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In this paper, we develop non-stationary martingale techniques for dependent data. We shall stress the
non-stationary version of the projective Maxwell-Woodroofe condition, which will be essential for obtain-
ing maximal inequalities and functional central limit theorem for the following examples: nonstationary
p-mixing sequences, functions of linear processes with non-stationary innovations, locally stationary pro-
cesses, quenched version of the functional central limit theorem for a stationary sequence, evolutions in
random media such as a process sampled by a shifted Markov chain.
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1. Introduction

Historically, one of the most celebrated limit theorems in non-stationary setting is the functional
central limit theorem for non-stationary sequences of martingale differences. For more general
dependent sequences, one of the basic techniques is to approximate them with martingales by
using projection operators. A remarkable early result obtained by using this technique is due to
Dobrushin [10], who studied non-stationary Markov chains. Later, the technique was also used
for Markov chains, in Sethuraman and Varadhan [25] and in Peligrad [23]. In order to treat more
general dependent structures, McLeish [20,21] introduced the notion of mixingales, which are
martingale-like structures involving conditions imposed to the bounds of the moments of projec-
tions of an individual variable on past sigma fields. This method is very fruitful, but still involves
a large degree of stationarity and complicated additional assumptions. In general, the theory of
non-stationary martingale approximation is much more difficult and it has remained behind the
theory of martingale methods for stationary processes. In the stationary setting, the theory of mar-
tingale approximations was steadily developed. We mention the well-known results, such as the
celebrated results by Gordin [14], Heyde [17], Maxwell and Woodroofe [19] and newer results
by Peligrad and Utev [24], Zhao and Woodroofe [32], Gordin and Peligrad [13], among many
others. Inspired by these ideas and using a direct martingale approach, we derive alternative con-
ditions to the mixingale-type conditions imposed by McLeish. Our projective conditions lead to a
non-stationary version of the weak invariance principle under the so-called Maxwell-Woodroofe
condition, which is known to be very sharp. Surprisingly, also, is the fact that our approach leads
directly to the quenched invariance principle under the Maxwell-Woodroofe condition, which
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was first obtained by Cuny and Merlevede [6] with a completely different proof. In addition, our
approach is also efficient enough to get the functional version of the central limit theorem for
p-mixing sequences satisfying the Lindeberg condition established in Utev [28]. For this class,
we completely answer an open problem raised by Ibragimov in 1991. Other applications we
shall consider are functions of linear processes with nonstationary innovations, locally stationary
processes and evolutions in random media, such as a process sampled by a shifted Markov chain.

We begin by treating nonstationary sequences with the near linear behavior of the variance of
the partial sums. Then, we discuss the general nonstationary triangular arrays and give the above
mentioned applications. The proofs are given in Section 5.

2. Results under the normalization /n

Let (Xx)k>1 be a sequence of centered real-valued random variables in L2(2, A,P) and set
S, = Z?:l X; for n > 1 and Sop = 0. Let (F;);>0 be a non-decreasing sequence of o -algebras
such that X; is F;-measurable for any i > 1. The following notation will be often used: Ex(X) :=
E(X|Fk). In the sequel we denote by D([0, 1]) the space of functions defined on [0, 1], right
continuous, with finite left hand limits, which is endowed with uniform topology and by [x] the
integer part of x. For any k > 0 let

8(k) = max | E(S+i — 5i1F7))| 2.1

2

and for any k, m > 0 let

m—1
O =m=" Y " Bi(Seyi — Sp).

i=1

To get the functional form of the central limit theorem under the normalization /n, we shall
assume the Lindeberg condition in the form

n>1Nn

sup l XH:E(X?) <C<oo, and
) = 2.2)
nli)rgoél;E{X,%I(|Xk|>8«/ﬁ)}=O, for any ¢ > 0.
Our first result is in the spirit of Theorem 2.4 in McLeish [21] and gives sufficient conditions
to ensure that the partial sums behave asymptotically like a martingale. As we shall see, next

theorem is a corollary of Theorem 3.1 of the next section which is using a normalization more
general than /.

Theorem 2.1. Assume that the Lindeberg condition (2.2) holds. Suppose in addition that
Z 27%/25(24) < 00 (2.3)

k>0
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and there exists a constant ¢* such that, foranyt €[0, 1] and any ¢ > 0,

(1]
Y (XT+2xi60") —t?

lim limsup ]P’(
k=1

Mm—=>00 n— oo

> 5) =0. 24

Then {n_l/zz [n1] 1 Xk, t € [0, 11} converges in distribution in D([0, 1]) to cW where W is a
standard Browman motion.

Remark 2.1. Note that by the subadditivity property of the sequence (& (k))r>0, condition (2.3)
is equivalent to

Zk‘3/26(k) < o00. (2.5)

k>1

Moreover condition (2.3) holds under the stronger assumption:

Zk 1/2 sup||IE(Xk+l )], < oce. (2.6)
k>1

Comment 2.1. Using the Cramér—Wold device, we infer that Theorem 2.1 can be extended to
the multivariate setting as follows. Assume that (Xx)x>1 is a sequence of centered R9-valued
random variables in JLZ(Q, A, P). Assume that, for any A € RY, the sequence of real-valued
random variables (A - Xy)x>1 satisfies conditions (2.2), (2.3) and (2.4) with ¢2 = o2(1). Then
{n’l/2 Z [n1] 1 Xk, t €10, 11} converges in distribution in D([0, 1]) to S 12w where W is a stan-
dard Browman motion on R and ¥ = (o7, j)l’ =1 is a positive definite symmetric matrix whose
entries can be defined as follows: o; ; = %{az(ei +ej)— o2(e;) — az(ej)} where (eq, ..., eq)
is the canonical basis of R¢. Note that the Gaussian approximation for non-stationary multi-
ple time series that are functions of an i.i.d. sequence has been obtained by Wu and Zhou [31],
but the conditions of their paper and ours have different range of applications. Indeed, their re-
sult is restricted to functions of an iid sequence and their dependence condition is stronger than
D ko1 P IE(X g4l Fi) — E(Xg4ilFi—1)]l2 < oo. This latter condition is known not to be
com_parable with (2.3) (see for instance Durieu [11]).

For stationary sequences, as a corollary to Theorem 2.1, we obtain the following corollary.

Corollary 2.2. Let (X,),ecz be an ergodic stationary sequence of centered random variables
with finite second moment, which is adapted to a stationary filtration (F,,)nez. Assume that

Zz—kﬂ [Eo(Sy0) ], < o0. 2.7)
k>0

Then, lim,, _s oo m’lE(S,%) = ¢? and the conclusion of Theorem 2.1 holds.

Note that condition (2.7) is equivalent to Zkz 1 k32| Eo(Sp)|l2 < oo and known under the
name of Maxwell-Woodroofe condition. Under this condition, Maxwell and Woodroofe [19]
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obtained a CLT. Later, Peligrad and Utev [24] have shown that this condition is, in some sense,
minimal in order for the sequence (S, /+/n)u>1 to be stochastically bounded and they proved a
maximal inequality and convergence to the Brownian motion. In order to derive this corollary
from Theorem 2.1, we use the fact that §(k) = ||E(Sx|Fo)|l> and then condition (2.3) reads as
condition (2.7). In addition, for k > 0, we get, by the ergodic theorem,

[n1]
lim E|~ D O(XF+2Xu0") — Pt | =t[EXG + 2B(Xo6") — 7.

n—oo |n
k=1

It remains to take into account that

1 ) m—1m—i
—E(S;) =E(X3) + = > D E(XoX) =E(Xg) + 2E(Xo6"),
i=1 j=1

proving the corollary since it has been shown in Peligrad and Utev [24] that, in the stationary
setting, condition (2.7) implies that lim,,_, 5o m_lE(S,zn) exists.

