@, j=1,...,k. Consequently, VO”(I") C 1§|.|(O, 1). Finally, VOO(F) is an open set containing 0,
therefore, A4 (V' (I")) > 0. O

The idea of the above proposition is to cover the unit sphere centered at the origin by a fi-
nite number of unit balls centered on the unit sphere. This leads us to introduce the following
definition.
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Definition 2.1. We define the minimal sphere covering number c(d, | - |) as follows,

k
C(d, | - |) = min{k Hay,...,ax ) C SH(O, 1) such that SH(O, 1) cC U BH((li, 1)} < +00.
i=1

The index c(d, | - |) is finite since the unit sphere is a compact set in R, Among all the
possible norms, we will focus on the isotropic £,-norms on R¢. We show some examples of the
minimal covering number c(d, | - |) in the following proposition (whose proof is postponed to
the Appendix).

Proposition 2.4.

(1) c(1,]|-]) =2, where | - | denotes the absolute value.

() c2,|-l1)=2and c(2,|-|;) =3 forevery 1 <r < +o0.
(i) c(d, |- |oo) = 2 for every dimension d.
(iv) Letr > 1 such that 2" > d, then c(d, |- |,) <2d.

2.2. A general condition for the probability measure characterization

LetI" = {xj, ..., xn} be a grid in which there exists at least an x;, € I" such that the open Voronoi
cell V)ZO (I") is bounded and non-empty. Based on such a grid, one can construct an approximate
identity as follows. Let ¢ : RY — R4 be the function defined by ¢ (§) = minaer\{xio} |E —al? —
minger | — a|”. The function ¢ is clearly nonnegative, continuous and {¢ > 0} = V)ZO (T") so
that supp(¢) = V¢ (I") is compact. Hence, fgodkd € (0, +00) since @ (x;,) = d(x;y, '\ {x;y}) >

0 P(ig+E)
[odra
ﬁwl (%), then (@:)e~0 is clearly an approximate identity (see [8], Section 1.2.4).

0 and we can normalize ¢ by setting ¢ (§) := . For every ¢ > 0, we define ¢, (§) :=

The following theorem gives conditions on the L”-quantization error function to characterize
a probability measure.

Theorem 2.1 (Static characterization). Let p € [1,+00), let | - | be a norm on R and let
N=>c(d,|-)+1,0or N>d+2if|-|is Euclidean. Then, the answer to Question 1 is positive
i.e. if there exists a constant C such that ell\),’p(,u,, )= ei,yp(v, )+C,u,ve Pp(Rd), then ;L =v.
The constant C is a posteriori Q.

Proof. Following Propositions 2.2 and 2.3, we choose a grid I' = {0, ay, ..., ay—1} such that
Vy(I') is bounded and A4(V (")) > 0. We define ¢ : RY — Ry, by ¢(§) = mingery\(oy 1§ —

al? — minger [§ — al” = (mingery\(oy [§ — al” — [§17)4 and (@¢)e>0 by ¢ (§) = nggdw(%)’
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where C, = [ @dAg. Forany x € RY,

. (x)—/ (r—£) (dé)—/ 1 oG5
Pe * LX) = Rdﬂﬂs w = i 8df§0d)»dﬂ
1 N N e P
_Cwed/Rd(aenlp\r{IO} PR e — )M(ds)

2;[ min |x—sa—§|”u(d€)—/ min|x—sa—§|”u(d€)i|.
} Rd a€l’

CpedtP | Jpa acr\(0
If we define two N-tuples X and Xg as X = (x — ea;,x — €aj, x —&az,...,x —eay—1) and
Xo=(x,x —eay,x —¢&ay,...,x —&an_1), then

min |x —ea — E|Ppu(dE) = e? ,%) and
Rduer\{0}|x a—§"udé) =ey (1, X)

min |x — ea — |’ u(dg) = e , X0)-
RMel_l a—§|"u(dé)=ey (1, %o)
Hence, ¢; * (1(x) = oy ey, (10, 5) — ey, (1. %0))-
The assumption eﬁ,’p(,u, D) = ei,’p(v;) + C implies that ellz,’p(u,i) — eZ’p(u,io) =
e;p(\), ) — exyp(v, %), so that, for every x € R? and every & > 0, @, * i(x) = @¢ * v(x).

One can finally conclude that © = v by letting ¢ — 0 since (¢; )¢~ is an approximate identity
(see [20], Theorem 6.32). Hence, C = 0. O

The following theorem shows that the pointwise convergence of the L”-mean quantization
error function is a necessary and sufficient condition for WW,-convergence of probability distri-
butions in P, (R%).

Theorem 2.2 (JV,-convergence characterization). Let p € [1,+00) and let | - | be any norm
onRY. Let pu, € Py (RY) for n € N* U {o0}. The following properties are equivalent:

. -+
@) Wy (tn, thoo) = 0,
(i) VN =1, ey p(itn, ") RindiN en,p (oo, -) uniformly on R,
(iii) AN > c(d,| - |) + 1or N > d + 2if]| - | is Euclidean such that, ey p(tty, -)

en,p([oo, -) pointwise on R?.

n——+o00

Proof of Theorem 2.2. (i) = (ii) is obvious from (1.9).
(ii) = (iii) is obvious.
(iii) = (i) First of all, it follows from the convergence ey ,(in, ) oo en,p (Moo, -) that
eﬁ,’p(,u,,, 0) inaiaN eﬁ,’p(,uoo, 0) ie.
R 2.4)
f &1 un(dE) ——— / €17 too(dE) < 400,
R4 R4
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where 0 = (0, ...,0). In particular, the sequence (g4 |§]”itn(d€))n=1 is bounded. Hence, the
sequence of probability measures (i,),>1 is tight.
Let [ioo be a weak limiting probability distribution of (i,),>1 that is, there exists a subse-

quence «(n) of n such that pg ) & oo a8 1 —> +00.

Let x = (x1, ..., xy) be any N-tuple in (Rd)N . We define a continuous function f; : RY >R
by fi(€) :=minj<;<n | — x;|? — |£|?. Hence, owing to the elementary inequality v” — u? <
pvp_l(v —u) forany 0 < u <v < +o00, we derive

max  p(Ig] + i) il < G (14 181770, (2.5)

where C, ), is a constant depending on x and p.

P
Owing to (2.4) and (2.5), the sequence ( f £ dn)n>1 1s bounded, hence f, is uniformly
integrable with respect to (w,),>1 since % > 1, so that f is uniformly integrable with respect

to any subsequence (fe(n))n=1. It follows that [y fx(§)tham) (dE) = [ra fx(E)oo(dE), as n —
+00, where

— : — . |P P
[t = [ (_min 16 =07 = 1617 )isacn @)
= ey (Ko, X) — ey, (la@m), 0), and

/Rd fx@) oo (d8) = ey, (Foo, X) — e (oo, 0).

On the other hand, ex’p(,ua(n),x) — e][\’,’p(ua(n), 0) converges to e/[f,’p(uvoo, x) — 61[\’/,1,(/100, 0)
owing to the pointwise convergence in (iii) at 0 = (0, ...,0) and x = (x1, ..., xN).

Therefore, e} (oo, x) — ey, (oo, 0) = ex’ (oo, X) — ex’ ,(1too, 0), which implies that
for every x € (R9)N, ef,’p(ﬁoo, x)— ef\’,,p(uoo, x) = C, where C = ef\’,’p(ﬁoo, 0) — eﬁyp(,uoo, 0)
is a real constant. It follows from Theorem 2.1 that i~ = itco, Which implies that (s is the

. . RY
only limiting distribution of (u,),>1 for the weak convergence and consequently pi, ¥> u.
n——400

We have already proved that /Rd EIP up(dE) —— fRd |€17 oo (dE) from (2.4), which finally
shows that W), (tp, hoo) imaid 0 owing to Theorem 1.1. O

A careful reading of the proof shows that the following “a la Paul Lévy” characterization result
holds for limiting functions of L?-quantization error functions.

