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We study solutions to the stochastic fixed point equation X 4 AX + B when the coefficients are nonnegative
and B is an “inverse exponential decay” (IED) random variable. We provide theorems on the left tail of X
which complement well-known tail results of Kesten and Goldie. We generalize our results to ARMA
processes with nonnegative coefficients whose noise terms are from the IED class. We describe the lower
envelope for these ARMA processes.
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1. Introduction

The paper is devoted to studying properties, especially left tails, of positive random variables that
arise in several closely related contexts — stochastic fixed point equations, ARMA models, and
iterated random functions.

For a two-dimensional random vector (A, B), an independent random variable X is said to
satisfy the stochastic fixed point equation if

XL Ax +B. (1.1)

The behavior of the solution, especially the left and right tails, has been extensively studied.
A classical result ([7,9]) says that under some assumptions on (A, B), for some o, C_, C4 > 0,

PX>x)~Cyx™® and P(X <—x)~C_x"%, (1.2)

as x — oo. (See the precise statement in Theorem 7.14. Here ~ means that the ratio of the two
quantities converges to 1.) An excellent review of the subject can be found in a recent book [4].
It can be shown that if A and B are nonnegative random variables then the solution X to (1.1)
is also a nonnegative random variable. Under this extra assumption on (A, B), the first estimate
in (1.2) is still meaningful and informative. But the second one is not because for x > 0 we
have P(X < —x) = 0. It is natural to ask for a meaningful estimate for the left tail under these
circumstances. We will examine the behavior of P(X < x) as x — 07, This question does not
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seem to be addressed anywhere in the literature; in particular, it does not seem to be examined in

[4].
The motivation for the present paper comes from a project on a “Fleming—Viot” type process
defined in [5]. We will explain in Section 8 how the problem arises in the setting of [1].

1.1. Review of the main results
This paper revolves around IEDZ (%) random variables defined as follows.

Definition 1.1. We will say that a nonnegative random variable X has an inverse exponential
decay of the left tail with index p > O if

lim x”L(x)logP(X < x) = —A, (1.3)
x—0F

for a slowly varying function L at 0 and A > 0. We will call such a random variable IEDZ A). In
the case lim,_, o+ L(x) = 1, we will write IEDf A).

The best known IEDZ (1) distributions are called “inverse-gamma;” in this case, p = 1 and
L(x) =1 (see Definition 3.1).

In Section 4 (see especially Theorems 4.4 and 4.7), we will find conditions for a sequence (X;)
of independent IEDi (A;)-random variables so that the series Z;’il o; X; is an IEDﬁ(A)—random
variable with

00 I+p
— p/(4p) 4 1/(1+p)
A= (Z o; A ) .

i=1

Consider an ARMA series of the form

p q
Xn= Z¢an—i + B, + ZGjBn—j
i=l1 j=I

with positive coefficients ¢; and 6; and initial value 0. Assume that (B;) are i.i.d. IEDf A)-
random variables. We will give conditions (see Theorem 6.3) so that X,, converge to an IED'f (AN)-
random variable and

liminf(logn)l/an =AYP >0, as.,
n—0oo

where A is an explicit function of A, p and the coefficients of the recursion.

We will also study the stochastic fixed point equation X 4 Ax + B where the vector (A, B)
is independent of X, B is an IEDZ(A)—random variable, and A and B are nonnegative and posi-
tively quadrant dependent (see Theorem 7.6). If A and B are not positively quadrant dependent,
we will prove by example that Theorem 7.6) (ii) need not be satisfied (see Section 8).
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1.2. Organization of the paper

In Section 3, we introduce IED random variables and we prove that this class is closed under
addition of finitely many independent summands. Section 4 is devoted to infinite series of inde-
pendent IED random variables — we show that the sum may or may not be IED. In Section 5,
we discuss the autoregressive equation, that is, the fixed point equation with the multiplicative
coefficient that is a constant. In Section 6, we expand our results to ARMA models with positive
coefficients and the noise from the IED class. In Section 7, we give estimates for left tails of solu-
tions to the fixed point equation when the coefficients are positively quadrant dependent random
variables. In Section 8, we show that if the coefficients are not positively quadrant dependent
then these results no longer hold and the analysis is more demanding.

2. Preliminaries

We will write a™ = max(0, a) for any real a.
We will use the convention that for any sequence (d,) and i > j, Zf;:i d, = 0 and
I dy=1.
Recall that the essential infimum of a random variable A is defined as follows,

essinf(A) = sup{x e R : P(A <x) =0}. 2.1

If lim, o+ f(x)/g(x) =1, then we will write f(x) ~ g(x). The same notation will be used if
the limit holds when x — oco.

Definition 2.1 (See [2], (1.2.1), Sections 1.4.1-1.4.2). A function f : (0, c0) — (0, 00) is called
slowly varying at O if for all @ > 0 we have lim,_, o+ f(ax)/f(x) = 1. A function f : (0, c0) —
(0, 00) is called regularly varying of index p at 0 if for all a > 0 we have lim,_, o+ f(ax)/f(x) =
aP. A function f is called regularly varying of index p at infinity if x — 1/f(1/x) is a regularly
varying function of index p at 0.

Lemma 2.2 (See [2], (1.2.1), Thm. 1.4.1). A positive function f is regularly varying of index p
at 0 if and only if f(x) = x” L(x) for some slowly varying function L at 0.

Definition 2.3 (See [2], (1.5.10)). If f(x) is defined and locally bounded on some interval (0, a]
and lim,_, o+ f(x) = oo, then the generalized inverse of f is defined by

) =sup{x>0:f(x)>y}.

If f(x) is strictly positive on some interval (0, @] and lim,_, o+ f(x) = 0, then the generalized
inverse of f is defined by

S =inf{x>0: f(x) > y}.
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Lemma 24. If « > 0 and [ is a-regularly varying at O then there exists a function g which is
1/a-regularly varying 0 and such that

f(g) ~g(fx)~x (2.2)

as x — O%. The function g, called an asymptotic inverse of f, is determined up to asymptotic
equivalence and one version of g is <.

Proof. The proof is routine so it is left to the reader. See [2], Section 1.5.7, in particular Theo-

rem 1.5.12. U

3. Inverse exponential decay

The definition of random variables with inverse exponential decay of the left tail is inspired, in
part, by inverse gamma distributions. These are used in Bayesian statistics (see [8]). One way to
define inverse gamma distributions is by saying that the reciprocal of a random variable with a
gamma distribution has the inverse gamma distribution. A more direct definition follows.

Definition 3.1. For a positive random variable X we say it has the inverse gamma distribution
with parameters «, § > 0 if its density function has the form

_ B et
f) = F(a)x e ,

for x € (0, 00).

Recall Definition 1.1. The notation L, L1, etc., will be used exclusively for slowly varying
functions at O unless stated otherwise.

Lemma 3.2. Suppose that p1 < pp. If X is an IED"L)I1 (A)-random variable then X is IED"L)Z2 0)-
random variable for every slowly varying function L, at 0.

Proof. The proof is routine and left to the reader. (|
Lemma 3.3. For any non-negative random variable X,
lim x”L(x)logP(X < x)= lim x”L(x)logP(X <x), (3.1
x—>0t x—>0t
in the sense that if one of the limits exists then the other one exists as well and they are equal.

Proof. Forall x >0and ¢ € (0, 1),

P(X <x(1—¢) <P(X <x) <P(X <x) <P(X <x(1+¢)). (3.2)
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Therefore
limsupx”L(x)logP(X < x) < hmmfxpL(x) logP(X < x). (3.3)
x—0t
Assume that the limit lim, _, g+ x” L(x) logP(X < x) = —A exists. In view of the last inequality

in (3.2), for any ¢ > 0,

limsup x”L(x)logP(X < x)

x—0t
L(x) 1 o
hxri%l}rp L(x(l—i—e)) T ([x(1+£)] L(x(1+8))logIP’(X<x(1+8)))
L(x) 1 A
= limsup (=) =— .
it Lax(IT+2) (1+e)P (1+¢)P

Letting ¢ — 0 and combining the resulting inequality with (3.3) yields (3.1).
In the case when lim, _, o+ x? L(x) logIP(X < x) exists, a similar argument, based on (3.3) and
the first inequality in (3.2) proves (3.1). (I

Example 3.4. We will show that the positive limit in (1.3) might not exist for any fixed p and L.
It is easy to see that there exists a c.d.f. F with the property that

F(2—(3k+1)) — e_23k+1 and F(2_(3k+2)) _ e_z3k+3 (34)

for k =1,2,..., because F restricted to the arguments listed in (3.4) is increasing. If X is a
random variable with c.d.f. F, then

lim 2~ CF D ogP(X <27 Gy = 1, 3.5)
k—00
Jim 27 D 1og (X <27 G2y = 2, (3.6)
—00

Assume that there exist p, a function L slowly varying at 0, and A > 0 such that log P(X < x) ~
—A(x”L(x))~" as x — 0F. Then (3.5) shows that p = 1. Lemma 3.3 and (3.5)—(3.6) imply that

1 i 27 Gk D]ogP(X <27GkDy 1 logP(X <2.27Ck2)
2 T ko0 -Gk [og P(X < 2-GkD) ~ 2 koo log P(X < 2-0k+2))
1 - (3k+2)L(2 (3k+2)) 1

=AM 5 om GHDL(2.2-Gk2) — 4

This contradiction proves our claim.