3. Results for general triangular arrays

Let {X;,,1 <i < n} be a triangular array of square integrable (E(Xz ,) < 00), centered
(E(X;i n) = 0), real-valued random variables adapted to a filtration (F; ,);>0. We write as be-
fore E; ,(X) = E(X|.F} ) and set

k m—1

Skn=y Xin and 67, =m~" Y Fpn(Sitin— Skn)-
i=1 i=1

We shall assume that the triangular array satisfies the following Lindeberg condition:

n
supZ]E(X?,n) <C <oo, and
n>1"—_
=t G.1)
n
nlingO];E{X,%,nl(|Xk,n| >¢)}=0,  foranye>0.

Moreover, for a non-negative integer 1 and positive integers £, m, define martingale-type de-
pendence characteristics by

n—1
2

A%u) =sup > |Ban(Skvun — Sk |5 (3.2)
nz]k:O
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and
[n/€]
B*(¢,m) = (3.3)
nzl -
where
_ 1 m—1
Sken(t,m) = — Z%(E<k_1>e+1,n<S<k+1)z+u,n — Ske+un))-
U=

Our next theorem provides a general functional CLT under the Lindeberg condition for
martingale-like nonstationary triangular arrays.

Theorem 3.1. Assume that the Lindeberg condition (3.1) holds and that

lim 27//24(2/) =0 and liminf) B(2‘,27)=0. 3.4
fim 2RAR) =0 and tmint) B 2) G

Moreover, assume in addition that there exist a sequence of non-decreasing and right-continuous
functions v, (-) : [0, 1] = {0, 1,2, ..., n} and a non-negative Lebesgue integrable function a2(")
on [0, 1], such that, for any t € (0, 1],

vy (1)

t
Z(X/%,n + 2Xk,n9/?fn) _A 0'2(14) du

lim limsup ]P’(
k=1

m—=>0 p—oo

> s> =0. 3.5)

Then {ZU”(” Xin,t €[0,1]} converges in distribution in D([0, 1]) to {foa(u)dW(u) t e
[0, 1]} where W is a standard Brownian motion.

The following proposition is useful for verifying condition (3.5).

Proposition 3.2. Assume that the Lindeberg condition (3.1) holds. Assume in addition that for
any non-negative integer ¢,

Jim Tim sup Z |Et—bn Xin Xicte.0) = Bon(Xpn Xecren) |, =0 (3.6)

b=o0 n—oo O

and, forany t € [0, 1],

v (1)

t
S (Bon(X2,) + 2o 0 (Xin6)) — /0 o2(w) du

m—00
n—00
k=1

lim limsupP (

> 8) =0. 3.7

Then the convergence (3.5) holds.
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Let us apply the general Theorem 3.1 to the sequences of random variables when the normal-
izing sequence is /7. For any non-negative integer u and any positive integers £ and m, let a(u)
and b (¢, m) be the non-negative quantities defined by

n—1 n—1

1 2 1 5 2
a*)=sup= Y [Ex(Skyu — SO[5.  b*&m)=sup=> [ Se(t,m)3,
=17 20 n=1 "2
_ 1 m—1
where S (€, m) = — Z(E(kq)ul (Sk-+1)e+u — Ske+u))-
n u=0

The conditions are an average version of condition (2.3). They are particularly useful for the
analysis of quenched limit theorems. By applying Theorem 3.1 to the triangular array X , =
Xi//1; 1 <k <n and v, (¢) = [nt], we obtain the following corollary.

Corollary 3.3. The statement of Theorem 2.1 holds when condition (2.3) is replaced by the
following conditions
lim 2772a(27) =0 and liminf) "27%?p(2",27) =0. (3.8)
J—>00 J—>00 >
By using the definition of (8(k))x>1 in (2.1), the subadditivity of this sequence and Propo-
sition 2.5 in Peligrad and Utev [24] we note that condition (2.3) implies that lim;_, 27012 %
a(2/) = 0. Moreover, condition (2.3) easily implies the second part of condition (3.8). By using
this remark, we can see that Theorem 2.1 is a consequence of Corollary 3.3. We elected to present
the results first for sequences of random variables and then for triangular arrays, for stressing
the fact that our results are generalization to nonstationary sequences of the important results
in the stationary setting involving condition (2.7). The results are also related to conditions in
McLeish [20,21]. Our approach uses a suitable martingale approximation whereas McLeish [20,

21] proved first tightness of the partial sum process and then he identified the limit by using a
suitable characterization of the Wiener process given in Theorem 19.4 in Billingsley [2].

4. Applications

4.1. p-Mixing triangular arrays and sequences

For a triangular array {X; ,, 1| <i <n} of square integrable (E(in) < 00), centered (E(X; ) =

0), real-valued random variables, we denote by ‘7/(2 0= Var(Z]g:1 X¢.n) fork <n and 0,12 = onz’ n-

ForO0 <t <1, let

2 vy (1)
o
vn(t)zinf{k;lgkgn: k’"zt} and Wy()=0,"Y Xin.

2
Oy

i=1
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Define also Sy = Sk.n = Zf-‘zl Xin. In this section, we assume that the triangular array is p-
mixing in the sense that

p()y=sup max p(o(Xin 1<i<j)oXin, j+k<i<m)—>0,  ask— oo,

n>11<j<n—k

where o (X;,t € A) is the o-field generated by the r.v.’s X; with indices in A and we recall that
the maximal correlation coefficient p (4, V) between two o -algebras is defined by

pU, V) = sup{|corr(X, ¥)| : X e L*U), Y e L*W)}.

Next, the result gives the functional version of the central limit theorem for p-mixing sequences
satisfying the Lindeberg condition established in Theorem 4.1 in Utev [28]. It answers an open
question raised by Ibragimov in 1991.

Theorem 4.1. Suppose that

supo, 2 Y "E(X3,) <C < oo, (4.1)
n>1 =1 ’
and
n
nlingoaffz;E{X,%’nl(|Xk,n| > £0,)} =0, forany e > 0. 4.2)
Assume in addition that
Zp(Zk) < 0. (4.3)
k>0

Then {W,(t),t € (0, 11} converges in distribution in D([0, 1]) (equipped with the uniform topol-
ogy) to W where W is a standard Brownian motion.

For the p-mixing sequences we also obtain the following corollary.

Corollary 4.2. Let (X,),>1 be a sequence of centered random variables in ]Lz(IP’). Let S, =
22:1 Xy and Unz = Var(S,). Suppose that conditions (4.1), (4.2) and (4.3) are satisfied. In ad-

dition assume that 0,12 = nh(n) where h is a slowly varying function at infinity. Then W, =

{a,;1 Z,[:i]l Xk, t € (0, 1]} converges in distribution in D([0, 1]) to W where W is a standard
Brownian motion.

It should be noted that if W,, converges weakly to a standard Brownian motion, then necessar-
ily a,% = nh(n) where h(n) is a slowly varying function (i.e. a regularly varying function with
exponent 1). This is so since for ¢ € [0, 1] fixed we have Su11/0n —4 N(0, ) and in addition,
taking t = 1 we have S,% / 0,12 is uniformly integrable (by the convergence of moments theorem),
implying a[zn 1/ anz — t. In the stationary case, let us mention that the functional CLT under (4.3)
has been obtained by Shao [26].
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Comment 4.1. If in Corollary 4.2 above we assume that a,% =n%h(n) where o > 0 and & is
a slowly varying function at infinity, then the proof reveals that, under (4.1), (4.2) and (4.3),
{on’1 Z,[:i]l Xi,t € [0, 1]} converges in distribution in D([0, 1]) to {G(¢),t € [0, 1]} where, for
any t € [0,1], G(t) = ﬁfé u©@=D/2 gW (u) with W a standard Brownian motion.

