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In the framework of an abstract statistical model, we discuss how to use the solution of one estimation
problem (Problem A) in order to construct an estimator in another, completely different, Problem B. As
a solution of Problem A we understand a data-driven selection from a given family of estimators A(f)) =

{Ah he$H}and estabhshlng for the selected estimator so-called oracle inequality. If h € 5 is the selected
parameter and B($)) = {Bh’ h € $H} is an estimator’s collection built in Problem B, we suggest to use the

estimator B.. We present very general selection rule led to selector 6 and find conditions under which the

b

estimator B} is reasonable. Our approach is illustrated by several examples related to adaptive estimation.

b
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1. Introduction

Let (X g ]P’(f"’), f €T) be the statistical experiment generated by the observation X ™.
Let A:F — &) and B : F — &5, be two mappings to be estimated and G, &, be sets en-
dowed with semi-metrics £ and p, respectively.
For any X "”-measurable G -valued map Q;, j = 1,2, and any g > 1 introduce

RO f1=EL[e(01. AN R4L02 f1=EP[p(02. B(H)]".  f€eF.

Here and later E”” denotes the mathematical expectation w.r.t to the IED(") and the number ¢ is
supposed to be fixed.

The main objective of the present paper can be described as follows. Assume that the problem
of estimation of A(-), called furthermore Problem A, is much easier than the estimation of B(-)
(Problem B). We will not precise here the exact meaning of “easier”, which may be the theoretical
difficulty or computational complexity or something else. One can imagine, for instance, that
Problem A has been already solved while Problem B is still not. It is also important to realize
that Problems A and B may have completely different natures. For example, A(f) is f, where
f : R? — R is the multivariate probability density and £ = | - || p is L,-norm on R?, while B(f)
is functional, i.e. &3 = R. It can be the value of f or its derivatives at a given point, some norm
of this function, the entropy functional or Fisher information and so on. Even if both problems
have the same nature, for instance, A(f) = B(f) = f, the loss functions (semi-metrics £ and p)
can be different. In particular, one can consider £(-) = || - ||, and p(-) = || - |5, p #s.

The problem which we address consists in finding hypotheses under which some elements
of the solution of Problem A could be used in the construction of an estimation procedure for
solving Problem B. Let us discuss this approach more in detail.
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The variety of statistical procedures developed last quarter of century deal with the data-driven
selection from the particular family of estimators, Barron et al. [3], Baraud et al. [2], Birgé and
Massart [4], Bunea et al. [5], Cai [6], Cavalier and Tsybakov [8], Cavalier and Golubev [7],
Dalalyan and Tsybakov [11], Devroye and Lugosi [12], Goldenshluger [16], Goldenshluger and
Lepski [18,20,22], Kerkyacharian et al. [25], Lepski and Levit [34], Nemirovski [37], Rigollet
and Tsybakov [41], Tsybakov [43], Wegkamp [47] among many others. A very detailed overview
on this topic can be found in the recent paper Lepski [32].

Suppose that we are given by the collection of estimators A($)) = {Z\: 5. b € )}, used for the
estimation of the map A(-), parameterized by some parameter set ) (Ay depend usually on n
but we will omit this dependence in the notations). The quality of estimation is measured by
the family of risks {R 4 [;‘\h’ f1.he®, f eF}. Let us say that Problem A is solved if one can

find X -measurable element 6 € $ (data-driven selector) such that the selected estimator A b
satisfies so-called oracle-type inequality:

o~

Ral&g. f1= ind AL (f.0) +era, Vf eRVnz 1, (L.1)
€9

Here ¢ > 0 is a numerical constant independent on n and f and r, — 0,n — o0 is given se-

quence. As to the quantity AE") (-, -) it is explicitly expressed and for some particular problems
one can prove the inequality (1.1) with

AP (f,5) = CRalAy, f1,

where C is as previously a universal constant.

Let B(9) = { By, b € H} be a given collection of statistical procedures related to the estimation
of B(:). It is extremely important for us that both collections A ($)) and B($)) are parameterized
by one and the same set §). As it was mentioned above Problem A and Problem B may have
different nature and often only the set §J relates both problems.

The questions which we want to answer are: under which conditions the selector 6 provides
a reasonable choice from the collection B($))? Is it possible to establish an oracle inequality
similar to (1.1) for the selected estimator B.?

We do not think that the answers on aforementioned questions can be obtained when an arbi-
trary selection rule led to b is considered. So, in the next section in the framework of an abstract
statistical model we propose a quite general selection scheme and establish for it the oracle in-
equality (1.1). This part of the paper has an independent interest since all results will be obtained
under few very general assumptions which can be verified for many statistical models and prob-
lems. The proposed approach can be viewed as a generalization of several estimation procedures
developed by the author and his collaborators during last twenty years, see Lepski and Levit [34],
Kerkyacharian et al. [25], Juditsky et al. [24], Goldenshluger and Lepski [17,18,20-22], Lepski
[28,32]. R

Coming back to the study of the behavior of the “plug-in” estimator B; we would like to
emphasize that it will be done under the following assumption imposed on the statistical ex-
periment. We will assume that X = (X g"), Xé")), where X §n)7 X ;") are independent random
elements. Our selection rule (led in particular to the solution of Problem A) is based on the ob-

servation X 5") while the estimator’s collection B($)) is built from the observation X é"). This
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fundamental assumption may correspond to splitting data on two independent samples or to the
situation when a statistician disposes an independent copy of the considered statistical model.

The following notations will be used in the sequel: IP’(IH} and P;”} denote marginal laws of
X %") and Xé"), respectively and Ef";,z = 1,2, will be used for the mathematical expectation

Ww.I.t. IP’E,").

We finish this introduction presenting several examples in which the discussed above strategy
can be applied. These considerations will be continued in Sections 4 and 5.

Estimation in the deconvolution density model under 1L ,-loss. Consider the following obser-
vation scheme:

Zi=X;+Y;, i=1,...,n, (1.2)

where X;,i =1,...,n, are i.i.d. d-dimensional random vectors with common density f to be
estimated. The noise variables Y;,i = 1,...,n, are i.i.d. d-dimensional random vectors with
known common density g. The sequences {X;,i =1,...,n}and {Y;,i =1, ..., n} are supposed
to be mutually independent.

Let X =(Zy,...,Z,) and let B(f) = f and p(-) = £(-) = || - ||, that means that we are
interested in estimation of the underlying density f under L, -loss.

Let K : R — R be the function belonging to L (R¢) and fR K = 1. Let H? be the diadic grid

of (0, 11¢ and define for any h= (hi, ..., hg) € H?

d
Ki =V 'K/, ....ta/hs),  1€RL Vi =T]h;. (1.3)
j=1

For any hetdlet M s E) :RY — R satisfy the operator equation

K,;(y)=/Rdg(z—y)M(t,fz)dt, yeRY. (1.4)

Introduce the following estimator’s collection

B(H') = {Eﬁ('):”_IZM(Zi — b, heH | (1.5)

i=1

In Comte and Lacour [10] and in Rebelles [39], the data-driven selection rules from B(Hd) , based
on the methodology developed in Goldenshluger and Lepski [22], were proposed. The authors
established oracle inequalities of type (1.1) and deduced from them several results related to
adaptive estimation.

Our idea is quite different and consists in the following. Consider first the estimation of
A(f) =g f, where here and later “x” denotes the convolution operator. Note that g x f is the
density of Z; and, therefore, can be easily estimated from the observation X ™ using standard
kernel estimator. Consider the collection

A(H!) = {Zfz(-):ZK,;(Zi — ) hendl. (1.6)

i=1
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The problem of bandwidth selection from A(H“) was studied in Goldenshluger and Lepski [20,
21] where several oracle inequalities were proved. Let ﬁn be a selected bandwidth. We propose
then to use §ﬁn (-) as the final estimator.

We remark that similar strategy in the linear regression model (selection from the family of
spectral cut-off estimators, d = 1) was adopted in Chernousova and Golubev [9]. In the sequence
space Gaussian white noise model the approach discussed above was applied in Knapik and
Solomond [27] in order to find the posterior contraction rate in inverse problems in the context
of the Bayesian nonparametrics.

Estimation of derivatives in the density model under LL-loss. Let Xm = (X1,...,X,) be
i.i.d. random variables with unknown common density f (the multidimensional version of the
problem will be presented in Section 5). We are interested in estimating of £, m € N*, where
£ denotes mth derivative of f.