Lemma 3.5. If X has inverse gamma distribution with parameters a, 8 > 0 (see Definition 3.1),
then X is an IED% (B)-random variable.
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Proof. Consider any ¢ € (0, 1). If X is a random variable with the inverse gamma distribution
with parameters ¢, 8 > 0 then for any ¢ € (0, 1) and sufficiently small x > 0,

X o
ﬂ—e_ﬁ/tt_a_l dt
1—e)x I'(e)

B B —a—
S ) (URER RS

This implies that liminf,_ o+ xlogP(X < x) > —B/(1 — ¢), for all ¢ € (0,1). Hence,
liminf, o+ xlogP(X <x) > —B.

P(X<x)2/
(

On the other hand,
Y BY B —ami Y BY Byt —Be)t —a—1
P(X <x)= e Pliy—e=lgr = e BU=a)t j=pe/t el gy
0o '@ o I'(a)
copt-op [T B pesrat gy s [T BT petani gy,
o I'le) o Do)

Since the last integral is finite and independent of x, we have

limsupxlogP(X < x) <—B(1 —¢)

x—0t

forall € € (0, 1). Hence, limsup, _, g+ x logP(X < x) < —8. O
The following two propositions are elementary so their proofs are left to the reader.

Proposition 3.6. Suppose that X is an IED‘Z (1) random variable, y > 0 and Li(x) = L(x'/7).
Then XV is an IED'Z{ Y(X) random variable.

In particular, if X is an IEDf (A) random variable and y > 0, then XV is an IEDf v (A) random
variable.

Proposition 3.7. If X is an IEDﬁ (A) random variable and o > 0, then aX is an IED’]i (a” )
random variable.

Example 3.8. Note that if X is a nonnegative random variable with the property

log P(X
lim 28FX>0

xX— 00 xP

then X! is an IED{ (1)-random variable. We give two natural examples.

(a) If X has the exponential distribution with parameter A (i.e., its mean is 1/1), then X s
an IED} (A)-random variable.

(b) If X has the normal distribution with mean g and variance o“ then X =2 is an
IED{ ((20%)~!)-random variable. It follows from Proposition 3.6 that |X|~' = (X~2)2
is an IED%((ZJz)’I)-random variable.

2
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The following is an alternative characterization of IED-random variables that we will use
often.

Lemma 3.9. A positive random variable X is IEDZ (A) if and only if for every § > O there exist
x0 > 0, cs > 0 and Cs > 0 such that for all x € (0, xp),

. AH0 ) Cpx <x) <P(X <x) < Cpexpf — 20— 3.7)
csexp| — <X X xp| — . .
8EXp xPL(x)) — - =X =tacxp xPL(x)

Proof. The claim follows easily from the definition (1.3). U

The following theorem, the springboard for the rest of the paper, says that IED random vari-
ables form a closed class under natural operations.

Theorem 3.10. Suppose that X1 and X»> are independent random variables and Xy, is IEDﬁ (Ap),
fork=1,2. Then X1+ X is an IEDﬁ([Ai/(Hp) + )»é/(lﬂl)]”p) random variable.

Before proving the theorem we recall without proof de Bruijn’s Tauberian theorem (see [2],
Thm. 4.12.9). See Definition 2.3 for the generalized inverse f .

Theorem 3.11. Suppose that | is a measure on (0, 00) with the finite Laplace transform
o0
M(z) = / e “u(dx) <oo, forallz>0.
0

Suppose that o < 0 and ¢ (x) is a regularly varying function with index o at 0. Then,

ling+ ¢ (1/x)log iu((0, x]) = —A (3.8)
if and only if
—logM(z) ~ (1 —a)(=1/a)* @D /= (2), asz— oo, (3.9)

where V(z) = ¢(2)/z.

Proof of Theorem 3.10. Let Px; denote the distribution of X ; and

oo
Mj(z)zf ¢ F Py, (dx), j=1,2.
0

It is clear that for M;(z) <1 <ooforallz>0and j =1,2.
If L, is slowly varying at O then ¢ (x) := (1/x)"/?L,(1/x) is regularly varying with index
—1/p at infinity. Arguments analogous to those in [2], Section 1.5.7 (see also Lemma 2.4) show
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that we can choose Lj so that ¢ < (1/x) ~ x?L(x) when x — O". With this choice of ¢, the
assumption that X ; is IEDZ (A j) matches (3.8), so (3.9) holds, that is, for j =1, 2,

—log Mj(z) ~ (1+1/p)(hjp) /™ /< (2), asz— oo,
where ¥ (z) = ¢ (z)/z. Since X| and X, are independent,

—log Mx,+x,(z) = —log Mx, (z) — log Mx,(z)

1/01 1/(1+p)\ 14+p71/1
~ 1+ l/p)pl/(l—&-p)[(kl/( +0) +A2/( +,0)) +p] /( +p)/1//<_(z)’

as z — oo. The proof is completed by reversing our argument, using Theorem 3.11 and applying
itto X| + Xo». O

Proposition 3.12. Suppose that p1 < p <---<ppandfori=1,....,nand j=1,...,m;, X;;
is IED‘L)ii (Aij), and all these random variables are independent. Then

nom;
S:= Zzaijxij

i=1 j=1

is an IED’L)’; (A)-random variable, where

iy L+pn
_ Pn/(A+pn) 4 1/(1+pn)
A= ( o, )"nj ) .

j=1

Proof. Lemma 3.2 and Proposition 3.7 imply that

lim x”" L, (x)logP(e;j Xij <x) =
x—0t

{0, i #n;

pll .. L
—a;; Aij, 1=n.

The proposition follows from Theorem 3.10 and induction. ]

4. Convergence of infinite IED-series

It is a natural question whether Proposition 3.12 holds for infinite series with independent IED
summands. The short answer is “no” but “yes” under extra assumptions.

Proposition 4.1. Suppose that (X;)i=1 are independent and X, is IEDZ (Ai),fori>1.Let S =
1/
Zizl X; and A = (Zizl )\'l/( +,0))l+p. Then

limsup x” L(x)logP(S < x) < —A. 4.1)

x—0t
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Proof. Since X;’s are nonnegative random variables, for every n we have P(S < x) <
P(3"7_; X;i < x). This and Proposition 3.12 imply

n
limsupx” L(x) logP(S < x) < limsup x” L(x) 1og1P><Z X; < x)

x—>07t x—>07t i=1

n I+p
__ (Z x}/(””)) ‘
i=1

If we let n — o0, the claim follows. O

Example 4.2. Recall the notation and assumptions from Proposition 4.1. Two examples given
below show that, in general, (4.1) cannot be strengthened to equality. The first example is a little
bit more elegant than the second one. But S = oo in the first example, suggesting that divergence
of the sum ) ;. ; X; is the only possible obstacle to having equality in (4.1). For this reason we
present another example with S < 1, a.s.

(a) Suppose that X;’s have inverse gamma distributions with parameters o; = 1/4 and §; =
1/ i fori > 1 (see Definition 3.1). According to Lemma 3.5, X; is an IED% (Bi)-random variable,
foreveryi > 1.Let p=1and A; = §; = 1/i* for all i. Then, fori > 1,

SRR S Sy 7 SR N R SN YY RS YN
PX; >1)= - X e dx > — X e dx.
1 ir(1/4) iJ1 I'(1/4)

Hence,

ZP(X,»>1)=oo.

i>1

Therefore, by the Borel-Cantelli lemma, X; > 1 for infinitely many i’s. It follows that S = oo,
a.s., regardless of the fact that

yasn\' =1\
A= (Zki ) :(21—2> < 0.
i>1 i=1

(b) For some 7; > 0,7 > 1, to be specified later, we give X;’s the following cumulative distri-
bution functions,

0 for x <O0;
Fi(x)={e e V2D for0<x <27%:
1 for 27! <x.