4.2. Functions of linear processes

Let (¢;);ez be a sequence of real-valued independent random variables. We shall say that
the sequence (&;);ez satisfies condition (A) if (8?),‘62 is an uniformly integrable family and
sup; 7z ll€ill2 := 0. < oo. Let (a;)i>0 be a sequence of reals in ¢!, For any integer k, let then
Yi =) ..oaick—i- Let f be a function from R to R in the class £(c), meaning that there exists
a concave non-decreasing function ¢ from R™ to R™ with lim,_, c(x) = 0 and such that

‘f(x)—f(y)‘ fc(lx—yl) for any (x,y)e]Rz.

We shall also assume that

c(K Z |a; |> < 00 for any finite real K >0 and

i>0
4.4)
Zkl/zc(Zog Z |a,~|> < 00,
k>1 i>k
and, for any k > 1, define
Xi = f(Y) —E(f(Y). (4.5)

Corollary 4.3. Let (¢;);cz be a sequence of real-valued independent random variables satisfying
condition (A). Let f be a function from R to R belonging to the class L(c) and let (a;)i>0 be
a sequence of reals in 2L, Assume that condition (4.4) is satisfied and define (Xy)r>1 by (4.5).
Let Sy =) y_; Xi and onz = Var(S,). Ifan2 = nh(n) where h(n) is a slowly varying function at
infinity such that liminf,,_, oo h(n) > 0, then {a,jl Z,Eri]l Xk, t €10, 1]} converges in distribution
in D([0, 1]) to W where W is a standard Brownian motion.

Note that, if |a;| < Cp for some C > 0 and p € 10, 1[, condition (4.4) holds as soon as:

L)

Note that this condition is satisfied as soon as c¢(¢) < D|log(¢)|~" for some D > 0 and some
y > 1/2. In particular, it is satisfied if f is ¢-Holder for some « € ]0, 1].
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4.3. Application to locally stationary processes
In this section, we are interested by the limiting behavior of the partial sum process {n~!/? x
,[:i]l Xikon,t €10, 11} when (X, 1 <k <n) is a locally stationary process as considered by
Vogt [29], so in the sense that X , can be locally approximated by a stationary process Xi(u) in
some neighborhood of u, that is for those k where |(k/n) — u| is small. More precisely, we shall
assume Assumptions (Sp) and (S1) below, which are close to Assumption 2.1 (S) in Dahlhaus,
Richter and Wu [7]. Assumption (D) is a weak dependence assumption, which cannot be com-
pared to Assumption 2.3 (M) in Dahlhaus, Richter and Wu [7]. Therefore, even if Corollary 4.4
below is in the spirit of Theorem 2.9 in Dahlhaus, Richter and Wu [7], it has a different range of
applications.

Assumption 4.1. Let (X,n, 1 <k <n) be a triangular array of stochastic processes such that
E(Xk.n) = 0. For each u € [0, 1], let X;(u) be a stationary and ergodic process such that the
following conditions hold.

(So) maxi<j<nn™ 21301y Xiw — Xjey Xik/m) >F0.

(S1) supyero I Xk @)l < 00 and Timg_o supy,_y ¢ 1 X4 @) — X(w)l2 = 0.

(D) There exists a stationary non-decreasing filtration (Fi )0 such that, for each u € [0, 1],
Xe(u) is adapted to Fy. and the following condition holds: ) ;- 27k/12§(2%) < 00, where §(k) =

supy epo, 1 IESk ()1 Fo)l2 and Sy () = 37 Xi(w).
As a consequence of Theorem 3.1, we obtain the following corollary.

Corollary 4.4. Assume that Assumption 4.1 holds. Then there exists a Lebesgue integrable func-
tion o2(-) on [0, 1] such that, for any u € [0, 1], limyy— 00 m YE(S, )2 = 02(u) and the
sequence of processes {n_l/2 Z,[(n:t]l Xik.n,t €[0,1]} converges in distribution in D([0, 1]) to

{fé o(u)dWu),t €10, 11} where W is a standard Brownian motion.

Note that compared to Theorem 2.9 in Dahlhaus, Richter and Wu [7], we do not need to assume
that || sup,¢p0.1 |)~(k(u)|||2 < 00 nor that )}k(u) takes the form H (u, n;) with H a measurable
function and n; = (g, j < k) where (¢;) jcz is a sequence of i.i.d. real-valued random variables.
Moreover, let us consider the following example. For any u € [0, 1], let Y (1) = Zi>0 oa(u) ep_;
and Xy (1) = fYk(w) —Ef(Yr(u)) with E(eg) =0 and ||gg||2 = 0 < 00, @(-) a Lipschitz con-
tinuous function such that sup, (o 17l ()| = < 1 and f € L(c) as defined in the beginning
of Section 4.2. Define then X , = Xk(k/n) +n 32y, (ex + -+ + &x_p) with u, — 0. It fol-
lows that (Sp) is satisfied. Moreover, using Lemma 5.1 in Dedecker [8], one infers that (S7) is
satisfied as well as (D) provided that (4.6) holds. Note that Assumption 2.3 (M) in Dahlhaus,
Richter and Wu [7] requires that fol t~Le(r) dr < oo which is stronger than (4.6). As a counter
part, if f(x) =x and Yy (u) =) ;o qa(u,i)ex—; with sup;>q lee(u, i) —a(v,i)| < Clu — v| and
sup,cpo.17 loe(u, )| < a; with (@;)i>0 € ¢!, then Assumption 2.3 (M) in Dahlhaus, Richter and
Wau [7] is weaker than (D). Hence, (D) and Assumption 2.3 (M) in Dahlhaus, Richter and Wu
[7] have different areas of applications.
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4.4. Quenched functional central limit theorems

In this subsection, we start with a stationary sequence and address the question of functional CLT
when the process is not started from its equilibrium, but it is rather started at a point or from a
fixed past trajectory. This process is no longer strictly stationary. This type of result is known
under the name of quenched limit theorem. It is convenient to introduce a stationary process by
using the dynamical systems language. Let (€2, A, P) be a probability space, and T : Q > Q be
a bijective bimeasurable transformation preserving the probability P. An element A is said to be
invariant if 7(A) = A. We denote by Z the o -algebra of all invariant sets. The probability P is
ergodic if each element of Z has measure O or 1.

Let Fy be a o-algebra of A satisfying Fy C T~ (Fo) and define the nondecreasing filtration
(Fi)iez by Fi = T~ (Fy). We assume that there exists a regular version Pr |, of T given Fo,

In this subsection, we assume that P is ergodic and we consider X a Fyp-measurable, square
integrable and centered random variable. Define then the sequence X = (X;);cz by X; = XgoT i
Let S, = X1 +---+ X, and W,, = {W,,(¢), t € [0, 11} where W, (t) = n~/2S};). It is well known
that, by a canonical construction, any stationary sequence can be represented in this way via
the translation operator. As we shall see, applying our Corollary 3.3, we derive the following
quenched CLT in its functional form under Maxwell and Woodroofe condition (2.7) which, from
the subadditivity property of the sequence (||Ey(S,)l|l2).>0, is equivalent to the convergence:
D i1 k=32 IEo(Sk)|l2 < oo. This result was first obtained by Cuny and Merlevede in 2014 (see
their Theorem 2.7) with a completely different proof.
Corollary 4.5. Assume that (2.7) holds. Then there exists a constant ¢* such that
limy 0o n™/ 2IFL‘(S,%) = ¢? and W, satisfies the following quenched weak invariance principle:
on a set of probability one, for any continuous and bounded function f from (D([0, 1), || - |loo)
to R,

Jim (W) = [ reawaa).
where W is the distribution of a standard Wiener process.

