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We consider inference in the scalar diffusion model dX; = b(X;)dt + o (X;)dW; with discrete data
(Xja,)0<j<nsn —> 00, Ay — 0 and periodic coefficients. For o given, we prove a general theorem detail-
ing conditions under which Bayesian posteriors will contract in L2-distance around the true drift function
bp at the frequentist minimax rate (up to logarithmic factors) over Besov smoothness classes. We exhibit
natural nonparametric priors which satisfy our conditions. Our results show that the Bayesian method adapts
both to an unknown sampling regime and to unknown smoothness.
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1. Introduction

Consider a scalar diffusion process (X;);>o starting at some X and evolving according to the
stochastic differential equation

dX[ = b(X[)dt + U(X[)dW,,

where W; is a standard Brownian motion. It is of considerable interest to estimate the parameters
b and o, which are arbitrary functions (until we place further assumptions on their form), so
that the model is naturally nonparametric. As we will explain in Section 2, the problems of
estimating o and b can essentially be decoupled in the setting to be considered here, so in this
paper we consider estimation of the drift function b when the diffusion coefficient ¢ is assumed
to be given.

It is realistic to assume that we do not observe the full trajectory (X;);<r but rather the pro-
cess sampled at discrete time intervals (Xia)k<x. The estimation problem for b and o has been
studied extensively and minimax rates have been attained in two sampling frameworks: low-
frequency, where A is fixed and asymptotics are taken as n — oo (see Gobet—Hoffmann—Reiss
[17]), and high-frequency, where asymptotics are taken as n — oo and A = A, — 0, typically
assuming also that nA? - 0 and nA — oo (see Hoffmann [19], Comte et al. [9]). See, for ex-
ample, [10,18,27,33] for more papers addressing nonparametric estimation for diffusions.

For typical frequentist methods, one must know which sampling regime the data is drawn
from. In particular, the low-frequency estimator from [17] is consistent in the high-frequency
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setting but numerical simulations suggest it does not attain the minimax rate (see the discussion
in Chorowski [8]), while the high-frequency estimators of [19] and [9] are not even consistent
with low-frequency data. The only previous result known to the author regarding adaptation to
the sampling regime in the nonparametric setting is found in [8], where Chorowski is able to
estimate the diffusion coefficient o but not the drift, and obtains the minimax rate when o has 1
derivative but not for smoother diffusion coefficients.

For this paper, we consider estimation of the parameters in a diffusion model from a nonpara-
metric Bayesian perspective. Bayesian methods for diffusion estimation can be implemented in
practice (e.g., see Papaspiliopoulos et al. [25]). For Bayesian estimation, the statistician need
only specify a prior, and for estimating diffusions from discrete samples the prior need not ref-
erence the sampling regime, so Bayesian methodology provides a natural candidate for a unified
approach to the high- and low-frequency settings. Our results imply that Bayesian methods can
adapt both to the sampling regime and also to unknown smoothness of the drift function (see the
remarks after Proposition 4 and Proposition 2 respectively for details). These results are proved
under the frequentist assumption of a fixed true parameter, so this paper belongs to the field of
frequentist analysis of Bayesian procedures. See, for example, Ghosal and van der Vaart [13] for
an introduction to this field.

It has previously been shown that in the low-frequency setting we have a posterior contraction
rate, guaranteeing that posteriors corresponding to reasonable priors concentrate their mass on
neighbourhoods of the true parameter shrinking at the fastest possible rate (up to log factors) —
see Nickl and Sohl [24]. To complete a proof that such posteriors contract at a rate adapting to
the sampling regime, it remains to prove a corresponding contraction rate in the high-frequency
setting. This forms the key contribution of the current paper: we prove that a large class of
“reasonable” priors will exhibit posterior contraction at the optimal rate (up to log factors) in
L?-distance. This in turn guarantees that point estimators based on the posterior will achieve
the frequentist minimax optimal rate (see the remark after Theorem 1) in both high- and low-
frequency regimes.

The broad structure of the proof is inspired by that in [24]: we use the testing approach of
Ghosal-Ghosh—van der Vaart [11], coupled with the insight of Giné and Nickl [15] that one may
prove the existence of the required tests by finding an estimator with good enough concentration
around the true parameter. The main ingredients here are:

e A concentration inequality for a (frequentist) estimator, from which we construct tests of
the true by against a set of suitable (sufficiently separated) alternatives. See Section 4.

o A small ball result, to relate the L2-distance to the information-theoretic Kullback—Leibler
“distance”. See Section 5.

Though the structure reflects that of [24] the details are very different. Estimators for the low-
frequency setting are typically based on the mixing properties of (Xyxa) viewed as a Markov
chain and the spectral structure of its transition matrix (see Gobet—-Hoffmann—Reiss [17]) and
fail to take full advantage of the local information one sees when A — 0. Here we instead use
an estimator introduced in Comte et al. [9] which uses the assumption A — 0 to view estimation
of b as a regression problem. To prove this estimator concentrates depends on a key insight
of this paper: the Markov chain concentration results used in the low-frequency setting (which
give worse bounds as A — 0) must be supplemented by Holder type continuity results, which
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crucially rely on the assumption A — 0. We further supplement by martingale concentration
results.

Similarly, the small ball result in the low-frequency setting depends on Markov chain mixing.
Here, we instead adapt the approach of van der Meulen and van Zanten [34]. They demonstrate
that the Kullback—Leibler divergence in the discrete setting can be controlled by the correspond-
ing divergence in the continuous data model; a key new result of the current paper is that in the
high-frequency setting this control extends to give a bound on the variance of the log likelihood
ratio.

As described above, a key attraction of the Bayesian method is that it allows the statistician
to approach the low- and high-frequency regimes in a unified way. Another attraction is that
it naturally suggests uncertainty quantification via posterior credible sets. The contraction rate
theorems proved in this paper and [24] are not by themselves enough to prove that credible sets
behave as advertised. For that one may aim for a nonparametric Bernstein—von Mises result —
see, for example, Castillo and Nickl [6,7]. The posterior contraction rate proved here constitutes
a key first step towards a proof of a Bernstein—von Mises result for the high-frequency sampled
diffusion model, since it allows one to localise the posterior around the true parameter, as in the
proofs in Nickl [23] for a non-linear inverse problem comparable to the problem here.

2. Framework and assumptions

The notation introduced throughout the paper is gathered in Appendix B.
We work with a scalar diffusion process (X;);>¢ starting at some X and evolving according
to the stochastic differential equation

for W; a standard Brownian motion. The parameters b and o are assumed to be 1-periodic and
we also assume the following.

Assumption 1. ¢ € Cger([O, 1]) is given. Continuity guarantees the existence of an upper bound
oy < o0 and we further assume the existence of a lower bound o7 > 0 so that o7, <o (x) <oy
for all x € [0, 1]. Here C2 ([0, 1]) denotes C2([O, 1]) functions with periodic boundary condi-

per

tions (i.e. o (0) = o (1), 0’ (0) = o’(1) and ¢ (0) = o' (1)).

Assumption 2. b is continuously differentiable with given norm bound. Precisely, we assume
b € ®, where

©=0(Ko) = {f € Cper(10. 11) : Ifllcy, = I flloo + [ /]|, < Ko}
for some arbitrary, but known, constant Ko (|| - ||cc denotes the supremum norm, || f|lc =

sup,¢io.1 |/ (x)])- Note in particular that Ko upper bounds b« and that b is Lipschitz con-
tinuous with constant at most K.
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® is the maximal set over which we prove contraction, and we will in general make the
stronger assumption that in fact b € ®;(Ag), where

Os(A0):={f €O flpy, <Ao<oo},  Ag>0, s>1

with BS denotmg a periodic Besov space and || - || B, denoting the associated norm: see Sec-
tion 2. 1 for a definition of the periodic Besov spaces we use (readers unfamiliar with Besov
spaces may substitute the L>-Sobolev space H® = By, € B , for B , and only mildly
weaken the results). We generally assume the regularity index s 1s unknown. Our results will
therefore aim to be adaptive, at least in the smoothness index (to be fully adaptive we would

need to adapt to Ko also).

Under Assumptions 1 and 2, there is a unique strong solution to (1) (see, e.g., Bass [3], The-
orem 24.3). Moreover, this solution is also weakly unique (= unique in law) and satisfies the
Markov property (see [3], Proposition 25.2 and Theorem 39.2). We denote by P}fx) the law (on
the cylindrical o -algebra of C ([0, co])) of the unique solution of (1) started from X = x.

We consider “high-frequency data” (Xya,);_, sampled from this solution, where asymptotics
are taken as n — oo, with A, — 0 and nA,, — co. We will suppress the subscript and simply
write A for A,. Throughout we will write X" = (X, ..., X,) as shorthand for our data and
similarly we write x™ = (x0, .-, xpa). We will denote by Z the set {K¢, o, oy} so that, for
example, C(Z) will be a constant depending on these parameters.

Beyond guaranteeing existence and uniqueness of a solution, our assumptions also guarantee
the existence of transition densities for the discretely sampled process (see Gihman and Skorohod
[14], Theorem 13.2 for an explicit formula for the transition densities). Morever, there also exists
an invariant distribution u, with a density 7, for the periodised process X =X mod 1. Defining
Iy(x) = [o 2b 2 (y)dy for x € [0, 1], the density is

eIb(x) 1 X
mp(x) = ——— elb(l)/ e P gy —i—/ e Mgy ), x €0, 1],
Hpo?(x) . 0

1 eIb()c) 1 X
Hbzf — <el”(l)/ e ) dy+/ e_l”(y)> dydx,
0o 0°(x) x 0

(see Bhattacharya et al. [4], equations (2.15) to (2.17); note we have chosen a different normali-
sation constant so the expressions appear slightly different).
Observe that 7, is bounded uniformly away from zero and infinity, that is, there exist constants
0 <, my < oo depending only on Z so that for any b € ® and any x € [0, 1] we have 7, <
. - _ -2 _ -2
mp(x) < my. Precisely, we see that oy 2,—6Koo, <Hp <o, 2 ,6Koo, , and we deduce we can

__—1_ 2 -2 _12Kyo; >
take wp, =7, =ojo; e L,

We assume that X € [0, 1) and that Xg = X o follows this invariant distribution.
Assumption 3. Xy ~ up.