Note that each X; is an IED} (2~%)-random variable. Let A; = 2~/ and note that S := Z?il Xi <
1, a.s., because X; <27, a.s., for all i. Although A = Y2y /A < oo, we will show that
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S is not an IED} (A)-random variable. Consider an integer n > 1 and let x = 2-n+1/2) Hence

2=+ < x <27 Since each X; is bounded by 277, we have

(S<xpc[{xi <27}

i=1

Hence, using the fact that P(X; < 271y = ¢~ we have

n
xlogP(§S <x) <x Zlog]P’(Xi < 2_i) = —eri.

i=1 i=1

If we choose 7; = ¢21~1/2 then

n n
Y m=xy 27V P=2m DR ) = (127" 7).

i=1 i=1

4.2)

This and (4.2) imply that liminf,_, ¢+ xlogP(S < x) < —c. If we set —c < —A, then

liminf, o+ x logP(S < x) < —A.

We will give sufficient conditions for the equality in (4.1) in Theorems 4.4 and 4.7. The main

technical part of the proof is contained in the following lemma.

Lemma 4.3. Suppose that (X;);>1 is a sequence of independent random variables such that

lim x?L(x)logP(X; < x) = —A;,
x—07t

for a sequence (1;);>1 of non-negative real numbers and a slowly varying function L at 0. Assume

that

AL/0+p) . Z)‘il/(lﬂ)) < 0o,

i>1
Suppose that a random variable B satisfies the following conditions.
(1) B has the property

lim x”L(x)logP(B <x)=—1.
x—0F

(ii) B is stochastically greater than X[/kl.l/p foreachi > 1, thatis, forallx e Randi > 1,

P(B < )<IP< Xi _ )
<x)< — <x ).
)Lil/p
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(iii) There exist positive real numbers (v;)i>1 such that Y io,vi =1, 2, Ai/yip < 00, and

o0
o, vi \_
lim x Lx)) ]P’(B > wa> =0. 4.3)

i=1 i
Then Y ;2| X; converges to an a.s. finite random variable S satisfying

lim x”L(x)logP(S < x) = —A.
x—0t

Proof. Since B is stochastically greater than X;/ kl.l /P , we have

P(X; > yix) =P(Xi/7"" = yix/3)P) <B(B = yix/1,"").

It follows from (4.3) that for small x > 0, we have

> P(B = yix/2") < co. (4.4)

i=1

Hence, for small x > 0, Z;’il P(X; > yix) < co. By the Borel-Cantelli lemma, the sequence
(X;) is eventually dominated by (y;x) a.s. Recall that Z;’il y; = 1 to see that fo;] X, con-
verges to an a.s. finite random variable S.

Let Sy =Y ;_; Xx. We have

n oo
{S<x}D{Sn<nyk}ﬂ ﬂ {Xk < yux}
k=1 k=n+1
so0, by assumption (ii),

P(S < x) z]P’(Sn <XZV1<> 1_[ P(Xk < yxx)

k=1 k=n+1

z]P’(Sn <x2n:yk> 1"_°[ IP’(B < ix). 4.5)

1/p
k=1 k=n-+1 M
By assumption (i), for ¢ > 0 there exists xo > 0 such that
P(B < x) > exp(—2(x"L(x)) ),

for 0 < x < xg. Let

Fn(x0)={k2n+1:xo>#}, Gn(x0)={k2n+1:x0§yi‘/x}_
AP —)\kp
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Using this notation, we can break the last product in (4.5) as follows:

oo
Vk _ Yk Yk
l—[ IF’(B < Wx) = l—[ IP(B < —)Ll/Px> H IP’(B < —)Ll//’x>
k=n+1 k keF, (xo) k keGp(xo) k
2 Y VX -1
> exp|:—— Z —L(—
p o 1/
* keFy,(xo) Vi Ak g
Yk
< T] [1 —IP’(B > Wx>:| (4.6)
keGp(xo) k

By the definition of G, (xp), for all k € G,,(xg) we have

IP(B > %x) <P(B > xp) < 1.
A
k

Standard calculus arguments show that there exists m > 1 such that —ma <log(l — a) for 0 <
a <P(B < xgp). Hence, by (4.6),

= Vk

k=n+1 k
2 Ak yex \ 7! Yk
zexp(—— Z —pL(— —m Z P(B>-1—x
P 1/ 1/
o Ve W keG(xo) A
( 2 i Ak yex \ ! i Vi
>exp| —— —pL(l—> —-m IP’(B > 1—x>> 4.7
X Ve )”k/p k=1 )‘k/p

Applying Proposition 3.12 to the first factor on the last line of (4.5),
n n -1
.. p i 0
lirﬂ(lﬁfx L(x) log]P’(Sn <X Z yk> = liril)(l)rifx L(x) log]P’((Z yk> Sy < x)

k=1 k=1

) e\
s (zer) (Ta) - e
k=1

i>1
The estimate (4.7) and the assumption (4.3) yield for the second factor in (4.5),

oo
o Vk
P A,
= L<x>1°g( [T #(s- wpx>>

k=n+1 k

2 Ak VX -1 Vi
. oo 2 Ak VX _ Yk
> hmglfx L(x)( o E pL()\}{/p> m E IP’(B > A]/px) . 4.9)

= k=n+1 7V k=1 k
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Set f(z) =z°L(z). By [2], Thm. 1.5.2,

zlfg) f@/f@/h)y=h", (4.10)

uniformly in %, on each fixed interval of the form [b, 00). Since y; /k}/ P > 00 as i —> 00, there
is b > 0 such that all the values of this sequence are in [b, 0c0). We apply (4.10) to see that for
some C; <ooand x; >0, forall x € (0,x;) andi > 1,

—1
—;L(x)L<V]’/xp) =L)l/pgcl—;. @.11)
Vi A Six /A7) Vi
This, (4.4) and (4.9) imply that
= Yk o i
. . p Ik _ _l
1;13glfx L(x)log( ]_[ IP’<B< Al/px>> >-2C, Z v (4.12)
k=n+1 k i=n+1 "1

Combining (4.5), (4.8) and (4.12) gives

I+p / 1 —f © .
L 1/(140) i
l)l(gglfxpL(x)logIP’(S <Xx)> —( E A ) (Z )/k) —2C | E v (4.13)

i>1 k=1

Recall that we have assumed that A/ (42 = Y 3 /UIFP g 57 0 — 1 and 3% 4,/

yip < 00. Thus, when we let n — o0 in (4.13), we obtain

liminfx” L(x)logP(S < x) > —A.
x—0t
The opposite inequality follows from Proposition 4.1. (I

Theorem 4.4. Suppose that (B;)i>1 is a sequence of i.i.d. IEDi(l)—random variables satisfying

limsup x’P(B] > x) < 00, 4.14)

X—> 00

p/(1+p)

and (;)i>1 is a sequence of strictly positive real numbers satisfying Y o, a; < 00. Then

the series Zfil o B; converges a.s. to an IEDZ (A) random variable, where

00 14+p
A= (Zaf/(l-ho)) )
i=1

Remark 4.5. Condition (4.14) implies that E[Bf] <oofort €0, p). If E[B'lo] < oo then (4.14)
is satisfied.
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Proof of Theorem 4.4. We will apply Lemma 4.3. Let X; = ; B; and A; = ozl.p ,fori > 1. By
Proposition 3.7, B; is IEDZ (al.p )-random variable, for i > 1. Let B be distributed as Bj. It is easy
to see that assumptions (i) and (ii) of Lemma 4.3 are satisfied by X;’s and B.

Lete= ()12, aip/(1+p))_1 and y; = ca{)/(l+p) fori > 1.Then > 2,y =1and

o0 )\‘ o0
- p/(+p) — —1=p
Z 4 Z: 2/<1+p) Za €« =% “.15)

so two conditions listed in assumption (iii) of Lemma 4.3 are satisfied. It remains to verify (4.3).