Corollary 2.1. Let p € [1 4 00). Let (fin)n>1 be a Pp(Rd)-valued sequence. If

+ L . .
en,p(tn, ) fmre f pointwise for some N such that static characterization holds true
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. . RY
(Question 1), then there exists j1oc € P) (RY)Y such that n ¥> oo as n — +00 and

17 = eyl Him [ 1617 )~ [ 61 el
n Rd R4

Now we will take advantage of what precedes to introduce a quantization based distance on
Py RY). Let Cp (RY)N | R) denote the space of bounded R-valued continuous functions defined
on (RHN equipped with the sup norm || - [|sup. Let p € [1,+00). If 1 € Pp(Rd), enp(i,-) —
en,p(o,-) € Cp (RN | R) (note that en,p(80, (x1,...,xN)) =min;—y,_. n |x;]) since inequal-
ity (1.8) implies that e, (2. -) — en,p(B0. lsup < Wy (i, 80) = [fpa |E17 ()17 < +00.
Then, we define a function Qy , on P, (Rd) by

(1, v) —> QN p(v) =] (en.p (1. -) —en . p(80. ")) — (en.p (v, ) —en p(S0. ")) |

sup

=len.p(tt.) —enp (v, | g (2.6)

For any u,v € Pp(Rd), inequality (1.8) implies Qu, ,(u,v) < Wy(u,v) < 400 so that
On,p(, v) € [0, 400). Combining Theorems 2.1 and 2.2 implies the following result.

Corollary 2.2. Let p € [1, +00).

(@) Ny p,) <cd,|-|)+1 forany normand Ng p .| <d +2if|-| is Euclidean.
() If N>c(d,|-|)+1or N>d+2if|-|is Euclidean, then Qy , defined by (2.6) is a
distance on P, R4 and Q N.p is topologically equivalent to the Wasserstein distance WW,,.

Comments on optimality. If we consider only the quadratic case p =2 and a norm | - | induced
by an inner product, the result in Corollary 2.2(a) is in fact not optimal. In the next section, we
will prove that in such a setting, Ny 2,|.| = 2 and this result can also be extended to any separable
(possibly infinite-dimensional) Hilbert space.

3. Quadratic quantization based characterization on a
separable Hilbert space: Ny > =2

Let H denote a separable Hilbert space with the inner product (- | -)g. Let | - |y denote the norm
on H induced by (- | -)y. When there is no ambiguity, we drop the index gy and write (- | -)
and | - |. The separable Hilbert space is a very common setup for applications, for example, in
functional data analysis: one can set H = L>([0, T],dt) and X = (X t)te[0,T] @ bi-measurable
process such that fOT Ethdt < +o00. For more information about functional data analysis with
an L2—setup, we refer to [9] among others.

We first prove in the quadratic case (p = 2), that both static (see further Proposition 3.1) and
Wh-convergence (see further Theorem 3.1) characterizations can be obtained at level N = 2
by an analytical method. Then we will show that Ny > := Ny 3|, =2 and for any u,v €
Par(H), Doa2(u,v) :=lle22(it, ) — e2.2(v, -)|lsup is a well-defined distance on P, (H) which is
topologically equivalent to W;.
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Proofs of quadratic quantization based characterizations rely on the following lemma.

Lemma 3.1.
(a) Let ju,v € Py(H). If foreveryu € H, Ju| =1, po (§ = (€ [u) ' =vo(E > (¢ u)~!,
then pu =v.

n——+o00

(b) Let pn € Pa(H) for every n € N* U {oo}. If [, &1 un(dE) ——— [5; 1&1* oo (dE)
and for every u € H, |u| =1, w, o (6 = (& | u))™! & Uoo © (§ > (€ | u)~!, then
Wh (i, too) = 0.

Proof. As (H,|-|) is separable, let (hx)x>1 be a countable orthonormal basis of (H, |- |).
(a) Let X, Y be random variables with respective distributions ¢ and v and let . € H. We de-
fine for every m > 1, X" := Zf VX R )hy, Y =30 (Y | hg)hg and A =30 (|

hi)hg. Form > 1, let u™ = (’”)I (conventlon o= =0), then we have

|A
+00 m
(A IX) =3 O h) (X ™ T i) =Y O T hOX L) = (2™ (X ™).
k=1 k=1

Similarly, (A | Y™) = |A(™|(Y | u"). Let i be such that i> = —1. It follows that

] (m) i | (m) (m) i [ () —1
Ee! HX™) — met ™ (X [ut™) :/ P Iél/« ° (E — (u(m) | s)) (d§)
H

:/ eilk(’ll)|§v o (E — (u(m) | %.))—l(dg) :Ee“MY(M)).
H

Since we can arbitrarily choose A, we have for every m > 1, Law(X ™)) = Law(Y ™). Let F :
H — R be a bounded continuous function. Then, for every m > 1, EF (X)) = EF (Y ™) which
implies EF (X) = EF(Y) by letting m — +00. Hence, t = v.

(b) For every n > 1, let X,, be random variables with distribution u, and let X, be a ran-
dom variable with distribution p~. We define for every n > 1 and for every m > 1, X ,(,m) =
Y (X, | hi)hi and xm .= Y (Xoo | hi)h;. Following the lines of item (a), we get for ev-

H
D x ég” )asn — 400, since the convergence of characteristic function implies

erym>1,X Om) L2
weak convergence.
Now, let F': H — R be a Lipschitz continuous function with Lipschitz coefficient [ F]rip :=

SUPy veH w For every (temporarily) fixed m > 1,

lim|EF (X,) — EF (Xo0)|
n
<1lim[EF (X,) — EF (X")| +1im|EF (X{") —EF (X)| + [EF (XL) — EF (X))

<lim|EF(X,) —EF (X{")] +0+ |[EF (X)) — EF (Xoo)|  (since x(m Ly xm),
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Then, for every n > 1,
|EF(X,) —EF(X{)| <E|F(X,) — F(X!™)| < [FlLpE| X, — X™
< [FlLip|| Xn — X" |-
Similarly, we also have |[EF (X)) — EF (Xoo)| < [FlLipll Xoo — X212

It follows from Fatou’s lemma for the weak convergence and the convergence assumption
made on E|X,,|? that

limsup|| X, — X{||> = limsupE|X,, — X |* = lim sup[E| X,|> — E|X{™|*]
n n "
= E|Xoo* — liminfE| X | < E|Xoo? — E[x 2
n

= X0 — X5 3.1)
Hence, for every m > 1,

n
<2[FlLip| Xoo — XZ|,-

Then, | Xoo — X g’;’ ) l2 = 0 as m — 400 by the Lebesgue dominated convergence theorem since

[Xoo — XU | < |Xoo| € L2(P) so that EF(X,) — EF(Xu) as n — +o0. Thus, X, =2 Xo
and we can conclude that W, (i, itoo) — O by applying Theorem 1.1. (]

Proposition 3.1 (Static characterization). Let 1, v € P>(H). If e%’z(/x, )= eg’z(v, )+ C for
some real constant C, then u =v and C = 0.

Proof. Leta,b € H, then €3 , (i, (a, b)) = [, |€ —al* AlE — bI*iu(d$).
As eg’z(,u, (a,b)) = e%’z(v, (a, b)) + C for every (a,b) € H?, in particular, if a = b, fH & —
al>u(dé) = [ 1€ — al*v(d&) + C. Hence, using that (x — y); =x —x Ay, we have

VwbeH,‘LOE—MZ—%—M5¢M£)=£ﬁﬁ—aﬁ—ﬁ—bﬁ+W£) (32)

Note that | —a|> — |E = b2 =2(b—a | € — #). Hence, if we take @ = Au and b = A'u with
A, A €R, A > A for some common u € H with |u| = 1, we obtain

(@—aP—E—m%+=%x—xm@|m—kzk).
+

As a consequence of (3.2), we derive that

A+ A Y
VA M €R, A > A, /(@W%—Z >MW®=/<@W%—Z )vwa
H + H +
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In turn, this implies, by letting A" — A,

VueH, |ul=1,Yr R, /H((gm)—)\)w(dg):ﬁl((g|u)—x)+v(dg). (3.3)

The function A — ((& | u) — A)4 is right differentiable with 1(£|,)~ as a right derivative and -
integrable. Hence, by the Lebesgue differentiation theorem, we can right differentiate the equality
(3.3) which yields for every u € H, |u| =1 and forevery A € R, u((€ |u) > 1) =v((§ |u) > A).

Hence, foreveryu € H, lu| =1, po (E— (£ | W) '=vo(Er— &|u)! since they have
the same survival function. We conclude by Lemma 3.1(a) that © = v and C = 0. O

The following theorem shows the equivalence of W,-convergence of (i,),>1 in P2(H) and
the pointwise convergence of quadratic quantization error function (e2 2 (i, -))n>1-

Theorem 3.1 (V;,-convergence characterization). Let i, € P>(H) for every n € N* U {o0}.
The following properties are equivalent:

. —+
(i) Walltn, o) —25 0,
(i) e2.2(in. ) =25 €35 (oo, -) uniformly,

+ . .
(iii) €2.2(ttn. ) ———> €22(thoo, ) pointwise.

Before proving Theorem 3.1, we recall the convergence of left and right derivatives of a con-
verging sequence of convex functions. Let 0_ f (respectively d4 f) denote the left derivative
(resp. right derivative) of a convex function f.

