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Let X be a symmetric jump process on R4 such that the corresponding jumping kernel J (x, y) satisfies

C
lx — y[4+2log!+¢ (e + |x — y))

J(x,y) <

for all x,y € RY with [x — y| > 1 and some constants ¢, & > 0. Under additional mild assumptions on
J(x,y) for |x — y| < 1, we show that C/r loglogr with some constant C > 0 is an upper rate function of
the process X, which enjoys the same form as that for Brownian motions. The approach is based on heat
kernel estimates of large time for the process X. As a by-product, we also obtain two-sided heat kernel
estimates of large time for symmetric jump processes whose jumping kernels are comparable to

1
lx — y|d+2+s

forall x,y e RY with |x — y| > 1 and some constant & > 0.

Keywords: Dirichlet form; heat kernel; symmetric jump process; upper rate function

1. Introduction and main results

In this paper, we are concerned with upper rate functions, which are a quantitative expression of
conservativeness, for a class of symmetric jump processes on R¥. In particular, we investigate
conditions on jumping kernels such that the corresponding upper rate functions are of the iterated
logarithm type.

It is well known that by Kolmogorov’s test (see, e.g., [16], 4.12), the function R(t) =
J/ctloglogt with constant ¢ > 0 is an upper rate function for the standard Brownian motion on
R? if and only if ¢ > 2. This fact immediately implies Khintchine’s law of the iterated logarithm.
Similar results of this type are true even for a large class of Lévy processes. For example, earlier
Gnedenko [15] (see also [20], Proposition 48.9) showed that if a Lévy process X = ({X;};>0,P)
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on R satisfies EX| =0 and ]EXl2 < 00, then

X
lim sup | Xi] (EX%)I/Q, a.s.

i—oo «/2tloglogr

Sirao [22] also obtained analogous results in terms of integral tests on the distribution function

of X. We note that such results as [15,22] do not hold in general for Lévy processes with the

infinite second moment, for instance, symmetric «-stable processes with o € (0, 2) (see [17] or
[19], Theorem 2.1).

The purpose of this paper is to establish upper rate functions of the form /7 loglog¢ for a class

of non-Lévy symmetric jump processes generated by regular Dirichlet forms on L?(R%; dx),

which we introduce later. Let J(x, y) be a non-negative measurable function on R x R4, and
set

D={feL2(Rd;dx)\//¢ (f(y)—f(x>)21(x,y)dxdy<oo},
XF#y
E(f, f)=ff¢ (FO) = f(0)) I (x, y)dxdy, feD.

XFYy

Throughout this paper, we always impose the following.

Assumption 1.1. The function J (x, y) satisfies

(i) J(x,y)=J(y,x) forall x #y;
(ii) there exist constants 0 < ky < k2 < oo and 0 < &r] < ap < 2 such that for all x, y € R?
withO < |x —y| <1,

o <y — 11
=y =) =S (1)
(iii)
sup / J(x,y)dy < oo. (1.2)
xerd J(lx—yl=1)

Under (1.1) and (1.2), it is obvious that

sup /(1 Alx = y[})J(x, y)dy < o0. (1.3)

xeRd

Denote by Ciip (RY) the set of Lipschitz continuous functions on ]Rd with compact support. Then,
due to (1.3), we have Cilp(]Rd) C D. Let F be the closure of C?p(Rd) with respect to the norm

I flle, :==+/E )+ ||f||§ on D. Then it is easy to check that the bilinear form (£, F) is a
symmetric regular Dirichlet form on Lz(Rd; dx), see, for example, [14], Example 1.2.4. The
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function J (x, y) is called the jumping kernel corresponding to (£, F). Associated with the reg-
ular Dirichlet form (€, F) is a symmetric Hunt process X = ({X;};>0, {P*} xeRN\N) with state

space R? \ \V, where N C R is a properly exceptional set for (£, F).
The main result is as follows.

Theorem 1.2. Let X = ({X;}/>0, {P*} xerd\N) be the symmetric Hunt process generated by the
regular Dirichlet form (£, F) as above. Let J(x,y) be the jumping kernel corresponding to
(€, F) such that Assumption 1.1 holds. Then, we have the following two statements.

(1) If there exist positive constants ¢ and & such that for any x, y € RY with |x — y| > 1,

C
Ix — y[9t2log! (e + |x — y])

J(x,y) = (1.4)

then there exists a constant Co > 0 such that for all x e RY \ N,
IP’X(|X, — x| < Co+/tloglogt for all sufficiently large t) =1 (1.5)

(2) If there exists a positive constant ¢ such that for any x,y € R? with |x — y| > 1,

c
J-xa <—a
( y)— |x—y|d+2

and

sup / Ix — y12J (x, y)dy < o0, (1.6)
Rd

xeRd

then there exists a constant co > 0 such that for all x e RE\ N,
P* (|X, — x| < co+/tloglogt for all sufficiently large t) =0.

The condition (1.6) implies that the jumping kernel of X has the finite second moment. It
is clear that (1.6) holds true when (1.1) and (1.4) are satisfied. (1.5) indicates that the function
Co+/tloglogt is the so-called upper rate function of the process X, which describes the forefront
of the process X. As we mentioned before, /(2 + ¢)t loglog with ¢ > 0 is an upper rate func-
tion for the standard Brownian motion on R?. Therefore, Theorem 1.2 shows that if the jumping
kernel of X satisfies the condition as in Theorem 1.2(1), then X enjoys upper rate functions
of the Brownian motion type. Moreover, according to Theorem 1.2(2), these rate functions are
sharp up to constant. For instance, Theorem 1.2(1) is valid, if the jumping kernel J (x, y) satisfies
Assumption 1.1(i), (ii) and that for any x, y € R? with [x —y| =1, J(x,y) =0 (finite range) or
J(x,y) = 1/|x — y|?*t2+¢ with any & > 0 (polynomial decay).

Here it should be noted that the arguments of [15,22] heavily depend on the independent
increments property for Lévy processes (see [19], Sections 2 and 3, for more details), while in
the present setting such characterization is not available. To overcome this difficulty, we prove
Theorem 1.2 by using heat kernel estimates. The idea of obtaining rate functions via heat kernel
estimates has appeared in the literatures before, see [21] and the references therein. There are a
few differences and difficulties in the present paper.
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(1) In [21], Theorem 3.1, we used two-sided heat kernel estimates to derive the explicit prob-
ability estimates for exit times, which are crucial to obtain upper rate functions for the
process. However, for symmetric jump processes of variable order (see (1.1)), it seems
impossible to present two-sided heat kernel estimates, see [2] for details. Instead of this
approach, here we turn to consider heat kernel estimates only for large time, which is
enough to yield the rate function of the process.

(2) There are a lot of works on heat kernel estimates for symmetric jump processes on
RY generated by non-local symmetric Dirichlet forms, see [2,3,6,7,9,13] and the ref-
erences therein. Among them, Chen, Kim and Kumagai [7] established two-sided heat
kernel estimates for symmetric jump processes such that their jumping kernels decay
(sub/super)exponentially in a explicit way, see [7], (1.6) and (1.7). On the other hand,
we can obtain nice upper bounds of heat kernel estimates for processes whose jumping
kernels decay polynomially and involve the logarithmic factor (Theorem 3.2). Moreover,
we can establish two-sided heat kernel estimates of large time for symmetric jump pro-
cesses whose jumping kernels are comparable to |x — y|~@+2® for all x, y € R? with
|x — y| > 1 and some constant ¢ > 0 (Corollary 3.11).

By analogy with Brownian motions, one may guess that in order to prove Theorem 1.2, it
suffices to get Gaussian type upper bound estimates for the heat kernel. However, as far as we
have discussed in this paper, such upper bounds are only true for some interval of large time, not
for all large time. This is quite different from the Brownian motion case, and so we need further
considerations on the heat kernel bounds (Theorem 3.2 and the proof of Theorem 1.2 in the last
section).

Bass and Kumagai [4] proved the convergence to symmetric diffusion processes of continuous
time random walks on Z¢ with unbounded range. In particular, they assumed the uniform finite
second moment condition on conductances similar to (1.6) on jumping kernels, see [4], (A3) in
page 2043. For the proof of the convergence result, they obtained sharp on-diagonal heat kernel
estimates, Holder regularity of parabolic functions and Harnack inequalities. Our result can be
regarded as an another approach to get the diffusivity of symmetric jump processes with jumping
kernels having the finite second moment.