Thus, B, (f) = f™ and let p(-) =£(-) = - lp. Set A(f) = f and consider the family of
kernel estimators

AR =1 A0 =Y Kn(Xi =) heH' .
i=1

It is worth noting that for any m € N* the estimator §h,m(') — A‘Elm)(-) is usually used for esti-
mating B, (f). Hence, one of the possibilities consists in the selection from the collection

B, (H') = {Bum(). h e H')

in order to construct an estimator for £ . Note, however that in this case the corresponding
selector as well as the selected estimator will depend on m. In particular, the selection schemes
are different for different values of m.

Our approach to considered problem consists in selecting from the family A(#') that provides
us with the selector hy,. Then for any m € N*, we suggest to use §hn,m(') as an estimator for
B, (f). In other words the problem we address can be formulated as follows. Is it possible to
differentiate the kernel estimator with data-driven bandwidth in order to get the estimator for any
derivative of the underlying density simultaneously?

In the framework of Gaussian white noise model, this problem was studied in
Efromovich [13]. It was shown that the answer is positive when p = 2 and the adaptation is
considered over the collection of Sobolev classes. More precisely, it was shown that the differ-
entiation of the Efromovich—Pinsker estimator leads to the efficient adaptive estimator of any
derivative. In Abramovich et al. [1], the same answer was obtained when the collection of Besov
classes is considered. It was shown (p = 2,d = 1) that the differentiation of special wavelet
based adaptive estimator leads to the adaptive estimation of the corresponding derivative.

In Section 5, we prove that the answer on aforementioned question is positive when the adap-
tive estimation of partial derivatives of a function belonging to an anisotropic Nikol’skii class in
L, (R?) is considered under an arbitrary L ,-loss and in an arbitrary dimension d > 1.
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2. Selection scheme for solving of Problem A

Let $,,n € N*, be a sequence of countable subsets of ). Let {Zh, h e H} and {A\h,n’ h,n € H}
be the families of X i")—measurable G1-valued mappings possessing the properties formulated
below. Both A;, and Ay, depend usually on n but we will omit this dependence for the sake of
simplicity of notations. Let &, — 0, n — 00 be a given sequence.

Suppose there exist collections of G-valued functionals {Ay (f), b € 9}, {Ayp,,(f), b, n € H}

and a collection of positive X }")—measurable random variables W,, = {¥,, (), h € H} for which
the following conditions hold. (The functionals A and Ay, may depend on n (not necessarily)
but we will omit this dependence in the notations.)

Apermute A\hyﬂ = Zﬂ»h’for any f), ne .
AP Foranyn > 1

() supE(") ((sup [€(Ay, Ap () — )]’ ) < el
feF 77 hesy,

) supE(")(sup [£(Ap. Apa() = (Wal) A W}]Y) < el
feF " hnef,

Remark 1. Often the collection {W, (h), h € $H} satisfying the hypothesis A"PP®" is not random.
This is typically the case when a statistical problem is studied in the framework of white gaussian
noise or regression model. See also Lemma 1 below, case p < 2.

2.1. Discussion

For many statistical models and problems Ay (f) = EY’}(K{,) and Ay ,(f) = E(llf}(gb,n) In
this case E(Xh, Ay(f)) and K(A\h,,], Ay, (f)) can be viewed as stochastic errors related to the
estimators A, p and A B,y respectively. Hence, following the terminology used in Lepski [33] we
can say that {¥,(h), b € H} and {¥,,(h) AV, (n), b, n € H} are upper functions of level ¢, for the
collection of corresponding stochastic errors.

The development of the probabilistic tools allowing to control the behavior of stochastic errors
related to statistical procedures is the subject of vast literature, see, for instance, the books van
der Vaart and Wellner [45], van de Geer [44], Massart [36]. The inequalities similar to those
appeared in the hypothesis A"PP" can be found in Egishyants and Ostrovskii [14] and Lepski
[29-31]. The upper functions for L ,-norm of “kernel-type” empirical and Gaussian processes
were obtained in Goldenshluger and Lepski [19] and Lepski [33].

We conclude that from the one hand the verification of the hypothesis A"PP®" is in some sense
necessary task when the oracle approach or adaptive estimation is considered. On the other hand
the very developed probabilistic machinery is in our disposal.

Let us also remark that if the analogues of hypotheses A"PP" and can be checked in
Problem B, then the selection rule from the estimator’s collection {ﬁh, h € H} presented below
will provide the solution of Problem B. However in some cases the verification of these hypothe-
ses is much more difficult in Problem B than in Problem A and it is one of the reasons why we
propose to proceed differently.

Apermute



New approach 2781

Let us now discuss some examples of estimator’s collections for which the hypothesis APermute
is fulfilled.

Example 1. Let A(H?) and B(H?) be the families defined in (1.5) and (1.6). For any E W eH?

seth v ' = (hy v B, ..., hq Vv h)) and introduce
Zﬁ,ﬁ/() = Zﬁ\/ﬁ’(')a Eﬁ’ﬁ/() = §];VE’()

Itis obvious that the hypothesis AP'™MU ig verified for these estimators. The selection rules based

on this construction of families of auxiliary estimators can be found in Kerkyacharian et al. [25,
26], Rebelles [39].

Example 2. Consider either the density model generated by the observation X" = (X1, ...,
X,), where X; € R4, i_; 1_: ..., n, are i.i.d. random vectors or the observation model (1.%).

Let Kj(-) and M (-, h),h € ¢, be defined in (1.3) and (1.4), respectively. For any i, h’ € H¢
set

K,;,,;/(-)=/Rd K; (- —Kj (1) dt, M(,E,ﬁ’):/w M(-—t, )M (1, ') dt

and define

n n
AV =D "Kjp(Xi—) or A ()= K;i(Zi—),
i=1 i=l1

n
By ()= M(Zi —-.h.1).
i=1

Since, Kj j, = K} j and M (ﬁ,ﬁ’ y=M (}_z" ,ﬁ) the hypothesis APS'™U€ holds. The selection
rules based on this construction of auxiliary estimators were proposed in Lepski and Levit
[34], Goldenshluger and Lepski [17,18,20,21], Comte and Lacour [10], Reynaud-Bouret et
al. [40].

Example 3. Let D be a set endowed with the Borel measure u and let {y, k € N%} be an
orthogonal basis in Lo (D, ) possessing the following properties.

Yo=c#0, /Dwk(t),u(dt)zo, Vk#£0=(0,...,0).

Let T = {r = (tx, k € N%)} be a given subset of [ such that toc> (D) = 1 for all T € T. Intro-
duce

Ket,0)= ) u¥a@yr(x), te€T,

keNd
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and define for any 7,/ € T
KT,I’(tax):/DKT(t»y)Kr(yvx)/’L(d)’)~

Consider the statistical experiment generated by the observation X = (X, ..., X,)), where
X;,i=1,...,n,areii.d. D-valued random variables having unknown density f with respect to
the measure . Introduce the following collection of estimators

n
Ave()=) Kro(Xi,), 7€
i=1

As it was shown in Goldenshluger and Lepski [22], K . = K/ ; for any 7, 7" € T and, therefore,
the hypothesis APS™U jg fulfilled.

We remark that all estimator’s construction discussed above can be applied in other statistical
models where kernel-type estimators are used, for example, white Gaussian noise model and the
regression model.

2.2. (¥,, £)-selection rule and corresponding oracle inequality

Our objective is to propose the selection rule from an arbitrary collection A($),,) = {;4\;,, he N,
satisfying hypotheses APS™U¢ and AUPPe and establish for it the oracle-type inequality (1.1).
Define for any § € 5,

Ru(h) = sup [£(Apy. Ay) — 20, ()],
NENN

Let 6(") € ), be an arbitrary X {")-measurable random element satisfying

Ru(5™) + 2w, (h™) < inf [Ru(b) + 2, ()} + ¢,

where ¢/, is an arbitrary sequence and we will assume that €], < &,.
Introduce the following notation: forany f € F, h € ), andn > 1

N

BY(£,0) = €(Ay (), ACH) +2 sup £(Ay (), Ag(H), (i h) = [E (W (0)}]7.

N€NN
Theorem 1. Let APS™U€ gnd AUPPeY pe fulfilled. Then, for any f € F and n > 1

RalAgo. £1= inf (B0 + 50 (F )} + 6

Note that the proposed (W, £) selection rule is built using only observation part X Y’). This
means that the application of the result presented in Theorem 1 does not require any splitting of

data since one can formally suppose that X g") is the original data set.
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2.3. Proof of Theorem 1

For the simplicity of notations throughout the proof, we will write 6 instead of 6(”).
Fix b € $,,. We have obviously in view of the definition of R, (-)

C(AG, Ay p) <29, (0) + [0(A;, A o) — 2w (D],
< 29,(H) + Ra(B).
Here we have also used that f) € $,, by its definition. Taking into account APE™U€ we get
(A, A h 5 = (A, hh) <2W,(h) + [€(Ay. A h p) — 2V ()],
< 2W,(h) + Ru(h).
We get from (2.1), (2.2) and the definition of 6
E(A A h)+€(Ah h) < Ru(h) +2W, () + Ry (h) + 2%, (h)
<2{R.(h) + 2, (h)} + .