We will write P, for the law of the full process X under Assumptions 1-3, and we will
write Ej for expectation according to this law. Note u;, is not invariant for Py, but nevertheless
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Ey(f(Xy)) = Ep(f(Xo)) for any 1-periodic function f (e.g., see the proof of Theorem 6). Since
we will be estimating the 1-periodic function b, the assumption that X € [0, 1) is unimportant.
Finally, we need to assume that A — 0 at a fast enough rate.

Assumption 4. nA? log(1/A) < Lo for some (unknown) constant L. Since we already assume
nA — oo, this new assumption is equivalent to n A% log(n) < Ly, for some constant L.

Throughout we make the frequentist assumption that the data is generated according to some
fixed true parameter denoted by. We use (¢ as shorthand for 15, , and similarly for ¢ and so on.
Where context allows, we write u for u, with a generic drift b.

Remarks (Comments on assumptions). Periodicity assumption. We assume b and o are peri-
odic so that we need only estimate b on [0, 1]. One could alternatively assume b satisfies some
growth condition ensuring recurrence, then estimate the restriction of b to [0, 1], as in Comte et
al. [9] and van der Meulen and van Zanten [34]. The proofs in this paper work in this alternative
framework with minor technical changes, provided one assumes the behaviour of b outside [0, 1]
can be exactly matched by a draw from the prior.

Assuming that o € C;2>er is given. If we observe continuous data (X;);<r then o is known
exactly (at least at any point visited by the process) via the expression for the quadratic variation
(X)) = f(; 02(X,)ds. With high-frequency data we cannot perfectly reconstruct the diffusion
coefficient from the data, but we can estimate it at a much faster rate than the drift. When b and
o are both assumed unknown, if » is s-smooth and o is s’-smooth, the minimax errors for b
and o respectively scale as (nA)™/(1+29) and n=s"/0+25") 45 can be shown by slightly adapting
Theorems 5 and 6 from Hoffmann [19] so that they apply in the periodic setting we use here.
Since we assume that nA2 — 0, it follows that nA < nl/2 for large n, hence we can estimate o
at a faster rate than b regardless of their relative smoothnesses.

Further, note that the problems of estimating b and o in the high-frequency setting are essen-
tially independent. For example, the smoothness of o does not affect the rate for estimating b, and
vice-versa — see [19]. We are therefore not substantially simplifying the problem of estimating b
through the assumption that o is given.

The assumption that o2 is twice differentiable is a typical assumption made to ensure transition
densities exist.

Assuming a known bound on ||b||C11m. The assumption that b has one derivative is a typical

assumption made to ensure that the diffusion equation (1) has a strong solution and that this
solution has an invariant density and transition densities. The assumption of a known bound for
the C}ler-norm of the function is undesirable, but needed for the proofs, in particular to ensure the
existence of a uniform lower bound 7;, on the invariant densities. This lower bound is essential
for the Markov chain mixing results as its reciprocal controls the mixing time in Theorem 6. It
is plausible that needing this assumption is inherent to the problem rather than an artefact of the
proofs: possible methods to bypass the Markov chain mixing arguments, such as the martingale
approach of [9], Lemma 1, also rely on such a uniform lower bound. One could nonetheless hope
that our results apply to an unbounded prior placing sufficient weight on ® (K},) for some slowly
growing sequence K, but the lower bound 777, scales unfavourably as e~%», which rules out this
approach.
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These boundedness assumptions in principle exclude Gaussian priors, which are computation-
ally attractive. In practice, one could choose a very large value for K¢ and approximate Gaussian
priors arbitrarily well using truncated Gaussian priors.

Assuming Xo ~ (p. It can be shown (see the proof of Theorem 6) that the law of X ¢ converges
to up at exponential rate from any starting distribution, so assuming X ~ wp is not restrictive
(as mentioned, our fixing X € [0, 1) is arbitrary but unimportant).

Assuming nA?log(1/A) < Lo. It is typical in the high-frequency setting to assume nA% — 0
(indeed the minimax rates in [19] are only proved under this assumption) but for technical reasons
in the concentration section (Section 4.2) we need the above.

2.1. Spaces of approximation

We will throughout depend on a family {S;, : m € NU {0}} of function spaces. For our purposes,
we will take the S, to be periodised Meyer-type wavelet spaces

Sw=span({yu:0 <k <2,0<1 <m}U(1}).

We will denote _ o = 1 for convenience. Denote by (:, ) the L%([0, 1]) inner product and by

I ll2 the L2-norm, i.e. (f, g) = [y f(x)gx)dx and | fll2 = (f, £)/2 for f, g € L2([0, 1]). One
definition of the (periodic) Besov norm ||f||35 - is, for fir := (f, Yur),

S\ 12
IflBs = 1f-100+ supzl"(Z fﬁ() , 2)
=0 \i=

with Bj _ defined as those periodic f € L?([0, 1]) for which this norm is finite. See Giné and
Nickl [16] Sections 4.2.3 and 4.3.4 for a construction of periodised Meyer-type wavelets and a
proof that this wavelet norm characterisation agrees with other possible definitions of the desired
Besov space.

Note that the orthonormality of the wavelet basis means || f ||% => Lk fﬁ( Thus it follows from
the above definition of the Besov norm that for any b € Bi oo ([0, 1]) we have

lmmb —blla < KIbllgg 27", 3)
for all m, for some constant K = K (s), where 1,, is the L?-orthogonal projection map onto S,,,.

Remarks. Uniform sup-norm convergence of the wavelet series. The wavelet projections ,,b
converge to b in supremum norm, uniformly across b € ®. That is,

sup ||[tmb —bllco > 0 as m — oo. @)
be®

This follows from Proposition 4.3.24 in [16] since K¢ uniformly bounds ”b”Céer for b € ©.

Boundary regularity. Functions in the periodic Besov space here denoted B; _ are s regular
at the boundary, in the sense that their weak derivatives of order s are 1-periodic.
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Alternative approximation spaces. The key property we need for our approximation spaces is
that (3) and (4) hold. Of these, only the first is needed of our spaces for our main contraction
result Theorem 1. A corresponding inequality holds for many other function spaces if we replace
2" by D,, = dim(S,,): for example, for S, the set of trigonometric polynomials of degree at most
m, or (provided s < smax for some given smax € R) for S, generated by periodised Daubechies
wavelets. Priors built using these other spaces will achieve the same posterior contraction rate.

3. Main contraction theorem

Let IT be a (prior) probability distribution on some o -algebra S of subsets of ®. Given b ~ I1
assume that (X; : ¢t > 0) follows the law P, as described in Section 2. Write p,(A, x, y) for the
transition densities

Po(A,x,y)dy = Pp(Xa €dy | Xo=1x),

and recall we use pg as shorthand for pj,. Assume that the mapping (b, A, x,y) = pp(A,x,y)
is jointly measurable with respect to the o-algebras S and Br, where Bp is the Borel o-algebra
on R. Then it can be shown by standard arguments that the Bayesian posterior distribution given
the data is

75 (X0) [Ty Po(A, X—na, Xia)dTIB) _ p (X™) dT1(B)
Joms X0 TTiZy po(A. Xa-na, Xia)dTI®) [ p (x) dT1(h)’

b|X™ ~

where we introduce the shorthand p[()")(x(")) = 7p(x0) [T/ Pb(A, Xi—1)a, Xia) for the joint
probability density of the data (X, ..., X,A).

A main result of this paper is the following. Theorem 1A is designed to apply to adaptive sieve
priors, while Theorem 1B is designed for use when the smoothness of the parameter b is known.
See Section 3.1 for explicit examples of this result in use and see Section 6 for the proof.

Theorem 1. Consider data X™ = (Xka)o<k<n sampled from a solution X to (1) under Assump-
tions 1-4. Let the true parameter be by. Assume the appropriate sets below are measurable with
respect to the o-algebra S.

A. Let I1 be a sieve prior on O, i.e. let Tl = anozl h(m)I1,,, where I1,,(S;,, N ®) = 1, for
S a periodic Meyer-type wavelet space of resolution m as described in Section 2.1, and h
some probability mass function on N. Suppose we have, for all ¢ > 0 and m € N, and for
some constants ¢, B, B2, B1, By > 0,

(i) Bie 1P <h(m) < Bye F2Pn,

(iD) Mu({b € Sp: ||b—mmboll2 < €}) = (e2)Pm,

where 1, is the Lz-orthogonal projection map onto S, and Dy, = dim(S,,) = 2". Then
for some constant M = M (Ao, s,Z, Lo, B1, B2, B1, B2, ) we have, for any by € O;(Aop),

M({be®:lb—bolla < Mna) '+ log(na)! /2 x™) — 1

in probability under the law Py, of X.
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B. Suppose now by € ®;(Ag) where s > 1 and Ag > 0 are both known. Let j, € N be such
that Dj, ~ (nA)]/(lJ“zs), that is, for some positive constants L1, Ly and all n € N let
Li(nA)V/0+29) < D; < Ly(n A)Y+29)  Let (TI™), en be a sequence of priors satisfying,
for e, = (nA) /U429 1og(n A)'/2, and for some constant ¢ > 0,

M MM (O4(Ag) N®) =1 forall n,
D M ({be®:|m;,b—mjbolz < en}) = (ea0)Pin.
Then we achieve the same rate of contraction; that is, for some M = M (Ao, s,Z, Lo, ¢),

N ({be®:|b—bol, < MnA) /T 1ogna)'/2} | XxM) — 1
in probability under the law Py, of X.