The conclusion of this corollary can also be expressed in the following way. Denote by P“(A)
a regular version of conditional probability P(A|F()(w). Then for any w in a set of probability
1, W, converges in distribution in D ([0, 1]) to W under P®.

Since condition (2.7) is verified by a stationary p-mixing sequence satisfying (4.3) (see, for
instance, Peligrad and Utev [24]), the quenched functional CLT in Corollary 4.5 holds if (4.3) is
satisfied. Note that for a stationary Gaussian process, its spectral density provides an useful tool
to bound its associated p-mixing coefficients (see, for instance, Theorem 27.5 in Bradley [4]).

4.5. Application to a random walk in random time scenery

Consider the partial sums associated with (Xz)x>0 which is a sequence of random variables,
{¢j}j>o0, called the random time scenery, sampled by the process (Y;)>0, defined as

Yi=k+ ¢, k>0,
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where {¢,}n>0 is a “renewal”-type Markov chain defined as follows: {¢x; k > 0} is a discrete
Markov chain with the state space Z* and transition matrix P = (p; ) given by prr—1 =1
fork>1and p; = po,j—1 =P(tr = j), j =1,2,... (that is whenever the chain hits 0 it then
regenerates with the probability p ;). Therefore the sequence (X )k>0 is defined by setting

Xi =y,

We assume that E[7] < oo which ensures that {¢,},>0 has a stationary distribution 7 = (7r;, i >
0) given by

oo
ﬂjZHQZpi, j=12,...,
i=j+1
where 7o = 1/E(t). We also assume that p; > 0 for all j > 0. This last assumption implies the
irreducibility of the Markov chain.
In Corollary 4.6 below, we shall make the following assumption on the random time scenery.

Condition (A). {¢;};>0 is a strictly stationary sequence of centered random variables in L2(P),
independent of (¢« )r>0 and such that, setting G; = o (L&, k <),

E
Z” (§k|g0)”2 and  lim sup IE(i¢;1G0) — E(zig))]|, =0. 4.7

k>1 j>l>

Applying Theorem 2.1 and Proposition 3.2, we can prove the following result concerning the
asymptotic behavior of {n_l/ 2Sln,], t € [0, 1]} when the chain starts from zero (below Pg,—q is
the conditional probability given ¢g = 0).

Corollary 4.6. Assume that E(t2) < oo and that (¢} j>0 satisfies condition (A1). Let So = 0 and
S = Zle X; for any k > 1. Then, under Py,—o, {n_l/zS[m], t € [0, 11} converges in distribution
in D[0, 1] to a Brownian motion with parameter c¢* defined by

E(sd (1+2Zm,> +2ZE(co§m)Z P7)omej- (4.8)

i>1 m>1
Note that E(72) < oo is equivalent to ) ;. iP(tr > i) < oo and therefore to ) ;. | im; < o0.

The proof of the above corollary being long and technical, it is postponed to the supplementary
material Merlevede, Peligrad and Utev [22].

5. Proofs

In all the proofs, we shall use the notation a, < b, which means that there exists a universal
constant C such that, foralln > 1, a,, < Cb,,.
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5.1. Preparatory material

The next result is a version of the functional central limit theorem for triangular arrays of mar-
tingale differences essentially due to Aldous [1] and Giénssler and Hiusler [12] (see also Theo-
rem 3.2 in Helland [16]).

Theorem 5.1 (Aldous—Génssler—Hausler). Let v, (-) : [0, 1] — {0, 1,2,...,n} be a sequence
of integer valued, non-decreasing and right-continuous functions. Assume (d; n)1<i<n IS an array
of martingale differences adapted to an array (F; ,)o<i<n of nested sigma fields. Let o () be a
non-negative function on [0, 1] such that () is Lebesgue integrable. Suppose that the following
conditions hold.:

max |d; ,| is uniformly integrable, G.D
I<j<n
and, for all t € [0, 1],
vy (1) t
Z djz-,n P /0 Uz(u) du asn — oQ. (5.2)
j=1

Then {le”:(? djn,t €10, 1]} converges in distribution in D[0, 1] to {f(; o(w)dWu),t € [0, 1]}
where W is a standard Brownian motion.
5.1.1. A maximal inequality in the non-stationary setting

The following theorem is an extension of Proposition 2.3 in Peligrad and Utev [24] to the non-
stationary case. The proof follows the lines of the proof of Theorem 3 in Wu and Zhao [30], but
in the non-stationary setting, and is then done by induction. The proof is left to the reader but
details can be found in the proof of Theorem 3.2 in Cuny, Dedecker and Merlevede [5].

Theorem 5.2. Let (Xj)rez be a sequence of real-valued random variables in L2 and adapted to
a filtration (Fi)kez. Let S, = ZZ:I Xk, So =0 and S = maxi<k<, |Sk|. Then, for any n > 1,

u 1/2
i1, ss(z nx.,ug) 4 3VEA R, .
j=1
where

r—1 g2r=i 172
An(X) = Z(Z IESkai = S—1y27 |~7:(k—2)2/'+1)”§> ,

j=0 \k=1

with r the unique positive integer such that 2" ~' <n <2".
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5.2. Proof of Theorem 3.1

Recall that X :={X; , : k=1, ..., n} is a triangular array of real-valued random variables in L2
adapted to a filtration (F »)o<k<n. Without loss of generality, we assume that X , =0 for k > n
and Fy , = F, » for k > n. Moreover, by abuse of notation, we will often avoid the index n. In
particular, we shall write Xy = X , and Fy = F ,, and we will use the notations

E;(X) = E(X|F)),P;(x) =E;(X) —E;_; (X).

For a positive integer 7, define the unique positive integer  such that 2"~! < n < 2”. For each n
letalso S, =Y j_; Xx and Sp =0.

Theorem 3.1 will follow from a martingale approximation and an application of Theorem 5.1,
for the approximating martingale.

5.2.1. Step 1: A general lemma

Let us first introduce some notations. Let m be a fixed positive integer such that m < n. Let us
then define

m—1

1
by = . ZEZ(XZ—H ++ Xegi),
= (5.4)

m—1

i, 1
Dy =— ; Pi(Se4i) = — Zg Pe(Sesi — Se—1),

and
1 k—1
Y = ZIEE(SHm — S0, Rl = ZY@”. (5.5)
=0

Then, D™ = (D}");_, is a (triangular) array of martingale differences adapted to the filtration
(Fk)o<k<n and the following decomposition is valid:

Xe=Dy' +6,", =0 +Y",. (5.6)

Also, for any positive integer m and k, we have
Sk=M" +0y — 6" +R. 5.7
As an intermediate step in proving Theorem 3.1 we shall prove a lemma under a set of assump-
tions which will be verified later. The next assumption (H) aims to guarantee that, in a certain

sense, Sy can be approximated by M ,’{"/ (for m" a subsequence of m) and it is then used to verify
the conditions of Theorem 5.1.
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There exists an increasing subsequence of integers (m;);>1 with m; — 0o as j — oo such
that

n—1
lim supZHYm] HZ—O

_]—)OO

. ) lim su A Y"™i) =0,
(H):= | Jim sup n( )
n—1

li Qmj ij -0,
jinéoi‘;ﬁ’g“ e 1Y

where

2d r 1/2
An Ym = Z(Z”E Rk2' RZi*l)Z"‘F(k_Z)T) |§> )

r=0 \k=1

We are now in the position to state our general lemma.