We have in view of the triangle inequality for any h € 9,

Ru(h) < sup (A (s Ay( ) + &1+ &2,
ne n

where we have put

§1 = sup [E(An,An)—‘IJ (n)]
IS

g= sup [€(Ay,. Ay, — {Wa(h) AW, -
h,neﬁn

Thus, we obtain from (2.3) and (2.4) for any h € $,,

e(A A h)—i—E(Ah h)<2 sup £(Agp(f), Ap(f)) +4W,(h) + 28 +2& +¢),.

NEN,

Obviously for any h € ),

(A, AC)) < €(Ag (1) ACH) + WD) + 1.
It yields together with (2.6) by the triangle inequality
0(Rs, ACH) < B (f,h) + 5W,(0) + 381 + 262+, VheH,, VfeF.

Taking into account the hypothesis A"PP®" we get for any ) € §,, and any f € F

(B [6(Ry. AH)]Y}T < B (£.0) + 5v(f. b) + 6t

2783
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Here we have used that &), < &,. Noting that the left-hand side of the obtained inequality is
independent of ) we come to the assertion of the theorem.

3. “Plug-in” estimator for solving of Problem B and its
properties

Let B($) = {Eb, bh € H} be the family of Xé")-measurable G;-valued mappings. The goal of this
section is to bound from above the risk of “plug-in” estimator Eﬁ(’”’ where 6(") is obtained by
(Y, £)-selection rule.

We add the following assumption to the hypothesis A"PP°T,

AP There exist the constant Cy > 1 such that for any n > 1

E(n) IIJn _C n ) 1 S Z,
sup l,f(bs:)%[ () = Cotn(£.)]]) =&

E(n) w(f, -C \pn q < Z
sup l,f(hs;g[w (£.5) = Cot,()]]) <

We note that the hypothesis A"PP®" is fulfilled with Cy = 1 if W, (h) is non-random and in this
case ¥, (-, -) is independent of f. Actually the hypothesis A"PP" guarantees that the random
function ¥, (-) is well-concentrated around some non-random mapping. We would like to stress
that for all known to the author problems in order to check A"PP®' one first verifies that the
required inequalities hold for the “non-random” mapping ¥, (f, ). However, it may depend on
unknown f and, therefore, cannot be used in the estimation construction. In this case this quantity
is replaced by its empirical counterpart W, (h) satisfying the hypothesis LA"PP",

Let {1y, b € H} be a collection of &;-valued functionals. Set forany h € ), f € Fandn > 1

Q=

Ea(£.5) = (BS} {07 (By. To(1))}) 7. 3.1)

Introduce the following sets of parameters.
V() = {h € vn(f ) <2CY inf [B(f.m +20a(fm] |
() = [b e L8n, ACD) <4Cu inf [BL(.m +20n(f.m] |

Set 8, = infscpinfyey, ¥ (f, b) and define for any f € Fandn > 1

w(f) = sup &Ei(f.h)+ (56x/8n) sup E(f,h);

heU, (f) hesH,
va(f)= sup p(Yy, B(f))+ (30e4/8,) sup p(Yy, B(f)).
hesl, (/) hesn

Let h™ is obtained by (W, £)-selection rule with &/, < §,,/4.
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Theorem 2. Let APe™Ute  AUPPET gy AYPPEY hold. Then, for any f € F andn > 1
Rp[Byo, F1<va(f) + (/).

We will see that in particular examples the sequence ¢, decreases to zero very rapidly. It allows
often to assert that

stn = (56n /50 )sup( sup En(f, ) +6 sup (T B(f))) 7= 00
feF *hesH, heHin

very fast and the statement of the theorem is reduced to

Rel[Byw, f1< sup p(Ty, B(H))+ sup E(f,h) + 4. 3.2)
hell, (f) heW, (f)

Remark 2. Note that the sets U, (f) and 4,(f) are completely determined by the quantities
appeared in the solution of Problem A while &,(f,h) and p(Yy, B(f)) represent respectively
the standard deviation of stochastic error and approximation error of the estimator §h used in
Problem B. The functionals t,(f) and v, (f) explain how all these quantities are related.

Although, (3.2) is simpler to analyze than the assertion of the theorem, even this oracle in-
equality is less natural than those proved in Theorem 1. The next result allows to understand
better the properties of the estimator B()(n).

Proposition 1. Let APS™Y® gnd AP hold. Suppose additionally that there exists a constant
C¢ > 0 such that forany f e F,n>1and b € 9,

p(Yy (), B(f)) < Cel(An(f), A(S)). (3.3)

Assume also that there exists a constant Cg > 0 such that for any n > 1 and b € ),

;ugfn(f, h) < CeWy(h). (3.4)

Then, forany f e Fandn > 1

Rl By, f1= inf {2Cc+CoIB(f.0) + (Cc +2Cbn(f. 1)}

+ (10C¢ 4+ 3C¢)e,.

We remark that the assertions of Theorem 1 and of Proposition 1 differ only by the numerical
constant. We would like to emphasize that although Proposition 1 holds under quite restrictive
assumption (3.3) it is useful for some problems studied in Section 4. Moreover, it does not require
the hypothesis A"PP",
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What does make possible the assertion of Theorem 2? The goal of this paragraph is to discuss
on informal way which properties of (¥,,, £)-selection rule lead to the assertion of Theorem 2.
Introduce the “oracle nuisance parameter” hgm‘e which is a minimizer of the right-hand side of
oracle-type inequality proved in Theorem 1, that is

byt =arg inf (B (£0)+ Y (£ )}, (3.5)

Without loss of generality, we will assume that hgmle € Hy.
The first property that we are going to discuss is the following: with “high probability”

Vn (ﬁ G(n)) <C {B,(L‘n) (f, hgracle) T (f, hzracle)}, VfeF,

where Cj is a numerical constant independent of f and n. In many particular problems, one can
find a constant C; such that

Bgl)(f’ bzracle) U (f, bzracle) < Cartn (f, hgracle)’ VfeTF,

and, therefore, with “high probability”

Vn (f, 6(11)) < C3y, (f, bgracle).

The latter is well-known in the bandwidth selection problem as overshooting effect. In the most
simple case §),, C R, this means that h® > h;’lr“le with probability tending to 1, n — oo. It is
worth noting that this property is inherent in many adaptive procedures and, therefore, an analog
of Theorem 2 for other selection rules seems to be possible.

The second property, which is heavily related to (¥,,, £)-selection rule, is the following: with
“high probability”

E(Af)(n)a A(f)) < C4{B%)(fv BORCIe) 4y, (£, HOCIe) ).

In particular if the condition (3.3) of Proposition 1 is fulfilled then

(Tgas BUH)) < Cs{BY (£,657%) + (£, 53) }, (3.6)

and after simple manipulations the assertion of this proposition follows from (3.5) and (3.6).

3.1. Proof of Theorem 2

For the simplicity of notations throughout the proof, we will write 6 instead of 6(") and we break
the proof on several steps.
1°. Let us prove that for any f € F and n > 1

P (B & 1, (f)} < (3084 /8,)". 37
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First note that in view of the triangle inequality
e(Ag, ACD) < £(Ag, ACD) + LAy, Ap)

< 0(A4, ACH) + Wu(h) + sup [€(A,, Ay) — B, ()] (3.8)

NEN

= ¢(A;, A(H)) + Wn(h) +&1.
To get the last inequality, we have used that 6 € 9, Next, we get from the definition of 6 and (2.4)

W, (h) < Ru(h) +2W, () < Ru(h) +2W,(h) + &,

=< S“é’ (Mo (1) Ay () +2W(h) + &1 + 62 + ¢, (3.9
UGN

<BY(f, ) +2W,(0) + & + & +e,  VheN,

Set £3 = suppeg, [Wn(h) — Co ¥ (f, h)]+. We deduce from (2.7), (3.8) and (3.9) that

£(Ag AC) = jnf [2B9(f, 1) + T, ()] + 561 + 36 + 2e),

(3.10)
< inf [2BY(f,0) + TCo ¥ (f, )] + 5&1 + 3&2 + 7&3 +2¢),.
€N

Hence, forany f e Fandn > 1
(B¢ 84,(F))  {5E1 + 382 + 785 + 26, > 8, } € (108 + 68, + 1483 > 8,).
To get the last inclusion, we have used that &), < §, /4. The statement (3.7) follows now from the