Without loss of generality we can assume that lim,_, o, L(x) = 1. Then (4.14) is equivalent to
limsup,_, ., x” L(x)P(B > x) < oo. We have lim,_, o+ x”L(x)P(B > x) = 0 because p > 0 and
L is slowly varying at 0. The two conditions imply that there exists C > 0 such that P(B > x) <
C)C"’L(x)’1 for all x > 0. In particular, we have for all x > 0,

P( > ’1’/ x) SCx—P—;L< VJ) . (4.16)
2 i\

1

For every fixed i, lim,_, o+ x* L(x)P(B > A‘/”x) =0, so for every fixed n,

i

hmsupxpL(x)Z]P’< V/p )—hmsupxﬂL(x)ZP( Vi ) (4.17)
A

1/p
x—0+ i=1 i i=n A

By (4.16),

-1
vi
> 175 )<CZ—L( )L(AW> : (4.18)

] 1= l 1

xﬂL(x)ZP<

This, (4.11), (4.17), (4.18) and (4.15) imply that

o0
)\'.
hmsupx"L(x)Z}P’( y/ ) <CC12—; < 0.
i=n 7l

x—0t i=1 Vi

Letting n — oo, we obtain

lim xPL(x)ZP( x)l//P ):0.

x—0t
I=n
We see that (4.3) holds and, therefore, the theorem follows from Lemma 4.3. O

Example 4.6. Suppose that (B;);>1 arei.i.d. IEDf (1)-random variables with finite p-th moment.
Theorem 4.4 and Remark 4.5 imply that for all ¢, & > 0, the series > ;o ci~U+e)d+p)/p B. con-
verges a.s. The limit is an IEDf (A)-random variable with parameter A = ¢ (372 i —l-eyl+o,
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The following theorem shows that if the parameters «; decrease at a geometric rate then we can
weaken the condition on the moments of B; and obtain the same conclusion as in Theorem 4.4.

Theorem 4.7. Suppose that (B;)i>1 is a sequence of i.i.d. IEDﬁ(l)—random variables satisfying
Ellog* B;] < 0o. For any sequence of strictly positive real numbers (a;);>1 with the property
limsup;_, o &/o; =« € (0, 1), the series Z?i] o; B; converges a.s., and the limit is an IEDﬁ (AN)-
random variable with

I+p

oo
— p/(1+p)
i=l

Proof. We will apply Lemma 4.3. Let X; = «;B; and A; = oel.p for i > 1, and let B be a ran-
dom variable with the same distribution as Bj. It is easy to see that assumptions (i) and (ii) of
Lemma 4.3 are satisfied. It only remains to show that condition (iii) is satisfied.

Pick ¢ € (k, 1), and set y; = ;i_l(l — ¢). Note that Z?il y; = 1. It is clear that there exist

¢>0and k; suchthat 0 < x < k3 <§and0§)»il/p:ai SCK{ for all i > 1. Hence,
o

00 A 0 .
2 =el T Do/ <oe.

so two conditions listed in assumption (iii) of Lemma 4.3 are satisfied. It remains to verify (4.3).
We will use the following well known inequality, saying that for any positive random variable
X we have

o0
ZIP’(sz)SIEX—i—l. (4.19)
k=1

The above inequality is used to justify the second inequality below,

>or(n= ) < r(n= 25 (E) )

= ZP(logB —logx + 10g(c§(1 — ;)_1) > ilog(g“//q))

]E(logB —logx +log(cc(1—¢)~ )t
log(¢/k1)

]E[log*B 14 [logx| + |log(cc(1 —¢)~ 1|
log(¢/x1)

+1

The last estimate implies that lim,_, g+ x” L(x) Z;’i 1 P(B > y;x/A;) = 0 because we have as-
sumed that IE[log+ B;] < 0o. We conclude that assumption (iii) of Lemma 4.3 holds. [l
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5. Autoregressive equation

We will consider solutions to the autoregressive equation, a simple ARMA model, in this section.
More general ARMA models will be considered in subsequent sections.

We start by recalling a known result. We would like to point out that random variables A and
B need not be independent for the following to hold.

Theorem 5.1. IfE[log|A|] < 0 and E[log™ |B|] < oo then (1.1) has a unique solution. Suppose
that (A;, B;)i>1 are i.i.d. two-dimensional vectors distributed as (A, B).

(a) The distribution of the solution to (1.1) is the stationary distribution for the Markov chain
given by

X, =A,X,_1+ B,. 5.1
(b) The series

oo [i—1
s:Z(H Aj>B,» (5.2)

converges a.s. and the distribution of the limit is the same as that of the solution to (1.1).

Proof. By [4], Theorem 2.1.3, and [6], Theorem 2.1, the sequence (5.1) has a unique ergodic
invariant stationary distribution. Moreover, (5.2) is a representation of that distribution. By [4],
Lemma 2.2.7, this distribution is the unique solution to the fixed point equation (1.1). |

In the rest of this section we will take a look at the nonnegative solution to the autoregressive
equation

xLrx+B, (5.3)

where 0 <r < 1.

Corollary 5.2. IfE[log™ B] < oo then (5.3) has a unique solution. Suppose that (B;) are i.i.d.
random variables distributed as B.

(a) The distribution of the solution to (5.3) is the stationary distribution of the Markov chain
given by

X,=rX,_1 + B,. (5.4)
(b) The series

o0

> B (5.5)

i=1

converges a.s. and the distribution of the limit is the same as that of the solution to (5.3).
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Figure 1. The figure shows the the graph of (log(n)X;),>1, where (X;),>1 is the ARMA process
Xpt1 = an + B,+1, where B, = min(En_l, 1), Ey’s are i.i.d. exponential with parameter 1/2 and
Xo = 0. It follows from Proposition 5.4 that A = 2. This is visible in the graph as the black line segments
occasionally reach to the horizontal line at level 2.

Proof. The corollary follows from Theorem 5.1. O

Corollary 5.3. If B is an IEDZ (A)-random variable such that E[log™ B] < oo, and X is the
solution to (5.3) then X is an IED'(L) (A)-random variable with

A

A= (1 — pp/+p))l+p” (5.6)

Proof. The corollary follows from Theorem 4.7 and Corollary 5.2(b). (]
The following result is a special case of Theorem 6.3 so we leave it without proof.

Proposition 5.4. If B is IEDf(A), E[(log™ B)*] < oo for all s > 0, A is defined in (5.6), and
X,.’s are defined in (5.4) then

liminf(log(n))l/an =AY? as.
n—oo

This proposition (for case p = 1) is illustrated in Figure 1. Note that the result holds under
mild assumptions on the right tail of B.

6. ARMA models with IED noise

This section is devoted to autoregressive moving average (ARMA) models more general than
those in the previous section.
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Definition 6.1. An ARMA(p, q) sequence has the form
p q
Xn=Z¢an—i+Bn+29jBrz—j» 6.1)
i=1 j=1

where (¢;)i=1 4 are positive constants and (B;);> are i.i.d.

..........

Our analysis of ARMA models will be based on [3], Chapter 3. Using the notation from
Definition 6.1, we define complex polynomials ® and ® by

D) =1—d1z— o> —--—¢pz” and O@)=1+01z4 - +6,27.

Theorem 6.2. Suppose that (Bp)n>1 are i.i.d. IED‘E (A) random variables and we have
E[log™ B] < co. Assume that ®(z) # 0 for |z| < 1 and ® and ® have no common roots. Then
Y (z) :=0O(2)/P(2) is analytic on a neighborhood of the unit disc {|z| < 1}, and its Taylor series,
ie.,

o0
V() =Y i, (6.2)
k=0
has positive coefficients.
(1) Random variables X, in (6.1) can be represented as

n

Xu=)_ ViBuk. (63)

k=0

(i1) Each X,, is an IEDZ (Ay)-random variable with

n 1+p
1
An :k(Z yl/ “’)) :

k=0

>iii)) When n — oo, X, —d> X = Z/?io Y B, and the limit is a finite IED[L) (A)-random vari-
able with

00 14+p
AZ)‘(Z w]f/(l‘ho)) )
k=0

Proof. There exists ¢ > 0 such that |¢1z + ¢oz% + -+ + ¢pzP| < 1for |z| < &. For such z,

o0

V@) =) (p1z+ ¢+ +dpz?) (146124 +6427).
j=0
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It is evident from this formula that for |z| < &, W(z) can be represented as a series with positive
coefficients. By the uniqueness of Taylor series, all ¥;’s are positive.

The function W is analytic on a disc around O whose radius is greater than 1. Hence, the
Taylor series of ¥ around 0 has a convergence radius R > 1. By the Cauchy—Hadamard formula,
limsup,_, o, [¥«|"/¥ = R™' < 1. Therefore, there exist C > 0 and 0 < 8 < 1 such that ¥, < Cg*
for k > 0. This implies that both series >, ¥ and Y, +/¥x converge.

Part (i) follows from [3], Thm. 3.1.1. Part (ii) follows from Proposition 3.12. Part (iii) follows
from Proposition 3.12 and Theorem 4.7. (]

We will now prove a generalization of Proposition 5.4.

Theorem 6.3. Consider an ARMA sequence (6.1) satisfying the assumptions of Theorem 6.2 and
recall the notation from (6.2). If E[(log® B)"] < oo for all r > 0 then

00 (I+p)/p

liminszAl/p = Al/P pr/(H_p) , a.s.,
w5 g(1/logn) i

where g is the generalized inverse of the function x — x” L(x) at 0.