Lemma 5.3. Assume that the Lindeberg condition (3.1) holds and that condition (H) is sat-
isfied. Assume in addition that there exist a sequence of non-decreasing and right-continuous
functions v, (-) : [0, 11— {1,2, ..., n} and a non-negative Lebesgue integrable function o(-) on
[0, 1] such that (3.5) holds. Then {ZU" % Xk, t €10, 1]} converges in distribution in D([0, 1]) to
{fo owm)dW(u),t €[0, 1]} where W is a standard Brownian motion.

Proof. To soothe the notations, we will often write m instead of m ;. To prove the lemma, let
us first analyze the negligibility in some sense of the variables 6;" and R;". Notice that from the
definition (5.4)

max |9,T| <m?* max ]Ej(max |Xk|2)
0<k=<n 0<j<n 1<k<

By applying the Doob’s maximal inequality and next truncation, we derive

n
E[ max Ej( max |Xk|2>] < 4E(En( max |Xk|2)) <46 + 4 E(X}1(1Xk| > €)).
k=1

0<j<n 1<k<n 1<k<n

Combining it with the previous estimate, taking into account the Lindeberg condition (3.1) and
letting n tend to infinity and then ¢ — 0 we obtain for each m, that

E( max |9,T| ) -0 asn — oo. (5.8)

0<k<n

Note that, proceeding similarly, we also have that, for each m,

IE( max | D ) -0 as n — 00. (5.9)

1<k<n
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Now, by applying Theorem 5.2 to the array (Y] )ez, we have

max
1<k<n

| mo, 1721 =

1<k<n

k—1 n—1 1/2
ZYK’” < 3(Z||Y,;” ||§> +3V2A,(Y™).
£=0 2 k=0

Taking m = m, by assumption (/) the terms in the r.h.s tend to 0, uniformly in n by letting
j — o0. Hence, we derive the bound

supH max |R
n>11<k=n

as j — oo. (5.10)

By the relations (5.8) and (5.10) we have the following martingale approximation

k k
lim sup|| max Xin— DMl =0 as j — oo.
n P 1<k<n ; e ; t 5 /
This limit clearly implies
vy (1) v (t)
limsup| sup Z Xin Z DZ” -0 as j — 00, (5.11)
n tel0.11] i — )

and also for jy fixed,

supIE(S2 <supZ||D Yo N, + o
n=l -

where ¢, is a finite positive constant. Now, by definition (5.4),

ij—l mjo—l

. 1 1
1Dy == 3PSkt = SO, = — D [ EaSksi — S0 -
Mo 2o Mo iZ0

Hence, since Xy = Xi, =0,k > n,

ZHDMK’ |5 <m? Z”Xk“z (5.12)

Therefore, by the first part of (3.1),
supE(S2) < Cj, < oc. (5.13)

n>1
From (5.8), (5.9), (5.10), (5.11) and (3.5), we can deduce that we can find a sequence of

positive integers £(n) such that £(n) — oo and setting m], = mg(),

lim H max ’0 "
n—>ooll0<k<n

” =0, lim H max | D" ’H (5.14)

n—>ooll1<k<n



3218

lim || max |R =
n—ooll1<k<n 2
v (1) vy (1) ,
lim || sup X; D"l =
n—00 te[Ol]; Ln EZ:‘: ¢ )
and, for any ¢ € [0, 1],
v (1) ,
. 2 My
lim IP’( I;(Xk +2X46,")

F. Merlevede, M. Peligrad and S. Utev

0, (5.15)

0, (5.16)
t

/ o) du >£>=O. (5.17)
0

In addition, by condition (H), on the same subsequence (m/,) we also have

i, B (1)
n—1

By (5.16), it suffices to show that {}_ " (1[) D} ”, t

n—1
. "2
nlglgo;li vy

nlgg()kZ_:OW" 2

=0,
07

/
my

,=0.

€ [0, 1]} converges in dlstrlbutlon in D([0, 1])

to cW. We shall verify now that the triangular array of martingale differences (D) ¢ ") 1<t<n satis-
fies the conditions of Theorem 5.1. The condition (5.1) follows from the second part of (5.14). In
order to verify condition (5.2), we proceed in the following way. We start from the identity (5.6)

written as (m = m),)
Xe+6)" =
Therefore
X2 +2X,6)
We sum over ¢ and get

v (1) v (1)

S (XF+2x000) + (00 ) = D (D) + (0)?

=1 =1

where

v (H)—1

> (

£=0

R/(Un(t)) =

Dy + 6" + Y.

+(00) = (D) + (07,) + (Yfm))* + 2600 Y + 2D (07 + Vi),

vy (1)
+ > 2D (O + Y ) + R (va (D)),
=1

v, (1)—1

10 R I S v
k=0
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By the Cauchy—Schwarz inequality and condition (H’), we have that

IE( sup |R v,,(t) ) Z”Y

Furthermore, by using the first part of (5.14) we also have

E sup |(91'Z(t))2 — (Qén)zi -0 asn — o00.
0<t<l

Now, by gathering the above considerations and by also using (5.17), we shall have

v (1) , t

> (D)) — f o?(u)du  in probability as n — oo,
0

=1

if we prove that ZZ”:(? 2D2"" (9;"_”1 + Yzm_”l) — 0 in probability. Because (6?2"_”1 +

-0 asn — oo.
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Yé"_”l) is a

previsible (i.e., F¢—1 p-measurable) random variable, the result follows again from (5.14) and

(H"), by using the following fact, which is Theorem 2.11 in Hall and Heyde [15]:

Fact5.1. Let (Z;)?_, be real-valued martingale differences adapted to a non-increasing filtration
(Fi)o<i<n and let (Ak)Z: | be real-valued random variables such that Ay is Fj_-measurable.

Then, there exists a positive constant ¢ such that

172
2 1/2 - 2
ZAZ < {E max |Ac] !;E(Zi) -
1=

Together with the following remark: by (5.16) and (5.13),

E max
1<k<n

W w® )2
lim sup Z ||Dzn" ; = lim sup Z DZI"
"=l o lle=1 2
v, (1) v (1) 2 v, (1) 2
<limsup sup ZX’" ZD +hmsup ZX’" <Cj.
n—o0 rel0,1]| ;1 n—>oo |7 )

This ends the proof of the lemma.

5.2.2. Step 2: End of the proof of Theorem 3.1

We are going to prove that Theorem 3.1 follows from an application of Lemma 5.3. With this
aim we start by noticing the following fact: if the second part of (3.4) holds then there exists an

increasing subsequence of integers (m(j))j>1 with m(j) — oo as j — oo and such that

lim Y 27¢2B(2",2"V) =0.
7% )

(5.18)
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Hence, to show that condition (H) of Lemma 5.3 holds, we shall prove that its three assump-
tions are satisfied with m ; = 2m() | So, in what follows m = 2"m() where m(j) is an increasing
subsequence of integers tending to infinity and such that (5.18) holds. As before, we will some-
times write m instead of m ;.