Markov inequality and the hypotheses A"PP¢T and A"PPYT,
2. For any f € F and n > 1 the following is true:

PP b ¢ B ()} < (Sen/60)7. 3.11)
Indeed, in view of (3.9)

Un(h) =2 inf [BL(£0) + Codr(£0)] +61 +&+ 26+,
Hence, putting &4 = SUPpeg, [V (f,h) — CyW¥,(H)]+ we obviously have

Y (f,h) < CoW,(h) + &
<2Cy jnf [BL(f.5) + Cov (. 0)]

+Cyl&1+6+28 +¢6, ] +&.
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Taking into account that Cy > 1 and 8;1 <8, /4 we have
(b ¢ 2N} = {v (1.0 2 2¢F inf [BY (o + 20 (/0]

Cléi+&+28+E+¢, =28, S{EI+ 6 +283+ &> 8,

The statement (3.11) follows now from the Markov inequality hypotheses A"PP¢T and A"PPeT,
3% Since his X %")-measurable, {By,h € H}is X;")-measurable and X %") , Xé") are indepen-
dent we get

(B {04 (B, T ()T = (B} {1/ )))7. (3.12)
Next, we obviously have

Ea(f,5) = En(f, D)1 +E(f 1 < sup E(f.B)+ sup E(f.h)1; :
heU, (f) b0, (f) beB,(f) hes, b0, (f)

Hence, we get from (3.11)

ECHEED)T = sup D)+ sup &L Ge/S) =1a(f).  (B13)
heU,(f) heHn

4%. We have

< sup p(Yu(f),B(f))+ sup po(Yh(f), B(f))1: .
hesi(/) (% ) hen (% Mheucr)

Hence, in view of (3.7) we obtain

<

(E {01 (T4, BN < vn(£). (3.14)

It remains to note that in view of triangle inequality

Qe

Rp[By. 1= (EF {07 (150, BT + (B {07 (By, T5(H)})

and the assertion of the theorem follows from (3.13) and (3.14).

3.2. Proof of Proposition 1

We have in view of the assumption (3.3) forany f € F

p(B;. B(S)) < (5 (), BUH) + p(By. T5(F)

R (3.15)
< Cet(Ag (), ACD) + p(By, T5())-
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Since by construction b is X\"-measurable and X" and X" are independent
(n) i (n) i
EF{er (Mg (N, AN = () {7 (A5 (), AN)) -
We deduce from (3.10) and the hypothesis A"PP*' for any f € F
1 .
EP{E (A5, AD7 = inf 2BLCL )+ Thalf 0} +1080. (316)
For any h € §,, and f € [F we have in view of (3.9) and the assumption (3.4),

En(f.§) < CeW(h) < Ce[BY (1) +2W, (h) + &1 + &2 +en ],

and, therefore, we deduce from the hypothesis A"PP®" and (3.12)

(B9 (¢4(By. 03 (1)))7 < Ce[BY () + 20 (. 5)] +3Csen.

Since the left-hand side of the obtained inequality is independent of ) we get

Q=

(B (e (By. Ty (D)) = Ce int [BY(10)+20(£. )} +3Cee, G1T)

The assertion of the theorem follows now from (3.15), (3.16), (3.17) and the triangle inequality.

3.3. From oracle approach to adaptive estimation

In this section, we discuss how to use the oracle approach in adaptive estimation over the given
scale of functional classes. We present several results concerning adaptation which will be di-
rectly deduced from Theorems 1, 2 and Proposition 1.

Let {Fq, a € 2} be a given collection of subsets of ' and suppose that an abstract oracle
inequality (1.1) is established. Define

R,(Fq) = sup inf .Aén)(f, h) + crp, aecf.
feFq HEH

We immediately deduce from (1.1) that for any a €

limsup R, ' (Fq) sup RA[XG, fl=1

n—o00o fe]Fa

Using modern statistical language we can state that the estimator A 3 is R,-adaptive, where R, =
{Ry(Fq), a € 2} is the family of normalizations. If additionally one can prove that for any a € 2(

liminf R, ' (Fy) inf sup R[Q, f1> 0,
n—>0o0 Q fE]Fa
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where infimum is taken over all X ") -measurable &1-valued random mappings we can assert

o~

that the estimator A() is optimally adaptive over the scale {F,, a € 2(}. The latter means that this
estimator is simultaneously asymptotically minimax on each F.
Consequences of Theorem 1 and Proposition 1. Set S,, = {s,(Fy), a € 2}, where

sn(Fa) = sup inf {BL(£,0) + v (/. 0)}

nf
feFq DENM

and let H™ is obtained by (¥,,, £)-selection rule.
The results below follow immediately from Theorem 1 and Proposition 1.

Theorem 3. Let AP™Ye gnd AYPPEY hold and assume that €, = o(infaeg s, (Fq)), n — oo.

(1) Then, for any a € A

limsups, !(Fy) sup RA[;\\G@, f1=5s.
PAS

n—o0

(2) If additionally (3.3) and (3.4) are fulfilled, then for any a € 2

n—oo

limsups, ' (Fa) sup R[Bju, f1<7C;+2Ce.
feFaq

Thus, the estimators A, o) and gﬁ(,,) are simultaneously S,-adaptive. Hence, if A ) is opti-
mally adaptive in Problem A one can expect that §ﬁ « 1s optimally adaptive in Problem B.
Adaptive analogue of Theorem 2. Define for any a € 2(

Un(Fa,b) = inf ¥, (f,h) (3.18)
feFq

and introduce the following sets of parameters

V(@) = {b € 9, : ¥ (Fa, h) <4Cysa(Fa)},
Un(a, ) ={bh €Hu: (A, A(f)) < 8Cysn(Fa)}.

It is obvious that U, (f) € V,(a) and L, (f) S Uy (a, f) for any f € Fq. Set finally

on(Fa) = sup sup E,(f.h)+ sup  sup  p(Yy. B(S)),

feFa heVy(a) feFa helty(a. f)
40 () = (Se1/6,) sup [ sup £,(f.5)+6 sup (Y. B(f)]
feFa-hen, heHn

and let 6(") is obtained by (V,,, £)-selection rule.
The following statement is the direct consequence of Theorem 2.
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Theorem 4. Let APS™Ue  AUPPeT ;54 AUPPET [o]d.
Assume that 3¢, (Fq) = 0(¢,(Fq)), n — 00, for any a € 2. Then, for any a € U

limsup sup ¢, ' (Fa)Rp[B.w, f1<1.

n—o00o fEFa

3.4. Some computations in the density model

Our objective now is to give an example of statistical model and problem in which we are able to
check the hypotheses APEIMUte - AUPPET and AUPPEr We also gives some bounds for the quantities

Bg') (f,b) and ¥, (f, ) involved in the (¥, £)-oracle inequality. It allows us, in particular, to
compute the rate

sn(Fa) = sup inf {BL(f,0) + v (/. 0))

inf
feFq hesn
appeared in all adaptive results in the case when Fy = Np,d(ﬁ, L),a= (B, L), where N, 4 (,3, L)
anisotropic Nikol’skii class. The results presented in this section form basic tools for the solution
of problem studied in Sections 4 and 5.

Let T = (Th, ..., Ty),m € N*, be i.i.d. random vectors taking values in RY and having
density p with respect to Lebesgue measure. As before IP’,(J'") and E;m) denote the probability law
and mathematical expectation of 7. The goal is to estimate A(p) = p and the quality of an
estimator procedures is measured by IL,-risk, 1 < p < 0o, that is

RalAm, pl= E[1A, —pI5])”, pe®

where 33 is the set of all probability densities and £”(g) = ||g ||ﬁ = fRd lg(x)|P dx.
Remind that #¢ = {(27%,...,27%1)), (k1. ... . ks) € N¥} is the diadic grid in (0,1]¢ and
K;().he H4 be defined in (1.3). Introduce the collection of standard kernel estimators

A(Hy,) = {Z;;(-) =m™VY KT — ). h e MG 1 (3.19)
i=1

where ’Hﬁl = {ﬁ e H¢ :In(m)/m < Vi < e~VInimy and Vi = ]_[?:1 hj.
From now on we will assume that the kernel K involved in the definition of K7, is continuous,
bounded, symmetric function belonging to L; (R?) and JK=1.

3.4.1. Verification of the hypotheses APST™MUe  AUPPET g54 AUPPEE

Recall that “x” denotes the convolution operator and introduce for any h, ineH?