The proof will be preceded by a few lemmas.

Lemma 6.4. (i) For every ¢ > 0, the events

X, < 71\
{ "—g<<1+s>logn>}

happen finitely often, a.s.
(i1) We have

X
liminf ——2 > AP a.
n—oo g(1/logn)

Proof. (i) For any ¢ > 0 there exists 6 € (0, 1) such that y := (1 — §)(1 + ¢/2) > 1. By Theo-
rem 6.2, there exist Cs, xo and ng such that

A(l—8)
P(X,, <x)<Cs eXP(‘m)

for all x € (0, xg).
Random variables By are i.i.d., so (6.3) implies that

n n
d
X, = E Vi By = E Y By
k=0 k=0
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Since ¥ ’s and By’s are nonnegative, it follows that X,, ;| stochastically majorizes X,, for all n.
Hence, n — P(X, < x) is a non-increasing sequence and, therefore, for n > ngy and x € (0, xp),

A(1—8)>

P(X, =x) =Cs eXP(- P L(x)

It follows that for large n,

P| X, < g A < Csef(1+£/2)(178)logn — Can—y.
(1+e)logn

Hence,

> A
= (1+4+¢)logn

and the claim follows by the Borel-Cantelli lemma.
(ii) It follows from part (i) that for every & > 0,

A -1
liminfg{ ——— X,>1, as.
n—>00 (1+¢)logn

By Lemma 2.4, g is 1/p-regularly varying at 0. Hence,

A A 1/p
g((l +8)logn> - <1 +8> g(1/logn).

Therefore,
liminf ——"—— > AP /(1 +)!/?.
e 1 /logm = /0O
Part (ii) follows by letting ¢ — O. ]

It will be convenient to use the following notation, reminiscent of (6.3),

n—m—1

Xp=" iBus. (6.4)
k=0

Recall that |a] denotes the largest integer less than or equal to a.

Lemma 6.5. Fix ¢ > 0 and suppose that 1 <1+68 <+/1+eanda € (1,14 6). Events

XI‘({,!;])QJ <g Al +¢)
[n*] - logn(x

happen infinitely often a.s.
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Proof. Note that the random variables X tﬁﬁ]lm , n > 2, are jointly independent.

The random variable S := Y 2, ¥ Bx stochastically majorizes every X b(l'ij_l)aj. By Theo-
rem 6.2(iii) and Lemma 3.9, for large n,

1) A(l A(l
P<XLL5$J i §g<7( +8))> 2P<S§g(—( +8)>>
logn“ logn®

A(1 +8)logn®

= cyn @ UHD/(1+e) 5y —a/(1+5)
A(l+¢)

> Cs €Xp <—
It follows that

o0
1) A(l
Sor(xie " =oAL E0) ) =,
logn®

n=2

and, therefore, the claim follows by the Borel-Cantelli lemma. O
Lemma 6.6. [fa > 1 then,

[(n—1)%]
Xipey — Xl_n"‘J

lim =0, a.s.
n—>oo  g(1/log|n*])
Proof. We have
) 1] Lin—1)"
n—1%
Xipe) = Xjpoy "~ = > ViBle) k=Y Vine - - i Bl
k=[n% ]~ (n—1)] Jj=0

This and the estimate 3 < CB* from the proof of Theorem 6.2 yield

L(n—1)]
—1)« o _ _ 1\« ;
Xpwoy = Xfay "< D0 CpUIT I B ey
j=0

Ln—1)

= UL N BIB (e (6.5)
j=0
Recall that 8 € (0, 1) and « > 1. It is not hard to show that there exists ¢ > 0 such that [n%| —
L(n — )] > cn®~! for large n, so

Ln—1)%]
1)« a—1 .
Xy = Xoa " < 0B N BB
j=0
Ln—1)%]

. a—1 . . a—1
<RI N BB Bty j)
=0
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Ln=1)°]
< B3 gl (gl e g )
j=0

Lin—1)%)
< cplern! Z ﬁunmam(5<c/2>j<°‘*'/“3j). (6.6)
j=0

We use the assumption that E[(log™ B)*/©@~D] < 0o and inequality (4.19) to see that, for any
c1 >0,

o0

S BB = g ) =

n=1

P(log B, > cin@~ /e log,B_l)

2

3
I

WK

<) P(log" B, > cin* V/*logp71)

3
I
-

1
p(il
NG log B~

1 a/(e—1) 3
IP((—) (log"' B,,)a/(a b Zn)

crlogp!

M

10g+ B, > n(al)/a)

n

M

1

1 af(a—1) B
((7> (log™ Bn)a/(a 1)> +1<o0.

crlog !

n

IA
=

If we take c1 = c¢/2 then, by the Borel-Cantelli lemma, with probability 1,

L@=1)/a

K :=sup /? B, < 00.
n>1
This and (6.6) imply that
| 1
_ yle=1)¢] (c/2)n*~ i (c/2)n*~
Xppa) = Xppa) )+ <CB Zﬂ K=CB —l_ﬁk.
J=0

Thus, a.s.,

. Xy — X[y cpin” 1

lim sup <limsup . K =0. 0

n—oco  g(1/log|n®]) n—oo g(l/log|n®]) 1—8

Proof of Theorem 6.3. By Lemmas 2.4, 6.5 and 6.6, for every ¢ > 0,

X,
liminf ——2—— < liminf Bl U B
n—>oo g(1/logn) = n—co g(1/log|n®])
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Li—1)%] Li—1)%]
X o _X o X o
=liminf< )~ Pine) Ln*] )

g(1/log|n*|) g(1/log|n®])
s le=De) sln=1e]

:1iminf<XLnaJ e Ll AlrQ +e)””>
n—00 g(1/log|n*)) g(A(l +e)/logn*])

< AP +e)lr.

n—oo

Hence, liminf,, o X,/g(1/logn) < AYP as. The theorem follows from this and Lemma
6.4(ii). O

7. Random multiplicative coefficient

So far, we only considered products of IED random variables with constants. In (5.3), the mul-
tiplicative coefficient in the stochastic fixed point equation was a constant. In this section, we
will look into the case when these constants are replaced with nonnegative random variables
independent of other random elements of the model.

In order to solve the stochastic fixed point equation X < Ax + B we will need an assumption
on the form of dependence between random variables A and B. In this paper we will assume that
A and B are positively quadrant dependent. This is a well-known dependence condition, used
in various models in insurance and actuarial sciences. We start with the standard definition of
positive quadrant dependence.

Definition 7.1. We will call random variables X and Y positively quadrant dependent if
PX>x,Y>y)>P(X >x)PY > y), 7.1
forall x, y e R.

Remark 7.2. Note that if two random variables are independent then they are also positively
quadrant dependent.

For the purposes of this paper the following characterization of positive quadrant dependence
will be more useful than the original definition.

Lemma 7.3. The random variables X and Y are positively quadrant dependent if and only if
PX =x,Y <y)=PX =0)P(Y <) (7.2)

forallx,y eR.

Proof. We add —IP(X > x) to both sides of (7.1) to obtain

—P(X>x,Y <y)>—-PX>x)P(Y <y).
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We add P(Y < y) to both sides of the last inequality to obtain (7.2). This process can be reversed
so (7.1) can be derived from (7.2). O

Recall Definition 2.1 of essential infimum of a random variable.

Theorem 7.4. Suppose that A is a nonnegative random variable and its essential infimum is
equaltoa.lf X is an IEDZ (A)-random variable and X and A are positively quadrant dependent
then AX is an IEDZ (aP A)-random variable.

Proof. Since a is the essential infimum of A, we have a < A, a.s., so
P(AX <x)=P(AX <x,a < A) <P@aX < x).
Using Proposition 3.7,

limsupx®L(x)1logP(AX < x) < 1im+ xPL(x)logPaX < x)=—a’A.
x—0

x—0t

Let ¢ > 0. The assumption that A and X are positively quadrant dependent implies that
P(AX <x)>P(AX <x,a<A<a+e)>=P((a+e)X <x,A<a+s)
> ]P’((a +8)X < x)IP(A <a+eg).
By Proposition 3.7,
l)icgg)rifxpL(x) logP(AX < x)
> xl_i,Ing xPL(x)(logP((a+&)X <x)+logPa <A <a+¢))
=—(a+¢&)’r.
The proof is completed by letting & — 0. O

Corollary 7.5. Suppose that independent random vectors (A;, X;) are such that for all i =
1,...,n,

(a) A; and X; are nonnegative and positively quadrant dependent;
(b) X;isan IEDZ (A;)-random variable.