Lemma 3.2 (See, e.g., [13], Theorem 2.5). Let f, : R — R, n € N*, be a sequence of convex
functions converging pointwise to a function f :R — R. Let G :={x e R| 0_ f(x) # 0+ f(x)}.
Then for every point x € R\ G,

lim .y f (x) =1imad_ f, (x) = f1).

Proof of Theorem 3.1. (i) = (ii) is obvious from (1.9).
(i) = (iii) is obvious.
(iii) = (i) For every (a, b) € H?,

e3 5 (1. (a. b)) = /H 1€ —al® Alg = bIPun(dg) "= €35 (oo (a, b))

:/ & —al* AlE — b oo (dE).
H

n—-+00

In particular, Va € H, [, |€ — al>pu, (d&)
Y)y=x—XAYy, we get

[31& — al* oo (dE). Hence, using that (x —

Va,b € H, /H(|s—a|2—|s—b|2)+un<ds>mﬁl(|s—a|2—|s—b|2)+um(d5>.
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Following the lines of the proof of Proposition 3.1, we get

VAeR,YueH, |u|=1, fH((SIM)— 2) i (dE) === /((EIM) A) Hoo(dE). (3.4)

For n € P>(H) and u € S).(0, 1), we define the real-valued convex function ¢, by ¢, :
A f((é | u) — X))y u(dé). It follows from (3.4) that (¢,,)n>0 converges pointwise to ¢, .
Moreover, ¢, , ¢, are right-differentiable and their right derivatives are given by d4¢,, (1) =
mn((€ | u) > A1) and 946, (L) = (oo ((§ | u) > A) respectively. Note that the functions 1 —
046y, and 1 — 04¢, are the cumulative distribution functions of the probability distribu-
tions g, o (8 > (£ | u))~! and peo o (€ — (£ | u))~! and that the set of discontinuity points
of 1 —04¢u., and 040y, 18 G ={A: uoo({& : (§ |u) = A}) > 0}.

We know from Lemma 3.2 that for every A € R\ G, d;1¢,, (1) il 04y (L) and that
0_¢,, is continuous on R\ G. Hence,

YueH, ul=1, pupo (EH(%IM)) =>Moo<>($+—>(§|u)) (3.5)
Moreover, e22(in, (0,0)) converges to ez 2(oo, (0,0)), which also reads fH IEP n(dE) —
fH |§|2,uoo(d$). Consequently, it follows from Lemma 3.1(b) that Wh (up, too) — 0 as n —
+00. ([

Remark 3.1. Proposition 3.1 and Theorem 3.1 directly imply that Ny > 1., < 2. In fact, for every
acH,

eiz(u,a)szlé—aléu(dé‘)Z/Hlélﬁu(dé)—2<ﬁ]§/¢(d$)Ia)H+|a|%1-

Thus, if w, v € P>(H) are such that

/ £ Ry (dE) = / £2v(d€) and / Ep(dE) = / EV(dE), (3.6)
H H H H

then we have e 2(u, -) = €1 2(v, -). But condition (3.6) is clearly not sufficient to have pu = v.
Consequently, Ny 3 |, = 2.

Like what we did in Section 2.2, we define a function ng on (P2(H))? by (u,v) —
Q5 (i, v) = lleza(pt,-) — €22(v, )llsup. Then inequality (1.8) implies that Q3 (u,v) €
[0, +00). Moreover, Proposition 3.1 and Theorem 3.1 lead the following corollary.

Corollary 3.1. The distances lez and W are topologically equivalent on 'P>(H).

We conclude this section by an “a la Paul Lévy” characterization of a limit of quantization
error functions.
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Theorem 3.2 (A la Paul Lévy characterization). Let (H, |- |g) be a separable Hilbert space.
Let (un)n>1 be a P2(H)-valued sequence and let f : H — R be such that

n——+00 . .
e22(ly, ) —— [ pointwise.

Then there exists |Loo € P2(H) such that @9 Woo (Where (Hy,) stands for the weak topology

on H) and

f? =e22(ltoo, ) +lim /H 612 n (dE) — /H €12 oo (dE).

Proof. The sequence e (tn, (0,0))% = [}, [€[1,(d€), n > 1, is bounded, hence the sequence
(tn)n>1 1s tight for the weak topology (H,,) on H, which generates the same Borel o-field as the

strong one. Consequently there exists a subnet (iy () @ Uoo € P2(H) since the mapping & +—
€)% is weakly lower semi-continuous and non-negative (see [21], Lemma 2.3 and Theorem 3.1
and [11], Chapter 2, for the definition of subnet). Now note that, for a fixed x = (x1,x2) € H 2
the mapping & > min(|§ — x1|?, [§ — x2|?) — [§[* = min(|x1 > — 2(x; | ), [x2]* — 2(x2 | §)) is
weakly continuous and (it,),>1-uniformly integrable since it is sublinear. Hence,

2
ez,z(ﬂga(n), X)

— /H min(lxi > =21 [€), beal® = 2(x2 | £)) oo (d€) + f3((0,0))  asn — +o0
=&t + £2(0,0) - [ 1ePuse(ae).

For two such limiting distributions (o and u, it follows from what precedes that e%,z(,uoo, D=

eg’z(u;o, -) + Coo for some real constant Coo. Hence, (oo = i, by Proposition 3.1, which in

. Hy,
turn implies that 1, g Hoo- O

4. Further quantization based characterizations on R

Let | - | denote the absolute value on R. Results from Section 2 (Theorem 2.1 and 2.2, Proposi-
tion 2.4(i)) imply that Ny, := Ny .| <3 for any p > 1. Moreover, Proposition 3.1 and Theo-
rem 3.1 imply that Nj» = 2. Other quantization based characterizations are developed in Sec-
tion 4.1. Then we discuss the completeness of the distance Q1 (defined in (2.6)) on P;(R) and
of @2 on P2 (R) with opposite answers in Section 4.2.

4.1. Quantization based characterization on R

Proposition 4.1 (p = 1).
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(a) Let u,vePi(R). If e1,1(1, -) = e1,1(v, -) + C for some real constant C, then . = v and
C=0.
(b) If uy € P1(R), n € N* U {00}, the following properties are equivalent:

n—-+00

(1) Wl (//Ln’ Moo) — 0,
.o -4 .
(i) e1.1(tn, ) ——> €11 (fhoo, -) uniformly,

(i) e1,1(in. ) = e1,1 (oo, -) pointwise.
(c) The distance Q1.1 and Wi are topologically equivalent on P1(R) and N11 = 1.

Proof. (a) The function e; 1(u, -) reads x fR & — x| (d§), hence it is convex and its right
derivative is given by x = —1 4+ 2u(] — 0o, x]). So if e; 1(i, ) = er.1(v,-) + C, we have
w(]— o0, x]) =v(] — oo, x]) for all x € R, which implies © = v (and C = 0).

(b) It is obvious that (i) = (ii) and (ii) = (iii). Now we prove (iii) = (i).

For every n > 1, e,1 (i, -) can also be written as a — fR & — a|u, (dE), which is convex
with right derivative at a given by —1 4 2u,,(] — oo, a]). Consequently, if ey ;(iy, ) con-
verges pointwise to €11 (oo, -) On R, then u, (] — 0o, a]) converges pointwise to (oo (] — 00,

a]) for all a € R such that o ({a}) =0 by Lemma 3.2. This implies p, & oo- The conver-
gence of the first moment follows from ej 1 (,, 0) oo e1,1(too, 0). Hence, we conclude

that W1 (s, o) o ) by Theorem 1.1.
(c) The claim (c) is a direct result from (a) and (b). [l

Proposition 4.2 (Even integer p > 2). Let p be an even integer, p > 2.

(a) Let p,v € P,(R) such that egp(u, )= egp(v, ) + C for some real constant C. Then
w=v.
(b) If i € Pp(R), n € N* U {00}, the following properties are equivalent:

n——+00

1 Wp(/,Ln, Moo) — 0,
.. 4+ ]
(ii) ez, p(tn, ) SAAEN €2, p(Hoo, ) uniformly,

+ . .
(iii) €2,p(in. ") ———> €3, p(Hoo. *) pointwise.

(c) The distances Q5 , and W), are topologically equivalent on P,(R) and N1, =2.
The proof of Proposition 4.2 is based on the following lemma.