Remark 1.3. Recently, it is proved in [1], Theorem 5.2, that for a class of symmetric jump pro-
cesses on RY, if their jumping kernels have the matching upper and lower bounds, then Khint-
chine’s law of the iterated logarithm holds if and only if the jumping kernels have the finite
second moment. Their approach is also based on heat kernel estimates.

The remainder of this paper is arranged as follows. In the next section, we recall some known
results for heat kernel of the process X, and then present related assumptions used in our paper.
Section 3 is devoted to establish upper bounds and lower bounds of heat kernel for large time.
In particular, Theorems 3.2 and 3.6 are interesting on their own. Then the proof of Theorem 1.2
will be presented in the last section.

For any two positive measurable functions f and g, f < g means that there is a constant ¢ > 1
suchthat ™! f < g <cf.
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2. Known results and assumptions

Recall that X = ({X;};>0, {P* }xeRd\ A7) is the Hunt process associated with (£, F), which can

start from any point in R? \ V. Let P(z, x, dy) be the transition probability of X. The transition
semigroup {P;, t > 0} of X is defined for x € R¢ \ \ by

PG =B (10X0) = [ f0IPaxd. f20020
The following result has been proved in [2], Theorem 1.2, and [7], Proposition 3.1.

Theorem 2.1 ([2], Theorem 1.2, and [7], Proposition 3.1)). Under Assumption 1.1, there
are a properly exceptional set N' C R, a non-negative symmetric kernel p(t,x,y) defined on
(0, 00) x R4\ N) x (R \ N) such that P(t,x,dy) = p(t, x, y)dy, and

plt,x,y) <co(t™* vi=?), t>0,x,yeRIN\N

holds with some constant cq > 0. Moreover, there is an E-nest {Fy : k > 1} of compact subsets of
R? so that

(0.¢]
N =R\ U F
k=1
and that for each fixed t > 0 and y € R4\ N, the map x — p(t, x, y) is continuous on each F.

To obtain upper bounds of off-diagonal estimates for p(z, x, y), we will use the following
Davies’ method, see [5]. Note that, the so-called carré du champ associated with (£, F) is given
by

(f.g)(x) = fR ()~ F0) (20— g)I ) dy, g e F

We can extend I'(f, f) to any non-negative measurable function f, whenever it is pointwise well
defined.
The following proposition immediately follows from Theorem 2.1 and [5], Corollary 3.28.

Proposition 2.2. Suppose that Assumption 1.1 holds. Then, there exists a constant co > 0 such
that for any x,y € R4\ N and t > 0,

p(t,x,y) < co(t™*1 v~ exp(E 21, x, y)),
where
E(t,x,y) = —sup{[¢(x) — ¥ ()| —tA®W) : ¥ € CeP(RY) with A() < 00}

and

AW = [e'T (e, e”) .
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In the next section, we will consider the following two assumptions on the jumping kernel
J(x,y) for x,y € R? with |x — y| > 1.

(A) There are a constant ¢ > 0 and an increasing function ¢ : [1, c0) — (1, 0o] such that for
all x, y e R? with [x — y| > 1,

c

J(x,y) = 2.1
lx — y[+2p(Jx — y])
and
o0
d
/ " . 2.2)
1 rér)
Moreover, the function
o g -1
q>(s):=(/ r ) L os>1
s Tor)
satisfies
e the function s — log @ (s)/s is decreasing on [1, 00);
e there is a constant y > 0 such that
O (s)
sup <00 2.3)
s>1 PV (s)
(B) There is a constant ¢ > 0 such that for all x, y € R? with [x —y|>1,
J(x,y) < m 2.4)
It also holds that
sup / Ix — y12J (x, y)dy < 0. (2.5)
xeRd J{lx—y|=1}

Because ¢ is increasing on [1, 00), (2.1) is stronger than (2.4). Since (2.2) implies (2.5), (A)
is stronger than (B). For instance,, ¢ (r) = (1 + r)(’, ¢(r)= log”@(e +r) and ¢ (r) = log(e +
r)1log'*? log(e¢ + r) for any 6 > 0 satisfy the conditions in (A). On the other hand, under (1.1)
and (2.5),

sup / |x — y|2J(x, y)dy < oo.
R4

xeRd

In particular, there is a constant ¢ > 0 such that for any K > 0,

ci
sup / J(x,y)dy < —. (2.6)
{x—y|>K} K?

xeRd
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3. Heat kernel estimates

Throughout this section, we always suppose that Assumption 1.1 holds. We will derive upper
and lower bound estimates of the heat kernel for large time, respectively.

3.1. Heat kernel upper bound

Proposition 3.1. Under Assumption (B), there exist positive constants ty and c such that for all
t>tyoand x,y e RE\ N,

c - )
R r=lx =yl
pt,x,y) = ct )
m, r<lx—yl".

Proof. We mainly follow the proof of [3], Theorem 1.4, but here we suppose that the time pa-
rameter ¢ is large. By Theorem 2.1, there are constants fg, co > 0 such that for all x, y € R \ N/
and ¢ > 1o,

p(t,x,y) <cot™ 2.

Thus, we only need to verify the off-diagonal estimate for p(z, x, y).
We first introduce truncated Dirichlet forms associated with (£, F). For 0 < K < 0o, define

E® (u,v) = f/ () —u@)(v@x) —v()J(x,y)dxdy, wu,veF.
{0<lx—y|<K}

Then by (2.6),
// (u(x)—u(y))zJ(x,y)dxdy§4/ u(x)z(/ J(x,y)dy> dx
{lx—y|=K} R4 {lx—y|=K}
1
<~z lull.
which yields that

5(u,u)=5(K)(u,u)+// (u(x)—u(y))zJ(x,y)dxdy
{lx—y|=K}
< €8 ) + 5 ul}: (3.1

In particular, (%), F) is a regular Dirichlet form on L2(R?; dx).

Let P (¢, x, dy) be the transition probability associated with (£5), F). Then, by (3.1) and
the proof of [2], Theorem 1.2, (or [7], Proposition 3.1), there exist positive constants c», c3 and
11 such that for all > 1, and x, y e RY \ \V,

PE (it x,dy) = p® (2, x, y)dy
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and

c3t

Pt x,y) <ot ™2 exp(ﬁ) (3.2)

Next, we will obtain the off-diagonal estimate for p® (¢, x, y), by applying Proposition 2.2 to
(X | F). For fixed points xq, yo € R?, let R = |xo — yo| and K = R/ for some 6 > 0, which
will be determined later. For A > 0, we define the function ¢ € C ilp(]Rd ) by

¥ (x)=[A(R —|x — yol)] v O.

Then, by the inequality (¢" — 2% < r2e2l"l for r € R and the fact that [v(x) — ()] <Alx —y]
for all x, y € R?, we get

Tk ) (x) i= e 2V OTE eV e?) (x)

Zf (eII/(Y)—Ilf(X) _ 1)2.]()(, y)dy
{0<x—y| <K}
2 _
< / (W) — P ()P EFOON (¢ yydy
{0<lx—y| <K}

se“xz/ = yPI(x, ) dy
{O<|x—y|<K}

30K

e
)\'262)\41( s

< <

(3.3)

where in the third inequality we used (2.5) and the last inequality follows from the fact that
r? <2e" forall r > 0. Hence,

63AK
Ag () = ”FK(‘/f)”OO = CSF’
which implies that
K eSAK
E® (1, x0,y0) = =[¥(x0) = ¥ b0)| + AWt < es— 1 = AR (34)

In what follows, we assume that t < K2. In (3.4), if we take

k—llo K
3k B\ )

K) R K?\ s K? 0 (K2
E (taXOa)’O)S——IOg +_Tt=C5—§10g —_—

then

3k °\ ¢
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so that by (3.2) and Proposition 2.2,

t
p®t, x0, yo) < cer™? eXP(% + E®) (21, xq, y0)>

0 K?
d/2
< cot 1
Ce6 exp(C3 +cs 3 0g< o ))

0/3
. tdﬂ(ﬁ) /
7 Kz .