Then A1 X1+ ---+ A, X, isan IEDﬁ(A)-random variable with the parameter
A = ((essinf(A1)P21) /T 4o (essinf(A4,)72,) 1TP) 1 HO
Proof. The corollary follows from Theorem 7.4 and Proposition 3.12. ]

Theorem 7.6. Let (A;, B;)i>1 be an i.i.d. sequence of two-dimensional vectors with the follow-
ing properties.
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(i) A1 and B; are nonnegative and positively quadrant dependent.

(i) E[logA;] <0 and IE[logJr B] < o0.
(iii) By isan IED’L) (A)-random variable.

(i)

i=1 \j=

(a) The series

converges a.s. to a finite IED’L) (A)-random variable S, where
A = (1 —essinf(Ap)?/1+7) 71775 (7.3)

(b) The stochastic fixed point equation X 4 A1X + By, where X and (A1, By) are independent,
has a unique solution with the same distribution as that of S.

We will need the following lemma.
Lemma 7.7. Assume that for all a, b € R,
P(A<a,B<b)>P(A'<a, B <b),
with AL A’ and BL B If h(x, y) is bounded and %h >0, then
E[h(A, B)] = E[1(A', B)].
Proof. The lemma is a special case of [11], Thm. 2. O

Proof of Theorem 7.6. (a) To simplify notation, let (A, B) have the same distribution as
(A1, By). It follows from Theorem 5.1 that S is the solution to the stochastic fixed point equa-

tion X 4 AX + B. We set a = essinf(A), fp(z) = —logE[e’ZB] and fs(z) = —logE[e’ZS].
We have assumed that E[log A] <0 so a € [0, 1). By Theorem 3.11, fp is regularly varying at
infinity with index p/(1 + p). By the same theorem, it will suffice to show

. fs@) —1
1 I (] = gP/(+P) . 7.4
A e~ ) a4

If S is independent of (A, B) then S < AS + B and, therefore,
e /5D =R = Re 2 ASHE) < Femi@SHE) — gemSEeB = o= /5@ /3 (7 5)
and
50 = B8 = FemUS+B) Z (E(e—2(AS+D) | A B))

=E(e PE(e 45 | A, B)) =E(e *Be  SE) = E(e7SEAE) - (7.6)
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It follows from (7.5) that fs(z) > fs(az) + fp(z) and
f5(2) - fs(az) . IB(az) fs(az)

liminf > liminf + 1 =liminf
=00 fp(z) T oo fB(2) =00 fp(z) fp(az)

— a?/0+0) Jiming £5@)
=00 fp(z)

+17

hence

timinf 25 > (1 _ g0y, (7.7)

7—>00 fﬁ z

We will apply Lemma 7.7 to the function
h(x,y) =exp(—fs(xz) — yz) = Eexp(—xzS — yz)

and independent random variables A" and B’ such that A’ 2 A and B’ B. Since A and B are
positively quadrant dependent, Lemma 7.3 implies that

P(A<a,B<b)>P(A<a)P(B<b)= ]P(A’ < a)]P(B’ < b) = ]P’(A’ <a,B < b).
It is easy to check that %h > 0. Hence, by Lemma 7.7, for a fixed ¢ € (0, 1 — a),
E[efs(49-2B] > B¢~ fs(D=28'] = B¢ S D|E[e~*8 ] = E[e~ s R[e 8]
> Be S g ogpoy]e 7@ > o 5@t OP(A < g 1 5).
This and (7.6) imply that
fs((a+e)z)+ fa(z) —logP(A <a+e) > fs(z).
Substituting (a + &)z for z in the last formula yields
fs(@+ef2) + fa((a+e)z) —logP(A <a+e) > fs((a+e)z).

The telescoping sum argument gives

n

fs@ = fs(@+e)"'2) <> fa(@+e)z) — (n+ 1) logP(A <a +e)
k=0

<> fa(@+efz) —(+DlogP(A <a+e).  (1.8)
k=0
Note that

Z fB((a + s)kz) = — logE|:exp (—z Z(a + 8)kBk)i|.

k=0 k=0
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It follows from Proposition 3.7 and Theorem 4.7 that Z,fio(a + &)F By is a finite IEDﬁ (A1)-
random variable, where

o I+p N
— kp/(1+p) —
_A(Z(a+€) ) = T Ty

k=0

Hence, by Theorem 3.11 we have

e @]

3" fe(@+e)ks) ~ (1—@+e)”/0) 7 f5(2). (7.9)

k=0
If we take n = [—logz/log(a + ¢)] then (a + €)% < (a+¢)"t'z < 1 and, therefore | fs((a +

&)"t12)| < ¢1. Also,

[2logP(A < a +¢)|

[0+ DlogP(A <a +6)| < ===

These observations, the fact that fp is regularly varying at infinity with index p/(1 + p) > 0,
(7.8) and (7.9), imply that

k
fimsu p fB 2) zaooz fB((}lB—l_Z;J) 2 _( —(a +8)P/(1+,0))_1. (710)
7—>00 k=0

This completes the proof of (7.4) because the above estimate holds for all sufficiently small ¢ > 0
and we already have (7.7).
(b) Part (b) follows from Theorem 5.1 and part (a). [l

Methods similar to those in the proof of Theorem 7.6 were used in [10] to analyze light-tailed

solutions to X < AX + B.
We will now interpret the parameter A in (7.3) in a way similar to that in Proposition 5.4.

Theorem 7.8. Let (A;, B,-)?il be an i.i.d. sequence of two-dimensional vectors with the follow-
ing properties.

(i) A1 and Bj are nonnegative and positively quadrant dependent random variables.
(i1) There exists B € (0, 1) such that A1 < B, a.s.
(iii) E[(log* B1)*] < oo forall s > 0.
(iv) Bjisan IED/L) (A)-random variable.

Let Xo =0 and
X,=A,X,_1+B,, n>1. (7.11)

Recall A defined in (7.3) and let g be the asymptotic inverse of x — xP L(x) at 0. Then

liminf ——2— = AYP,  as.
"_’OO g(1/logn)
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The structure of the proof will be similar to that of Theorem 6.3, however some new technical
steps will be needed. In all lemmas preceding the proof of Theorem 7.8, we will use the same
notation and make the same assumptions as in the theorem.

Lemma 7.9.

(a) Let S be defined as in (5.2). We have X, —d> S asn— oo and
P(S <x) <P(X, <x) <P(X,—1 <x), (7.12)

foralln > 1 and x > 0.
(b) Leta =essinfA;. Foreveryn > 1, X, is an IED‘L) (Ay)-random variable with

l—aTh \'**

Proof. Set S, = Zl’-’zl(]_[i/;]l A;)B;. Definition (7.11) implies the following representation,

X, = Zz"lzl(n?:n—i+2 Aj)B,_it1. This and the change of index i — n — i + 1 easily show

that X, 4 Sn. Therefore, P(X,, < x) =IP(S, < x). Since A;’s and B;’s are non-negative, S, 1 S
a.s. All claims made in part (a) follow easily from these observations.

The definition of the essential infimum a and the assumption that A;’s and B;’s are non-
negative imply that

P(Sy <x) <P(a" 'B, +a" *By_»+---+aBy + B <x). (7.14)

We use the assumption that (Ag, By), k > 1 are i.i.d., (A1, By) are positively quadrant depen-
dent, and Lemma 7.3 to see that for ¢ > 0,

P(S, <x)>P(S, <x,A1<a+e,Ay<a-+e,...,Ay_1<a+e¢)
>P((a+e)" 'B,+(@+e)" ?By_a+---+(a+e)By+ By <x,
A1§a+s,A2§a+8,...,An_1§a+£)
>P(a+e)" 'Bi+(@+e)" 7 Bia+ -+ (a+e)Br+ B <,
Agfa—i-e,...,A,,_lSa—}—s)]P’(Alga—i—s)
>P(a+e)" "B+ (a+e)" *Bya+-+(a+e)By+ B <x,
Az<a+e,...,Ap_1<a+e)P(A<a+e)P(Ay<a+e)

>P(a+&)" 'By+(a+e)" *Bya+--+(a+e)Br+ B <x)
xP(A| <a+e)" . (7.15)
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We have

n-l _ g"w/(+p) n-l1 1— np/(1+p)
Ko/(+p) _ 1—a e/(+p) 1 —(a+e)

;(a ) T _ /(40 kz_o((a—i-S) ) =71 @t el (7.16)

Recall that P(X,, <x) =P(S, < x) and use (7.14), (7.15), (7.16) and Proposition 3.12 to see
that