Lemma 4.1. Let p be an even number, p > 2. Let u € P,(R) be absolutely continuous with
density fie. u(d&) = f(&)dE. If f is continuous, then for any a,b € R with a < b,

eé”;z_z (I’La (a ’ b))

! e 0% 3%el
:m< Gar (s (@ B) + =55 (. (“’b))_zaaaf(“’(“’b))) @.1)

a+b

Proof of Lemma 4.1. Assume that a < b, then egp(u, (a,b)) = f?éo € —al? f(&)dE +

:ﬁ,o & — b|P f (&) dE. Hence, the function eg p(,u, (a, b)) is continuously differentiable in a,
= .
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since, for any even number p > 2, we have %?IE%\;.}‘(E) =pla—§&P 1 f(&) and

Jup 1)|p(a/ )" @ <p2rtr@la+ 1P Via - 1P 4 gP e LT
a'e(a—1,a+

since fR |E|P f(&)dE < +o0. Likewise, eZ p(u, (a, b)) is continuously differentiable in b with
partial derivatives

des (w,(a,b)) ot
S —p [ @-er T f@de and

o0

dey (1. (a, b)) oo e
T:p/# (b &) f&) de.

Moreover, we have %’;lm =(p—1)(a—&P2f()and

sup  |(p—D(d —€)" 7 f @)
a'e(a—1,a+1)
<(p—D22f@[la+11P72v]a— 1|2+ |g|P7*] e L' (d§)

since fR |17 f(§)dE < +o00. By a similar reasoning, one derives that 651,(11«, (a, b)) is continu-
ously twice differentiable with second order partial derivatives

9%e 5 1 +b
sz’p(u«, (a,b)) = p[f_oo (p=Di@=§"2fE) dé - - (b - a)”‘lf(a 5 )}
Bzegp oo p—2 ] p—1p(4 tb
02 (1, (a, b)) =p[/# (P =D =P f(E)ds — 5, (b~a) f( 5 ﬂ
Bzegp 82851) 1 a+b
s _ s o _ p—1
Jagp o @D)=ga (@ b)) ==p5;b-a) f( 2 )
Hence, for every (a, b) € R2 such that a < b,
2617 aZeP 82811
St (1 (@, 0) + — 5 (1 (0, 0) = 25— (. (. b))
=p(p— ey 25 (n. (@.b)). O

Proof of Proposition 4.2. (a) Step 1: i and v are absolutely continuous with continuous density
functions. Note that e () = ey , () + C implies either u = v by Proposition 3.1 if p =2,
or,if p>2 eé”;z_z(u, )= eé”f_z(v, -) (after differentiation) by Lemma 4.1. We can conclude by
induction.
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Step 2 (General case). Let X, Y be two random variables with the respective distributions p
and v, such that
Y(a,b) € R?, ef (X, (a, b)) =eb (Y, (a,b))+C. 4.2)

Let Z be a random variable with probability distribution Pz = A (0, 1), independent of X and
Y. For every ¢ > 0,

e (X +eZ, (a,b)= //xg{lcifi} & + ez — x|P u(d§)Pz(dz)

= / ej (X, (a,b) — e2)Pz(dz). (4.3)
We derive from (4.2) and (4.3) that
Y(a,b) e R?, e (X+¢eZ,(a,b))=ef (Y+6Z,(a,b))+C. 4.4)

Moreover, the random variables X + ¢Z and Y + ¢Z have distributions N (0,82) * o and
N (0, %) * v respectively, both with continuous densities. It follows from Step 1 that Law(X +
eZ)=Law(Y + ¢Z) for every ¢ > 0 so that Law(X) = Law(Y) by letting ¢ — 0.

(b) It is obvious that (i) = (ii) and (ii) = (iii). Now we prove (iii) = (i). It follows from
Lemma 4.1 that e , (s, -) Unaiad e2,p (oo, +) implies ez p—2(un, *) e €2, p—2(hoos *)

and, by induction, yields e2 2 (ity, -) e €2.2(Moo, +), so that Theorem 3.1 and Theorem 1.1
imply that w, converges weakly to (. The convergence of the pth moment follows from

e2,p(in, 0) ot e2,p (oo, 0). Hence, W), (thn, hoo) i by Theorem 1.1.
(c) The claim (a) and (b) directly imply that if p is an even integer, p > 2, the distances Q> ,
and W, are topologically equivalent on P, (R) and N; , < 2. Now we prove that N1 , = 2. Note

that for every x € R, ef’p(u,x) = [g 1€ — x|Pu(dE) = [p(E? — 2&x + x2) % u(dE), which is

polynomial in x and whose coefficients are the kth moments of u, k € {1, ..., p}. Thus, as soon
as two different distributions w and v have the same first p moments, ef p(u, D= ef p(v, -). This
implies Ny, > 1. O

4.2. About completeness of (P1(R), Q1,1) and (P2(R), On,2)

We know from [4] that for p > 1, (P,(R), W)) is a complete space and we have proved that
Q1.1 (respectively Q7 2) is topologically equivalent to Wy (resp. W2) on P1(R) (resp. P2(R)).
Now we discuss whether Q; 1 and Q7 are complete distances.

Proposition 4.3. The metric space (P1(R), Q1.1) is complete.

Proof. The inequality (1.8) directly implies that a Cauchy sequence in (P;(R), W) is also a
Cauchy sequence in (P;(R), Q1,1). Now let (,)n>1 be a Cauchy sequence in (P;(R), Q1,1).
It follows from the definition of Q; 1 that (e1,1(in, -) — €1,1(80, -))n>1 is a Cauchy sequence in
(Cp(R,R), I - llsup)-
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As (Cp(R,R), || - Isup) is complete, there exists a function g € C»(R, R) such that

n——+00

I(e1,1(n, ) — e1,1(80, ) — g||sup —0. 4.5)

Note that for any a € R, e1,1 (80, a) = |a|. The sequence ey 1 (in, 0) —e1,1(80, 0) = e1,1(1tn, 0)
is also a Cauchy sequence in R. Therefore, (eq,1(tn, 0))n>1 = (fR |&|n (d€))n>1 is bounded,
which implies that (u,)n>1 is tight. It follows from Prohorov’s theorem that there exists a sub-
sequence (fy(n))n>1 Weakly converging to [lo. Moreover, by Fatou’s lemma in distribution,
Moo € P1(R) since f]R |€|[ioo(dE) < liminf, fR 1€ pn) (dE) < +o0.

Now, we prove that g = e1,1 (I, -) — e1,1(80, ). First, let us define a function f,(§) := |§ —a|—

|€]. For every a € R, f; is bounded and continuous. Hence, the weak convergence of (j4¢(1))n>1
n——+00

implies that fR JaE)pm (dE) —— fR Sfa(E) oo (dE).

Besides, [ fa(§)itpm) (dE) = [RlIE — al — 1& e ([dE) = e1,1 (g, a) — e1,1 (o) 0),
which converges to (g(a) + e1,1(0, @)) — (g(0) + e1,1(0, 0)) as n — +o00 by (4.5). Hence, for
every a € R,

(8(a) +e1,1(80,a)) — (2(0) +e1,1(30,0)) =/ faE)iloo(dE) = e1,1 (oo, @) — 1,1 ([0, 0),
—_— R
=0

thatis, e1,1(Hoo, @) — €1,1(80, @) — g(a) = e1,1(Ioo, 0) — g(0). Setting C = e1,1(Hoo, 0) — g(0),
we derive that for every a € R,

e1,1(loo, @) — e1,1(d0, a) — g(a) = C. (4.6)
Now we prove that C = 0. Generally, for any v € P;(R), one has

lim (e1,1(v,a) —e1,1(80, a))
a——+00

= aiigloo(el,l("’ a) —lal) = agrfoo(el,l(v, a)—a)

in ([t —ave)~a) = tim ([ €-anao+ [ @-ovan-a)
a—+oo\ Jp a—>+00\ J{g>q) {€ <a}

= lim (/ gv(dg)—zf av(ds)+/ (—é)v(dé)).
a=>+0\ Jig>a) = {t<a}

As v € Pi(R) that is, [p|§|v(d§) < +oo, we derive that lim,_, o fsq(—é)v(dé) =
Jr(=&)v(d§) and limg_s o0 f{gza} £v(d&) = 0. This implies

0< lim av(d&) < lim Ev(dE) = 0.

A H0 Jigsq) a—+00 Jig>q)
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After a similar calculation with lim,_, _o(eq,1 (v, a) — e1,1(80, @)), we get

lim [e1,1(v.a) — e1.1 (3o, @)] = / (—£)v(d€) and
a——+00 R

“@.7
a_lirlloo[el,l(‘)» a) —e1,1(80.a)] = /REV(dEl

Combining (4.6) and (4.7) with v = Jio, shows that

a——+00

lim g(a)=—C — / Efioo(d€) and  lim gla)=—C + / Efloo(dE),
R a——o0 R

On the other hand, for every n > 1, (4.7) applied to v = () implies

a_lirilooel,l (Hgp(n), a) —e1,1(80, a) = ¢/REM¢(n) (d§).