Hence by letting 6 = 3(d 4 2)/2, we have

26 \ D2 g g0 2t
K e — 8 _ 8 . 3.5

We finally obtain the off-diagonal upper bound of p(z, x, y). In fact, by Meyer’s construction
(see, e.g., [3], Lemma 3.1(c), or [2], Lemma 3.7(b)), (3.5) and (2.4),

cot

p(t,x0,y0) < p Ot x0,y0) +1 sup J(x,y) < (3.6)

lx—yl=K |xo — yol9+2”
Therefore, the proof is complete. ]

Theorem 3.2. Suppose that Assumption (A) holds. Then, for any k > 1, there exist positive
constants 6y € (0, 1), tg > 1 and ¢; (i = 1, 2) such that for all t > ty,

I%’ i tzelx—yﬁz,
plt,x,y) < t%ex (‘Cﬂxt 4 ) logothqx {|y|) <t<lx—yl%
Ut 1x =yl ¢, @, ), f< foli—yP
log @ (|x — y)
where
cl cit cit

Ult,|x —y|,0p, D, k) = A + .
(1215 = 3182 @ k) 1= g 7 =y T e Sy g =317

Proof. We use the same notations as in those of Proposition 3.1. By Theorem 2.1, we only need
to consider off-diagonal estimates, that is, the case that t < |x — y|>. We split the proof into two
parts. Even though the proof below is based on the Davies method, the argument is much more
delicate than that of Proposition 3.1.

Let K > 1. For fixed points xg, yo € R? with [xo — yo| > 1,1et R = |xg — yo|. For A > 0, define
the function ¢ € C?P(Rd ) by

@) =[A(R—Ix = yol)] vO.
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Then by the same argument as in (3.3), and by Assumption 1.1(ii) and Assumption (A),

_ 2
Ik (W)(x) = / (VOVO _ 1)1 (x, y) dy
{0<|x—y|<K}
< /\2/ Ix — y?e Vg (x, y) dy
{O<|x—y|<K}
=’ / lx — y[2e? g (x, y) dy
(0<lr—yl<1)

+ A2 / Ix — y[2eP g (x, y) dy
{I1<lx—y|<K}

< 2%e®* sup / Ix — y|2J (x,y)dy
{O<|x—y|<1}

xeRd
21]x—y]|
+Cl)\.2/ ed dy
(I<lx—yl<k} [x* = Y|%@(|x — y])
=: () + (ID). (3.7)

(1) We first derive the desired Gaussian upper bound. For any 6 > 0, let 1 be a positive constant
such that /6 < 1/4. Assume that K = R and r > 0 K?/log ®(K). We set A = nK /. Since
K > 1 and the function s > log ®(s)/s is decreasing on [1, 00) by Assumption (A),

= K < exp (2,7@)

< eznlog<b(l)/9 — q)(1)2n/97
0K

and so
M <2 @122 < er(1+ d(1)2% <o (1+ d(1)) /222 = 32,

If 1 <r < K, then, also due to the decreasing property of the function s — log ®(s)/s,

P Kt exp(znr loged;((K)> - eXp(zmlog@@(r)) — o)
r

which implies that

O(lx — y)2n/e 00 @ (7)21/0
= [ B gy [T g
{x—yz1} [* = y[9@(x — y]) 1 re(r)

0 1 00 1 —2n/0 C4)\.2 o) 1 1-(2n/6)
= C4k2/ (/ ds) dr = (/ ds)
1 rer)\J, s¢(s) 1 =@2n/o)\J1 s¢(s)

00
< 2C4K2<1 +/ ! dS) = CS)\.Z.
1 so(s)
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Hence by (3.7),
Ax@) =T @) < (€34 cs)A> =: Cia’.
In particular, we have
K2
B (1, x0,y0) < Ak (W) = [¥(x0) = ¥ (0)| < Cuk® = AR = —51(1 = C.)—.

This along with Proposition 2.2 yields that there is a constant ¢ > O such that for all r >
0K?/log(K),

cot _ n(1—nCy) K* } 3.8)

) (1 <cet ™ exp — - ———
P (1, x0, yo) = ¢6 P %2 2 ;

We note that the constants cg and C,. above are independent of 1 and 6.
In what follows, we assume that

0K? 5
—— <t <K~".
logd(K) = —

Since t/K2 <1, we have by (3.8),

_nd —nC*)K_z}

p®(t, x0, y0) < cvt‘d/zexr){ 5 ;

Then by the first inequality in (3.6) and (2.1),

p(t,x0,y0) < pF(t,x0, yo) +1 sup  J(x,y)
[x=y[=K

_ 2
_nd nC*)K_} cgt (3.9)

—d/2 s
<cqt exp{ 5 ; K726 (K)’

Let n, be a positive constant such that
1 —n.C 1
UGl S PPNLAY
20 y
where y is the constant in Assumption (A). Then by (2.3), there is a constant cg > 0 such that

nv(1 —n.Cy) K2 nx(1 = 15C,) log @ (K)
R T N S 0

_ 1 - c9
T O(K)(1-mCa/20) = g (K)'

By noting that

1 t 1 d+2)/2 t
{2 T (@) Zt(ﬁ) = g



Long-time heat kernel estimates and upper rate functions of Brownian motion type 3807

we get

t 1 —n4Cy) K?
§cg_lt_d/zexp _77*( UES *)_ .
Kd+2¢(K) 2 t

Hence if we take n = 1, in (3.9), then

_77*(1 —1xCy) K_2
2 t

p(t, X0, 0) < cﬂ‘dﬂwp{

_77*(1 — 1xCx) K_z}

—d)2
t e
+ c10 Xp{ 3 :

1= 1.Cy) |x0 — yol?
_. C*t—d/zexp{_n*( 217* +) X0 tyol }

Namely, for each fixed # > 0, we get the desired Gaussian bound for any 7 > 0 and x, y € R¢
such that

Olx — y|?
O Iy
log ®(lx — y])
(2) Letk > 1. Here we let K = R/« . Since we can choose 7y in the statement large enough, we
may and do assume that |xo — yo| is large enough such that |xg — yo| > «, and so K > 1. Below
we assume that

9()R2
< ———
~ log®(R)
for some 6y > 0 small enough, which will be determined later.
Let
s log ®(K)
T 4K

Since the function s — log ®(s)/s on [1, 0o) is decreasing by Assumption (A),

log ®(K log &
emrzexp rog—() <exp rM =<I>(r)]/2, 1<r<K.
2K 2r

Hence by (3.7),

Ax(¥) < coh?,

where cp > 0 is independent of 6y, x and A. In particular, by choosing 8y € (0, 1) so small that
cokBy < 2, we have

E® (1, x0, y0) < Ax ()t — | (x0) — ¥ (00)|

<cor’t — AR
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_ < (log®(K) 2 gyR? log®(K)
=16 K log ®(R) 4K

log & (K
_ glogCD(K)(—l + COKQOL())

4 log®(kK)
K
< —§10g¢(1<),

where we used k > 1 and the increasing property of the function ®(r) in the last inequality. We
then have by Proposition 2.2,

1
(K) —d/2 N
p (2, x0, yo) < cit DK’
which yields that by the same way as in (3.9),
d/2 1 oot

p(t, xo, yo) <cit” + .
®(lxo — yol/K)</3  |x0 — yol**2¢ (Ix0 — yol/x)

Noting that Assumption (B) is weaker than Assumption (A), we know from Proposition 3.1
that for any xo, yo € R¢ \ N and ¢ > to with 1 < |xg — yo?,

(t )< c3t
P, x0,Y0) =7 75"

|xo — yol+2
Since ¢ is an increasing function on [1, co) and |xo — yo| > k, we have ¢ (Jxo — yo|/x) > ¢ (1)
so that

t t

< .
Ix0 — Yol?*2¢ (Ixo — yol/k) ~ ¢(1)]xo — yol4+?

Therefore, we finally obtain

C4 A cqt 4 cqt
t920(1x — y|/K)</8 " |x = |92 =y 2@ (1x — yI/K)

p(t, xo0, y0) <
Combining the conclusions in (1) and (2) above, we get the desired assertion. O

Remark 3.3. (i) According to Theorem 3.2, we can obtain [7], Theorem 3.3, when ¢ (r) =
exp(cr?) for some constants ¢ > 0 and 8 € (0, 1]. By [7], (1.14) in Theorem 1.2, we know that
upper bound estimates in Theorem 3.2 are sharp up to constants in this case.