1—at 5\ 1P
limsup x? L(x)logP(X, < x) =limsupx”L(x)logP(S, <x) < A<7p> ,
x—0F x—0F 1—aTre
. . 1= (a+e)T\ !+
liminfx? L(x)logP(X, < x) =liminfx”L(x)logP(S, <x) > A| ———— )
=0 x=>07 1—(a+e)™r

We complete the proof of (b) by letting ¢ — 0. ([

X, <o — A
{ n_g<(1+£)10gn>}

happens finitely often almost surely.
(i) We have

Lemma 7.10. (i) For every ¢ > 0,

X
liminf ——2—— > AP g5,
n—oo g(1/logn)

Proof. (i) For any ¢ > 0 there exists § € (0, 1) such that y := (1 —§)(1 +¢&/2) > 1. Assumption
(ii) of Theorem 7.8 implies that @ < 1 so A, defined in (7.13) converge to A as n — co. By
Lemma 3.9 and part (b) of Lemma 7.9, there exist Cs, ng and xo > 0 such that P(X,, <x) <
CseMI=9/GPLED) for all x € (0, xg). By part (a) of Lemma 7.9, for n > ng and x € (0, xo),

PX,<x)< CseMN1=9/ L)

It follows that, for large n,

P X, < g ; < Cge_(l+8/2)(l_6)10g" — an_y.
(1+¢&)logn

Hence,

i
o (1+¢)logn

and the claim follows by the Borel-Cantelli lemma.
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(ii) Part (i) implies that for every ¢ > 0,

Al/e

liminf >
n—00 g(l/logn) (1 -|-g)1/ﬂ

Part (ii) follows by letting ¢ — 0. ]
From definition (7.11), we obtain for n > m,
Xn=By+AnXn-1=By+AyBy1+AnAn1 Xp2="---

n n n

> ( I1 Ak>Bj+( I1 Ak>Xm. (7.17)
j=m+1 \ke=j+1 k=m-+1
We rearrange terms and define new random variables,
n n n
X" =X, —< ]‘[ Ak>Xm = Z ( ]‘[ Ak)Bj. (7.18)
k=m-+1 j=m4+1 \k=j+1

The notation X is the same as in (6.4) but the meaning is different. We have chosen the same
notation for a different object because this will allow us to reuse a part of the proof of Lemma 6.6

Lemma 7.11.
(@) Let Yo=0and Yy := X:11+k for k > 1. The sequence (Yy, k > 0) satisfies
Yir1 = Amti+1Ye + Bti+1-

(b) For every m > 0, the sequence (X, k > 0) has the same distribution as (Xy, k > 0).

m+k>
Proof. The claim in (a) follows from (7.18). Part (b) follows from (a). O

Lemma 7.12. Fix ¢ > 0 and suppose that 1 <1+6 <+/1+¢eand o € (1,1 + 8). Events
o A(l+¢)
L(n—1D)*]
s <o)

Proof. We use Lemma 7.11(b) and (7.12) to see that

o A(l+¢) A(l+¢)

L(n D]
E Pl X _— = E Pl X i—it—pe| <g| ———=
( g( logn® )) L) —ln=D] = & logn®

n=1

> Al +¢)
-Se(o=s()
; logn

happen infinitely often a.s.
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The random variable S is IEDz(A) by Theorem 7.6, so we can use Lemma 3.9 to write

A(l+e) A(l+9) —a/(146)
(=) ) 2 (s =a(guren ) 2o+

It follows that

o0
Al +s)
[(n—1)% J
Zp(xm@ g(i)) C o
n=2

log n“

This, the fact that the random variables X L(ﬁ | R , n > 2, are jointly independent and the Borel—
Cantelli lemma imply the claim made in the lemma. (]

Lemma 7.13. When n — o0,

L(n=1)%]
Xine) = X o]

g(log|n®])

— 0, a.s.

Proof. We first use (7.18) and then (7.17) with m = 0 to obtain

n?]
ld
Xy — X[V = ( [1 Ak>XL(n—1)"J
k=|(n—1)*]+1

[n%] L(h—D*] /l(n—1)%]
k=[(n—1)2]+1 j=l1 k=j+1

L(n=1)%] / |n%]
> (T a)a

j=1  \k=j+1

We apply assumption (ii) of Theorem 7.8, a part of assumption (i) (namely, that A;’s and By’s
are nonnegative), and the change of index i = |[(n — 1)¥| — j, to see that

P L(n=D] 7 |n*] Ln=1)%]
e oA ) RO DR S

j=1 k=j+1

Ln—1)*]—1

Yo BUITLOTDIER e,
i=0

The rest of the proof is the same as the proof of Lemma 6.6 starting at (6.5), withC=1. [



3970 K. Burdzy, B. Kotodziejek and T. Tadi¢

Proof of Theorem 7.8. Note that g is regularly varying with index 1/p at 0. By Lemmas 7.12
and 7.13, for every ¢ > 0,

Xine)

liminf ——"—— <liminf ———"=——
n—00 g(1/logn) = n—oo g(1/log(ln*]))

L(n—1)%] L(n—1)%]
(X = X X e

= liminf

n—oo \ g(1/log(ln*]))  g(1/log(ln%]))

< AP+ e)lP.

Hence, liminf,_, o X,,/g(1/log(n)) < AP as. The theorem follows from this and Lemma
7.10(1). O

The following theorem is a version of the well-known results by Kesten [9] and Goldie [7],
formulated in [4], Theorem 2.4.4.
Theorem 7.14. Assume that (A, B) satisfy the following conditions.

(1) A=>0, a.s., and the law of log A conditioned on {A > 0} is non-arithmetic, i.e., it is not
supported on aZ for any a > 0.
(i) There exists o > 0 such that E[A%] = 1, E[|B|*] < 0o and E[A% logt A] < 0.
(iii) P(Ax + B =x) < 1 for every x € R.

. d . .
Then the equation X = AX + B has a solution. There exist constants c4., c— such that cy +c_ >
0 and

P(X>x)~cyx ¢ and P(X <—x)~c_x %, whenx— oo. (7.19)

The constants ¢, c_ are given by

E[(AX + B)% — (AX)%], =

o o

cp = E[(AX + B)* — (AX)"],

where my, = E[A% log A].
Next we will combine the results of Kesten and Goldie with our own.

Theorem 7.15. Assume that (A, B) satisfy the following conditions.

(1) A and B are nonnegative, non-constant and positively quadrant dependent random vari-
ables.
(ii) There exists o« > 0O such that E[A*] = 1, E[A%log A] < oo and log A conditioned on
{A > 0} is a non-arithmetic random variable.
(iii) Bisan IED’L) (A)-random variable and E[ B¥] < oo.
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Then the stochastic fixed point equation X L Ax + B has a unique solution which is an
IED'Z(A) random variable, where A is defined in (7.3).
Moreover,

lim x*P(X > x) (7.20)
X—>00
exists and is a positive number.

Proof. We will show that assumptions of Theorem 7.6 are satisfied. Since x — log x is concave
and A is non-constant, we have aE[log A] < logE[A*] = 0, so assumption (ii) of Theorem 7.6
holds. The other assumptions also hold so the first claim follows from Theorem 7.6.

We note that assumptions (i) and (ii) of Theorem 7.14 hold. We will verify assumption (iii).
The function log A is non-arithmetic when conditioned on {A > 0}, hence P(A # 1) > 0. Since
E[A%] = 1, there exists @ € (0, 1) such that P(A < «) > 0. Random variables A and B are
positive quadrant dependent and B is an IEDi (1)-random variable so

P(Ax + B #x) > IF’(Ax <ax,B<(- a/2)x) >P(A< a)]P’(B <(1- a/2)x) > 0.

All assumptions of Theorem 7.14 have been verified, so the claim (7.20) is a consequence of
(7.19). O

8. Dependent coefficients in the fixed point equation

This section has a double purpose. First, we will explain how the questions studied in this paper
arose in a different project. That project is devoted to a rather different topic so we will only
sketch some of its ideas. Needless to say, we hope that our present results will be used to study
other models.

Second, the fixed point equation (1.1) coming from the other project has coefficients A and
B dependent in a different way than in the previous sections of this paper. We plan to develop a
theory for such equations in a future article. Here we will limit ourselves to showing that the lack
of positive quadrant dependence can make a substantial difference to the main results on IED
random variables.