Up to a new extraction of i), still denoted by py(n), we may assume that fRE M) (dE) —

C e R as n — oo since (e1,1(tn, 0)n=1 = (fp 1] 1tn(d€))n=1 is bounded.
Now the uniform convergence (4.5) implies that

1irILHaEIj1Eloo[61,1 (o), a) — e1,1(80.a) — g(a)] =0

so that C = C + fREﬁoo(df) =—-C + fREﬁoo(dé), which in turn implies C =0, i.e. g =
e1.1(Hoo, *) — €1.1(80, -). Then it follows from (4.5) that

[ (e1,1(1n, ) — €1,1(80, ) — (e1,1(Foo, ) — €1,1(80, ) |

n—-+00

= [le1,1(in. ) — 1,1 (Foo, ')”sup — 0

Hence, W (i4n, ioo) — 0 by applying Proposition 4.1, that is, (i4,)s>1 is a Cauchy sequence
in (P1(R), W1). The completeness of (P;(R), Wi) implies immediately that (P;(R), Q1,1) is
complete. O

Theorem 4.1. For any N > 2, the metric space (P2(R), Oy 2) is not complete.

We will build a sequence on P> (R) which is Cauchy for Q> but not for Wh. First, we have
the following result.

Lemma 4.2. Let (1,)n>1 be a P2 (RY)-valued sequence which converges weakly to |Lo and, for
n € N* U {oo}, let X,, denote a ju,-distributed random variable. Assume that lim, E| X, |? exists
and is finite. Then

n—-+00

sup |e2,2(hn. (@, @) — \/e%z(uoo, (a,a)) + Co 0, (4.8)

acRd

where Co =1im, E|X,|? — E| X0 |? € [0, +00).
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Proof of Lemma 4.2. An elementary computation shows that

& o(in. (@ @)= | |&—alu,@&)= [ [ und&) —2( | Epn(dé) |a)+lal*.
R4 R4 R4

d
AS (fou [EPn(E))n=1 is bounded and j, 252 oo, We have [poEpun(dE) —

Jga & oo (dE). Tt follows that

o (tn: (@ @) = €1 unde) —2( | Epn(@t)|a)+lal
R4 R4

n— 400

[, 1ePusste) + o —2</ e )a) +laf?
R4 R4
= eg’z(uoo, (a,a)) + Co.

Therefore, for every compact set K in R4, we have

n—-+00

0, (4.9)

e22(pn (a,a)) — \/eﬁ,z(u«oo, (a,a)) + Co

sup
ack

owing to Arzeld—Ascoli theorem, since all functions ey, are 1-Lipschitz continuous (see (1.5)).
On the other hand, we have

221 (@, @) = /2 5 (1oc. (@,0)) + Co|
€35 (i, (@, @) = (&3 5 (fio. (a.@) + Co)

e22(tn, (a,a)) + \/e%z(uoo, (a,a)) + Co

_ JE(Xa® = 2(a] Xp) +1a]?) — E(1Xool® — 2(a | Xoo) +af) — Co
- 1Xn — allz2 + 1 Xoo — all2

_ 2@ EXo —EXy)| + [E[X, > — E[Xoo|* — Co

- 1Xn — allz2 + [ Xoo — all2

_ 20allEX oo —EXy |+ [E|Xy|* — E|Xoo|* — Col

- [1Xnll2 = lall + [ Xooll2 = lall

(4.10)

Let A := 25up, cNujoo) EIXn |2, then

sup e22(tn (a,a)) — \/e%z(uoo, (a,a)) + Co)
a|>

< sup HANEXoc — EXy| + |EIXy|* ~ ElXool® — Co
" lal>A lal = 1 Xnll2 + lal = | Xooll2
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b 2|al|EXoo — EXpl + [E|X,1? — E[Xool?> — Col

< su

lal>A 2|al — A
E|X,|? —E|Xs|?> — Co| n—
< sup 2[EXny — EX,| + 2 nl” = Bl Xool” = Col notos 4.11)
la|>A A

Hence, (4.9) and (4.11) imply that

—+
sup |e2.2(n (a,a)) — \/e%z(uoo, (a,a)) + Co| > 0. O
d
aeR
Let Z : Q@ — R be NV(0, 1)-distributed. We define for every n € N,
n n2
X, =e2?7 7. (4.12)

For n > 1, let u, denote the probability distribution of X,,. It is obvious that X, converges a.s.

n2
to Xoo = 0, so that uy = §p. Moreover, for every p > 0, Ex? = e (D) Hence, EX,, =

e 8 — 0=EX as n — 400 so that Wi (i, o) — 0 whereas EX% =1 for every n € N.

Hence, EX ,% does not converge to EX go = 0, which entails that u,, does not converge to (4o for
the Wasserstein distance W, and thus p, is not a W»-Cauchy sequence. We first prove (i4,)n>1
is a Cauchy sequence in (P2(R), Q3 2). The proof relies on the following three lemmas.

2
Lemma 4.3. Let Z : Q@ — R be N(0, 1)-distributed. Then, ¥z > 0, P(Z > z) < < J227
+oo 1 _2 400 x 1 a2 e %
Proof. P(ZZZ)=fZ ﬁe T dx < T zdx:z =. 0

Lemma 4.4. Define (Xy) as in (4.12), then supg o KE(X, — K)+ — 0 as n — +o0.

Proof. We have
[e%e] “+o00
KE(X, —K) 4 =K/ P((X, — K)+ zu)duzK/ P(X, >u+ K)du
0 0

+00 +00 " n2
=K/ }P’(anv)dvzl(/ P(e2%~ 7 > v)dv
K K

o0 n 2
K/ P(Zz——i——lnv)dv
K 2 n

© n 2 " .
=K Pl{Z>—-+ —u)e"du (setting u =Inv).
InK 2 n
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2 1 7%(%+;u)2 1 7%7%#7“
n 2 L e22 077 1 e n
By Lemma 4.3, P(Z > 7+ su) < 7 ki V& i+l . It follows that,
n2
x© e o du
KE(X, — K)4 < K/ e
! mk 3+ 2u V2
112
- Ke™ % /OO —2u* du
< e n
5+ %an Ink 2
n2
Ke™ ¢ © w2n dw . 2
= 3 e 2 ——— |Dbysettingw = —u
% +5InK J2mk 2./2n n
nZ
Ke 3% n 2
= 5 —P(Zz —an)
nKe_% e_lf%(lnl()2

< (by Lemma 4.3)
2(442InK) V2r2InkK
7’122 (InK)2

_n2

n . Ke
= e
227 1+ };12 InK)InK

_2
2 JK(=5 1K)
8

4.13)

n
= e .
2327 (1+ -5 K)InK

. . - . 2 . 2
Since the function u — u(1 — n%u) attains its maximum at u = "T with maximum value %, we
will discuss the value of KIE(X,, — K)+ in the following three cases:

[N]

n

<K<e#,

=%

n2 n2
i) K>e7, (i) e (iii)) 0<K <ef7,

with the same fixed p € (0, %) in both (ii) and (iii).

”2
Case (i): K > ¢, then In K > Tt follows that

2
ean(lfn—zan)

n n2
KE(X, — K)y < %
U T2 (4 AnK)hnK
nZ
._n 7% e¥ 1 0
= e = —>
2V27 (1+i2x§)% n«/2m
n
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Ilz "2
Case (ii): e ¥ < K <e % with a fixed p € (0, %), then p% <InK < %. It follows that
n2 _2
ne=% e]n K(1 3 InK)

2V27 1+ 5InK)InK

KE(X, — K)4 <

2

[S]

n n

ne s es )
= 4 2 2 = — 0.
W (14 5 x pBp n(+p)py2r
n2
Case (iii): 0 < K < ¢'T with the same p € (0, 3) as in the situation (i), then
n2
KEX, — K)+ < ATEX, =i o F = edlp— i 12T

Therefore, supg o KE(X, — K)+ n——400 0. _

By Lemma 4.2, sup,cge l€2,2(un, (a, a)) —\/eg,z(uoo, (a,a)) + Co| 12 ), Consequently,
o, . N |SU .
it is reasonable to guess that ey 2 (s, *) L /ejzV 5(Moo, -) + 1 so that (i, )sen is a Cauchy
n—+0o0 ’

+
sequence in (P; (Rd), On.2). Letgn: RY — R be defined by

(al,...,aN)+—>gN((a1,...,aN)) 3=\/312\/,2(Moo’(al,--.,aN))+12\/1221N|ai|2+ 1.