(i1) By part (1) of the argument for Theorem 3.2, we indeed prove that for any 6 > 0, there are
constants ¢; =¢;(0) >0 (i =1,2) such thatforallt >fyand x, y € R? with

Olx — 2
=y, lx —yI%,
log®(|x — y|)

it holds that

c1 clx —y?
p(t,x,y) < WGXP(—f .
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As a consequence of Theorem 3.2, we have the following statement about upper bound esti-
mates of the heat kernel for a new class of symmetric jump processes.

Corollary 3.4. Assume that there are positive constants ¢, co such that for all x,y € R¢ with
x—yl=1,

Ci
Jy) < —2
|x _y|d+2+a

Then, there exist positive constants to > 1, 8y > 0 and c¢; (i = 1, 2) such that for all t > t,

Cl
R fZ|X—y|2,
c1 clx — yI? folx — yI? )
— exp| — , <t=<|x— )
p(t,x,y) < 1d/2 p( t 10g(1+|x—y|)2 | vl
ct - Bolx — y|
|x — y|d+2te’ T log(1+[x —yl)

Proof. By adjusting the constant ¢ in Assumption (A) properly, we can take ¢ (r) = (14 r)¢ and
soci(1+r) <®(r) <cp(1+4r)? forall r > 1. Hence by Theorem 3.2, there exists o > 1 such

—v2
that for any 7 > fo, we have the desired assertion if # > |x — y|? or if % <t<|x—y
folx—yI? - ‘s o _ .
Next, we assume that 1) <t < oz Tl =y]) - Since there exists ¢;5 > 0 such that |[x — y| > cs, by

taking k > 1 so large enough that ex /8 > d 4+ 2 4 ¢ in Theorem 3.2, we find that

c3 c3t c3t
U(t’|x_y|’¢’q)”‘)5d2 a2t T a2
142 x — y|dH24e |y — y|dF2 |y — y|dt2te

Cc4 c3t
< +
_td/2|x _ y|d+2+a |x — y|a’+2+e

cst
<— .
“lx— y|d+2+s

At the last inequality, we again used the fact that # > #5 > 1. Combining all conclusions above,
we prove the desired assertion. (]

To study rate functions of the process X corresponding to the test function ¢ (r) = log'**r,
we also need the following.

Proposition 3.5. Suppose that Assumption (A) is satisfied. Then for any § € (0, 1), there exist
positive constants ty, 6y and c1, c2 such that

cit
¢ — y[+210g 22 Tog (e + P (c2lx — y1))

pt,x,y) <

forallt >ty and x, y € RY \ N with

) _yl2
fo<t< M
log ®(|lx — y))
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Proof. For fixed points xg, yo € R and 6 > 0, we let R = |xo — yo| and K = R/6. Since 1y
can be large enough, we may and do assume that R is large enough. We use the approach of
Proposition 3.1 and start from the estimate (3.4). Taking

1 K?1og®log ®(K)
r=—log| —— |,
3K t

we have
K?1og’ log ®(K)

0
E®(t, x0, y0) < —Elog( ;

) + cy log‘S log ®(K),
where c, is the constant c5 in (3.4). If

C()K2
1< ——
~ log®(K)

for some cg > 0, then for K > 1 large enough,

0 K?log® log ®(K) 0 log ®(K)log® log ®(K)
log{| —— zglog

— ) > ¢, log’ log ®(K),
t cQ

6

due to the fact that § € (0, 1). Hence, for K > 1 large enough, we have

K?1og’ log CD(K))

0
E(K)(t,XOa)’O)E—glog< ¢

which along with Proposition 2.2 yields that

K?log® logCIJ(K)))

0
Kt <cit™expl —=1o
p 7 (t, x0, yo) < c1 p{ —5log oy

0/6
_ Clt—tﬂ(#) _
K21og® log ®(K)

Setting 6 = 3(d + 2), we get

t
Ka+210g@+2%/2 105 & (K)

pE(t, x0, y0) <2

This along with the first inequality in (3.6), (2.1) and (2.3) in Assumption (A) and the fact that
|xo — yo| = 6K gives us that

p(t.x0,y0) < p (1, x0, y0) +1 sup J(x,y)
lx—yl=K
- c3t
™ |xo — yol4t210g“ %2 log & (c4x0 — yol)
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cst

Ixo — yol4+2®1/Y (calxo — yol)
- celt
~ Jxo — yol9t210g @t/ 2 log d (c4lx0 — yol) |

The proof is complete. (]

3.2. Heat kernel lower bound
In this subsection, we establish the following lower bound estimates for the heat kernel.

Theorem 3.6. Under Assumption (B), there exist positive constants ty and ¢; (i = 1,2,3) such
that for all t > ty and x,y e R\ N,
et Ix —yl* <1,
(t,x,y)> calx —y?
p y clt_d/zexp . 2| Y|

2
” ) aly—yl<st=<|x—yl".

We first explain the main idea of the proof of Theorem 3.6. Following the approach of [2], we
introduce a class of modifications for the jumping kernel J (x, y). Let x2 be the constant in (1.1).
For § € (0, 1), define

K2
T = y[daz Ho<l—yl<d) (3.10)

IO y) = J 0 sz F 1

and
D% = {u € L2(Rd; dx) ‘ // (u(x) - u(y))2J(6)(x, y)dxdy < oo}.
XFEY

Then by Assumption 1.1, we have for any § € (0, 1)

ff (u(x) — u(y)*J (x, y) dx dy 54/u<x>2(/ J(w)dy) dx
{lx—y|=4} {lx—y|=4}

<c1(8) / u(x)*dx
and so

//x#y(u(x) - u(y))zJ(‘s)(x, y)dxdy + ”"‘”iZ(Rd;dx)

— 2
// (u|ch)— |L:l5rya)z) dx dy + [lull 2 g, g, 3.11)



3812 Y. Shiozawa and J. Wang

Therefore, for all § € (0, 1),

_ 2
N

lx — |d+a2

that is, D° is independent of § € (0, 1).
Let (£%, D%) be a bilinear form on L2(R?; dx) given by

55(u,v)=//Rd IRd(u(x)—u(y))(v(x)—v(y))J“”(x,y)dxdy, u,veD,

and let F? be the closure of Cllp(]Rd) with respect to the norm ”f”sz =.,/E(f, )+ ||f||% in
D3 . Then, (€%, F?) is a regular Dirichlet form on L?(R?; dx). Moreover, according to (3.11) and
the argument of [2], Lemma 2.5, we have F° = s =9,

Associated with the regular Dirichlet form (£2, F°) is a symmetric Hunt process Y% =
({Yt‘s},zo, {P*}yera\nr) With state space R4\ N3, where N5 C RY is a properly exceptional set
for (&9, F ‘3). By [18], Main result, the process Y3 is conservative. We also see from Theorem 2.1
that there exists a non-negative kernel ¢°(¢, x, y) on (0, 00) x (R \ Ns) x (R? \ N3) such that
for any non-negative function f on R?,

Ef(¥) = f q’(t.x.y) f(y)dy, t>0andx e R\ N;
R

and there is a constant ¢o > 0 such that
@, x,y) <er(t™ v/, >0andx,y e R\ Nj. (3.12)

Moreover, there exists an £°-nest {F,f}kz 1 of compact sets such that
o
d s
Ny =R\ | J F{
k=1

and for each fixed > 0 and y € R? \ s, the map x — ¢°(z, x, y) is continuous on each F,f.
Here we should note that the constant ¢, in (3.12) can be chosen to be independent of § € (0, 1).
Indeed, by the definition of J ©® (x,y),
IOy z — 1 T = Ji(x.y)
y I — y|d+a {lx—yl<1} s V) {x—y|>1y = JilX, y

forany § € (0,1) and x, y € R4. Then by following the argument of [2], Theorem 1.2, and [7],
Proposition 3.1, we see that ¢; can be determined by J;(x, y), which is independent of §.

Actually, under Assumption (B), we can also get the following near-diagonal lower bound of
q‘3 (t, x,y), which is the key to Theorem 3.6.
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Proposition 3.7. Under Assumption (B), there exist constants ty > 0 and co = co(tg) > 0, which
are independent of 8 € (0, 1), such that for any t > to and x, y € R? \ Ns with |x — y|* <t,

qo(t,x,y) = cot ™42

We will prove Proposition 3.7 later, and present the proof of Theorem 3.6 first.