Remark (Optimality). The minimax lower bounds of Hoffmann [19] do not strictly apply be-
cause we have assumed o is given. Nevertheless, the minimax rate in this model should be
(nA)~$/(1+29) This follows by adapting arguments for the continuous data case from Kutoyants
[21], Section 4.5 to apply to the periodic model and observing that with high-frequency data we
cannot outperform continuous data.

Since a contraction rate of €, guarantees the existence of an estimator converging to the true
parameter at rate ¢, (for example, the centre of the smallest posterior ball of mass at least 1/2 —
see Theorem 8.7 in Ghosal and van der Vaart [13]) the rates attained in Theorem 1 are optimal,
up to the log factors.

3.1. Explicit examples of priors

Our results guarantee that the following priors will exhibit posterior contraction. Throughout this
section we continue to adopt Assumptions 1-4, and for technical convenience, we add an extra
assumption on bg. Precisely, recalling that {y;x} form a family of Meyer-type wavelets as in
Section 2.1 and ¥_1 o denotes the constant function 1, we assume the following.

Assumption 5. For a sequence (7;);>—1 to be specified and a constant B, we assume

by = Z T BicVik, with |ﬂ1k|§Bf0ralllz—1anda110§k<21. 5)
>—1
0<k<2!

The explicit priors for which we prove contraction will be random wavelet series priors. Let

ujg i q, where ¢ is a density on R satisfying
g(x)>=¢for|x|<B, and ¢g(x)=0for|x|>B+1,

where ¢ > 0 is a constant and B > 0 is the constant from Assumption 5 (for example, one might
choose g to be the density of a Unif[0, B] random variable or a truncated Gaussian density). We
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define a prior IT,, on S, as the law associated to a random wavelet series

bx)= > mupynx),  x€[0,1], (6)
—1<l<m
0<k<2!

for 7; as in Assumption 5. We give three examples of priors built from these IT,,.

Example 1 (Basic sieve prior). Let i =79 =1 and let 7; = 2732172 for | > 1. Let h be a
probability distribution on N as described in Theorem 1A, for example h(m) = ye~2", where y
is a normalising constant. Let [1=Y_>>_, h(m)I1,, where I, is as above.

Proposition 2. The preceding prior meets the conditions of Theorem 1A for any by satisfy-
ing Assumption 5 with the same 1; used to define the prior, and for an appropriate constant
Ko. Thus, if also by € Oz(Ag) for some constant Ag, then for some constant M, we have
(b e®:|b—bolla < MnA)=/U+2)10g(nA)/2} | X™) — 1, in Py,-probability.

The proof can be found in Section 6.

Remark (Adaptive estimation). If we assume by € Oy . (Ao) for some syin > 3/2, then As-
sumption 5 automatically holds with 7; as in Example 1 for some constant B = B(Smin, Ao), as
can be seen from the wavelet characterisation (2). Thus, in contrast to the low-frequency results
of [24], the above prior adapts to unknown s in the range Spip < § < 00.

When s > 1 is known, we fix the rate of decay of wavelet coefficients by hand to ensure a
draw from the prior lies in ®;(Ap), rather than relying on the hyperparameter to choose the
right resolution of wavelet space. We demonstrate with the following examples. The proofs of
Propositions 3 and 4, given in the supplement (Abraham [1]), mimic that of Proposition 2 but
rely on Theorem 1B in place of Theorem 1A.

I:Zxample 2 (Known smoothness prior). Let 71 =1 and let 7; = 2_1(”1{ 2 for I > 0. Let
L, € NU {oo}. Define a sequence of priors nmw = Iy for b (we can take L, = oo to have a

genuine prior, but a sequence of priors will also work provided L,, — oo at a fast enough rate).

Proposition 3. Assume L,/(nA)/ %2 is bounded away from zero. Then for any s > 1, the
preceding sequence of priors meets the conditions of Theorem 1B for any by satisfying As-
sumption 5 with the same 1) used to define the prior, and for an appropriate constant K.
Thus, I ({b € O : |b — bolla < M(nA)~/1+2) 1og(nA)/2} | XM) — 1 in Py,-probability,
for some constant M.

Remark. Assumption 5 with 7 = 27/6F1/2) in fact forces by € B3, o & B; o, with fixed norm
bound. Restricting to this smaller set does not change the minimax rate, as can be seen from the
fact that the functions by which Hoffmann perturbs in the lower bound proofs in [19] lie in the
smaller class addressed here. In principle, one could weaken this assumption by taking 7; = 27/

and taking the prior I to be the law of b ~ IT i, conditional on b € ©;(Ao).
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Example 3 (Prior on the invariant density). In some applications it may be more natural to
place a prior on the invariant density and only implicitly model the drift function. With minor
adjustments, Theorem 1B can still be applied to such priors. We outline the necessary adjust-
ments.

(i) b is not identifiable from 7, and o2. We therefore introduce the identifiability constraint
I (1) = 0. We could fix I,(1) as any positive constant and reduce to the case I(1) =0
by a translation, so we choose I, (1) = 0 for simplicity (this assumption is standard in the
periodic model: for example, see van Waaij and van Zanten [35]). With this restriction, we

have mp(x) = Gzlj—(;()x) for a normalising constant G, so that b = (o2 +02(log 7))/2.
(ii) In place of Assumption 5, we need a similar assumption but for Hy := log 7y, . Precisely,
we assume

Hy= Z Thic Vi, with || < Bforalll > —1landall0 <k < Zl, (7)

>—1
0<k<2!

fort_; =19 =1and 5y = 2716+3/2]=2 for | > 1, for some known constant B, and where
s > 1 is assumed known.

(iii) Induce priors on b = ((62) + o>H')/2 by putting the priors 1% = I1; on H, where
L, is as in Proposition 3.

@iv) To ensure b € O;(Ag) we place further restrictions on o'; for example, we could assume
o2 is smooth. More tightly, it is sufficient to assume (in addition to Assumption 1) that
ole O+1(A1) and ||02||ci§er < Aj, where C}S)er is the Holder norm, for some A; > 0.
These conditions on o can be bypassed with a more careful statement of Theorem 1B
and a more careful treatment of the bias.

Proposition 4. Make changes (1)—(iv) as listed above. Then, for some constant M, we have
I {be®:|b—bolla < MnA)=/1+2)10g(nA)V/2} | XMWY — 1 in Py,-probability.

Remarks. Minimax rates. The assumption (7) restricts by beyond simply lying in ©;(Ag). As
with Nickl and So6hl [24], Remark 5, this further restriction does not change the minimax rates,
except for a log factor induced by the weights [~2.

Adaptation to sampling regime. The prior of Proposition 4 is the same as the prior on b in
[24]. However, since here we assume o is given while in [24] it is an unknown parameter, the
results of [24] do not immediately yield contraction of this prior at a near-minimax rate in the
low-frequency setting. In particular, when o is known the minimax rate for estimating b with
low-frequency data is n=%/ 3 (for example, see S6hl and Trabs [31]), rather than the slower
rate =%/ @+ attained in Gobet—Hoffmann—Reiss [17] when o is unknown (the improvement
is possible because one bypasses the delicate interweaving of the problems of estimating b and
o with low-frequency data). Nevertheless, the prior of Proposition 4 will indeed exhibit near-
minimax contraction also in the low-frequency setting. An outline of the proof is as follows. The
small ball results of [24] still apply, with minor changes to the periodic model used here in place
of their reflected diffusion, so it is enough to exhibit tests of the true parameter against suitably
separated alternatives. The identification b = (02 + Uz(log 7,)")/2 means one can work with
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the invariant density rather than directly with the drift. Finally one shows the estimator from [31]
exhibits sufficiently good concentration properties (alternatively, one could use general results
for Markov chains from Ghosal and van der Vaart [12]).

It remains an interesting open problem to simultaneously estimate » and o with a method
which adapts to the sampling regime. Extending the proofs of this paper to the case where o is
unknown would show that the Bayesian method fulfils this goal. The key difficulty in making
this extension arises in the small ball section (Section 5), because Girsanov’s Theorem does not
apply to diffusions with different diffusion coefficients.

Intermediate sampling regime. Strictly speaking, we only demonstrate robustness to the sam-
pling regime in the extreme cases where A > 0 is fixed or where nA% — 0. The author is not
aware of any papers addressing the intermediate regime (where A tends to O at a slower rate than
n~1/2) for a nonparametric model: the minimax rates do not even appear in the literature. Since
the Bayesian method adapts to the extreme regimes, one expects that it attains the correct rates
in this intermediate regime (up to log factors). However, the proof would require substantial ex-
tra work, primarily in exhibiting an estimator with good concentration properties in this regime.
Kessler’s work on the intermediate regime in the parametric case [20] would be a natural starting
point for exploring this regime in the nonparametric setting.

4. Construction of tests

In this section, we construct the tests needed to apply the general contraction rate theory from
Ghosal-Ghosh—van der Vaart [11]. The main result of this section is the following. Recall that
S, 1s a periodic Meyer-type wavelet space of resolution m as described in Section 2.1, 7, is the
L2-orthogonal projection map onto S, and D,, = dim(S,,) = 2".

Lemma 5. Consider data X = (XkA)o<k<n sampled from a solution X to (1) under Assump-
tions 1-4. Let ,, — 0 be a sequence of positive numbers and let [, — o0 be a sequence of positive
integers such that nAe,%/ log(nA) — oo and, for some constant L and all n, D;, < Ln Ae,%. Let
O, S{be®:|m,b—>bl <e,} contain by.