Proposition 4.4. For every N > 2,

n——+00

sup ’eN,z(/Ln,(al,...,aN))—gN((al,...,aN))| 0.

Therefore, (jin)neN is a Cauchy sequence in (P2(R), Qn.2) by the definition of Qn 2.

Proof. We proceed by induction.
> N =2. Since the functions g, and ez 2(u,,-) are symmetric, it is only necessary to

show that SUp, y)ep2.(a|<|p| l€2.2(kn. (@, D)) — g2(a, b)| IZF% 0. Note that when |a| < |b],

g2(a,b) =+/|al?> + 1 = g2(a, a). We discuss now the value of |ez2(iun, (a, b)) — g2(a, b)| in
the following four cases,

(i) 0<a<b,
(i) a<0<b,
(i, @) @ <0 < b with |a| < J|bl,
(i, B) @ < 0 < b with §|b| < |a| < |b],

(iii) b <0 <a, with |a| < |b|,
@(iv) b<a<0.
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Cases (iii) and (iv): b < 0 and # < 0. The random variables X,, are positive so that |x —a| <
|x — b|. Hence e2 2 (wn, (a, b)) = e2,2(uy, (a, a)). With a slight abuse of notation, we will write
in what follows (a, b) € (iii) for (a,b) € {(a,b) € R? | b <0 < a, and |a| < |b|}. We will adopt
the same notation for other cases too. Then for the case (iii) and (iv), it is obvious by applying

Lemma 4.2 that

sup  |ez2(pn, (a,b)) — g2(a, b)|
(a,b)(DU(Y)

n——+00
= sup  |e22(un, (@,a)) — ga(a, a)| —— 0.
(a,b)e(ii)U(v)

Case (1): 0 <a < b. We have

sup |62,2(Mn’(a9b))_g2(avb)|

(a,b)e(i)
< sup |ez2(pn, (@ b)) — e22(in. (@, @))| + |e2.2(pn. (@, @) — g2(a, a)|
(a,b)e(i)
< sup \// |s—a|2A|s—b|2un<ds>—\// |s—a|2un<ds>‘
(a,b)e(i) R R

+ |€2,2(an (ava)) - 82(07 a)|

< sup \//R[Ié—alz— (18 —al? A g = b?)Jin(d€) + |e22(pn, (a, @) — g2(a, )

(a,b)e(@)

(since |v/a — /B| < /B —a for B> a > 0)

< sup \/fR(IS—aIZ—I&—b|2)+un(d&‘)+|e2,2(un,(a,a))—gz(a,a)|

(a,b)e(i)

b
< sup \//sz—a)(s—%) 1 d€) + Je22(ttn, (@, @) — g2(a, @)
+

 (a.b)ed)

b b
< sup 2\//]1%5(5—5) pn(dE) + |e22(ns (a,a)) — g2(a, a)|
+

(a,b)e(@)
< 2\/sup KE(Xn - K)+ + sup|€2,2(lln, (a,a)) _ gz(a, a)| m 0.
=0 aeR

Case (ii, @): a <0 < b, with |a| < %|b|. We have

sup |62,2(/-’Ln’(a9b))_g2(avb)|
(a,b)e(ii,a)

< sup |e22(pn, (@, b)) —e22(ttn, (@, )| + |e22(1tn, (@, a)) — g2(a, a)|
(a,b)e(ii,a)



Characterization of VW),-convergence by quantization error function 1197

b
= sup \//RZ(b—a)<$—¥> 1n(dE) + |e22(pn, (a, @) — g2(a, a)|
+

(a,b)e(ii,a)

b
< sup \//R3~b<$—z> pn(d€) + |e22(ns (a,a)) — g2(a, a)|
+

(a,b)e(ii,a)

52«/5-\/supKE(X —K)++sup|e22(un,(a a)) — g2(a, a)}—>0
K>0 acR

Case (ii, B): a <0 < b, with 1|b| < |a] < |b|. One has

sup  |e22(pn, (@, b)) — ga2(a, b)|
(@.b)e(ii, B)

< sup |62,2(an(a»b)) _62,2(Mns(ava))| + |62,2(/-’Ln7(a5a)) _gz(ava)|
(a,b)e(ii, B)

|62 2(n, (a, b)) — 32 2(n, (a, a))l
= e s €220, (@ b)) + €2.2(tn. (@, @) Flez2(un @ @) = g20a. )

Jo2(b —a)(E — 24 1, (dE)

= sup + suplez 2 (1, (@, @) — ga2(a, a)|
(a.b)e(ii,B) 1 Xn —all2 aeR
2(b — a)E(X, — &),
= sup ~2 " 4 supleas(uns (@, @) — ga(a, @)l
(a.b)e(ii, B) I Xn —all2 acR

As [|X, — a2 = (EX? —2aEX, +|a>)'/? > /1 + |a|?, we have
e S———
=1 >0

sup  |e2,2(pn, (@, b)) — g2(a, b)|
(a.b)e(ii, p)

26+ laDELX, — 2521

= su + sup|e ,(a,a)) — a,a

@hretif) J1+al? a€§| 22(ns (@, @) = g2(a, )]
4pEX

< sup ——= +sup|ean(in, (a,a)) — ga2(a, a)

(a,b)e(ii.p) /1 4+ 12_2 acR

<8EX, + sup|ez,2(,un, (a,a)) — g2(a, a)| "2ER ).
acR

> From N to N + 1. Assume now that sup,, .. er¥ len.2(un, (a1, ..., an)) —gn(ai, ...,
ay)| goes 0 as n — +o00. Then, for the level N + 1, we assume without loss of generality that
la1| <laz| <--- <|an+1]| since gny+1 and en 2(iy, -) are symmetric. Under this assumption,

gnyi(ar,....any1) = g2(ar,a1) =/la1> + 1. (4.14)




1198 Y Liu and G. Pages

ey

We disguss now the.value of SUP (4 ....an 1) RN+ len+1,2(n, (a1, ....an+1)) — gn+1(ar,
an+1)| in the following cases:
(1) Jie{2,..., N+ 1} suchthatq; <0,
(i) 0<a; <ar<---<an+i,
(i) a1 <0<ay <---<an+1,

(iii, @) a1 <0 <ap <-- <ay41, with a1| < Lan1l,
. 1
(iii, ) a1 <0 <ay < - <ay41, with 3lant1] < la1| < |an+1]-

Case (1): 3i € {2,..., N + 1} such that a; < 0. For every n > 1, X,, is a.s. positive. Hence,
|Xn — a1l <X, — a;| a.s. since we assume that |a1| < |az| <--- < |ay+1]|. Therefore,

ent1.2(in. (@1, ....ans1)) =ena(tn, (@1, ..., ai-1,aiq1, ..., an11)).

It follows from (4.14) that

sup len+1.2(in. (@1, ...,an+1)) — gn+1(ar, ..., an+1)|
(a,....ay+1) RN+
= Sup ‘eN,z(/“Ll’h(a17"'7ai71’al‘+]9"‘9aN+1))
(@1, 8i 1,81 e aN+1) ERY
—gn(ar,....ai—1,ai41,...,an+1)|,

which converges to 0 as n — +00 owing to the assumption on the level N.
Case (ii):0<ay; <ay <---<an+1.

sup lent1.2(in (@1, ....an11)) — gnyi(ar, ..., an11)|
0<aj<ary<-=<ay+i
< sup lent1.2(pns (@1, ... an11) — en 2 (pn. (a1, ..., an))|
0<ai<ay<--<ay4i
+ sup len.2(mns (ar,....an)) — gnlai, ..., an)|. (4.15)

O<ai<ar<--<ayii

The second term on the right-hand side of (4.15) converges to 0 as n — 400 owing to the

assumption on the level N.
For the first term on the right-hand side of (4.15), we have

Sup |eN+l,2(H/ns (alv A 7aN+1)) - eN,Z(an (al’ . "1aN))|

0<ai<ay<--<ay4i

= sup \/ min & — a; >, (d§)
R 1<i<N

0<ai<ar<--<ayii

_\//l'%[lglsnlvg —a|2] A |$—aN+1|2/'Ln(d€)
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< [ min = ai = [ min 1& - 2] A 16— aye @)
O<g1<a2< -<ay+1 R 1I<i<N 1<i<N

= min |~ al? = |§ —ay+1 ) pa(dg)
0ai<ay<--<ay+i 1< =N +

< \/ / & — a1l — 1 — ans1?) , 1a(dE)

0=<a; <tl2< "SAN+1

ar+a
_ \// z(aNH—al)(s— 1 zN“) 14 (dE)
0=<ay <a2< <an+1 +

a 1
< sup \//2'0N+1<§— N;) i (dE)
0<ai<ay<--<ayyi R +

n——+00
e

<2. \/sup KE(X, — K)4 0.