Proof of Theorem 3.6. (1) We first claim that there exist an £-properly exceptional set A and
constants 79, ¢o > 0 such that for any 7 > 19 and x, y € RY \ N with |x — y|* <1,

p(t,x,y)> cot_d/z.
Indeed, let {6,,};’,0=1 be a decreasing sequence in (0, 1) such that §, — 0 as n — oo. Then, by [2],

page 1969, Theorem 2.3, (55" , F 5") converges to (£, F) in the sense of Mosco as n — 0o. Since
J® (x, y) > J(x, y) by definition, we have F¥c Fand

S‘S(u, u)>Ew,u) foranyu e F.

Therefore, any £%-exceptional set can be regarded as an £-exceptional set. Namely, we can
choose an £-exceptional set N so that UZOZ 1 /\/3” C N. On account of this, the desired asser-
tion follows from Proposition 3.7 and [2], pages 1990-1991, Proof of Theorem 1.3.

(2) Next, we prove Theorem 3.6 by following the argument of [6], Theorem 3.6. Note that
if t > 19 and |x — y|2 <'t, then our assertion follows from (1). In what follows, we assume that
Violx =yl <t < lx — y[%.

Let ! be the maximum of positive integers such that

2
t_ (="
1=\ 1

Since
— |2 42
u_1515u7 (3.13)
t t
we have
Ll =31\ _t_ (lx=yI\’
_ <-< 3.14
2( [ -1~ l ( )
and
b, _® ., (3.15)
[~ —yp =" '
Let {x;}o<i<e be a sequence on the line segment joining xo = x and xe = y such that
=)= 222 foranyk=1.... 6L (3.16)

6l
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Take a sequence {y;}o<i<e such that yo = x, ys; = y and yx € B(xx, (61)’1 |x —y|) forall 1 <
k <6l — 1. Then, (3.16) and (3.14) imply that for any 1 <k < 61,

lx =yl |x—y t
vk — Yk—1| < |yk — Xkl + |2k — xp—1| + [Xk—1 — Yr—1/ <3 - g = 2 < 7

Hence by (3.15) and (1), there exists a constant C = C(fg) € (0, 1) such that

t t —d/2

This, together with the Chapman—Kolmogorov equation implies that
p(t, x,y)

=/ / p/lx,y1) - pt/l, yoi—1,y)dy1--- dysi—1
R4 R4

2/ / p/l,x,y1)---pt/l, yoi—1,y)dyr -+ dysi—1
B(x1,(6) = x—yI) B(xi-1,(6) " [x—y])

: —d/26l—1 ‘ —d/2
<o) ) o e

N\ /2

where in the second inequality | - | denotes the d-dimensional Lebesgue measure, and the last
inequality follows from (3.14). Note that, by (3.13), we have

2
. X —
C6l > =2l > exp(_czl tyl >

which, along with the estimate above, yields the desired assertion. ]

The remainder of this subsection is devoted to the proof of Proposition 3.7. For this, we need
Lemmas 3.9 and 3.10 below. These two lemmas are concerned with a class of scaled processes
for the subprocess of ¥ on a ball.

We begin with some results which are due to [2,6,9,13]. Let B(x,r) be an open ball with
radius r > 0 centered at x € R, and B, = B(0, r). Denote by Y3 Br the subprocess of Y% on B,.
Let q‘s'B'" (t,x,y) and (E%Br F3.Bry be the heat kernel (also called Dirichlet heat kernel in the
literature) and the regular Dirichlet form associated with Y?%-37 respectively.

For a fixed r > 0, define

v) =7y,
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Then Y% ") = ({Y,‘S’(r) }i>0, {Px}xeRd\ N;) 1s @ symmetric Hunt process on R? \ N such that the
associated Dirichlet form (€%, F%®)) on L>(R?; dx) is given by

58,(r)(u, v) = // (M(.X) _ u(y))(v(x) _ v(y))rd+2](5)(rx, ry)dxdy
R4 x R4

and

_ 2
fs’(’)z{ueLz(Rd;dx)‘// dedy<oo}~
R4 xRd

|x — y[te
Moreover, the associated heat kernel qf (t, x, y) satisfies
qf(t,x,y) =rdq8(r2t,rx,ry). (3.17)

Let Y%@):Bi be the subprocess of Y% ) on Bj. Then the associated Dirichlet heat kernel
a7 (t.x, y) is given by
qf'B‘ (t,x,y)=righBr (rzt, rx, ry), t>0andx,y € By \ NVs.

We denote by (5B F8.(). By the associated regular Dirichlet form on L2(By; dx).
In the following, let

2\ 72 d
P (x)=Co(l —|x|7)>21p,(x), xeR

for some constant Co > 0 so that fBl ®(x)dx = 1. For each fixed x; € Bf \ NV, r > 1 and
g€ (0,1), define

uy(t, x) :=qr8’31(t,x,x1), ub(t, x):=u,(t,x)+e¢
and

Ho(1) = /B () loguf (1, y) dy.
1

Proposition 3.8. Under Assumption (B), the next two assertions hold.

(i) Foreacht >0, the function ®(-)/ui(t,-) belongs to Fo.0). B
(ii) The function H.(t) is differentiable on (0, 0o) and for each t > 0,

H. (1) = —&%:-Bi <u,(t, D, il ) (3.18)

Proof. (i) For any x, y € By,
D (x) 1

ut(t, x) = gcb(x)




3816 Y. Shiozawa and J. Wang

and

1
ul(t,x)  ut(t,y)
D(y)

u (6, UE(t, y)

oW e |_ 1
ub(t,x) ul(t,y)|  ul(t,x

)|<1>(x)—<1>(y)|+<1><y)

1
= uﬁ(t’x)\d><x>—d><y>|+

|uy (¢, x) — uy (2, )|
I C
< —[@@) = @)+ 3 Jur (. x) —ur (1. y)|-

Then our assertion follows by the strong version of the normal contraction property (e.g., see the
proof of [14], Theorem 1.4.2(ii)).

(ii) By (i), the right hand side of (3.18) is finite for any ¢ > 0. Then our assertion follows by
the same way as in [2], Lemmas 4.1 and 4.7, and [13], Proposition 3.7. O

Lemma 3.9. Under Assumption (B), there exist positive constants c1 and cy such that for any
£€(0,1),6€(0,1),x; € Bi\ N5, t >0andr >1,

H.(1) = —c1 + 2 / (logul(t, y) — Ho(1)* () dy. (3.19)

By

Proof. We mainly follow the argument of [2], Lemma 4.7. By Proposition 3.8(ii),

Hé{(t) — _68,(}’),31 <ur(t, .)’ (I)() )

Mf(t, )

_ ¢ e up (1, )P (y) —uy (1, y) P (x)
- //lem(”r(t’y) ) e oz y)

x rd+2 j @) (rx,ry)dxdy

—2/ d>(x)<rd+2/ J@)(rx,ry)dy) ) g (3.20)
B ¢

B up(t, x)

Leta =ul(t,y)/ul(t,x) and b = &(y)/P(x). Since s + 1/s —2 > (logs)? for any s > 0, we
have

uy (t, x)@(y) —uy(t, y)P(x)
us(t, x)u(t, y)

:q>(x)<1 —a—l—b—é)

a

(w5 (2, y) —us (2, x))

= cp(x)[(l /. JE(% LYh 2)]

a
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< <I>(x)|:(1 Vb - JE(log %)2}

_ - 2 W\ (w0
= (Vo0 o) - Voot e ) oo )
Using this inequality with 0 < u,(f, x)/uf(¢, x) < 1, we obtain by (3.20),

H (1) > —//B . (Vo) — ‘/<I>(y))2rd+2j(‘s)(rx,ry)dxdy

up(t,y) _ ut(t, x) 2d+2 ®
+//leBl <I>(x)¢>(y)|:log<m> log(m>i| rf 270 (rx, ry)dx dy

—2/ CD(x)(rdH/ ](‘3)(rx,ry) dy)dx
B BS

- /‘/I‘@d Rd (m - m)zrd+2-](8) (rx,ry)dxdy

WY L (uEGONT e )
+//le31 @(x)‘P(J’)I:lOg(\/W> log(—m)} reT eI (rx, ry)dx dy

=: —() + dI).