Then for any D > 0, there is an M = M(Z, Lo, D, L) > O for which there exist tests ¥, (i.e.,
{0, 1}-valued functions of the data) such that, for all n sufficiently large,

max(Epy ¥ (X®), sup{ Ep[1 — ¥ (X®)] : b € Oy, b — boll2 > Mé, }) < e~ P24,
The proof is given in Section 4.2 and is a straightforward consequence of our constructing an

estimator with appropriate concentration properties. First, we introduce some general concentra-
tion results we will need.

4.1. General concentration results

We will use three forms of concentration results as building blocks for our theorems. The first
comes from viewing the data (X jA)o<j<n as a Markov chain and applying Markov chain concen-
tration results; these results are similar to those used in Nickl and S6hl [24] for the low-frequency
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case, but here we need to track the dependence of constants on A. The second form are useful
only in the high-frequency case because they use a quantitative form of Holder continuity for dif-
fusion processes. An inequality of the third form, based on martingale properties, is introduced
only where needed (in Lemma 13).

4.1.1. Markov chain concentration results applied to diffusions

Our main concentration result arising from the Markov structure is the following. We denote by

1
Il I the L, ([0, 1])-norm, || £1I7, = E.[f2]1= [y f(x)*du(x).

Theorem 6. There exists a constant k = k() such that, for all n sufficiently large and all
bounded 1-periodic functions f : R — R,

Py >t <Zexp<—lAmin(L 4>> ®)
=)= i« T

or equivalently

Y F(Xka) = Eulf]

k=1

g

where v2 =n AT  f112 and u = A7V floo-
Further, if F is a space of such functions indexed by some (subset of a) d-dimensional vector
space, then for V* = SUp e v2and U = Sup ¢z u, we also have

Py | sup
feF

for some constant k = k(Z).

> F(Xja) = Eulf]

j=1

> max (v kv2x, Kux)) <2, ©)

> F(Xja) = Eulf]

j=1

> kmax{v/V2(d +x),U(d + x)}) <4e™*. (10)

The proof is an application of the following abstract result for Markov chains.

Theorem 7 (Paulin [26], Proposition 3.4 and Theorem 3.4). Let My, ..., M, be a time-
homogeneous Markov chain taking values in S with transition kernel P(x,dy) and invari-
ant density 7. Suppose M is uniformly ergodic; that is, sup,.s || P"(x, ) — w|ltv < Kp" for
some constants K < 0o, p < 1, where P"(x,-) is the n-step transition kernel and | - ||Tv is
the total variation norm for signed measures (which may be represented by their densities).
Write tyx =min{n > 0 :sup, ¢ | P*(x,-) — |ty < 1/4}. Suppose M\ ~m and f : S — R is
bounded. Let Vy = Var| f (M1)], let C = || f — E[f (M1)]llco. Then

o

Y fM) — E[f(Mp)]
i=lI

>t)] <2 —l2
X .
=) =P 24080 + 210 Vy +200C)



2708 K. Abraham

Proof of Theorem 6. Since f is assumed periodic we see that f (Xka) = f (Xxa), where we
recall X = X mod 1. Denote by py(t, x, y) the transition densities of X, that is, py(t,x,y) =
> jez Pb (t,x,y 4+ j) (see the proof of Proposition 9 in Nickl and So6hl [24] for an argument that

the sum converges). Theorem 2.6 in Bhattacharya et al. [4] tells us that if X0 has a density 1o on
[0, 1], then X, has a density 7, satisfying

1 1
— <= 1 ——1),
ln: — mpllTv < 2||770/7Tb lITv eXP( 20, )

where M, := sup, o {(@*@mp@) 7" [y m,(x)dxf 5(y)dy}. We can regularise to extend

the result so that it also applies when the initial distribution of X is a point mass: if Xo = x then
X 1 has density pp(1, x, -), hence the result applies to show

. 1,. 1
o067 =7l = 35001520 = Vg 50— = 1))

Moreover, note || pp(1, x,-)/mp — 1]lTv < nL_1||[7;,(l x,) — mplltv < nL_l Also note we can

upper bound M}, by a constant M = M (Z): precisely, we can take M = o 2= ] lnlzj

Thus, we see that for ¢ > 1, we have

: 1
| Bpt. ) = 7| py < KexP<_mt)

for some constant K = K(Z), uniformly across x € [0, 1]. It follows that, for each fixed A,
the discrete time Markov chain (Xa)r>0 is uniformly ergodic with mixing time fmix < 1 +
2Mlog(4K)A~" < K’ A~ for some constant K’. Theorem 7 applies to tell us

n
Pr(
i=1

Since nA — 0o by assumption, we see 8(n +2K’A~!) < K”n for some constant K”. Using the
bound 2/(a + b) > min(1/a, 1/b) for a, b > 0 and upper bounding the centred moments V; and
C by the uncentered moments || ||l2L and || flo0, we deduce (8).

The result (9) is obtained by a change of variables. For the supremum result (10), we use a
standard chaining argument, for example, as in Baraud [2], Theorem 2.1, where we use (9) in
place of Baraud’s Assumption 2.1, noting that Baraud only uses Assumption 2.1 to prove an
expression mirroring (9), and the rest of the proof follows through exactly. Precisely, following
the proof, we can take k¥ = 36«. O

E,lf]] >t

<2 tz
X — .
=P\ T2k A T80 + 2K AV, +206C)

Remark. The proof simplifies if we restrict ® to consist only of those b satisfying I, (1) = 0. In
this case, the invariant density (upon changing normalising constant to some G} ) reduces to the
more familiar form 7, (x) = (Gpo2(x))~'e’»™) . The diffusion is reversible in this case, and we
can use Theorem 3.3 from [26] instead of Theorem 3.4 to attain the same results but with better
constants.
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4.1.2. Holder continuity properties of diffusions
Define
wn(8) =82 ((logs™")"* +1ogim)'/?),  5€(0,1]

for m > 1, and write w,, (§) := w1(8) for m < 1. The key result of this section is the following.

Lemma 8. Let X solve the scalar diffusion equation (1), and grant Assumptions 1 and 2.
Then there exist positive constants L, C and t, all depending on T only, such that for any
u > C max(log(m), 1)1/2 and for any initial value x,

X;— X
Pb(x)< sup <7| d s ) > u) <2e~h?,
s,t€[0,m], wm(lt - S|)

t#s,|t—s|<t

Remarks.

i. We will need to control all increments X(;ya — X ja simultaneously, hence we include
the parameter m, which we will take to be the time horizon n A when applying this result.
Simply controlling over [0, 1] and using a union bound does not give sharp enough results.

ii. Lemma 8 applies for any distribution of X, not only point masses, by an application of the
tower law.

The modulus of continuity w,, matches that of Brownian motion, and indeed the proof is to
reduce to the corresponding result for Brownian motion. First, by applying the scale function (see
the supplement — Abraham [1] — for details) one transforms X into a local martingale, reducing
Lemma 8§ to the following result, also useful in its own right.

Lemma 9. Let Y be a local martingale with quadratic variation satisfying |(Y)r — (Y)s| <
Alt — s|, for some constant A > 1. Then there exist positive constants ». = A(A) and C = C(A)
such that for any u > C max(log(m), D2,

Y, —Y
Pr( sup <u) > u) < 26_“’2.
s,te[0,m],s#t, Wy (|t —s|)

lt—s|<A~le2
In particular the result applies when Y is a solution to dY, = & (Y;) dW,, provided ||6°||o0 < A.

Lemma 9, proved in the supplement (Abraham [1]), follows from the corresponding re-
sult for Brownian motion by a time change (i.e., the (Dambis—)Dubins—Schwarz Theorem:
see Rogers and Williams [30] (34.1)). It is well known that Brownian motion has modulus
of continuity §'/?(log8=')!/? in the sense that there almost surely exists a C > 0 such that
|B, — By| < C|t —s|'/2(log(|t — s|~")1/2, for all ¢, s € [0, 1] sufficiently close, but Lemmas 8
and 9 depend on the following quantitative version of this statement, proved in the supplement
(Abraham [1]) using Gaussian process techniques.
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Lemma 10. Let B be a standard Brownian motion on [0, m]. There are positive (universal)
constants ) and C such that for u > C max(log(m), 1)!/2,

B, — B
Pr( sup (M> > u) < 26_)‘”2.
s5,t€[0,m], Wy (|t —51)

st |t—s|<e™?

4.2. Concentration of a drift estimator

4.2.1. Defining the estimator

We adapt an estimator introduced in Comte et al. [9]. The estimator is constructed by considering
drift estimation as a regression-type problem. Specifically, defining

1 (k+1)A 1 (k+1)A
Zia = —/ o (Xs)dWs, Ria = —/ (b(Xs) — b(Xka))ds,
A Jia A Jka

we can write
Xk+1na — Xka
A
Note Ry is a discretization error which vanishes as A — 0 and Z; A takes on the role of noise.

We introduce the empirical norm and the related empirical loss function, defined for u : [0, 1] —
R by

=b(Xra) + Zika + Ria.

1 n 1 n B 5
lully ==Y uXea)®,  yu@) == [AT Xeena — Xea) —uXa)]
n=- ; - 1;[ (k+1) ]
In both we leave out the k = 0 term for notational convenience.
Recalling that S, is a Meyer-type wavelet space as described in Section 2.1 and Ky is an
upper bound for the C l%er-norm of any b € ©, for [, to be chosen we define b, as a solution to the
minimisation problem

l;neargminyn(u): Sm = {MESm : ||u||oo§K0+1}a

MESM
where we choose arbitrarily among minimisers in the (typical) situation that there is no unique
minimiser.
4.2.2. Main concentration result
For the estimator defined above, we will prove the following concentration inequality.
Theorem 11. Consider data X™ = (Xka)o<k<n sampled from a solution X to (1) under As-

sumptions 1-4. Let ¢, — 0 be a sequence of positive numbers and let I, — 0o be a se-
quence of positive integers such that nA8,2Z /log(nA) — oo and, for some constant L and all n,
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Dy, < LnAe%. For these 1,,, let 5,1 be defined as above and let ©, C {b € O : ||m;,,b — b2 < &,}
contain by, where m, is the L?-orthogonal projection map onto Si,,-
Then for any D > O there isa C = C(Z, Lo, D, L) > 0 such that, uniformly across b € ©,,,

Py (b — blla > Cey) < e~ P,
for all n sufficiently large.