A (O =m" Y K * KGI(T = ). (3.20)

i=1
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Set also for any heH? and m € N*

128K LK [l (Vi)' /P=Y 1< p<2;

A (h) = K
" {9I|K||1||K||2(ng) 17, pP=2;

and if p > 2

m p/2 l/p
7 A80plK | 1 1 207, _ 172
Ap(h) = ) {ﬁ(/w[m;:[{ﬁ(z’ t)] dt) +2[IK |l ,(m V) )

We remark that A, (+) is not random if p < 2. Itis obvious that the hypothesis APS'™U€ jg fylfilled.
Define the empirical process

m

1 N S d
gm(x,h)_mZ[Kh(T, ) —EyVKp(T —x)],  xeR

i=1

Auxiliary results. The following statements are the consequences of the results established in
Lemmas 1 and 2 in Goldenshluger and Lepski [20] and Theorem 3 in Goldenshluger and Lepski
[19]. Set P(D) ={p € P: [Iplloc = D}, D > 0.

Lemma 1. Forany 1 < p < oo and for all m € N*

sup " (sup [[lenC I, — IKIT An@]1) <cfh(p), pell2s  (32D)
peP heHy,

sup By (sup [&nCo )], — IKIT' An(D]]) <eh(p),  pel2,00. (:22)
pEB(D) heHd

where for any p > 1 and D > 0

limsupm®e,, (p) =0, VYa > 0. (3.23)

m—00

Moreover for any p > 2, there exists © > 0 completely determined by K, p, D and d such that

sup Eg”)( sup [A(h) — @(mv,;)—lﬂ]i) <&l (p). (3.24)
peP(D) heHd,

Let us remark the following simple consequence of (3.23) and (3.24).

sup (EVVAL M) <DmVy)™V2, VheHL, Vm e N*. (3.25)
peP(D)

In order to get this inequality it suffices to note that (m V};)’l/ 2>m= 12 forall h e (0, 114
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Verification of the hypothesis A"PP*". Set Aj (p, -) = Eg"){;f AQIE he Hﬁl and note that

Ap(p,) =EJVK;(T — ) = /Rd Kj(z — )p(2) dz. (3.26)

In view of the assertions (3.21) and(3.22) of Lemma 1 we can conclude that the hypothesis
A'PPEI(1) is fulfilled for any p > 1. In order to verify A"PP®'(ii) note first the following obvious
identities.

Zﬁ,ﬁEKﬁ*AﬁEKﬁ*Zﬁ’ Vi, i e He. (3.27)

Hence, putting A7 ;(p. ) = By (A7 ;01 60 () = A7 50) = Aj 30, and £ () = A7) —
Aj(p,-) we deduce from the Young mequahty, Folland [15] Theorem 6.18,

I, < 1K1 g5
I, < ikile™, = 1751, <1k ds™ 1, ~lg™1,)-
It yields for all ﬁ, ne 7—[31 in view of the obvious inequality a Ac <bAd+(a—b)+ VvV (c—d)+

(15", = Am@) A 8u@D), < 1K1 s (™, = 1K1y A @) .
E m

In view of the assertions (3.21) and (3.22) of Lemma (1) we can conclude that the hypothesis
AYPPE(ii) is fulfilled for any p > 1.
Verification of the hypothesis A"PP®". First, we note that A,, is not random if p € [1, 2] and,
therefore, in this case A"PP®" is checked with Cy = 1.
Next, if p > 2 we have in view of the definition of A,, and (3.25) for any p € B (D)
960p|| K |1 | K - -
20pIKIKlp . D72 < (B AL ) <DmVi) T2 VheHd. (3.28)
In(p)
960p 1K1 1Kl
Moreover, A,, > W

tion (3.22) of Lemma (1) with Cy =D Vv

(mV;)~/? and, therefore, A"PP" is fulfilled in view of the asser-
960p| K 1 1K1,
In(p)

3.4.2. Some bounds for the quantities BX’) (f, b) and ¥, (£, b)

Let us find upper estimate for BXZ) (f, b) and lower and upper estimates for ¥, (f, h), which both
appear in (W,,, £)-oracle inequality. In the considered case f =p,n=m,H=h, A(f) = A(p) =
p, L) =1 llp and ¥, = Ay,

Note first that (3.27) implies that for any x € R?

Aﬁ’ﬁ(p,x) — Aj(p, x) = Ki*x Aj(p, x) — Aj(p, x)

= Kﬁ(x—y)(/ K,;(z—y)p(z)ciz—p(y)) dy
Ry R4
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Applying the Young inequality we obtain for all p > 1
By (o, 1) < (1 421K 1)K xp =Pl VheH". (3.29)

In view of assertion (3.25) of Lemma 1 and the definition of A, we get
R - 1 — 1
Cuvp 2 <y, by = [EY”{ALm]]7 <Cwvp @', ¥pep,, (330)

= 128|I K1 [IK |l if

where B, =P if p<2, P, ={peP:peP(D)} if p>2and C=C
C =29 if p > 2. We remark

pell,2), C=C=9K[IKlif p=2and C = 22T BIEL €
that the obtained lower and upper estimates are independent of p.
3.4.3. Computation of the rate on anisotropic Nikol’skii class

In view of (3.29) and (3.30), we should bound from above

. 1
sup _inf {[|[Kj*p—pll,+ mV;)r2 "}
peFq heHY

This quantity with Fq = Np,d(,g, L),a= (B, L), where N, 4 (E, L) is anisotropic Nikol’skii class
was evaluated in Goldenshluger and Lepski [20].

Let (eq, ..., e;7) denote the canonical basis of RY. For function G : RY — R! and real number
u € R define the first order difference operator with step size u in direction of the variable x; by

Ay jG(x) =G(x +uej) — G(x), j=1,...,d.

By induction, the kth order difference operator with step size u in direction of the variable x; is
defined as

k
_ k
AY G =04 A G =) (—1)l+k<l>Au1,jG(x).
=1

Definition 1. For given E =(B1,...,Ba) € (0, oo)d, L>0 agd p > 1 we say that function G :
R? — R! belongs to the anisotropic Nikol’skii class N, 4(B, L) if |G|l < L and for every
J =1,...,d there exists natural number k; > 8; such that

|ay G, <L, VueRVj=1,...d.
We will use the following specific kernel K in the definition of the family A(Hﬁl) [see, e.g.,

Kerkyacharian et al. [25] or Goldenshluger and Lepski [20]].
Let s € N* be fixed and let w : R! — R! satisfy f w(y)dy =1, and w € C®(R"). Put

s d
1
Ks() =) (f)(—l)’“;w(%) Ko =]]Ksxp),  x=(x1,....x0). (331
i=1

j=1
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Let s > 0 be an arbitrary but a priory chosen number and let the kernel K is constructed in
accordance with (3.31). Next result can be found for instance, in Goldenshluger and Lepski [20].
For any ,B €(0,5]4, L > 0and p > 1 there exists v > 0 independent of L such that

sup inf {IK;%p— pllp,+ mV) 72} < s, (N, (B L) NP,)
peN, 4(B.L)Np, he

(3.32)
1-1/(pA2) _ 1-1/(pA2)
—: 9 LEF=TGAD i~ TRAUAI-1/(pAD)

It is well known that s, (Np,d(ﬁ , L) N*B,) is the minimax rate of convergence on N p,d(ﬁ ,L)N
L.

pConcluding remarks. (¥, £)-selection rule with W, = A,,,n =m, and £(-) = || - || , is a partic-
ular case of the selection scheme proposed in Goldenshluger and Lepski [20]. Selected in accor-
dance with this rule estimator from the collection (3.19) is, in view of (3.29), (3.30), (3.32) and
the first assertion of Theorem 3, optimally-adaptive over the collection of anisotropic Nikol’skii
classes. For the first time, it was proved in Goldenshluger and Lepski [20], Theorem 4.

4. Adaptive estimation in the generalized deconvolution model

Consider the following observation scheme introduced in Lepski and Willer [35]:
Z,=X; +¢Y;, i=1,...,n, “.1)

where X;,i =1,...,n, are i.i.d. d-dimensional random vectors with common density f to be
estimated. The noise variables Y;,i = 1,...,n, are i.i.d. d-dimensional random vectors with
known common density g. Atlast¢; € {0,1},i =1,...,n, are i.i.d. Bernoulli random variables
with P(e1 = 1) = «, where « € [0, 1) is supposed to be known. The sequences {X;,i =1, ...,n},
{Yi,i=1,...,n}and {¢;,i =1,...,n} are supposed to be mutually independent.

Let us note that the case o = 1 corresponds to the pure deconvolution model Z; = X; + Y;,i =
1, ..., n discussed in Introduction, whereas the case o = 0 corresponds to the direct observation
scheme Z; = X;,i =1, ...,n. The “intermediate” case o € (0, 1), considered for the first time
in Hesse [23], can be treated as the mathematical modeling of the following situation. One part
of the data, namely (1 — «)n, is observed without noise. If the indexes corresponding to these
observations were known, the density f could be estimated using only this part of the data,
with the accuracy corresponding to the direct case. The main question we will address in this
intermediate case is whether the same accuracy would be achievable if the latter information is
not available?