To give a lower bound of the last expression above, we first show that there exists a constant
C1 > 0, which is independent of § € (0, 1) and ¢ € (0, 1), such that

D < C1</d|V\/CD(x)|2dx +/ d>(x)dx>. (3.21)
R By

To do so, we write

D = f/ (Vo) — \/CID(y))zrd”J(‘S)(rx, ry)dxdy
{0<|x—y|<1/r}
+ f/ (\/ D(x) —+/ <I>(y))2rd+2J(5)(rx, ry)dxdy
{1/r<lx—yl<1}
+ // (\/CD(x) — \/Q(y))zrd‘ﬂ](‘s)(rx, ry)dxdy
{lx—yl=1}

=: (D1 + @2+ Ds.

By Assumption 1.1(ii) and [6], (3.9), there exists a positive constant c1, which is independent of
6 €(0,1) and r > 1, such that

B 2
o =art [[ WP axdy e [ [9Va@
{0<|x—yl<1/r} Rd

|rx — ry|d+e2
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_6
Since 6/(2 —a2) > 1, the function v/®(x) = /Co (1 — |x|?) T2 1, (x) is Lipschitz continuous;
that is, there exists a positive constant c¢ such that

|\/CI>(x) — \/CD(y)| <colx —y| foranyx,ye RY.

We note that for any 8 € (0, 1), J® (rx,ry) = J(rx,ry) for x,y € R and r > 1 with |rx —
ry| > 1. Therefore, there exist positive constants cp; (i = 1, 2, 3), which are independent of > 1
and é € (0, 1), such that

(I < ey rdH2 ffw | ‘1}(\/<I><x)—\/d><y>)21(rx,ry>dxdy
r<|x—y|<

< et / ( / x — Y2 (rx. ry) dy) dx
By \J{l/r<|x—y|<1}

c22
<2 (f =PI, y)dy) dx
r By \J{|lx—y|>1}

<cp3= 623/ ®(x)dx,
B

where we used Assumption (B) in the last inequality. We also have

D3 50317d+2/ (/ J(rx,ry)dy) dx
By \J{|x—y|=1}
C31r2
=— J(x,y)dy )dx
r - \{lx—y|=r}

<c3p= 632/ d(x)dx
By

for some positive constants c3; (i = 1, 2), which are independent of r > 1 and § € (0, 1). We thus
arrive at (3.21).

We next show that there exist positive constants ¢ and ¢, which are independent of ¢ € (0, 1),
8§€(0,1),x;1 € By \N;,t>0and r > 1, such that

) > —c+ C// (log ub(t,x) — Hg(t))zcb(x) dx. (3.22)
By

To do so, we first prove that

/ [log(uf(t’x)>:|2dx < . (3.23)
B (I)(x)

u,(t, x) = qf’Bl (t,x,x1) =rig>Br (rzt, rx, rxl) < c”rd[(rzt)fd/2 Vv (rzt)id/a'],

Since (3.12) implies that
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we have
e<uf(t,x)=u,(t,x)+¢< c”rd[(rzz)*d/2 v (rzt)*d/o”] +e
so that
0 < (logué (1, x))” < [loge| v [log(c"r ((r2) > v (r21)™*") +&)|]".
Hence,
/B (logu® (1, x))” dx < oo.
|
Noting that
ul(t, 0\ . 2
[log( @(x)ﬂ = (logu(t, x) — log /& (x))
<2(logul (1, %)) +2(log VO ()
and

/ (log \/d>(x))2 dx < oo,
By

we get (3.23).
We next give a lower bound of (II). By (1.1) and (3.10), we have forall r > 1 and x, y € R,

K1 2—ay K1

r2IO0x, ry) = rtt? Lyi<iyry =7 X = y|drar La—yi<i/ry-

|rx — ry|dte

Then by (3.23) and the weighted Poincaré inequality ([12], Corollary 6, see also the argument in
[71, Theorem 4.1, and [6], Proposition 3.2), we obtain

_ 2t y) ué(t,x) )\
w=r [ ewen (e ) -5 )
I =r s, (x)®P()| log 30) og 0

K1
X _—
x — y[dten

ut(t, x) B uy(t,y) ?
zc“/B.[log<¢d>(x)> (/B.log(m(y))q)(y)dy)} PLodr

B Ul (t, x) 1 2
=c4 /l;] [log<m> — (Hs(t) — 5/3. d(y)log CI>(y)dy>j| O (x)dx (3.24)

Ljx—yl<1rydxdy
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for some positive constant c4 = c4(x1, d, a1, ®), which is independent of § € (0, 1), x; € B1\ N5,
t>0,r>1ande¢ € (0, 1). Moreover, since

& 2
(log (1, x) — Ho(1))? < z[log<”’_g’(;) ) - (Hga) -3 /B @z @) dy)}

2
+z(llogq>(x)—1f cb(y)loch(y)dy) ,
2 2 B

the last expression in (3.24) is greater than

c4

(logut (1, x) — He (1)) ® (x) dx — cs
2 /s,

for
2
5= (logd)(x)—/ @(y)log<1><y>dy> (x) dr,
4 B B

whence (3.22) follows.
Combining (3.21) with (3.22), we have (3.19). The proof is complete. O

Lemma 3.10. Under Assumption (B), there exist constants ty € (0, 1) small enough and c, =
c«(to) = 1 such that the following assertions hold.

(i) Forall 5§ € (0,1),r > cy, t € [19/8, 2tp] andxeRd\./\/:;,
1 1

(|7 vy > 2 ) < —.

4 2

(ii) Forall § € (0,1),r > ¢y, t €[10/8, 10] and x1 € Bij2 \ N,

/ u(t,x)dx >
B(x1,1/4)

Proof. (i) By (3.17) and the change of variables, we have for all # > 0 and x € R? \ Nj,

1

3, 8,

Px<|Yl r _ Y (r)| > Z) / qf(t,x, y)dy
{ly—x|=1/4}

= rd/ q‘s(rzt,rx,ry) dy
{ly—x[=1/4}

/ qS(rzt,rx,y) dy
{ly—rx|=r/4}

q‘s(rzt, rx, y) dy

W

/{I.V—Vxlzr/4,|y—rx|22r21}
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+/ q‘s(rzt,rx,y) dy
{ly=rx|=r/4,r2>y—rx|?}

=: (D) + (ID).

Since the jumping kernel J® (x, y) fulfills Assumption (B), we see by Proposition 3.1 that there
are constants ¢; (i =1,2) > 0 and #; > 0 (both are independent of § € (0, 1)) such that for all
r2t > 11 and x € R?\ N,

2
(I)S/ Ltdzdyfqrzt/ S ——
{ly—rx|>r/4,|y—rx|?2>r2t} |y - f')C| + {ly—rx|>r/4} |y _rx| +

On the other hand, if r < 1/16, then < r2/16, and so (II) = 0. Therefore, if we choose t, > 0
small enough such that

cot.

1 |
H<— d Hh<—,
253 M4 abh=5

then for any r > /8t /t> and t € [1,/8, 21>],

1 1
3,(r) 3,(r)
Px<|Yt r—Y0r|>Z)§E

The desired assertion follows by taking t9p =t and ¢, = 1 VvV /811 /1.