K>0
Case (iii, a): a; <0<ap <--- <ay4 with |aj| < %|aN+1|.

sup len+1.2(pn, (a1, ...,an41)) — gn+1(at, ..., ans1)|
(ar,...,an+1)€(ii,o)

< sup lent1.2(1ns (@1, ....ans 1)) —en 2 (i, (ar, ... an))|
(at,...,an+1)€(ii,a)

+ sup }eN,z(,un,(al,...,aN)) —gN(al,...,aN)}. (4.16)

(ay,....ay1)€(ii,o)

Like in Case (ii), the second term on the right-hand side of (4.16) converges to 0 as n — +o00.
For the first term of the right-hand side of (4.16), we have

sup lent1.2(1tns (@1, ... ang1)) —en2(pn. (ar, ... aw))|
(ay,..., ay+1)€(iii,a)

ap +ayi
< sup \/ / 2an+1 —al)(s—T*) [hn (dE)
(ay,...,an+1)€(ii, o) R +

aN+1
< sup \/ / 3~aN+1<s— 4+> 11, (dE)
(ay,...,ay+1)€(ii, o) R 4

<23 [sup KE(X, — K); —> 0.
K>0

. |
Case (iii, B): a1 <0 <ap <--- <any1 with 5lan+1| < la1| < lay+1l.
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Since we assume |a;| < |az| <--- <lay+1|, thenforanyi € {2,..., N + 1}, we have %|a,~| <
lai| <la;|. It follows that
sup len+1.2(ns (a1, ....an+1) — gn+iar, ... an41)|
(ap,....an+1)€(ii, B)
< sup len+1.2(kn, (@1, ....an+1)) — e2.2(in, (a1, a1))]
(ar,....an+1)€(iii, B)
+ sup |e2,2(tn, (a1, a1)) — gn (a1, ap)|. (4.17)
aleR

The second part of (4.17), SUP,, er lea,2(wn, (a1, a1)) — gn(ai, ar)| converges to 0 as n — 400
owing to Lemma 4.2. Then for the first part of (4.17), we have

sup lens1.2(in. (@1, ..., an+1)) — e2.2(pn, (a1, a1))|
(ar,....an+1)€(ii, p)
&35 (i, (a1, an) — ey 5 (i, (@1, -, an+1))
= sup
(@1,.ay ) €ii, ) EN+1.2(Uns (@1, - .., an+1)) + e2.2(un, (a1, ai))
o ap  REmal o mingevilE - aPua@)
T (@1hean 1) €L B) 1 X —aill2
Jp§ — a1 —minyi <yt 1§ — a2l*) 4 14n (dE)
< sup

(@1sersan 1) (i, ) 1 Xn —aill2

; N+1 ~ - 5
< sup > (e —ail* =16 —ail?)  ju(ds) |.
i=2

(@1,annediig) 1 Xn —atll2
Since a; <0, | X, —ail2 = (IEX,% —2a1EX,, + |a1|®)'/? > /1 + |a;|2. Therefore,

Jo(E —ar? = [& — i) (dE) _ Jp 20ai —an)(§ = “55%) 4 pn(dE)
1Xn —arll2 1 X0 —aill2
4a,-EX,, < 4al~IEXn

< <— =8EX,.
V1+lail? 5ai
fori € {2,..., N + 1}. Consequently,
sup len+1.2(ns (a1, ... ans1)) — €22 (i, (a1, an))|
(ay,....an+1)€(iii, B)
<8NEX, =8Ne ™/8 — 0.
This completes the proof. ]

Proof of Theorem 4.1. Let w,, be the probability distribution of X,, defined in (4.12). If for some
N > 2, (P2(R), Qn.2) were complete, then there exists a probability measure I in P2 (R) such
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that Qn 2(in, &) —> 0. Then, Wh(ip,, 1) —> 0 by applying Proposition 4.2, which creates a
contradiction. 0

Remark 4.1. The extension of this result to a Hilbert or simply multidimensional setting, al-
though likely, is not straightforward.

Appendix: Some examples of ¢(d, | - |,)

Proof of Proposition 2.4. (i) is obvious.

(i) ¢(2,| - |1) = 2 is obvious (see Figure 1). Now we prove that c(2,] - |,) = 3 for every
r € (1,4+00).

We choose aj = (0, 1), ay = (1 —27")%, =) and a3 = (—(1 = 27")7, —1). We will first
show that .1, (0, 1) C U <=3 By, (@i, D).

Let (x, y) be any point on S}, (0, 1), then [x|" + |y|" = 1.

° If% <y <1,then (_l—y)’ <y'sothat|(x,y)—ail.=|x|"+A=y)' =1-y" +(1—-y) <
1, thatis, (x,y) € By, (a1, 1).
° If—lgyg%andxzo,then

r r

1 1 1 1
03 =l == (1=27) [ [y 5] =1 = ) = (=27

; 1
—i—‘y—i—i

r

1
r_ —r _
<|y"=2 |+‘y+2 :

15

10} ’

05k

00 |

N—2

-15 -
-15 -1.0 -0.5 00 05 10 15

Figure 1. ay = (—%, 3),ay = (5, —$).then 8., (0. 1) € Uy 2 By, (@, D.
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. I . _L. ..
the last inequality is due to the fact that the function u — u™r is %-Holder. Asr > 1, the
function y — [|y|" = 27"+ |y + %l' is convex over [—1, %]. Consequently, it attains its
maximum either at —1 or at % Hence, |(x, y) — az|}. is upper bounded by 1 since

r

1
ify=-1, \|y|’—2—’\+‘y+§ =1-2"+4+27"=1,

,
=27 27|+ 1"=1

1 1
ify:i, ]|y|’—2_’|+‘y+§

This implies that (x, y) € B}, (a2, 1).
e If—-1<y< % and x <0, then (x, y) € B|.‘r(a3, 1) by the symmetry of the unit sphere.

Next, we will show ¢(2, |- |) > 2 for every 1 <r < 4o00. Let a; and a> denote the two centers
of balls on the sphere S|.|(0, 1). Since the £"-ball is centrally symmetric with respect to (0, 0),

we fix a; = (x, y) such that x € [(})7, 1], y € [0, (1) 7] and x" 4 y" = 1.

e Case 1. We choose ay such that a, is centrally symmetric to a; with respect to the center
(0, 0), thatis, ap = (—x, —y). B B
We prove z; = (v, —x) ¢ U;—12 B, (@i, 1) and 22 = (=y,x) ¢ ;12 B, (@i, 1). In
fact, if y =0, then |a; — 21|, =la2 — 21|, =2 > 1. If y > 0, then

lag —z1ly =lax — z1ly = la1 — 22l, = la2 — 22, = (x + )" + (x — y)"

>x+y) >1.

e Case 2. The point ay is not centrally symmetric to a;.
Let Hy, :={n=0n1,n2) € R? s.t. x - 72 = y - 1}, which is the straight line (with respect
to the Euclidean distance) across the origin and a;. Then between z; and z», there exists at
least one point which is not in the same side of Hy, as ap, and this point can not be covered

by Uizi2 BHr (ai, 1).

Figure 2 illustrates that ¢(2, | - |;) =3 when r = 3.
(iii) Let a1 = (=1,0,...,0) and a = (1,0,...,0). We will show that Sy (0,1) C

Ui:1,2 By (@i, 1).
Letx = (x',...,x%) € S} (0, 1). There exists iy such that max|<;<4 [x| < [x"0] = 1.
o Ifip =1, and x' = —1, then |x — ailoc = |x' + 1| V max;—z,... 4y [x'| <1, that is, x €
By (a1, 1).
o If ip =1, and x! =1, then |x — az|ec = |x! — 1| V max;—p2, 4y |x'] < 1, that is, x €
By, (a2, 1).

e Ifip>2, and x! <0, then |[x —at]leo = le +1|v1<l1,thatis, x € l:?|.|oc(a1, 1).
e Ifip >2,and x! >0, then |x — az]|0o = [x! — 1| vV 1 < 1, thatis, x € B} (a2, 1).

Consequently, we conclude that S (0, 1) C Ui:m B‘.hx)(a,', 1) and ¢(d, | - |co) > 1 is obvious.
(iv)Leta; = (0,...,1,...,0) —the 5 th coordinatg of a; is equal to 1 and the others equal to 0.
We will show that Sl'\r 0,1) C U?=1(B|.‘r (ai, HU B|.|r (—ai, 1)).
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20

15}

10 |

05 f

0.0

Figure 2. ¢(2,]-[3) =3.