Thus, p?(g) = ||g||§ = fRd |g(x)|? dx, F =3 is the set of all probability densities, B(f) = f
and the quality of an estimator procedures is measured by IL.,-risk

RslBa. 1= EL[IB, - £15)"". fep.

At last, let X{") =(X1,..., X[u/2)) and Xé") = (X[n/2141 - - - » Xu), where [a] denotes the integer
part of a € R.
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All results presented in this section will be a established under the following condition imposed

on the distribution of the noise variable Y. In what follows for any Q € L (R?) its Fourier
transform will be denoted by Q.

Assumption 1. (1) if @ € (0, 1) then there exists @ > 0 such that
|1—a+a§(t)|2w, vt € R
(2) if @ = 1 then there exists ;i = (i1, ..., na) € (0,00) and G, G > 0 such that

W

14127, vieR‘
(1+1

K
v

=

<[] <G

d
G [J(+)"
j=1

j=1

We remark that Assumption 1 is very weak when o € (0, 1). It is verified for many distribu-
tions, including centered multivariate Laplace and Gaussian ones. Note also that Assumption 1
always holds with w = 1 — 2« if @ < 1/2. Additionally, it holds with o =1 —« if g is a
real positive function. The latter is true, in particular, for any probability law obtained by the
even number of convolutions of a symmetric distribution with itself. As to the case @ = 1 As-
sumption 1 is s well-known in the literature condition referred to moderately ill-posed statistical
problem. In particular, it is checked for multivariate Laplace and Gamma laws.

Below we introduce families of estimators whose construction involved kernel K. Through-
out this section without further mentioning we will additionally assume that K is compactly
supported and K@) =1forallt e[—1, 1]9.

From now on ¢y, ¢z, ..., denote the constants that may depends only on K, p, D, ®,d and
a, @, G1, Gy, i1 appeared in Assumption 1. In particular they are independent of f and 7.

4.1. Idea of estimator construction

Let K (), he (0, 119, be defined in (1.3) and let M (-, fz) ‘RIS R satisfy the operator equation
Ki(n = —a)M(y,E)Jra/Rdg(r —y)M(t,h)dt, yeR? 4.2)

Recall that V; = ]_[;{=1 hj, Hi = {ﬁ e He - In(m)/m < V; < e’Vln(’")}, m > 1, and introduce

the following estimator’s collection built from X ;")

B(H{ ) = {Eﬁ(.) =(n—1In/21)"" Y M(Zi—-h).he H‘[’nm}. 4.3)
i=[n/2]+1

Our goal is to select an estimator from this collection and to study its properties. Following our
general receipt, we suggest to proceed as follows.
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o Consider first the estimation of A4 (f) = (1 —a) f +a[g* f], where, remind “x” denotes the
convolution operator. Note that Ag(f) is the density of Z; and, therefore, can be estimated

from the observation X E”) using standard kernel estimator. Introduce the collection

[n/2]
A(Hf, ) = {A,;(.) =[n/27" Y Kj(Zi — ). h e M o 1 (4.4)
i=1
o To each estimator from this collection associate, its IL.,-risk (£(-) = || - || »)

RalAj, f1= EP[| A - 4eH|)", fe®.

e Select an estimator from the collection A(’Hfln /2]) in accordance with (W, £)-selection rule

based on the collection of auxiliary estimators (3.20), where Tm — (X1,..., X)), m =
[n/2] and W,, = Ay, /2), £(-) = || - || . Thus, the selection rule is
Ru(h):= sup [IA;; — Azll, = 280mG)],; (4.5)
EM, o)
h, = _inf [Ru(h) + 2402 (0)]- (4.6)
he?—t‘[”n/z]

o Choose the estimator Eﬁ ).

The theoretical properties of the estimator Eﬁn (+) will be then deduced with help of Proposition 1,
Theorem 3(2) and Theorem 4.

4.2. Some bounds for the quantity &, (-, -)

Introduce the following notations. Set for any x € RY

x,g”)(x) =B, - Y;(fx). Y0 =E" B0} = /Rd M(z —x,h)Ag(f,2)dz.

Put for brevity p = Ag(f). Applying Bahr—Esseen and Rosenthal inequalities, von Bahr and
Esseen [46], Rosenthal [42], to the sum of i.i.d. random variables X;E")(x), we have for any
x e R?

"B x| < P! /R IMe—x b’ p@)dz. p<2:
1) | (n) p 1 2 P r/z
¢ Ez,f"X;; |’ < (n_ /RJM (z—x,h)P(z)dz>

+n”‘1/1|M(z—x,ﬁ)\pp(z)dz, p>2.
Rl
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Noting that in view of the Fubini theorem ]Eglf I x(") ||p ||E;"f|xﬁ")( )|”||1 one has
1
B " 1) < ean' P MC B, p 2

. p/2 1/p _ .
(B ] x (n)” )1/p<c4n—%{f (/ Mz(z—x,h)p(z)dz> dx} +C4nITpHM(~,h)HP
R4 \JR4
- 1-p >
< ca(Ipll T MR [y 7 (MR ). 2

To get the last estimate, we have used again the Young inequality. Thus, for any h € 19 we have
the following bound for the quantity £(-, -) defined in (3.1)

ECL Ry = (B [ 2)7 .
< es(n M D]+ P [MED],) VS By '

We would like to stress thatif o = 1 and ||g[lcc < oo then 3, =P forall p > 1.
Let M (t,h),t Ede , denote the Fourier transform of M (-, h). Then, we obtain in view of the
definition of M (-, h)

M@, by =K1 —a)+ag(-n]"", 1R (4.8)

The conditions imposed on K guarantee that M G, 71) e L1 (RY) NLy(RY) for any he M and,
hence,

M|

[Me ], = @)y~ Me b,
Set ) =p,a=1, p@) =(0,...,0), « € [0, 1). We have in view of Assumption 1 for any
hend
7 A ) > .
[Meil =es[Tn, " [MeB] e [T, (4.9)
j=1 j=1
Additionally we deduce from (4.9) for any p > 2
> 2 1-2 =0 L —pnj@) >

[Me |, < [MC D)7 [ME ]S <e [1*; PPREO wheHe. (4.10)

j=1

If p <2, we will study only the case & < 1/2. Then we have in view of the definition of M (-, fl),
applying the Young and triangle inequalities

1Kl = A=) |MC |, —a|Me D], =0 =20)|MC D),
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It yields, for any p <2 and o < 1/2

d
||M(.,E)||p <(1—2a) 'K, Hh;‘“/”, Vi e HY. @.11)
j=1

Thus, we obtain from (4.7), (4.9), (4.10) and (4.11) for any he an/z]

d 1
8 I TR pz2.ae0 1]
sup E(f.h) < ¢ = 4.12)
1 — —
Te¥y wo e T p<2iaelo.1/2).
j=1

To get the bound for p > 2 we have taken into account that nVp > In(n) if h € H[dn 2

In fact (4.7) is true for all o € [0, 1] but it requires to impose several additional assumption
on g and we do not treat the case p < 2, o > 1/2 in the present paper. The interested reader can
look the paper Rebelles [39], where the corresponding norm is computed when o = 1.

4.3. Consequences of Proposition 1 and Theorem 3(2). Case « € (0, 1)
Let us compute the approximation error related to the estimator 1/9\;;. Note that for any heH?
T (f,x) = /d M(z—x,h) A () dz
R
= -0 [ ME-xii@dzta [ ME-x RIS @
R R
= / f(t)|:(1 —a)M(t —x,l_i) +a/ M(u,ﬁ)g(u — [t —x])du:| dt
Rd RY
= Ad K5 (t —x) f(t)dt.
Thus, we have for any h e and any p > 1

|50 = £, = 1K % f = fllp- (4.13)

4.3.1. Verification of the condition (3.3) and (3.4) of Proposition 1

We will study two different cases: either p #2, 0 <1/2or p=2,a € (0, 1).
Set Az (f,-) = Eﬁ’f}{ﬁ,;(-)}, h € (0,119 and note that

A (f. )= /Rd Kj(z—=)Ag(f,2)dz= (1 —a)[Kj; > f1() + a[Kj; x g * f1(). (4.14)
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We have in view of (4.14) and the Young inequality (recall that g is a density)
|45 = AN, = A=Kz % f = fY +ag«(Kx [~ f}],
= (I =20)[|Kz* f = fllp-
Thus, if @ < 1/2 one has for any p > 1 in view of (4.13)
1) = £, =@ =207 A7) = A (D],

and, therefore, the condition (3.3) of Proposition 1 is fulfilled with C;, = (1 — 20) L.
If p =2 we have in view of (4.14), (4.13), Assumption 1 and the Parseval identity

18505 = AP, = [ =) [K ) = 1] f ) +a[Kh) —1]g() FO,
{a+ @) +agO}[KG) 1170, == |[[K @) 1170,
@ |5 = £,

We conclude that the condition (3.3) of Proposition 1 is fulfilled with C; = &~ if p = 2.
Let us now check (3.4) of Proposition 1. Note that the definition of A[,/2) implies

d 1
nt[]h; 7 p=2
A[n/z](fl) > ¢y = 1 (4.15)
s l_[h—l+l/p p<2

and therefore, (3.4) is fulfilled with Cg = ¢g/¢7 in view of (4.12), since recall ji (o) =0, o # 1.