(ii) For an open subset D of RY, let Tgam be the exit time of Y%) from D. Since

5,B 5,B
gr (@t x, x1) =qr ' (8, x1, %),

/ u,(t,x)dx = g2 B, x, x1) dx
B(x1,1/4) B(x1,1/4)

:/ qf’Bl(t,xl,x)dx
B(xy,1/4)

=P (|7 — x| < 1/4)
=P (|0 — x| < 1d <)), (3.25)
Noting that
1=PU(|r0 0 x| < a <o ") 4P (V0 x| < 14,7 <)
+ P (|0 — x| = 1/4)
<P — x| < 1ar <o ) 4P (e <0 + P (P — x| = 1/4),

we get by (3.25),

/ up(t, ) dx = 1 =P (e <i) =PI (Y0 — x| = 1/4).  (3.26)
Bxi.1/4)
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Let X = ({X;}/>0, {P*},cgre) be the strong Markov process on R4 and 7p the exit time of X
from D. Then by the same way as in [3], (2.18), the strong Markov property implies that for any
xeRd,t>0andr>O,

PX(TB(X,I’) <t) SPX(TB(x,r) <t,| X —x|< }"/2) +Px(|X2t —x|> r/2)
<P (1) <1, X2 — Xego )| = 7/2) + P¥(1X2s — x| > 7/2)
< sup  P(|Xo—s — 2| = r/2) + P*(IX2 — x| > 7/2)

s<t,|z—x|>r
<2 sup P¥(|X;—zl=r/2). (3.27)
s€lt,2t],zeR4

Applying it to {Y,S’(r)},zo, we see that for any x; € By;2 \ N,

P (t};f'(r) <t)<P" (té’f;;

,)1/2> <t)<2 sup  PY(|Y)0 —z| > 1/4).

s€lt,2t],zeR4
Then by (i), we obtain for any x1 € B2 \ Ns and 1 € [19/8, to],

P (e <t) + PV — x| = 1/4)

<2 sup P[00 —z| = 174) + P (7)) — x| = 1/4)
selt,2t],zeRd

1 1 1

- 12 + 12 4
Hence the proof is complete by (3.26). (]

Now, we are in position to give the proof of Proposition 3.7.

Proof of Proposition 3.7. Let 7y € (0, 1) and ¢, > 1 be the same constants as in Lemma 3.10.
We first prove that there exists a positive constant ¢ = c(#) such that for all § € (0, 1), r > ¢4,
x1 € B2\ Ns and 11 € [10/4, 19],

/ ®(y)logg® B (11, v, x1)dy = —c.
By

Our approach here is similar to that of [11], Lemmas 3.3.1-3.3.3, and [13], Proof of Theo-
rem 2.5. Fix e €(0,1),5 € (0, 1), x; € Bi2 \ N5, r>cyand t € [ty/8, 1p]. Let K be a constant
such that |B(x1, 1/4))|e~X = 1/4, and define

D! :={x € B(x1,1/4) |ui(t,x) = e X}

Then

1
/ ur(t,x)de/ uf(t,x)dxfeiKiB(xl,l/4)|=—.
B(x1,1/4)\D¢ B(x1,1/4)\D¢ 4
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Since r > 1 and t < 1 by assumption, we get from (3.12) that

up(t,x) =rdg®5 (rzt, rx, rx1) < rdq‘s(rzt, rx, rxl)

e (P20 v () ) < e, (3.28)

where ¢y is a positive constant independently of § € (0, 1), » > 1 and x, x1 € B2 \ Ns. Then

ci
ur(t,x)dx < ——|D7|.
/;t ' d/O[ | |

Combining all the estimates above with Lemma 3.10(ii), we have

3
—5/ ur(t,x)dxzf u,(t,x)dx+/ uy(t,x)dx < d/ |Df |+
47 JB@y,1/4) D? B(x1.1/4)\Df @
that is,
pe = L L (0 T orallt e li0/8. 0
=00 T 2¢ \ 8 0/%- 701

Furthermore, by following the argument in [6], pages 851-852, and using Lemma 3.9, there
exists a positive constant ¢ = ¢a(fg), which is independent of ¢ € (0, 1), 6 € (0, 1), r > ¢, and
x1 € Biy2 \ N, such that for any 1 € [t0/4, 0],

H (1) :/B () loguy (1, y)dy = —ca. (3.29)

Note that if 0 < & < 1 A (2¢1/15/“"), then by (3.28),

Std/al d/ag d/og 1 td/al
i S | €t | ¢ - 0 <1
2 = e u,(11,y) 2 (ur(t1,y) +€) < 5t e =

Therefore, by the monotone convergence theorem,

d/ay d/ay

fq)(y)log(tlz ”f(II,J’))d)’_)/ <1>(y)10g<t1 ur(tl,y))dy (e 0).
B c1 B 2cy

Then by letting ¢ | 0 in (3.29), we get

/CD(y)Iqu;S’BI(fl,y,xl)dy=/ ®(y)logu,(t1, y)dy > —c2,
By

By

which is the desired inequality.
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We next discuss the lower bound of ¢°(, x, y). By Jensen’s inequality, there exists a positive
constant c3 = c3(tp, ) such that for all § € (0, 1), r > ¢4, t1 € [t9/4, to] and xo, x1 € B1/2 \ N,

logqf’B'(Ztl,XO,xo=10g(f qf’Bl(n,XO,y)qf’B'(tl,y,xody)
By
§,B1 §,B1
zlog(/ q, "' (t1, x0, ¥)q; (tl,y,xl)ﬂb(y)dy)—10g||<1>||oo
By
> / log(g2 B! (t1, x0, g2 B (11, y, x1)) @ (y) dy — log | ®]loc
By

- f ®(y)logg® P (11, x0. ) dy + / ®()g> P (11, . x1) dy
B B

—log [|®]l
> —C3;
that is,
g% B1(t, x0, x1) = e7¢  forall t € [1y/2, 210]. (3.30)

As we see from the proof of Lemma 3.10, the positive constant #y can be arbitrary small. In
what follows, without loss of generality, we may and can assume that O < 7y < 1/4. Then for any
t € [1/2, 2], there exists a positive integer k; > 1 such that r — k;ty/2 € [tp/2, 2tp]. In fact,

1 t — 2ty t—1p/2 4
0<——4< <k < <—-1 (3.31)
1 t0/2 10/2 1o

and
t—1ty/2 t — 2t .
t0/2 /2

By the semigroup property and (3.30), we have for any ¢ € [1/2, 2] and x¢, x| € B1/2 \ N,

- 5,3,(

2 §,B
q> % (r’t, rxo, rx1) = g2 " (1, xo, x1)

= / q> B (1 —10/2, x0, 21)q% B (20/2, 21, x1) dz
B

> / a5t = t0)2, x0, 21045 F (t0/2, 21, x1) dzy
B2

Ze_“/ g2 Bt —19/2, x0, z1) dz1.
B2
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By the same way, the last term above is equal to

e / ( / Qf’Bl(t—2'lo/Z,X(),zz)QE’Bl(to/Z,zz,m)dm)dZ1
B2 \Y B;

26_263/ (/ f]f’B](f—2~t0/2,XO,Zz)d22>dZ1.
Bij2 \YBip

By repeating this procedure and using (3.31), there exists a positive constant c4 = c4(#p, ) such
that for all § € (0, 1), r > ¢y, t €[1/2,2] and xq, x1 € B1;2 \ N,

rdg® B (r?t, rxo, rxi) = efk‘“/ / g2 B (t = kito/2, x0, 2k,) dzg, - -+ dzy
B> B2

> ¢~ WHDS|By |8 > ¢y, (3.32)

where c4 is independent of 7.
By taking t = 1 in (3.32), we find that for all § € (0, 1), r > ¢4 and x¢, x1 € B1,2 \ N,

8,8, (rz, rxo,rxl) > &

q wE

Letting r = /7 in the estimate above, we have for any for ¢ > c% and xo, x1 € B2 \ N,

c4
qa’Bﬁ(I, Vixo, /1x1) > m;

that is,

8,B C4
q e X0, X)) 2 . X0, x1 € B \ Ns.
By the space-uniformity of R¢, we can replace the center of any ball by zg € R¢ in the argument
above. Hence for any ¢ > ci, z0 € R? and x, y € B(z0,V1/2) \ N5,

5 5.B(z0.V1) c4
Note that for any x,y € R? with |x — y|> <, there exists a point zo € R? such that x,y €
B(z0, +/1/2). Therefore, our assertion is valid for ¢ > ci. ([l

At the end of this section, we present two-sided heat kernel estimates for jump processes,
upper bounds of which have been established in Corollary 3.4.

Corollary 3.11. Assume that there is a constant € > 0 such that for all x, y € R¢ with |x — y| >
1 )
1

Ty =<
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Then, there exist positive constants to > 1, 8y > 0 and cq such that for all t > t,

1

T t=lx =yl
1 colx — y|? folx — y|? 2
o PRI 7 <t<lx—yl,
p(t,x,y) 142 p( ‘ log(1 + |x — y|) =
1 _ folx — yI?
Ix — y|dr2re’ “log(1+|x—y)’

Here we note that the constants co and 0y in the formula above should be different for upper and
lower bounds.