8.1. Motivation

In the rest of this section, we will assume that the vector (A, B) has the following density.
o=@ P=37/b _ =@+ /b ,—1/(4b)
2V mab . VD32

We will now explain how this density arose in a project on the Fleming—Viot type process (see
[51). Our new results are in preparation but one can find the following basic scheme in [1]. Let:

P(A eda, B € db) = a,b>0. 8.1)

o Wi =(Wi(t):t >0) and W = (Wy(¢) : t > 0) be two independent Brownian motions;
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e 71 and 17, respectively, be the first times Wy and W) hit 0;
e T =min{ry, 13} and Y = max{W(T), Wo(T)}.

One can show that

A=y)*+1 Uty)>+1
) )

—exp(— o
wt?

exp(—

P(Y €dy, T edt) = dtdy, y,t>0.

The distribution given in (8.1) is obtained by the substitution A=Y 2, B=TY 2.
Let Y, denote the position and let 7;, denote the time of the n-th renewal of the Fleming—Viot
type process. Self-similarity of the process implies that (7;,/ Ynz)nz 1 is an iterated random se-

quence, whose limiting behavior is described by the stochastic fixed point equation X L AX + B.
We are interested in the right tail behavior of Y,//T, for large n, so we could show that
liminf, o Y5 /+/Tyloglog T, is a constant. It turns out that this is equivalent to estimating
P(X <x)asx — 0T.

8.2. Dependent coefficients

We start with some basic facts about the distribution defined in (8.1).
Recall that ~ means that the ratio of two quantities converges to 1.

Proposition 8.1. Assume that the vector (A, B) has the distribution given by (8.1).
(a) The density of A is
4

P(Aeda)= ————da. 8.2
(Aeda) = qain (8.2
(b) The density of B is
1 2

1 e eV /2 efl/(4b)

P(B €db) = — (/ dv> db. (8.3)
ﬁ _\/% /27[ b3/2
Moreover,

X o—1/(4b) N

IP)(B<.X)’V ) de asx — 0 , (84)
1
P(B>x)~— asx— o0. (8.5)
TX

Random variable B is IED](1/4).

Proof. (a) We integrate the density of (A, B) with respect to b over (0, 00) to compute the
density of A.

(@/2—1y241 a4 1241

(
[ exp(————) —exp(———5—)
P(A eda) = /(; 2 Jab?

dbda
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@P2-1y24!

12,132, 1
_ /OO eXp(_f)db—/oo exp(— ) db | da
Zﬂﬁ 0 b? 0 b?

1 |: 1 1 :|
— — da
2n\/a (al/Z_%)Z_F% (a1/2+%)2+%
. da

w(a?+ %)'

(b) In the following calculation, we use the substitution u = /a.

P(B € db)
1/2_1\2 172
_/O" exp(— 2" 5 ") — exp(— 7(‘1 +2) )dae*‘/“b) "
0 2/mab Jb3/2
_1\2 142
r () —exp ) v
~Jo Vb Jb3/?

< o0 eXp(— (u— 2) ) J /\oo eXp( (14+2) ) J >€_1/(4b) b
—du — u
\/nb 0 \/nb Jb3/2

< 00 —u 00 ,—u /b ) —1/(4b)

= db
3/2

-1 ./— L U ) b

3 e—u*/b o—1/(4b)

:( | du) 7 db
-1 NZd)) ﬁb
L2 —1/(4b)

=</“21_"e dv)e s db.
-7 2T ﬁ

This proves (8.3). We use (8.3) and the following facts,

2
. 75 e /2 1 o
lim /b d 1 yan _
Jm vb/2 L ¢— = d Jlime

to conclude that, when x — oo,

1> 1
PB>x)~— | b 2db=—
T Jy TX

This proves (8.5). Since
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we obtain for x — 07,

X o—1/(4b)
P(B ~ ———=db
(B <x) o T2
This proves (8.4). The claim that B is an IED! (1)-random variable follows from (8.4) by the
1'2
same arguments as in Lemma 3.5. ]

Lemma 8.2. If (A1, By) and (A, By) are independent random vectors with the density (8.1)
then

3 1
limsupelogP(AyB1+ By <¢e) < —— < ——. (8.6)
e—0t 10 4

Remark 8.3. Suppose that (A1, By) and (A», B) are i.i.d., and A; and B are independent
with distributions (8.2) and (8.3). Then essinf(A;) = 0 and Bj is IEDI( ). By Corollary 7.5,

lim,_, g+ elogP(A2B1 + By < ¢) = —i. However, (8.6) shows that we do not have the same
conclusion when A and Bj are not independent.

Proof of Lemma 8.2. First, recall that by Lemma 3.9, for every § > 0 there exists C > 0 such

that for all x > 0,
1
P(B; <x) < Cexp(—(z1 - 8>x_1>.

The second inequality in the following calculation is justified by the above formula. Later in the
calculation, we will use the substitution y = a!/?

P(A2B1 + By <¢)

12_1y2,.1 172 2
@ 2)+4) exp(— (a +)+4)

:/E/OOIP(aBl+b<e)exP( b dadb
o Jo 2rb?\/a

12_1y2,1
- € OOP B e—>b exp(—(a h2) +4)d db
“Jo Jo I= a 27Tb2ﬁ ¢
a 2—%)24-%

(@
a \exp(— =2t
dadb
b) 2nb2ﬁ .

-3

<// Cexp<— 1—8)6—’>6Xp( =) g0 ap
~Jo Jo 4 € 271b2\/5

12 1 Ee—l/(4b)
2_ ) d / ——db
(e2=3) +(5-0)a)) e | <25
5 2\ 1 1
~s)e"?P- =) +-——=|)da
4 5—48 4 5-45
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¢ o—1/(4b)
X/O —ﬁbz db
19172 oo _ 2y
EC«/§|:£<§—8> ] / ! exp(—i(i - 5‘4‘3)1 )d
2\4 o Jar[£( —8)~1] 3G -7

1 1 6671/(4b)
-1
- - — ——db
XeXp( ¢ <4 5-45))/0 Jab?
e /5 —-1q1/2 1 1 & p—1/(4b)
=Cv2|-[-—-§ — - - —— ————db.
LG ] el (=) [
By the same argument as in the proof of Lemma 3.5,
& p—1/(4b)
limsupslog/ =—1/4.
0

——=——db
e—>01 ﬁb2

This and the previous estimate yield

1 1 1
li logP(A2B; + B <
mape P B2 <53~ 3 gy
The proof of the lemma is completed by letting § — 0. (]

Proposition 8.4. Assume that the vector (A, B) has the distribution given by (8.1). The stochas-
tic fixed point equation

xLAx +B, (8.7)
has a unique solution and we have
. 3 1
limsupelogP(X <¢) < —— < —-. (8.8)
e—071 10 4

Proof. We use the substitution a = x/2 in the following calculation.

4] | 2 1 —log2
E[logA]:/ #da:Z/ %d}c:Z/ et el
o mw(@a*+1) o mwxc+1) 0o Tx*+1)

o0 1 * ]
:—210g2/ 7dx+/ — 8% ax
o mxZ+1) o m(xZ+1)

It is easy to see that [y m dx = 1/2. The substitution y = x~! yields [;° n(lfzgil) dx =
- fooo ﬂ(l;fil) dy, so these integrals must be equal to 0. Hence, E[log A] = —log2 < 0.

It follows from (8.5) that E[log™ B] < oco. The assumptions of Theorem 5.1 are satisfied so
(8.7) has a unique solution.
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Suppose that X is the solution to (8.7). It is non-negative because it has the representation

(5.2), where all random variables are non-negative. Suppose that (A1, By) 4 (A, B), (Ay, By) 4
(A, B), and (A1, By), (A2, By) and X are jointly independent. Then

P(X <e)=P(A1X+ B <¢)= ]P’(Az(Alx + B1)+ By < 8) <P(A3B| + By < ¢).
Now (8.8) follows from Lemma 8.2. O

Remark 8.5. One can actually show that
li logP(X < ¢) !
im ¢lo <g)=-—-.
e—>0t & 2

However, the proof would take several additional pages so we will only sketch it. An appropriate
modification of the argument in the proof of Lemma 8.2 shows that for the sequence X, =
A X,—1 + B, with Xo =0, we have limsup,_, g+ ¢logP(X,, < ¢) < 1,, where 7, | —%. Using
the fact that P(X < ¢) < P(X,, < ¢) it follows that

1
limsupelogP(X <¢) < ——.
e—0t 2

On the other hand for every § > 0, one can find a bounded positive function gs on (0, co) such
that

P(Ax + B <¢) > gs(x)e” 3+,

for all x > 0. Hence, P(AX + B < ¢) > E[gs (X)]e_(%“L‘S)E_], and, therefore,
.. 1
liminfelogP(X <¢)>—( - +§ ).
e—0t 2

The claim follows by letting § — 0.
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