4.3.2. Main results

We deduce from Proposition 1 and Lemma 1 the following assertion.

Theorem 5. Let either p #2, a0 <1/20r p=2,a € (0, 1). Then for alln > 2

~ 1
RB[Bf,naf] <c¢yo inf {IIKg*f—f||p+(nV,—l~)1m2 1}+8[n/2], VfeB,.

heH,

We also have the following adaptive result.

Theorem 6. Let either p #2,a < 1/20r p =2, € (0, 1). Then the estimator §ﬁn is optimally-
adaptive over the scale of anisotropic classes {N, 4 (,é, L)yNPB,, ,5 € (0,514, L > 0}.

The fact that Bﬁ is §,-adaptive with S, = {s},,/2](N), d(,B L)N'B,), ,8 € 0,519, L > 0} fol-
lows from (3.32) with p = f and m = [n/2], the assertion (3.23) of Lemma 1 and the second
assertion of Theorem 3.
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The lower bound for minimax risk showing that S, is the family of minimax rates in this
problem can be found in Lepski and Willer [35], Theorem 1.

Remark 3. The results presented in Theorems 5 and 6 are new.

4.4. Consequences of Theorem 4. Caseax=1,p=2,d =1

In this section, we will study the adaptive estimation over the collection of univariate Sobolev
classes.

Definition 2. Let 8; € (0, 00)? and L > 0 be given. We say that Q € L (R!) belongs to Sobolev
class W(g1, L) if

/(1+t2)ﬂ'|é(t)|2dt§L2.
R!

The adaptive estimation over the collection of anisotropic Sobolev classes when o = 1 was
studied in Comte and Lacour [10].

Auxiliary inequalities. The results below follow from the Parseval identity, the properties of
the kernel K and Assumption 1. First note, that for any f € W(B;, L) and any h € (0, 1)

| Kny % Ag(f) = Ag(£)], < GaLR{ 1,

since obviously A, (f) € W(B1 + 1, G2L).
It yields in view of (3.29) and (3.30) with p = A, (f) and p =2,

sn(Fa) = sup inf [BY(f,0) + ¥ (£, D))

FeFq hENm

= sup inf {(14+21KIh)|Kn *Ag(f) = Ag()], + crn(nh) ™2} (4.16)
FeW(B1.L)hieH,

1 _ Bt
cp L P2+ p” 220+ =, Clzsn(W(ﬂl, L)).

IA

We also have in view of Assumption 1 for any f € W(B;, L), y >0 and h; € (0, 1]
1Kn, = f = 113
e AR 2 2 “ 2
< | [Kmn—=1]7|f®] dt+ (1 + 1K) RlR\[_y,y](¢)|f(¢)| d
-y
21 Y 2| > 2 x 2 2.-28
<en|(1+y 1)/ lg®O [ |K (it) = 17| f(0)|"dt + Ly~
-y

< cia[(1 4 y%0) | Ky * Ag(f) = Ag(H) |3+ L2y21].
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Minimizing the r.h.s. of the latter inequality in y we get for any f € W(81, L) and i; € (0, 1]

IKny % f = fll2 < e[| Kny % Ag(f) — Ag ()],

., 4.17)

+ L7 | Ky, * Ag(f) — Ag(O)]5 " ]

Application of Theorem 4. First, we note that all assumptions of Theorem 4 are fulfilled. In-
deed, in Section 3.4.1 we have already checked the hypotheses APS'™ute - AUPPEr apd AUPPET,
Moreover, defined in (3.18) quantity in our case is given by

U (W(B1, L), hy) = cra(nhy) 2.

It yields together with (4.16) that

_ 2 _ 1
Vu(@) = {h1 € Hy thy > esL” Py BemsT ) a= (B, L),

and we have that in view of (4.12)

1+2u _ B1
sup sup &,(f, h1) < el 1iatin 2riitt, (4.18)
f€Fa heV,(a)

Since Uy, (a, f)=1{h; € 7—[,11 I Kpy *x Ag(f) — Ag(H)ll2 < 8s,(W(B1, L))} we obtain from (4.17)

I3 B 14244 _ B1
sup sup ||Kh1 * f - f||2 <cp7LHth [Sn(w(ﬂl, L))]ﬁ”"’“‘ =cyyL2hitamtly 2Pttt
feFa belly(a, f)

It yields together with (4.18)

1424

_ B
on(W(B1, L)) = exg L2 p~ 22+ (4.19)

where c¢g independent of L. Putting u* =max;—; . 4 u; we note that

.....

3, sup sup E(f, hi) < caon,
fE‘BhleH,l,

8y > c9n

sup sup ||Kn, x f— fll2 <2|K|1L.
feW(Bi,L)h1€(0,1]

Hence, in view of the assertion (3.23) of Lemma 1 we can state that

lim sup n g, (W(,Bl, L)) =0, Ya > 0. (4.20)

n—oo

Thus, we deduce from (4.17), (4.19), (4.20) and Theorem 4 the following result.
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Assertion 1. Let h, comes from (4.5)—(4.6). Then for any 11 >0, §; >0and L >0

_~ 1
limsupg, ' (W(B1,L)) sup {]E<;?’||Bﬁn — fI3}? < e,
n—00 FEWBLL)

where ¢;1 is independent of L.
The estimator Bl_in is optimally-adaptive over the scale {W (81, L), 1 > 0, L > 0}.

Assertion 1 is the particular case of the results obtained in Comte and Lacour [10], which were
established by the use of completely different selection scheme.

5. Simultaneous adaptive estimation of partial derivatives in the
density model

Let as previously X;,i =1, ..., n, be i.i.d. d-dimensional random vectors with unknown density

/- This is the particular case of the model considered above corresponding to o = 0.
Bml+~-+mdf
Bx;"l --~3x:i”d

f of order m. The goal is to estimate B(f) = f™ under L ,-loss, that is

For any multi-index m = (my, ..., myg) € N let f m) — be the partial derivative of

RplBa. 1= EL[| By — r™ )7, fewp.

Remark 4. We will keep all previous notations with only one change related to the following
simple observation. All oracle results established in the present paper remain valid if one replace
in all formulas the set §), (abstract model) or ’H% (density model) by its arbitrary subset. In
particular we will use below the selection rule (4.5)—(4.6) from the collection A(-), which is
parameterized by either ’an /21 @S it was before or by its subset Hy TP = {ﬁ € Hfln K h =
--- = hg}. The latter set will be used when the adaptation over the scale of isotropic, (81 =--- =
Ba) Nikol’skii classes is studied.

Thus, let H,, denote either ”H,E’n /21 OF Hifomp and let the collection A(H,) be given by (4.4)
(where H‘[in 121 is replaced by H,) and Z; = X;,i =1, ..., [n/2]. Introduce the family of estima-

tors

n d
B(H,) =1B;()=(n—1n/2)"" Y []0"n" K™ (X =), heHy .
i=[n/2]+1 j=1

where K™ denotes the partial derivative of K of the order m.
It is important to note that the estimator B;, would coincide with X%m) if we would construct
it using observations X;,i =1, ..., [n/2] instead of X;,i =[n/2]+ 1, ..., n. The interest to this
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collection is dictated by the following minimax result. For any B € (0, 00)? and m € N? put

d 1 d m;j
=25 Eﬂ—

Jj=1

"Oal»—‘

Proposition 2. For any p > 1,L >0, any ,é € (0, 00)? and m € N? provided o > 1 one can
find a kernel K and h” e (0, l]d such that the estimator ;\\; ™ s rate-minimax for f M) on

Ny.a(B. L) NP, '

The minimax rate of convergence is given by

™ (N (G A/BA-1/pADt /0 _ (=1/0)(1=1/pA2)
o\ ( pyd(,B,L)ﬂ&Bp) = L H/AU-1/pR) = THA/HI-1/pAD)

The conditions w > 1 and p > 1 are necessary for the existence of uniformly consistent on
N,.a(B, L) estimators.