Remark. Previous proofs of Bayesian contraction rates using the concentration of estimators
approach (for example, see [15,24,29]) have used duality arguments, i.e. the fact that || | =
SUP,. y|,=1(/f, V), to demonstrate that the linear estimators considered satisfy a concentration
inequality of the desired form. A key insight of this paper is that for the model we consider
we can achieve the required concentration using the above minimum contrast estimator (see
Birgé and Massart [5]), for which we need techniques which differ substantially from duality
arguments.

Before proceeding to the proof, we demonstrate how this can be used to prove the existence of
tests of by against suitably separated alternatives.

Proof of Lemma 5. Let En be the estimator outlined above and let D > 0. Let C =
C(l:, Lo,D,L) be as in Theorem 11 and let M = 2C. It’s not hard to see that v, =
1{||by, — b||2 > Cen} is a test with the desired properties. O

Proof of Theorem 11. It is enough to show that, uniformly across b € ®,, for any D > 0 there is
a C > 0 such that P, (||b, —b|l2 > Ce,) < 14e‘D"A55, because by initially consideringa D’ > D
and finding the corresponding C’, we can eliminate the factor of 14 in front of the exponential.

The proof is structured as follows. Our assumptions ensure that the L2- and L?(1)-norms are
equivalent. We further show that the LZ(M)-norm is equivalent to the empirical norm | - ||,, on
an event of sufficiently high probability. Finally, the definition of the estimator will allow us to
control the empirical distance 160 — blln.

To this end, write 7, = (by — m;,b) |16, — m;, bl (defining 7, = 0 if b, = m;, b) and introduce
the following set and events:

Li={te8, Nt =1 ltlw =< Cie, '},

Ay =i e I} U {7 =0},
) 1
Q= {1} = 1] = 5. vie L},
where the constant C; is to be chosen. Then we can decompose
Py(bn = bll2 > Cen) < Po(llbn — bllalac > Cen) + Po(R5) + Po(llbn — bllaLa,ng, > Cen).

Thus, we will have proved the theorem once we have completed the following:

1. Show the theorem holds (deterministically) on A¢, for a large enough constant C.
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2. Show that P,(Q¢) < 4e—DnA%; for a suitable choice of Cj.

3. Show that, for any D, we can choose a C such that P;,(||l;,, = bll21l 4,0, > Cey) <
loe—DnAsg-

Step 1

Intuitively we reason thus. The event A can only occur if the L?(w)-norm of b, — 75, b is small
compared to the L°°-norm. Since we have assumed a uniform supremum bound on functions
b € ©, in fact A, holds unless the L2(x)-norm is small in absolute terms. But if ||15n —m,bll .
is small, then so is ||b, — b||2. We formalise this reasoning now.

For a constant C; to be chosen, define

A, ={l1by — 7,bll, > Caen ).

On A, we have ||7ullco < (Ibullos + l171,1l00)C5 ey . Note ||Bylloo < Ko + 1 by definition.
Since, for n large enough, ||, — b|loc < 1 uniformly across b € ®, € © by (4) so that
l7r1,bllc0 < 1blloc + 1 < Ko + 1, we deduce that on A, oo < Ko + 2)C2_18n_1. Since
also [|7,l,. = 1 (or 7, = 0) by construction, we deduce A, C A, if C; > Cfl Ko +2).

Then on (A},)° D A¢ we find, using that b € ©,, and using || - 2 <7, /[ - |1,

~ ~ —-1/2
16w = bll2 < by — 711,12 + 71,6 — blla < (Camr '™+ 1)e,.

So on A5, we have ||5n — bl < Cég, deterministically for any C > Czn]jl/z + 1. That is,
Py(lby — bll21 4¢ > Cey) = 0 for C large enough (depending on C; and 7).

Step 2
We show that for n sufficiently large, and C1 = C1(Z, D, L) sufficiently small, P,(2}) <
4e—DnAs,21.

For t € I, we have |||t[|2 — 1| =n~ 'Y} _, t?(Xxa) — E,[t*]]. Thus Theorem 6 can be ap-
plied to Q = {sup,c; n™ 'Y 5_, 12(Xga) — Eplt?]l > 1/2}. Bach t € I, has [[%[|lo < Cie,?
and ||t2||i = Eu[t4] <123 lslltl? < Clzen’z. Since the indexing set I, lies in a vector space of
dimension Dy, , we apply Theorem 6 with x = Dn As,% to see

Py | sup
tel,

where A = \//ZClznAflen_z(DnAs,% + Dy,) and B = kC?A~ e, 2(DnAe2 + Dy,), for some
constant kK = k(Z). Provided we can choose Cp so that 36 max{A/n, B/n} < 1/2 the result is
proved. Such a choice for C| can be made as we have assumed D, < LnAg?.

> 1 (Xia) — Eu[f?]

k=1

> 36max{A, B}) < 467D"A85,
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Step 3
Since b € ©, and 7y, is an L?-orthogonal projection, we have by — b||% < |lb, — manI% + 8,%.
Recall that || - || < nL_l/2|| - ||, and note that on A4, N Q,, we further have %Hl;n — mnb||i <
1B, — 711, b112.

Since also ||b, — 771,,b||2 < 2(||mry, b — b||,21 + ||by — b||%) we deduce that

- 1 -
16 — bI31 4,00, < E(4||m,,b — D)2 + 45y — blI21 a0, ) + &7,

where we have dropped indicator functions from terms on the right except where we will need
them later. Thus, using a union bound,

Py(llbn = bll21 4,0, > Cen) < Py(llm,b —bliy > C'ey) + Po(llbn — bl31a,ng, > C'e;),

n

for some constant C’ (precisely we can take C' = 7y (C 2 _1)/8). It remains to show that both
probabilities on the right are exponentially small.

Bounding Py(||t;,b —b|l, > Ce,). We show that for any D > 0 there is a constant C such that

Py(|7r;,b — blln > Cen) < 2e~ P14 for all n sufficiently large.
Since Eb||g||ﬁ = ||g||i for any 1-periodic deterministic function g and ||, b — b||i <

my llmy, b — b||% < nys,% for b € ®,, it is enough to show that

_ 2
Py(|lIm,b — bII2 = Eplim,b—b)2| > Ce?) < 2e7Prae (11)

for some different C. As in step 2, we apply Theorem 6, but now working with the single func-
tion (7, b — b)?. For large enough n we have the bounds |71, b — blloo <1 (derived from (4)),
and ||(m;, b — b)2||ﬂ < w1, b — bllollmy, b — by < 71(1/28,, (because b € ®,) and so applying
Theorem 6 with x = DnAeg? gives

y

for a = \/knA=Tnye2DnAe2 = ne2/kny D and b = k A~' DnAe2 = ne2ik D, for some con-
stant k = k(Z). We see that a/n and b/n are both upper bounded by a constant multiple of 8,%,
hence, by choosing C large enough, (11) holds.

n

> [, b = b)*(Xea) — |, b — bI7]
k=1

_ 2
> max{a, b}) < e~ Dnie

Bounding Py(||lby — b|214,nq, > Ce2). We show that Py(||b, — bl214,ng, > Ce2) <
8¢~DnAs for some constant C.
Recall an application of (4) showed us that ||7;, blco < Ko + 1 for sufficiently large n, hence

we see that 7, b lies in S'ln , o by definition y, (l;,,) < ¥n (7, b). We now use this to show that

1 - 7 N 8 —
Ibn = bITa,n0, < 7Im, b — bl +8ua )14, +~ > R, (12)
k=1



2714 K. Abraham

where v, (1) = % Y i1 1(Xka)Zia and we recall that 7, = (b — mnb)||l;,, — mnb||;1. The argu-
ment, copied from [9], Sections 3.2 and 6.1, is as follows. Using that A~! (Xk+1a — Xka) =
b(XkA) + Zka + Ria and that vy, (bp) — v (D) < vu(711,b) — ya(b), one shows that

- 2 2 ; 2y i
1bn = blly = 171, b = blly + 2vn (bn — 71, b) + > Realby — m,b)(Xia). (13)
k=1

Repeatedly applying the AM—GM-derived inequality 2ab < 8a® + b*/8 yields

2 . 8 < 1 -
- ;RkA(bn = 7,b)(Xka) < — g R, + gllbn = m,bl2,

- ~ - - 1 -
2v, (b, — nl,,b) =2|b, — ﬂlnb||uvn(tn) =< 8\}}1([}1)2 + g”bn - ”lnb”i-

Next recall that on A, N ©,,, we have ||15n — mnb||12l < 2||15n — 7T1,,b||,2,, and further recall that
by — 701, b1|2 < 2||by, — bI|% + 2||75;, b — b||?. Putting all these bounds into (13) yields (12), where
on the right-hand side we have only included indicator functions where they will help us in future

steps. Next, by a union bound, we deduce

Py(lby — bl214,nq, > Cep) < Py(llm,b — bl > C'el)
1 n
+ Py (va(f)*La, > C'e2) + P (2 > Rin> c/s,%),
k=1

for some constant C’ (we can take C’ = C/96). We have already shown that for a large enough

constant C we have Py (||7r;,b — bl|, > Ce,) < 2¢~DnAs thus the following two lemmas con-
clude the proof. ]

Lemma 12. Under the conditions of Theorem 11, for any D > 0 there is a constant C =
C(Z, Lo, D) > 0 for which, for n sufficiently large, Ph(% py R,%A > CS,%) < De—Dnie;.