Proof. The upper bound estimates have been proved in Corollary 3.4, so we need verify lower
bounds. According to Theorem 3.6, we have got the first two cases, that is, t > |x — y|2 and

2 . . .
% <t<|x— y|2. Then, the proof is complete, if we prove that there exist constants

to > 1and cy,cp > 0suchthatforall (g <t <ci|x — y|2,

plt.x,y) > —2 (3.33)

— |x _ y|d+2+s :

(1) First, we claim that there are positive constants co and 7y such that for all # > #y and
x eRI\N,

]PX(.[B(X,CO\/?) <t <1/2. (3.34)
Indeed, we recall (3.27): for any x e R\ A and , r > 0,

P (tpey <) <2 sup PY(|1Xoy—y — 2l = 7/2). (3.35)

s<t,zeRd

Now, according to upper bound estimates for p(t, x, y) in Corollary 3.4, there is a constant 7y > 0
such that for all 1 > #g, r*> >t and x e R \ WV,

t
P*(1X, —x|>7) <ci ( / 2 exp(—calx — y*/t) dy + / Wdy)
{ly—x|=r} Vvl

{ly—x|=r} |X —
* d/2—1 >t
c e gt/ ds—i—/ ds
3</r2/t r S3+8
2 1
=< C4<€ it 4 r2+g>'

In particular, taking r > cgt'/? for some c¢ large enough, we find that

IA

P*(1X; — x| >r) < 1/4.

This along with (3.35) yields (3.34).
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(2) Next, we will use the approach of [10], Section 4.4. Fix t >ty and x,y € R4 \ N with
|x — y| > 4cot'/2, where cg is the constant in (3.34). It follows from the Chapman—Kolmogorov
equation and Theorem 3.6 that

pQ2t,x,y) =/Rd p(t,x,z)p(t,z,y)dz

z( inf p(t,z,y))f p(t,x,z)dz
lz—yl<2cot'/? {ly—zl<2cor'/?}

>c 1942 p* (X, IS B(y, ZCotl/z)).
For any x € R? and r > 0, define
OB(x.r) :inf{t >0:X; € B(x, r)}.
By the strong Markov property,
IP’X(XI € B(y, 200t1/2))

> PX(GB(y,Coll/z) <t/2; sup | X5 —

| < Cotl/z)
s€lo

Opivonil)2
B(y,cot /<)
B(y.cot1/2) Jt]

=P oyt £1/2) ZGB(;nj),l/z)PZ(TB(Z,COII/Z) > 1)

1
= EPX(UB();,CO;I/Z) =t/2),

where we used (3.34) in the last inequality. Furthermore, by the Lévy system formula (see [3],
page 151, and [8], Appendix A) and the fact that |x — y| > 4c0t1/2,

PX(GB():,CO;I/Z) <t/2)= ]PX(X(t/Z)Ar € B(y, COfl/z))

Bx,cot!/2)

@/DAT (e ci1/2) dz
> e, < f " / X, o dS>
0 B(y,cot!/?) | Xs —z| €

d/2+1px
> 3t/ P (TB(x.cor1/2) Zt/2)—|x e

dj2+1 1
v — yldtare’

> c4t
where in the third inequality we used the facts that |x — y| > 4cot'/2, and for all s € (0, (t/2) A
Th(x.cor'/2)) and z € B(y, cot'/2),

1/2

|Xs — 2l < [Xs — x|+ |x =yl 4|y — 2l < 2cot /" + |x — y[ < 2[x — y;
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and the last inequality follows from (3.34). Combining all the inequalities above, we find that
t>1toand x,y € RY\ N with |x — y| > 4cot!/?,

2 cyqt
pQ2t,x,y)> H}m,

which proves (3.33). O

4. Proof of Theorem 1.2

Proof of Theorem 1.2. Throughout this proof, we set ¥ (r) = /r loglogr. Recall that tp(y ) =
inf{r > 0: X, ¢ B(x, r)} for any x € R? and r > 0.

(1) In this case, ¢ (s) = log! ¢ (e +s) and so c;l logf(e+s) < ®(s) < cylog’(e+ s) for some
constant ¢, > 1. We follow the proof of [21], Theorem 3.1(1), first. Setting #;, = 2%, we have for
any ¢ >0,k>2and x e RY\ N,

]P’x(le — x| = cy(s) for some s € [tk_l,tk])

=P sup X =¥l Z v () <P Caieep iy < 1)

S€ltk—1,1]

<2 sup P(|Xy, -5 — 2l = P (tr—1)/2), 4.1)

s<ty,zeR4
where in the last inequality we used (3.27).
For any « > 1, let 8y be the constant in Theorem 3.2. In the following, let C := C(«x) > O which
is chosen later. We ﬁrst take 05 > C large enough such that, if r > 65 (¢), then ¢ < if
r< 9 Y (t), then t > 1og<1>( )

8 > 0 be arbitrarily first. For any x € R? \ A and 7 > 1 large enough, according to Theorem 3.2,
Remark 3.3(ii) and Proposition 3.5 (with § = 1/2),

log <I>(r) )
for some constant 0(/) € (0, 1). Below, we fix this « and 6, and let

P*(1X; — x| = Cy (1))
2/ p(t, x,y)dy
{ly—x|=C¥ (1)}

¢l olx — y?
<n f eXp<—7 dy
! (CY () <ly—x|<0F ¥ (1)} !

1 t
—d2
+c3 / ( + ) dy
(039 () <ly—x|<ca/Tlog P 1} log®/8 |x —y|  |x — y|9t2log!*e |x — y|

t
+65/ d
{y—xlzca/rlog 1) |x — y[4+21og @D/ * loglog(1 + |x — y|)
=h+DL+1
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where the constants ¢; (i =1, ..., 5) may depend on « and §. First, it holds that

148 \d/2( —d)2 £/8 * t
I < 621|: tlo t t~ 4% log7ke/° _|_/ - dri|
(t1og ™) s ) ozy () r3logh Tt r

1
< cn [log—<<xe/8)—<<1+a>d/2>> ft e t}_

Taking « > 1 large enough such that ke/8 > (1 +6)d/2 + 1 + ¢, we find that

c
he—B_
log' "¢t

Second, we fix « as above. We find that

c11 clx — )’|2
I < d—/zf exp(—i dy
t {(ly=xI=Cy (1)) !

0

— _ 2

< 6‘2/ exp(—c25)s?? 7 ds < cy3(logt) ¢ /2,
C2loglogt

where ¢, depends on « above. Choosing C > 1 large enough such that C%c3/2 > 1 + &, we get
that

cl4

I < .
1+£t

1=
log

Third, it is easy to see that

€31

< —.
10g1+5 ¢
In particular, letting § = ¢,

32
I+ ¢

I3 <

log

Below, we fix C chosen above. By all the estimates above, we obtain that there is a constant
C1 > 0 such that for any x € RY \ \V and ¢ > 1 large enough,

C
P —xl 2 Cyn) < - : 4.2)

Og1+et'

According to (4.1) and (4.2), we know that there are constants Cg, C; > O such that for all
k>2andx e RY\ NV,

C

P* (X5 — x| > Co (s) for some s € [f—1, ]) < e

This together with the Borel-Cantelli lemma proves the first desired assertion.
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(2) Forany c >0and k> 1, setty = 2k and
Bk = {lthJr] - th| = C‘//(tk—l)}~

Denote by (F;);>0 the natural filtration of the process X. Then, for every x € R4 \Nandk >1,
by the Markov property and Theorem 3.6,

P*(By|Fy) = min P*(|X;, — 2| = ¥ (t-1))
S

RANN
> min p(te, 2, y)dy
2€RNN Jey (1) <ly—zl<t)
2
zclt,:d/z min exp(——c2|Z il ) dy
2€RNN ey (1) <|y—zl<uc} Tk
Tk
203/ e~ 25 5d/2=1 g
2 loglog(tx—1)/2
zcz;k_"z”z.
Choosing ¢ > 0 small enough such that ey e (0, 1], we have
o0
> _PU(BiFy) = oo.
k=1
Then by the second Borel-Cantelli lemma,
P* (limsup By) = 1.
This yields the desired assertion, see e.g. the proof of [21], Theorem 3.1(2). U
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