Verifying first condition in (H). We first notice that, by the definition (3.2) and first part of
condition (3.4)

n—1

supZ”Y ||2_m supZ”IEk(SHmJ Sk)”;:m;zAz(mj)—)O as j —> oo, (5.19)
= k 0 = k 0

which proves the first condition in (H).
Verifying second condition in (H). This needs more considerations. It is convenient to use the
decomposition

d od—r 1/2
2
Z(Z [E(RY — R _1yor | Fa—2)27) |2>

k=1

b 2d—r 1/2
2
= Z(Z |E(REy — RG— 1y | Fa—227) |2)

2d r 1/2
+ Z (Z”E R — R _yyor | Fe—22) |§> ;

r=b+1

where b is the unique positive integer such that 22 < m < 26+, To estimate the first sum in the
right-hand side, notice that, by the properties of the conditional expectation, we have

2"—1

IB(Riy — RG_ 1y 1 Fa—22) [, < D0 B 1y 1 F—2y27)
=0

B

-1
=— Z IE(Ses—1)2 4+m — See—1y27 1 Fe—2274+0 |
M=o
k2 —1

Z IE(Se4m — SelFe—or)
t=(k—1)2"

=

1
—~ l,- (5.20)

Therefore, by definition (3.2),

2(1’*1‘ 1/2 2 /2 2d ToR2r—1 1/2
(ZHE(R,’{”? = RGi_1yor [ Fk—22r) B) (Z Z IE(Sem — Sel Fe—or) ﬁ)
k=1

k=1 £=(k—1)2"
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2r/2 241 5 1/2
= Z||E(Sz+m—se|fz—2f) 5

£=0

2r/2
< A(m),
m

giving

(3 T2 am
2 m
Z<Z |E(RR = Ri—1yor 1 Fx—22r) |2) S a1 Jm

r=0 \k=1

To estimate the second sum, we also apply the properties of the conditional expectation and write
this time
B

IE(RYr — R 1yor | F—2)r)

1 m—1 .
— > Bk tu — St-n+ul Fo-2z 40| = [Si1(27m) |, (5.21)
n u=0 2
Hence, by definition (3.3)
od—r 1/2 d
2
Z (Z”E sz* - (k 1)2r|]:(k—2)2r)|2) < Z B(Z’,m).
r=b+1 r=b+1
So, overall,
20[ r 1/2 ) A( )
m
Z(ZHE Ry — R _pyor [ Fa-2)2r) ;) < 7 ++2 Z ,m). (5.22)
r=0 \k=1 r= b+l
This gives

sup A, (Y™) <

T 9mm(D/24 2’"(1) +2 B(2", 2m(j)
n>1 2—1 ( Z )

r=m(j)

which, together with condition (3.4), prove the second condition in (H).

It is worth to notice that we have proved the following maximal inequality for the array
(Y;;")kez (the proof follows from an application of inequality (5.3) to the array (Y,:”)kez and
by taking into account the bounds in (5.19) and (5.22)).

Lemma 5.4. There exists a positive constant C such that, for every positive integers n and m
such thatm <n,

j-1 d

272 1\ A(m) 5
max > ¥ 53(1+ )—+6 > 272B(2.m),
==zl V21

where d is the unique positive integer such that 2= <n <24,
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Verifying third condition in (H). For any positive integer i such that i < mj, we write its

decomposition in basis 2,

llog, (]+1
i= Y a@?2"  wherec(i)e{0,1}.

k=0

Denote by i, = ZZ:O ck(i)Zk (hence ijjog,(i)]+1 =), for u > 0 and set i} = 0. We have

1 m—1[log, ()]+
Iy, < — Z |Ee(Seri — S0, < — Z > ||Ee+zu \Seqiy = Sexi-D ||,
i=1 u=0
1 m—1 [logy (i)]+1
— Z Z cu(@) | Beqiyy (Seiy_+20 = Setiy1) | -
i=1 u=0

Hence, by taking into account definition (3.2),

n—1
I M e
=0

1 "= 1 [logy (H1+1 /n—1 172 1/2
= Z Z Z <Z Cu (l) ”Ee'i‘iu—] (S£+iu—1+2“ - SZ-H'M_] ) ||§> (Z H an || ;)
' £=0

i=1  u=0 =0

1= 1 [logy ()]+1 n—1 1/2
= Z (2”)(le vy ||§> ~ (5.23)

A —— =0
So, by the first part of condition (3.4), there exists a constant C such that
m—1 [logy (i)]+1 2 n— , 172
Skl S5 S (i) = 2 (D)
i=l  u=0 a £=0

With m =m ; =2™U) and taking now into account (5.19), it follows that
S = 2 iy = 2 e
Z=OZ2[2_\/—1\/_1\/§—1 ’

which converges to zero as j — oo by the first part of (3.4). This shows that the third condition

in (H) is satisfied and ends the proof of the theorem.
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5.3. Proof of Proposition 3.2

Once again, to soothe the notation, we will avoid the index »n involved in the variables and in the
o -algebras. In particular, we shall write Xy = Xy , and F; = F ,, and we will use the notations
E;(X) =E(X|F;) and Pj(x) =E;(X) — E;_1(X). Moreover, without loss of generality, we
assume that Xy , =0 for k > n.

Clearly it is enough to show that, for any ¢ € [0, 1] and any fixed integer £ > 0,

vy (1)

> (Br(XiXpre) — Bo(Xi Xito))
k=1

lim
n—oo

= 0. (5.24)

1

With this aim, note that for any positive fixed integer b (less than v, (¢)), by the Cauchy—Schwarz
inequality,

b b b+t
D B (X Xie) = Bo(X Xiro) |, <207 Y IXkll2l Xagellz <2 ) 11Xk 3.
k=1 k=1 k=1
Hence, for any ¢ > 0,
b b+t
D B X Xipo) —Bo(Xa Xaro) ||, <2887+ 0 + Y E(XPLjxy=e) ¢
k=1 k=1

which converges to zero as n — oo followed by ¢ — 0, by taking into account condition (3.1).
Now

Vn (1) Un (1)
D (BeXaXire) —EoXaXiro)) = D (Ba(XaXte) — Eap(Xa Xirr))
k=b+1 k=b+1

vy (1)
+ Y (Brp(XaXnre) — Bo(XiXayo)).
k=b+1

Taking into account condition (3.6), we have

v (1)
lim limsup|| > (B—p(XxXs+0) — Eo(Xx Xx10)) | =0.
b—>00 p—oo k=b+1 |
We show now that
v (1)
lim limsup|| > (B (Xt Xire) — Eip(Xx Xx0)) | =0. (5.25)
b=oo n—oe |, 574 )

Together with the convergences proved above, this will show that (5.24) is satisfied.
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To prove (5.25), we fix a positive real & and write

vy (1)

Z (Ex (Xt Xit0) — Ei—p (Xi Xit0))
k=b+1 1
v, (1) vy (1)
<| 22 @) —Es(Vi)) | +| Do (Ee(¥y) = Exo (V)
k=b+1 1 lk=pt1 1

where
/ "
Yk,f =Xka+€1\Xka+g|§82 and Yk,f =Xka+€1\Xka+g|>82'

Note now that the following inequalities are valid: for any reals @ and b and any positive real M,

—1 2 2 2 2
labljapi>my <27 (|a” + %12 402 100m) < @ Lgzopry + 0712 ).

Hence,
v, (1) n
Y (B IF) —E(Y | Fios)) | <4 E(Xilixy =),
k=b+1 1 k=1
which together with condition (3.1) imply that
vy (1)
Jim > (B (Y7 ) = Exs (Y(0)) | =0. (5.26)
k=b+1 1
On another hand,
Un (1) v (1) b—1 b—1 v, (1)
Z (Ek(Ylé,e) Er—p Yke Z ZPk —J Yke Z Z P Yke
k=b+1 k=b+1j=0 j=0k=b+1

where we recall P; (-) = E(:|F;) —E(-|F; ). Since (P (Y,é ¢))k=>1 is a sequence of martingale
differences,

v (7) b—1| va(t) —1 / v, () 1/2
Z (Bx(Ye0) = Ein (¥ 0)) EZ Z Prj(Yie) <Z< Z P (Y e ”2) :
k=b+1 1 j=01lk=b+1 2 =0 \k=b+1

By the Cauchy—Schwarz inequality,

1Pe—i (o) | < B (%) 5 < 21Xk Xkl <27 €2 (1Xkl3 + 1 X e 13).