Lemma 13. Under the conditions of Theorem 11, for any D > 0 there is a constant C =
C(Z, D, L) > 0 for which, for n sufficiently large, Py(v,(ty)1 4, > Cép) < 4e—Dner

Proof of Lemma 12. Recall Rea = + [ATV2(b(X,) = b(Xga)) ds, and recall any b € © is Lip-
schitz, with Lipschitz constant at most Ko, so |Rxa| < Komaxs<a | Xka+s — Xkal- Itis therefore
enough to bound sup{|X; — Xs|: 5,7 € [0,nA], |t —s| < A}

We apply the Holder continuity result (Lemma 8) with u = D'/2A=1/2(nAe2)!/2 for 1 = A(Z)
the constant of Lemma 8, noting that the assumption nAe,% /log(nA) — oo ensures that u is
large enough compared to m = nA that the conditions for Lemma 8 are met, at least when » is
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large. We see that

sup X, — X,| < A2 (log(n )2 +log (A~ ?) D212 (nae2) 2,

s,tel0,nA]
[t—s|<A

on an event D of probability at least 1 — De—Dnae; (we have used that, for n large enough, A <
min(z, e~ 1) in order to take the supremum over |t — s| < A and to see supg, Wy (8) = wy (A)).

Now observe that log(nA)!/? < (log(A~1)!/2) for large enough n because nA> — 0 (sonA <
A1 eventually). Further, from the assumption nA? log(A_l) < L¢ we are able to deduce that

A2 log(A~H12(nAe2)1/? < L(l)/28n. It follows that on D, we have Rxa < Ce, for a suitably
chosen constant C (independent of k and n), which implies the desired concentration. O

Proof of Lemma 13. Recall for 7 : [0, 1] — R we defined v, (t) = % ZZZI t(XrA)Zra, where

Zin = % k(i'H)A 0 (X5) dWs. The martingale-derived concentration result Lemma 2 in Comte

et al. [9] (the model assumptions in [9] are slightly different to those made here, but the proof of

2
"Afz), for
O'UM

the lemma equally applies in our setting) tells us Py (v, (¢) > &, 712 < u?) < exp(— 5

any ¢, any u, and any drift function b € ®, so that
nAg? 2 2
Py(va(0) = §) <exp| ——5— | + Po(llzl; > u?). *)
2o5u

We can apply Theorem 6 to see that, for some constant x =k (Z),

1 n
Py(llel; > u®) = Pb(; (Zr(xmz — ||r||,i> > u* — ||r||,i)

k=1

20,2 242 2 2
1 n(u” — |ltll)" n@” —|it];)

gexp<——Amin{ 3 = 5 £ )
K nllt=|7 177 1loo

1
2 2 -2 2 -2
SGXP<—;HA(M — llellZ) el 5 min (w12l ;* =1, l))
where to obtain the last line we have used that ||72]|2 < ||t||gO ||t||i.

Now choose u? = [|t[|% + &||t||oo- Then &2/u? > $ min(&?/||t|%, &/||lloo) so that, returning
to (%), we find

A 1
Py(va(1) > £) < exp(—;% min(52||r||;2,5||r||gol)> + exp(—;nAs min (|¢]],,, ||t||;}))

U
1 : - -
=< 2eXP<—PnA mln(€2||tll,f,Elltllool)),

for some constant «’ = «’(Z).
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By changing variables we attain the bound Py (v, (t) > max(~/v2x, ux)) < 2exp(—x), where

v2=k'(nA)"! ||t||,2L and u = k' (nA) " V||t||oo. Then, as in Theorem 6, a standard chaining argu-

ment allows us to deduce that

Py(supva(6) 2 #(/ V2D, +2) + U Dy, +1) ) =4e ™,

tel,

for V2 =sup,;, [Itl|%(nA) " = (nA)~!, U =sup,¢; [tlc(nA)~" =Cie; ' (nA)~!, and for a
constant ¥ = & (Z). Taking x = DnAe? and recalling the assumption D;, < LnAg2 we obtain
the desired result (conditional on #,, € I,,, which is the case on the event A,,). O

5. Small ball probabilities

Now we show that the Kullback-Leibler divergence between the laws corresponding to differ-
ent parameters bg and b can be controlled in terms of the L2-distance between the parameters.
Denote by K (p, q) the Kullback-Leibler divergence between probability distributions with den-

sities p and g, thatis, K (p,q) = E,, log(g) = flog(%)dp(x). Also write

KL(bo. b) = E, [mg(”O(A’ Xo, XA))}.

Dr(A, Xo, XA)

Recalling that Pl(,n)(x(”)) =1 (x0) [T'—; Pp(A, Xi—1)a, Xia) is the density on R"+! of X un-
der Py, we introduce the following Kullback—Leibler type neighbourhoods: for ¢ > 0, define

()
B;?i(s) = {b €eO: K(p(()”), p}()")) < (nA+ 1)82, Varp, <log %) <A+ 1)82},
Py

and, noting that KL(bg, b) (hence also the following set) depends implicitly on n via A, define
_ . 2 70 2 2 Po 2
By =1be€®: K(my, mp) < &°, Vary, | log— | <&, KL(bg, b) < Ag”, Vary, | log — | < Aeg“¢.
p Pb

The main result of this section is the following.

Theorem 14. Consider data X™ = (Xka)o<k<n sampled from a solution X to (1) under As-
sumptions 1-4. Let €, — 0 be a sequence of positive numbers such that nAs,zl — 00. Then there
is a constant A = A(Z) such that, for all n sufficiently large, {b € ® : |b — byll2 < Ag,} C

BY) ().

Proof. Applying Lemma 22 from Appendix A where it is shown that

(n) (n)
X X Xo. X
Vary, log<M) =< 3 Vary, (log all 0)) + 3n Vary, (log M).
P (xm) 75(Xo) 25(Xo, Xn)
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and noting also that K (p(()"), pé”)) = K(mg, mp) + nKL(bo, b) by linearity, we observe that

Bgn I3 - B;?%(e,,). It is therefore enough to show that there is an A = A(Z) such that

{be®:||b—bol|» <A} B en /N3 This follows immediately by applying Lemma 15 below
to &, = sn/\/g. U

Lemma 15. Under the conditions of Theorem 14, there is an A = A(Z) such that, for all n
sufficiently large, {b € © : |b — bgl|l2 < Ae,} C B, .

The key idea in proving Lemma 15 is to use the Kullback-Leibler divergence between the laws
Pb(x) and Plfg) of the continuous-time paths to control the Kullback—Leibler divergence between
pp and pg. This will help us because we can calculate the Kullback-Leibler divergence between
the full paths using Girsanov’s Theorem, which gives us an explicit formula for the likelihood
ratios.

Let Pb(fT) denote the law of (X;)o</<r conditional on X¢ = x, i.e. the restriction of Pb(x) to

C([0, T1). We write ng)T for Pb(’x% when b = 0. Throughout this section, we will simply write
Pb(x) for Plfxg and similarly with WS,X). We have the following.

Theorem 16 (Girsanov’s Theorem). Assume bg and b lie in ©, and o satisfies Assumption 1.
Then the laws Plfg,)T and Pb(XT) are mutually absolutely continuous with, for X ~ Pb(ch), the almost
sure identification

(x)
dp T'bo—b 1 (T b3 —b?

bg, 0

T ((X,>,5T)=exp[ | eoax -5 [0 <Xt)dr].
P 0o o 2Jo o

Proof. See Liptser and Shiryaev [22], Theorem 7.19, noting that the assumptions are met be-

cause b, by and o are all Lipschitz and bounded, and ¢ is bounded away from O. O
We write
(x) (x)
) _ 9Py s AR
pe == =t (14)
dW dWg

for the Radon—Nikodym derivatives (i.e., densities on C([0, A]) with respect to ng)) whose
existence Girsanov’s Theorem guarantees. We will simply write X for (X;);<a where context

allows, and similarly with U. Since ﬁ(()x) (X) = 0 for any path X with X¢ # x, we will further omit
~(Xo)

the superscripts on our densities in general, writing po(X) for py~" (X), and similarly for py.
Proof of Lemma 15. We break the proof into a series of lemmas. We will upper bound the
variances in the definition of B, by the corresponding uncentered second moments. For some
constant A = A(Z), we show the following.

1. A2KL(bg, b) < A|lb — bo|3, which shows that KL(bg, b) < Ae2 whenever ||b — byll> <
Agy,. This is the content of Lemma 17.
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2. If ||b — bo|lo < Ae, then we have Ebo[log(po/pb)z] < Aeﬁ. This is the content of
Lemma 18. Note that the other steps do not need any assumptions on ¢&,, but this step
uses nAeﬁ — 0.

3. A?max({K (70, 7p), Ep,[log(mro/m5)*1} < Ilbo — b||3, which shows that K (7o, 77,) < &2 and
Ep, [log(no/m,)z] < &2 whenever lb — bgll2 < Ae,. This is the content of Lemma 19.

Together, then, the three lemmas below conclude the proof. O

Lemma 17. Under the conditions of Theorem 14, there is a constant A = A(Z) such that
AZKL(bo, b) < Allby — bll3.

The proof is essentially the same as that of van der Meulen and van Zanten [34], Lemma 5.1,
with minor adjustments to fit the periodic model and non-constant o used here. Further, all the
ideas needed are exhibited in the proof of Lemma 18. Thus, we omit the proof.

Lemma 18. Under the conditions of Theorem 14, there is a constant A = A(Z) so that, for n
sufficiently large, Ep, [log(po/p)z] < As,zl whenever ||b — byl < Ae,,.