For any x = L. xD e )., (0, 1), then there exists ip € {1,...,d} such that |xi0| > %
Otherwise 1 = Zlgisd |x!|” <d x 27" < 1, which yields a contradiction.

o If X0 > 3. then [x — aj|" = (1 —x"0)" + 3,y e[ = (1 —x0)" +1— (@0)". As x™0 < 5,
we have (1 — x'0)" — (x'0)" <0, so that |[x — a;,|" < 1, which implies that x € B|.|, (a;,, 1).

o If xi0 < —%, one can similarly prove that x € BH, (_aig* 1). i

Consequently, we can conclude that S., (0, 1) C Ule (By., (@i, 1)U B}, (—a;, 1)). U
Acknowledgements

The authors thank both anonymous referees for their careful reading of the paper and fruitful
suggestions.

References

[1] Bally, V. and Pages, G. (2003). A quantization algorithm for solving multi-dimensional discrete-
time optimal stopping problems. Bernoulli 9 1003—-1049. MR2046816 https://doi.org/10.3150/bj/
1072215199

[2] Bally, V., Pages, G. and Printems, J. (2005). A quantization tree method for pricing and hedging mul-
tidimensional American options. Math. Finance 15 119-168. MR2116799 https://doi.org/10.1111/j.
0960-1627.2005.00213.x

[3] Berti, P., Pratelli, L. and Rigo, P. (2015). Gluing lemmas and Skorohod representations. Electron.
Commun. Probab. 20 no. 53, 11. MR3374303 https://doi.org/10.1214/ECP.v20-3870

[4] Bolley, F. (2008). Separability and completeness for the Wasserstein distance. In Séminaire de Prob-
abilités XLI. Lecture Notes in Math. 1934 371-377. Berlin: Springer. MR2483740 https://doi.org/10.
1007/978-3-540-77913-1_17


http://www.ams.org/mathscinet-getitem?mr=2046816
https://doi.org/10.3150/bj/1072215199
http://www.ams.org/mathscinet-getitem?mr=2116799
https://doi.org/10.1111/j.0960-1627.2005.00213.x
http://www.ams.org/mathscinet-getitem?mr=3374303
https://doi.org/10.1214/ECP.v20-3870
http://www.ams.org/mathscinet-getitem?mr=2483740
https://doi.org/10.1007/978-3-540-77913-1_17
https://doi.org/10.3150/bj/1072215199
https://doi.org/10.1111/j.0960-1627.2005.00213.x
https://doi.org/10.1007/978-3-540-77913-1_17

1204 Y Liu and G. Pages

(5]
(6]
(7]
(8]
(9]
[10]
(1]
[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]
[20]
(21]
[22]

(23]

Cuesta, J.A. and Matran, C. (1988). The strong law of large numbers for k-means and best possible
nets of Banach valued random variables. Probab. Theory Related Fields 78 523-534. MR0950345
https://doi.org/10.1007/BF00353875

Gersho, A. and Gray, R.M. (2012). Vector Quantization and Signal Compression 159. Berlin: Springer.
Graf, S. and Luschgy, H. (2000). Foundations of Quantization for Probability Distributions. Lecture
Notes in Math. 1730. Berlin: Springer. MR1764176 https://doi.org/10.1007/BFb0103945

Grafakos, L. (2014). Classical Fourier Analysis, 3rd ed. Graduate Texts in Mathematics 249. New
York: Springer. MR3243734 https://doi.org/10.1007/978-1-4939-1194-3

Hsing, T. and Eubank, R. (2015). Theoretical Foundations of Functional Data Analysis, with an
Introduction to Linear Operators. Wiley Series in Probability and Statistics. Chichester: Wiley.
MR3379106 https://doi.org/10.1002/9781118762547

IEEE Transactions on Information Theory. (1982). 28(2). IEEE.

Kelley, J.L. (1975). General Topology. Graduate Texts in Mathematics 27. New York—Berlin: Springer.
Reprint of the 1955 edition [Van Nostrand, Toronto, Ont.]. MR0370454

Kieffer, J.C. (1982). Exponential rate of convergence for Lloyd’s method. I. IEEE Trans. Inform.
Theory 28 205-210. MR0651815 https://doi.org/10.1109/TIT.1982.1056482

Lackovi¢, I.B. (1982). On the behaviour of sequences of left and right derivatives of a convergent
sequence of convex functions. Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 735-762 19-27.
MRO0753249

Luschgy, H. and Pages, G. (2002). Functional quantization of Gaussian processes. J. Funct. Anal. 196
486-531. MR1943099 https://doi.org/10.1016/S0022-1236(02)00010-1

Pages, G. (1998). A space quantization method for numerical integration. J. Comput. Appl. Math. 89
1-38. MR1625987 https://doi.org/10.1016/S0377-0427(97)00190-8

Pages, G. (2015). Introduction to vector quantization and its applications for numerics. In CEM-
RACS 2013 — Modelling and Simulation of Complex Systems: Stochastic and Deterministic Ap-
proaches. ESAIM Proc. Surveys 48 29-79. Les Ulis: EDP Sci. MR3415387 https://doi.org/10.1051/
proc/201448002

Pages, G. and Printems, J. (2003). Optimal quadratic quantization for numerics: The Gaussian case.
Monte Carlo Methods Appl. 9 135-165. MR2006483 https://doi.org/10.1163/156939603322663321
Pages, G. and Sagna, A. (2018). Improved error bounds for quantization based numerical schemes for
BSDE and nonlinear filtering. Stochastic Process. Appl. 128 847-883. MR3758340 https://doi.org/10.
1016/j.spa.2017.05.009

Pages, G. and Yu, J. (2016). Pointwise convergence of the Lloyd I algorithm in higher dimension.
SIAM J. Control Optim. 54 2354-2382. MR3546338 https://doi.org/10.1137/151005622

Rudin, W. (1991). Functional Analysis, 2nd ed. International Series in Pure and Applied Mathematics.
New York: McGraw-Hill, Inc. MR1157815

Topsge, F. (1974). Compactness and tightness in a space of measures with the topology of weak
convergence. Math. Scand. 34 187-210. MR0388484 https://doi.org/10.7146/math.scand.a-11520
Villani, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Provi-
dence, RI: Amer. Math. Soc. MR1964483 https://doi.org/10.1007/b12016

Villani, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Berlin: Springer. MR2459454
https://doi.org/10.1007/978-3-540-71050-9

Received June 2018 and revised July 2019


http://www.ams.org/mathscinet-getitem?mr=0950345
https://doi.org/10.1007/BF00353875
http://www.ams.org/mathscinet-getitem?mr=1764176
https://doi.org/10.1007/BFb0103945
http://www.ams.org/mathscinet-getitem?mr=3243734
https://doi.org/10.1007/978-1-4939-1194-3
http://www.ams.org/mathscinet-getitem?mr=3379106
https://doi.org/10.1002/9781118762547
http://www.ams.org/mathscinet-getitem?mr=0370454
http://www.ams.org/mathscinet-getitem?mr=0651815
https://doi.org/10.1109/TIT.1982.1056482
http://www.ams.org/mathscinet-getitem?mr=0753249
http://www.ams.org/mathscinet-getitem?mr=1943099
https://doi.org/10.1016/S0022-1236(02)00010-1
http://www.ams.org/mathscinet-getitem?mr=1625987
https://doi.org/10.1016/S0377-0427(97)00190-8
http://www.ams.org/mathscinet-getitem?mr=3415387
https://doi.org/10.1051/proc/201448002
http://www.ams.org/mathscinet-getitem?mr=2006483
https://doi.org/10.1163/156939603322663321
http://www.ams.org/mathscinet-getitem?mr=3758340
https://doi.org/10.1016/j.spa.2017.05.009
http://www.ams.org/mathscinet-getitem?mr=3546338
https://doi.org/10.1137/151005622
http://www.ams.org/mathscinet-getitem?mr=1157815
http://www.ams.org/mathscinet-getitem?mr=0388484
https://doi.org/10.7146/math.scand.a-11520
http://www.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1007/b12016
http://www.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1051/proc/201448002
https://doi.org/10.1016/j.spa.2017.05.009

	Introduction
	Preliminaries on Wasserstein distance

	General quantization based characterizations on Rd
	A review of Voronoï diagram, existence of bounded cells
	A general condition for the probability measure characterization

	Quadratic quantization based characterization on a separable Hilbert space: NH, 2=2
	Further quantization based characterizations on R
	Quantization based characterization on R
	About completeness of  (P1( R), Q1,1 ) and  (P2( R), QN, 2 )

	Appendix: Some examples of c(d, |·|r)
	Acknowledgements
	References