Therefore

vy (1)

Z (Ek(ylé,e) - Ek—b(ylé,z))

k=b+1

1/2
<bssup< > ||Xk||2> :

UES AV

1
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which converges to zero by taking into account condition (3.1) and by letting & going to 0. This
last convergence together with (5.26) entail (5.25) and then (5.24). This ends the proof of the
proposition.

5.4. Proof of Theorem 4.1

We apply Theorem 3.1 to the triangular array {an_le,,,, 1 <k < n},;>1 and the o-algebras
Fin=0Xin, 1 <i <k) for k>1 and Fr, = {J, Q} for k < 0. For convenience, we can
set X, = 0 for k > n. Again, to soothe the notations, we will omit the index n involved in the
variables and in the o -algebras.

As a matter of fact, we shall first prove that under the conditions of Theorem 4.1, the following
reinforced version of condition (3.4) is satisfied:

lim m~'?A(m)=0 and lim > B(2“.m)=0. (5.27)
m— 00 m— 00

£=[logy (m)]
In order to check the conditions below, we shall apply the following inequality, derived in Theo-
rem 1.1 in Utev [27]. More exactly, under (4.3) there exists a finite positive constant « such that
for any positive integers a < b,

b
1Sy = Sallz <x Y IXill5. (5.28)
i=a+1

The first characteristic A%(m) defined by (3.2) is then estimated as follows. Write first the
following decomposition:

n—1 n—1 n—1
D B S = S015 <2 DB (St = Sesrym | +2 DI EeCSippyim = S0 (5:29)
k=0 k=0 k=0

Note now that for any integer k and any positive integers a, b with a < b,

|E(Stsb — Skva) |5 = coV(Ex(Sesp — Stra)s Skb — Skcra)
< p(@||Ex(Skab — Skra) |51 Sk4b — Skvall2.
Hence

1Bk Skt — Sk+a) |, < 2@ Skt — Sktall2,

which combined with (5.28) implies, under (4.3), that there exists a finite positive constant x
such that that
k+b

|Ex(Sest — Sera) |3 <wp’@ Y 1Xi13 (5.30)
i=k+a+1
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Therefore, starting from (5.29) and taking into account (5.28) and (5.30), we get, under (4.3) and
(4.1), that

n—1
072 Y B (Skm — SO
k=0
n—1 k+m n—1k+[/n]
<20, 2> p*(IVml) > IXilZ+20, 2> > Xl
k=0 i=k+[/ml+1 k=0 i=k+1
< 2cC{mp*([/m) + /m}.
Hence
m~ A% (m) < 2cC{p* ([v/m]) +m™'/2}, (5.31)

which tends to zero as m — oo. This proves the first part of assumption (5.27).
Next, observe that by (5.30), under (4.3),

1 m—1 2 K m—1 k2" 4u
m D ESkortu — St ul Fa—vran)| < p” Yo +u—1) > IXill
u=0 2 u=0 i=k—1)2"4u+1

Thus, by taking into account (4.1), we derive that

(/2141 om—] 2
B*(2",m) =supo,? E - E E(Sk2r+u — Sk—1y2r +ul Fk—2)2r +1)
n>1
z k=1 =0 2

m—1
< C£ Z p2(2r +u— 1) < C/cpz(Zr — 1),
m
u=0

where the last inequality comes from the fact that p is non-increasing. Taking into account (4.3),
this shows that the second part of (5.27) is satisfied.

Now, we apply Proposition 3.2 to verify the last condition (3.5). To do it, we need to verify its
assumptions (3.6) and (3.7) by recalling that Fp , = {&, 2} and then Eo(-) = E(-).

First, we notice that, by the definition of the p-mixing coefficients and the condition (4.1), for
any non-negative integer ¢,

n
o Z | Bx—b Xk Xi0) — EXx Xiro) |
k=b+1

n
<p®o,* Y | XeXire — EXiXit0)]
k=b+1
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n+<¢
<p(b)o,” Z ||Xk||2||Xk+€||2<,0(b)0_2<2 ||Xk||2> <pb)C—>0  ash— oo,
k=b+1 k=1

which proves the first assumption (3.6).

To end the proof of the theorem, it remains to prove that (3.7) holds. Note that since we have
proved that condition (5.27) is satisfied, a careful analysis of the proof of Lemma 5.3 reveals that,
setting DI =m =" Y7 Pe(Seri) and 0 = m P Y B (Xt - Xewd)s

v (1)
lim hmsupa sup Z (]ET(X% + ZXZQE”) — IE(DZ”)Z) =0, (5.32)
M—=00 n— o0 t€l0,11] y—;
and
v (1) U (1) 2
lim limsupo, 2| sup ZX’" ZDQ” =0. (5.33)
M= n—oo 1el0,1] =1 )

Taking into account (5.32), to prove that (3.7) holds, we then need to show that, for any ¢ € [0, 1],
v (1)

-2 Z I[-E(DQ”)2 —1
=1

But, since ZU”(” IE(D’”)2 I ZU"(I) Dm||2, by taking into account (5.33), the convergence
(5.34) follows if one can prove that, for any ¢ € [0, 1],

lim limsup|o,
m—=>0 p—oo0

—0. (5.34)

o, "E(SS ) = as n — oo. (5.35)

With this aim, we note that since || ZU"( " Xiala < |l Zvn(f) "Xenlo + I X v, (t).nll2, by defi-
nition of v, (1), we have \/f < o_l | Zv"m Xkl <t + an_l | X4, 1),z 2. This implies (5.35)

by noticing that the Lindeberg condition (4.2) implies that lim,,_, oo W = 0. The proof of
Theorem 4.1 is complete.

5.5. Proof of Corollary 4.2

By taking v, (#) = [nt], we need to ensure that (5.35) holds, which is straightforward since we
assume that 0,12 =nh(n) where h is a slowly varying function at infinity.

5.6. Proof of Corollary 4.3

Since c is non-decreasing and concave, by Lemma 5.1 in Dedecker [8], we note first that, for any
k>1,

IXkll2 < 2] f(Ye) = FO) |, 2] c(1¥])]|, < 2c(1Ykll2).-
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Therefore by (4.4)

sup || Xkll2 < ZC(GS Z |a; ) < 00.

k>1 i>0

This proves the first part of (2.2). Now, to prove the second part of (2.2), it suffices to show that,
for any ¢ > 0,

n—o0

N I
lim -~ S E(LF 00 = FO 10— e i) =0- (5.36)
k=1

With this aim, we set C = Zizo la;| and let K be a positive integer. We denote by slf’ =¢&ilig|>k-
Using the fact that for positive reals a, b and ¢, (a + b)zl{a+b>2g} < 4a21{a>g} + 4b21{b>8}, we
infer that, for any ¢ > 0,

C(Z|ai8//</—i|> z

i>0

2
E(|f X0 = f O p— poys2eymy) =4 +4 (KO ok 0)>e -

The last term in the right-hand side converges to zero as n — 0o. Next, since c is non-decreasing
and concave, Lemma 5.1 in Dedecker [8] gives

n

(Slaete )| =2 e (Satleto ) = (sl )

i>0 k=1 i>0 i>0

But, since (81-2)1‘62 is an uniformly integrable family, limsupy _, ., sup;cz ll&/ l2 = 0. Together
with the fact that lim,_, c(x) = 0, this proves that

<Z|a18k —i )

i>0

hm limsup — Z

K—00 pn—soo nkl

1

ending the proof of (5.36) and then of (2.2).