Proof. We first show that we can control the second moment of log(po/pp) by the second mo-
ment of the corresponding expression log(po/ pp) for the full paths, up to an approximation error
which is small when A is small. Consider the smallest convex function dominating log(x)?,
given by

log(x)z, x<e,

hix) =
x) Zeflx—l, x>e

(it is in fact more convenient, and equivalent, to think of 4 as dominating the function x —
(logx~1)?). Let X ~ Pb(g) and let U ~ W[(,x). Intuitively, the probability density of a transition of
X from x to y, with respect to the (Lebesgue) density p. of transitions of U from x to y, can be
calculated by integrating the likelihood po(U) over all paths of U which start at x and end at y,
and performing this integration will yield the conditional expectation of ﬁ(()x) (U) given Ua. That
is to say,

Po(A,x,y)
p*(A7-xv y)

The above argument is not rigorous because we condition on an event of probability zero, but
the formula (15) is true, and is carefully justified in Lemma 23 in Appendix A. A corresponding
expression holds for py (A, x, y), so that

Po(A, Xo, Xa) 2] |: (EW,(,XO)[ﬁb(U) |Ua = XA])]
Epy|log( 252220200\ |, 1y = Eyy | h .
oo Ba ) ] = Bl = i E,yio 1 00) | Us = Xa

= Eyeo [Po(U) | Ua =] 15)

Lemma 21 in Appendix A allows us to simplify the ratio of conditional expectations. We ap-
ply with P = WS Q = Pb(f‘)) and g = ﬁ,gXO)/ ﬁéXO) , then further apply conditional Jensen’s
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inequality and the tower law to find

2 - -
NIRRT
Pb L by Po
< Ep, h(@@ﬂ)]
L \ PO

— ~ 2 ~ ~
<o) B0 ]

which is the promised decomposition into a corresponding quantity for the continuous case and
an approximation error. We conclude by showing that each of these two terms is bounded by
%Asg, provided ||b — by||» < Ag, for some sufficiently small constant A = A(Z).

Showing Ep,[(log %)2] < %Ae,zl. Writing f = bOU—fb, we apply Girsanov’s Theorem (Theo-
rem 16) to find

~ 2 A A 2
po _ 1 2
Ebo[<10g ) (X)) :|_Eb0|:</0 F(Xp)dW; + 2/0 f (Xz)dt) }
A 2 1 A 5 2
=Eb0[</0 f(Xt)th> }+2Ebo[</0 f (Xz)dt> }

The cross term has vanished in the final expression because:

° fOA f(X;)dW; is a martingale for X ~ Py, (this follows from the fact that f is bounded
thanks to Assumptions 1 and 2, and a bounded semimartingale integrated against a square
integrable martingale yields a martingale, as in [30], IV.27.4).

° fOA f2(X,)dt is a finite variation process.

e The expectation of a martingale against a finite variation process is zero (see, e.g., [30],
1v.32.12).

For the first term on the right, we use Itd’s isometry ([30], IV.27.5), Fubini’s Theorem, period-
icity of f and stationarity of wg for the periodised process X = X mod 1 to find

A 2 A A .
Ebo(/(; f(Xt)th> =Eb0/0 fz(Xt)dIZA Ebofz(Xt)dtZA”f”iO

The second term § Ep,[( fOA f*(X,)d1)?] is upper bounded by 3 A2| £1|2, | f1|2, (this can be
seen from the bound (fOA A< AlfIZ% fOA £?), hence is dominated by A||f||i0 when 7 is

large. Thus, for some constant A = A(Z) we find

~ 2
Do r _
Ebo[(logﬁ(x)) }smllfll,iosEA *Allbo — b3,



2720 K. Abraham

where Assumptions 1 and 2 allow us to upper bound || fl,, by llbo — bll2, up to a constant
depending only on Z. For ||by — b||2 < Ae, we then have E;,O[(log(ﬁb/ﬁo))2] < As,zl/Z.

Showing Ep,[(2¢™"! %(X) - 1)1{%(){) >e}] < 1Ae2. We have

Ebo[(Zeli(X) — l)ﬂ{@(X) > e” §2e1Pb|:<@(X)) > 1i|.
Po PO Po

By the tower law (noting 2¢~1 < 1) it suffices to show Pb(x)[log(%(X)) >1]< %Asﬁ for each
x € [0, 1]. Applying Girsanov’s Theorem (Theorem 16) we have, for f = (bg — b)/o, and for n
large enough that A||f||go <1,

Db = 1 (A
Pb(x)(logT(X) > 1) = P;f”(/ —f(X)dW, + —/ f(X)*dt > 1)
Po 0 2 Jo
A
<pY (/ — £(X,)dW, > 1/2).
0

Write M, = fol —f(X,s)dW;. Since A = max(1, (2Ko/o1)?) uniformly upper bounds ||f||c2>o
for b € ®, we see that M is a martingale whose quadratic variation satisfies |(M); — (M);| <
Alt — s|. Recalling that wy(8) = 8!/?1og(8~")!/?, we apply Lemma 9 with u = w;(A)~!/2 to
yield that, for n large enough,

D M; — M 1
P,j”(log@(xp 1) §Pb(x)< sup M =Ml —wl(A)_1>
Po S, <A, sF#t w1(|t—s|) 2
< 2exp(—Awi(A)7?),
where A is a constant depending only on Z.
Recall we assume nA — oo and nA? — 0. It follows that for large enough n we have
log(A’l) <log(n), and A < )»log(n)’z. Then observe
A<ilogm)? = A<i(logA™)) logn)~!

= log(n) <AA7! (log A_l)_l,

so that exp(—kwl(A)_z) <n1forn large. Finally, since nAg,% — 00, wesee2n~ ! < %Ae% for
n large enough, as required. O

Lemma 19. Under the conditions of Theorem 14, there is a constant A = A(Z) such that
A* max{K (19, 75), Eb,[log(mo/75)*1} < by — bIl3.

Proof. By the comment after Lemma 8.3 in [11], it suffices to prove h2 (7o, ) lmo/7p llco <
C|lb—bg ||% for some C = C(Z), where h is the Hellinger distance between densities, defined by
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2 (p,q) = f (VP — ﬂ)z. Since mp and 7, are uniformly bounded above and away from zero,
we can absorb the term ||/ || 0 into the constant.

We initially prove pointwise bounds on the difference between the densities m( and ;. Recall

we saw in Section 2 that, for I (x) = (f %(y) dy, we have

el;,(x) 1 X
mp(x) = ——— el”(l)f e b gy —i—/ e Mgy ), x €0, 1],
Hpo?(x) x 0

1 e[b(x) 1 X
Hb:/ i <e[b(1)/ AT dy+/ AT dy>dx.
0 o°(x) x 0

We can decompose: |7y (x) — mo(x)| < D1 + D> + D3 + D4, where

1
<elh(1>/ AT dy+/x AT dy>,
X 0

In(x) _ Iy (x) 1
D, = bt — e P’ (elb(l)/ e b dy + /x e b dy>’
Hp,0%(x) x 0

elb™®)

_ 1 1
' o2

Hp,  Hp,

JNE
" Hpyo2(x)
e

4= 5, <
HbO(TZ(X)

1
D, (elba)_elho(l))f e—lb(y)dy',

X

1
e%(l)/ (e _e—lb(,(y))dH/x(e—lh(y) _e—lbo(y))dy"
X 0

2 _ -2 _ -2 . -2 -2
We have the bounds aUze 0Koo,” < |, < o, 2¢0K09.” and e2K0oL” < oIb@) < (2K09. " Ap
application of the mean value theorem then tells us

*2lbg—b
P ™| < (1) /0 %(y)dy < C'Dllbo - b,

for some constants C, C’, and the same expression upper bounds |e~/»®) — ¢ =100,
It follows that, for some constant C = C(Z), we have D; < C||b — bg||; for i =2, 3, 4. For
| Hp—Hp, |
HthO

i = 1 the same bound holds since |H%, - %l < and a similar decomposition to the

above yields |H, — Hp,| < C(D)||1b — by |l>.

Thus, we have shown that |m,(x) — mo(x)| < C(Z)||b — bol|2. Integrating this pointwise
bound, we find that ||7rg — 7 ||2 < C(Z)|bo — b||>. Finally, since h? (o, 1) < ﬁ o — s 13 <
C' Dby — b||§, for some different constant C’, we are done. O

6. Main contraction results: Proofs

We now have the tools we need to apply general theory in order to derive contraction rates.
Recall that K (p, g) denotes the Kullback—Leibler divergence between probability distributions
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with densities p and ¢, and recall the definition

(n)
B (e) = {b cO:K(p{", pi”) < (nA + 1)&?, Vary, (log %) <A+ 1)82}.
b

We have the following abstract contraction result, from which we deduce Theorem 1.

Theorem 20. Consider data X™ = (XkA)o<k<n sampled from a solution X to (1) under As-
sumptions 1-4. Let the true parameter be by. Let €, — 0 be a sequence of positive numbers and
let I,, be a sequence of positive integers such that, for some constant L we have, for all n,

Dy, = 2n < LnAs,%, and nAs,zl/log(nA) — 00. (16)
For each n let ®,, be S-measurable and assume
bo € ©y S {be®:|lm,b—bl2 <en}. (17

where my, is the L2-orthogonal projection map onto Sy, as described in Section 2.1. Let 1™ be
a sequence of priors on (®, S) satisfying

(a) H(n)(®z) < e—(w+4)nA€,21’
(b) I™(BY) (¢,)) > e~ @mAen,

for some constant' w > 0. Then there is a constant M = M (Z, Lo, w, L) such that, under the law
Py, of X, I ({b € ®:||b—bgl2 < Me,} | X™) — 1 in probability.

The proof, given the existence of tests, follows the standard format of Ghosal-Ghosh—van der
Vaart [11] and is given in the supplement (Abraham [1]).

Proof of Theorem 1.