The assertions of the proposition seems to be new.

Now, let us formulate the main result of this section. As previously let s € N* be an arbitrary
but a priory chosen number. Let the kernel K, involved to the description of estimators from the
collections A (H,,) and B(H,,), be constructed in accordance with (3.31).

Set at last IT, = {(B, m) € (0,519 x N?: > 1}.

Theorem 7. Let ﬁn be the issue of (4.5)—(4.6) with H, = ”Hfln/Z] ifmy=---=mgy orwith H, =
H}fmmp if By =---=Bq. Then for any p > 1, L > 0, and (,5, m) € I,

timsupg™ (N6 OB sup {EP| By, — £} <ea,
e feNpa(B,LINEp

where ¢31 is independent of L.

Theorem 7 together with second statement of Proposition 2 allows us to assert that the
estimator By is optimally-adaptive over the scale of either anisotropic Nikol’skii classes (if
mp =--- =myg) or isotropic ones (without any restriction on the order of the considered partial
derivative). Note that the problem is completely solved in the dimension 1. Also we conclude that
the differentiation of an optimally-adaptive estimator leads to the optimally-adaptive estimator
of the corresponding partial derivative.

5.1. Proof of Proposition 2

Lemma 2. Forany p > 1, any B and m, provided w > 1, and any f € N, 4 (E, L) one has

1— l/w

|r™, < el 111, (5.1)

where ¢33 is independent of L.
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The author is sure that this Kolmogorov-type inequality should be known but he was unable to
find the exact reference.

Proof of Lemma 2. The following inequality was proved in Goldenshluger and Lepski [21]. For
any p>1landse N there exists ¢33 is independent of L such that

d
sup  [|KjxF—Fll,<enlY WY, Vie©.119VfeO.s’ (52
FeN,q(B.L) =1

The following statement can be found in Nikol’skii [38], Chapter 5, Theorem 5.6.3.
Ifo>1land f €N, 4(B, L), then f™ exists and

f™eN, (7,el),  yi=B;1-1/w),j=1,....d, (5.3)

and ¢ > 0 is independent of L. .
Since S is fixed we can always choose s € N in order to have B € (0, 519 and, then, (5.2) will
be fulfilled. We obviously have by the triangle inequality

170, < [&p™ « f = £+ [ &Kp™ = £,

It is easy to see that (Kﬁ)(m) = ]—[;{zl (—1)m1h;m'i Klgm) for any he (0, 11 and we have first by
integrating by parts
(Kp)™ % f — f = Kz x f™ — ), (5.4)

Hence, applying (5.2) with F = f(™ and g replaced by 7 we obtain in view of (5.3)

d
K™ % f= ™|, <cal D 17, Vhe© 11 (5.5
j=1

Moreover, we obtain applying the Young inequality

d
[ &D™ s 71, < [&D™ |01, =171, K™, [TA™

j=1
that yields together with (5.5) for any f € N, 4 (,5, L)
d Bj(1-1/w) d
i(1-1/w —m; >
I, e 3om s, [T Ve o,
j=1 j=1

Choosing h; = (||f||p/L)1/ﬁJ' (that is possible since || f||, < L in view of the definition of the
Nikol’skii class) we come to the assertion of the lemma. ([l
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Proof of the proposition. Since

(n/2] d
AN =0/ Y TTED™n™ K™ (=)

i=1 j=I

we have in view of (5.5) forany p > 1, f € Np,d(B', L) and h € (0, l]‘l

[EV3(A5) = £, = [ k™« f = 7™, <cz4LZhﬂ’(] VO 56
j=l

Next, repeating the computations led to (4.12) (remind that our considerations here correspond
to the case @« = 0) we get forany p > 1, f e&Bandh € (0,114

'u._.

d d e
[E]") A At E§’f}(2( v ]_[ (nl_[h j) . (5.7)
j=1 j=1
We deduce from (5.6) and (5.7) that forany p > 1, f € Np,d(,g, L)N*B, and he (, 119

Ra[A7. 1] i= B A - ]

d Bi(1-1/w) d d ﬁ_l
(1-1/w —m
< c7{ L E hjj +th J(”l_[h./) }
Jj=1 j=1

Noting that the right-hand side of the obtained inequality is independent of f and minimizing it
with respect to & we come to the following bound.

sup Ra[A;, f™] < easoi™ (Npa(B, L) NRy).
feNp,d(,BaL)

where En is the minimizer of the right-hand side of penultimate inequality.

Thus, we have proved that the maximal risk is upper-bounded by gp(m) N p,d(,g ,L)YNYP,). The
proof of the corresponding lower bound estimate (including the third assertion of the proposition)
follows immediately from general lower bound construction established in Goldenshluger and
Lepski [21], Theorem 3 (tail and dense zones) and it can be omitted. (Il

5.2. Proof of Theorem 7

The proof consists in the application of Theorem 4. Since in Section 3.4.1 we have already
checked the hypothesis AP™MUte  AUPPET and A"PPET it remains to compute the quantities

on(Fa) = sup sup E(f.h)+ sup sup p(Yy, B(S)),
F€Fa heVy(a) feFa belhy(a,f)



New approach 2807

s40(Fa) = (56 /3,) sup [ sup &:(1.5)+6 sup p(Yy, B()]
feFa-hesHy, hef,

where Uy (a, ) = {h: €(Ay, A(f)) < 8Cws,(Fa)} and V,(a) = {h : ¥ (Fa, b) < 4C3,5,(Fa)}.
In the considered problem F, = Np,d(ﬁ, LYNnP,,a= (,5, L), b —he H, and

Ay, ACH) = 1Kz % £ — Flip,

(5.8)
p(To. B(NH) = [(Kp™ * f = f™ .
We also have from (3.30) and (5.7) that for any f €3, and independently of ,5 and L
L d d el
i > s
Yn(Fa, ) =CnVy) 72", QWMSQdTM’Gr”O .69
j=1 j=1

To get the second inequality we have taken into account that the estimators §;l and A\;—lm) have
the same distribution. Moreover,

N 1-1/(pA2) _ 1-1/(pA2)
S[n/2] (Np’d(ﬁ, n 5131,) = 9 L BFI-1/GAD) pp~ THA/B1-1/(pA2)

as it was found in (3.32). It remains to note that §,, > C30n_% in view of (3.30) and the definition
of Hﬁ1/2] and moreover in view of (5.8), (5.9) and (5.3) and (5.4)

supsup & () <", sup_ | (Kp) ™« f = f™]  <enlL,
heHf, o) SRy feNa(B,L)

where m* =max;—; . 4m;. To get the last bound, we have also used the Young inequality.
Since the hypotheses A"PP" and A"PP*" are checked with ef,/21(p) verifying the assertion
(3.23) of Lemma 1 we can first assert that

limsup n? >, (F,) =0, Va > 0. (5.10)

n—o00
Next, in view of (5.4) we have for any he 0, 114

(K};)(m) *f— f(m) =K; *f(m) _ f(m) =(Kj*f— f)(m)
and, applying Lemma 2, we obtain for any f € N p,d(,g ,L)

(Yo, B(H) = (K™ f = f™|  <enllIKgxf = fll,

=:e3L "7V (A, AC)).
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It yields for any (E, m) € [1s and any p > 1

sup sup (Yo, BOH) < ex2LV[su(N,a(B. L) N55,)]'
feFa beldy(a, f)

A/BA-1/pAD+1 /o _ (1=1/0)(1=1/(pA2))
= ¢33 L FU/AU-1/pA) p~ THI/BI=1/(pA2) (5.11)

= c330™ (N2 (B, L) N Bp)-

Put for brevity s, = s, (Np,d(,g, L)N*Bp), r = p A2 and remark that

> 1-1 1 _ > _ 1
Vo) ={heH,:V, 7 >n " esas) '} = [l € Hy: Vi > eaa(Ln!~1/7) TP
We obtain in view of (5.9)
nl/r_lvfll/riliml, mp=---=my,;

& ,fz <c - ;
n(f ) <2 nl/rflhf(l/r_l_d 12_’;=1m_/)’ EEHLSOHOP-

Note that both bounds coincide since V; = hd if heH ™ and m) =d! Z?:] m j in the first
case. Simple algebra shows that

sup  sup (£, h) < caspl™ (Np.a(B, L) NB,). (5.12)
feNpa(B,L)NPp heVy(a)

The assertion of the theorem follows now from (5.10), (5.11), (5.12) and Theorem 4.
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