Let us consider now the following choice of (F;);>0: Fo = {9, 2} and F; =0 (X1, ..., X;),
for i > 1. If one can prove that conditions (2.6) and (3.6) are satisfied and also that, for any
1 €0, 1],

[nt]

D AB(XE) +2E(Xe6)")}

k=1

lim limsup —
m—00 ;5050 o2

—t|=0, (5.37)

then the corollary follows by applying Theorem 2.1 and by taking into account Proposition 3.2.
To prove that (2.6) holds, we set E, the expectation with respect to & := (&;);cz and note that
since F; C F¢; where F;; =0 (e, k <i),foranyi >0,

IEX sl F) ||, < |EK it Fe.) | - (5.38)
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For any i >0,

|E(Xkti | Fe.i)|

( (Zagskﬂ o+ ) e )) ( (ZageH, o+ acy Z))

>k >k

where (8; )iez 1s an independent copy of (g;);cz. Hence, by Lemma 5.1 in Dedecker [8],

c(Z lag||exti—e — 8]/(+l~_£|> H2 < c(Zag Z |ag|),

>k L=k

IEXril F) |, <

proving that (2.6) holds under (4.4). We prove now that (3.6) is satisfied. With this aim we recall
that Fy is the trivial o-field, and we first write that for any non-negative integer k, j, and n,

Et Xirn X jn) = EXusn X jn) =B (f Varn) f X jn)) — E(f Varn) f (Yjgn)
—E(f Vian)) Bk (f Yjn) —E(F (Y j4)))
—E(f(Yj4n))Ei (f Yiesn) —E(f Yign))). (539

Since limy_gc(x) = 0 and the first part of (4.4) is assumed, by using coupling arguments as
before and Lemma 5.1 in Dedecker [8], we infer that

Jim, sup IEx(f Tieea) f (Vjn) ~ E (f Vs f X)) 11 =0, (5.40)
/> >
and
Jim, sup B X)) B (f Fien) = E(f Fan))) ||, =0 (5.41)
/> >0

Starting from (5.39) and taking into account (5.40) and (5.41), the convergence (3.6) follows
since we have assumed that onz =nh(n) where h(n) is a slowly varying function at infinity such
that liminf,_, o 2(n) > 0.

‘We turn now to the proof of (5.37). With this aim, note first that since condition (2.6) is satisfied
and 0,12 =nh(n) where h(n) is a slowly varying function at infinity such that liminf,_, o, h(n) >
0, condition (5.27) holds. Now as quoted in the proof of Theorem 4.1, if the Lindeberg condition
(3.1) and condition (5.27) are both satisfied, then to prove (5.37) it is enough to show that (5.35)
holds (here with v, () = [nt]). This comes obviously from the fact that we assumed that a,% =
nh(n) where h(n) is a slowly varying function at infinity. This ends the proof of the corollary.

5.7. Proof of Corollary 4.4

The fact that, under (D), limm_mom_l]E(S‘m (u))2 = az(u) has been proved in Peligrad and
Utev [24]. Note now that, by (Sp), it suffices to prove the functional CLT for the process
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{n= 1231 Xy (k/n), 1 € [0, 17). With this aim, we shall apply Theorem 3.1 with Xj, =
n~ V2 X, (k /n). Note first that condition (3.4) clearly holds under (D). The first part of the Lin-
deberg condition (3.1) holds since SUpP,ef0.1] ||)~(0(u)||2 < oo. For the second part we note that,
for any A > 0,

1
lim n 121@ X§k/m)I(|X5(k/n)| > A)} = /O E{X3)I(|X5w)| > A)}du,

n—00
k=1

which converges to zero as A — oo by the dominated convergence theorem. It remains to prove
that (3.5) is satisfied. Using (S1) and proceeding as in the proof of Theorem 2.7 in Dahlhaus,
Richter and Wu [7], one can easily prove that

[nt k+i

t l -
—Z{Xk(k/n)+ ZXk(k/n)]Ek< Z Xz(ﬁ/n))}—n,_)oo/o ZE(Sm(u))zdu

L=k+1

Now, taking into account assumption (D) and the fact that sup, (o 1 ||)~(k (u)||2 < oo, Theo-
rem 5.2 entails that 1 o SUPye(0.1] E(S,: (1))*> < K. Hence, by the dominated convergence theo-

rem, fo EE(S,,, (u))2 du — -0 fo o2 (u) du. This completes the proof of (3.5) and then of the
corollary.

5.8. Proof of Corollary 4.5

For any integrable random variable f from 2 to R we write K(f) = PT‘ Fo(f). Since PP is
T-invariant, for any integer k, a regular version Pr 7, of T given Fj is then obtained via
Prir(f)=K(foT™ kY o T*. With these notations, for any positive integer £, E(f o T*|Fo) =
K*(f). We denote

Mo (| f1) = sup - ZK“’ 1£1)-

n>1N k=0

Applying Corollary 3.3, Corollary 4.5 follows if one can prove that, with probability one,

supn 1§ Eo(X7) < C < o0, (5.42)
n>1 1
Jj=
1 n
nlggon E_IEO{XkI(|Xk| >e/n)} =0, for any & > 0, (5.43)

there exists a constant ¢> such that, for any 7 € [0, 1] and any & > 0,

[nt m—1
Z(Xk + =Xk Y Ei(Segi — Sk)> —tc?

m— 00
n—o00
k=1 i=1

lim limsupPy (

> 8) 0, (5.44)
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327 2 M ([Eo(Sy0)]) < oo, (5.45)
>0
and
27-1 2
liminf y 2—‘5/2/\/1;{2( 27T 3 E ey (S o TV) ) —0. (5.46)
J=ee {>j u=0

To prove (5.42) and (5.43), it suffices to apply, for instance, Lemma 7.1 in Dedecker,
Merlevede and Peligrad [9]. To show (5.45) and (5.46), let introduce the weak I[,2-spaces:
L>% .= {felL': SUp; -0 A2P{| f| = A} < 0o}. Recall that, when p > 1, there exists a norm
Il - ]l2,w on L2 that makes L2" a Banach space and which is equivalent to the “pseudo”-norm
(sup;~¢ A2P{| f| = A}) /2. Moreover, by the Dunford-Schwartz (or Hopf) ergodic theorem (see
Krengel [18], Lemma 6.1, page 51, and Corollary 3.8, page 131), there exists C > 0 and such
that for every f € L? and any non-negative integer ¢,

[ (Mo (1£12) 25,0 < CIL F 1l (5.47)

With the help of (5.47), it is then easy to see that (5.45) and (5.46) are satisfied under (2.7).
It remains to prove that (5.44) is satisfied. Since, under (2.7), lim,;— o0 m_l/zE(Sgl) =2, by
the ergodic theorem and the proof of Corollary 2.2,

1[nt] o) m—1
- X4+ =Xp Y Ei(Siqi — Sp) | —tc?
nZ( k+m kZ ik (Skti k)) Cc

k=1 i=1

lim lim

=0, almost surely.
m—-o00on—>oo

This proves (5.44) by taking into account the properties of the conditional expectation (see, e.g.,
Theorem 34.3, item (v) in Billingsley [3]). The proof of the corollary is complete.
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