A. We apply Theorem 20. The key idea which allows us to control the bias and obtain this
adaptive result with a sieve prior is undersmoothing. Specifically, when we prove the small
ball probabilities, we do so by conditioning on the hyperprior choosing a resolution j,
which corresponds to the minimax rate (nA)™%/(0+2%) rather than corresponding to the
slower rate (nA)~5/(1+29) Jog(n A)!/? at which we prove contraction. This logarithmic gap
gives us the room we need to ensure we can achieve the bias condition (a) and the small
ball condition (b) for the same constant w. The argument goes as follows.

Write £2 = (nA)~2/0429) and let &2 = (nA)~2/0+29 Jog(n A). Choose j, and I, nat-
ural numbers satisfying (at least for n large enough)

1 , 1
EnAéﬁ <D;, =2/ <nAg2, anAs,% <D, =2"" < LnAg2,

n fact we can replace the exponent w + 4 in (a) with any B > w + 1. We choose w + 4 because it simplifies the
exposition and the exact value is unimportant.
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where L is a constant to be chosen. Note that (16) holds by definition. Recall now
from our choice of approximation spaces in Section 2.1 that we have ||m,,b9 — bgll2 <
K (s)|lboll 35002’””. For any fixed L we therefore find that for n large enough, writing
K= K(s)25||bo||35 _ we have

7,60 — boll2 < K (LnAe?) ™ = K(LnA&2log(nA)) ™ = KL ™8, log(nA)™

< é&p.

Similarly, it can be shown that, with A = A(Z) the constant of the small ball result
(Theorem 14) and for n large enough, we have ||bg — 7, boll2 < Ag,/2.

Set ©, = {bo} U (S;, N ®) and observe that the above calculations show that the bias
condition (17) holds (since also for b € ©,, if b # by we have ||7;,b — b||2 =0).

Next, for the small ball condition (b), recall Theorem 14 tells us that, for n large enough,
{be®:|b— byl < Ag,} C B;?Z(s,,). Thus it suffices to show, for some w > 0 for
which we can also achieve (a), that TI({b € ® : ||b — bg|l» < Ag&,}) > e—onie; Using
that |b —boll2 < 10 — 7, boll2 + 7, b0 — boll2 < |0 — 7, boll2 + Aey /2, and using our
assumptions on 4 and IT,,, we see that

N({be®:b—bol2 < Aen})

=D hm T, ({b € Sy : b —boll2 < As, })

= h(j)T, ({b € S, 2 16— 7, boll2 < Aen/2})
= h(jn)(en AL /2) P

> Biexp(—p1Dj, + Dj,[log(en) +log(A¢/2)])
> By exp(—CnAg2 — CnAgZlog(e, "))

for some constant C = C(Z, B1, ¢). Since log(sn_l) = ﬁ log(nA) — %loglog(nA)
log(nA), we deduce that TI({b € © : ||b — bolla < Aep)) > Bje~CnAGloend)
Blefc/"Aeg, with a different constant C’. Changing constant again to some o =
w(Z, B1, B1, ¢), we absorb the By factor into the exponential for large enough n.

For (a), since IT(©¢) = 0 by assumption, we have I1(®) < H(Sl"'l) = ano:lﬁl h(m).
We have assumed that 4 (m) < Bye P2Dmwhich ensures that the sum is at most a constant
times e #2P < e_%Lﬂz"A's'%. For the w = w(Z, B1, By, ¢) for which we proved (b) above,
we can therefore choose L large enough to guarantee I1(®F) < e (@+nAe]

B. Let ¢, and j, be as in the statement of Theorem 1 and define /,, as above (here we can take
L =1). Similarly to before, we apply results from Section 2.1 to see

IA

71,6 — bll2 < &, )
for all n sufficiently large and all b € ®;(Ap).
7;,b—bll2 <én
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Set ®, = O4(Ag) for all n. Our assumptions then guarantee the bias condition (a) will
hold for any w (indeed, e (©¢) = 0). Thus, it suffices to prove for some constant e that
(b e Os(Ag) : |I1b —boll2 < 3en)) > e“"”Asg, since we can absorb the factor of 3 into
the constant M by applying Theorem 20 to &, = 3¢,,.

Because the prior concentrates on ®;(Ag) and by lies in ®3(Ag), we see both that
Wb :||lz;,b— bl <e,}) =1 and that ||7;,bo — boll2 < &,. Thus

™ ({b e ©,(A0) : b —boll2 < 3e,}) = I ({b € O5(Ag) : lImj,b — 7, boll2 < &n})-

From here the argument is very similar to the previous part (indeed, it is slightly simpleg
so we omit the remaining details.

Proof of Proposition 2. We verify that the conditions of Theorem 1A are satisfied. Condition
(i) holds by construction. The B |-norm can be expressed as

I1f1lss, |f_1o|+22’“+”2> a1l (18)

=0

(see [16], Section 4.3) hence any b drawn from our prior lies in Béo,l with ||| g1 ] <(B+1)x

2+ Z,>1 172). Tt follows from standard Besov spaces results (e.g., [16], Proposition 4.3.20,
adapted to apply to periodic Besov spaces) that b € Cper([O 1]), with a Cper—norm bounded in

terms of B. Thus I[1(®) = 1 for an appropriate choice of Ky. We similarly see that by € ®. It
remains to show that condition (ii) holds. We have

2 2 2
16— wmbolls = E T (wik — Bik)
—1<l<m
0<k<2!

<1+ZZ 21) max |M1k—ﬁ1k|2

0<k<f

<4 max |ug — Bul?,
1<l<m,

0<k<2!

sothat TI{b € Sy, : |b — wmbolla < €}) = T (Juw — Bix| <e/2 Vi, k,—1 <1 <m, k <2'). Since
we have assumed |Bjx| < Bty and g(x) > ¢ for |x| < B, it follows from independence of the u;;
that the right-hand side of this last expression is lower bounded by (g¢/2)?, so that condition
(i) holds with ¢ /2 in place of ¢. |

Appendix A: Technical lemmas

The following results are proved in the supplement (Abraham [1]).
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Lemma 21. Let Q and P be mutually absolutely continuous probability measures and write

f= dP Then, for any measurable g and any sub-o -algebra G, Eglg | G]1 = EEﬂ}gil}gllg%].

Lemma 22. The variance of the log likelihood ratio tensorises in this model, up to a constant.

(’1) (n)
. (X)) (Xo) Po(X0,XA)
Precisely, Vary, log(2 X (n))) < 3 Vary, (log Zg( ¥) + 3n Varp, (log pg xoxy)-

Lemma 23. Let pg be as in (14). Let p*(A, x, y) be the density with respect to Lebesgue mea-
sure of transitions from x to y in time A for a process U ~ ng). Then

Po(A,x,y)

= Egw|po(U) | Ua=y|.
p*(Aa-xay) WU [p y]

Appendix B: Notation

We collect most of the notation used in the course of this paper.

X: A solution to dX; = b(X;) dt + o (X;) dW;.

X: The periodised diffusion X = X mod 1.

b, o: Drift function, diffusion coefficient.

W = Up; 7p: Invariant distribution/density of X.

Pb(x): Law of X on C([0, oc]) (on C(]0, A]) in Section 5) for initial condition Xy = x.

Ey; Pp; Vary: Expectation/probability/variance according to the law of X started from .

E,,; Var,,, and similar: Expectation/variance according to the subscripted measure.

W Notation for Pb(x) when b = 0.

py(t,x,y), pp(t, x,y): Transition densities of X, X (with respect to Lebesgue measure).

7»: Density (with respect to W) of Pb(x) on C([0, A]).

Iy(x) = [y 2b/o?)(y)dy.

XM =(Xo,.... Xna); x = (x0,..., Xna); P(n)(x(”)) =mp(x0) [Ti=1 Po (A, x(—1)a Xin).

bo: The true parameter generating the data.

Mo, 7o, po etc.: Shorthand for wp,, 7y, pp, etc.

or, > 0; oy < 0o: A lower and upper bound for o.

Lo: A constant such that n A2 log(1/A) < Ly for all n.

® = ©(Ko): The maximal paramater space: ® = {f € Céer([O, 1]): ”f”C];er < Ko}

O;(A))={feB: ||f||35oo < Ap}, for Biw a (periodic) Besov space.

T ={Ko,oL,0u}.

S, Wavelet approximation space of resolution m, generated by periodised Meyer-type
wavelets: S, = span{y;x : —1 <l <m,0 <k < 21}, where ¥_1 ¢ is used as notation for the
constant function 1.

=dim(S,,) = 2"; m,, =(L*-)orthogonal projection onto S,,,.

wy (8) =82(log(8~H2 +log(m)/?) if m > 1, wy, :=w if m < 1.

1 4: Indicator of the set (or event) A.

K (p, q): Kullback-Leibler divergence between densities p, g: K(p, g) = Ep[log(p/q)].
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KL(bo, b) = Ep, 10g(po/ pp)-

By () ={be®:K(py". pp”) < (nA + D)2, Vary, (log(pg” / p)) < (nA + 1)e?}.

B, = {b e ©: K (7, mp) < &2, Vary, (log o)< 2, KL(bg, b) < A&?, Vary, (log By < Ag?).

IT: The prior distribution.

I1(- | X™): The posterior distribution given data X .

(-, -): the L2([0, 1]) inner product, (f, g) = f f(x)g(x)dx.

I ll2: The L2([0, 1])-norm, || 113 = fy f(x)?dx.

I llut The L2()-norm, || £112 = fy £(0)?u(dx) = fy f()2mp(x) dx.

Il - loo: The L® (supremum) norm, || flec = sup;.co.17 1/ ()1 (all functions we use are con-
tinuous hence we can take the supremum rather than needing the essential supremum).

I e,z The Cpernorm, [| fllct, = 11f lloo + I lloo-

|| - l.: The empirical L2-norm ||f||ﬁ =30 f(Xin)?.
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