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In a first part, we prove Bernstein-type deviation inequalities for bifurcating Markov chains (BMC) under
a geometric ergodicity assumption, completing former results of Guyon and Bitseki Penda, Djellout and
Guillin. These preliminary results are the key ingredient to implement nonparametric wavelet thresholding
estimation procedures: in a second part, we construct nonparametric estimators of the transition density of
a BMC, of its mean transition density and of the corresponding invariant density, and show smoothness
adaptation over various multivariate Besov classes under LP-loss error, for 1 < p < co. We prove that
our estimators are (nearly) optimal in a minimax sense. As an application, we obtain new results for the
estimation of the splitting size-dependent rate of growth-fragmentation models and we extend the statistical
study of bifurcating autoregressive processes.
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1. Introduction

1.1. Bifurcating Markov chains

Bifurcating Markov Chains (BMC) are Markov chains indexed by a tree (Athreya and Kang [2],
Benjamini and Peres [4], Takacs [44]) that are particularly well adapted to model and understand
dependent data mechanisms involved in cell division. To that end, bifurcating autoregressive
models (a specific class of BMC also considered in the paper) were first introduced by Cowan
and Staudte [15]. More recently Guyon [28] systematically studied BMC in a general framework.
In continuous time, BMC encode certain piecewise deterministic Markov processes on trees that
serve as the stochastic realisation of growth-fragmentation models (see, e.g., Doumic et al. [25],
Robert et al. [42] for modelling cell division in Escherichia coli and the references therein).

For m > 0, let G,,, = {0, 1} (with Gg = {&}) and introduce the infinite genealogical tree

o0
T=|_J Gn.
m=0
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For u € Gy, set |u| = m and define the concatenation u0 = (u,0) € G,,+1 and ul = (u, 1) €
Gum+1. A bifurcating Markov chain is specified by (1) a measurable state space (S, G) with a
Markov kernel (later called T-transition) P from (S, &) to (S x S, 6 ® &) and (2) a filtered
probability space (2, F, (Fm)m>0, P). Following Guyon, we have the following definition.

Definition 1. A bifurcating Markov chain is a family (X,),eT of random variables with value in
(S, ) such that X,, is Fj,-measurable for every u € T and

E|: 1_[ &u(Xu, Xu0, Xul)‘f'.mi| = l_[ Peu(Xu)

ucGy, ueGy,

for every m > 0 and any family of (bounded) measurable functions (g,)ucG,,, where Pg(x) =
foS g(x,y,2)P(x,dydz) denotes the action of P on g.

The distribution of (X;),eT is thus entirely determined by P and an initial distribution for
X &. Informally, we may view (X,),eT as a population of individuals, cells or particles indexed
by T and governed by the following dynamics: to each u € T we associate a trait X,, (its size,
lifetime, growth rate, DNA content and so on) with value in S. At its time of death, the particle
u gives rise to two children #0 and u1. Conditional on X,, = x, the trait (X0, X,1) € S X S of
the offspring of u is distributed according to P(x, dydz).

For n > 0, let T, = |, _, G, denote the genealogical tree up to the nth generation. Assume
we observe X" = (X,),eT, , that is, we have 27+1 _ | random variables with value in S. There are
several objects of interest that we may try to infer from the data X". Similarly to fragmentation
processes (see, e.g., Bertoin [7]) a key role for both asymptotic and non-asymptotic analysis of
bifurcating Markov chains is played by the so-called tagged-branch chain, as shown by Guyon
[28] and Bitseki Penda et al. [9]. The tagged-branch chain (Y,,;)nm>0 corresponds to a lineage
picked at random in the population (X, ),eT: it is a Markov chain with value in S defined by
Yo=Xgz and form > 1,

Ym = X@elmem s

where (€,,)m>1 is a sequence of independent Bernoulli variables with parameter 1/2, indepen-
dent of (X,),eT. It has transition

Q= (Po+P1/2,

obtained from the marginal transitions

Po(x,dy)zf Px,dydz) and Pi(x,dz)= Px,dydz)
€S yeS

of P. Guyon proves in [28] that if (Y},),>0 is ergodic with invariant measure v, then the conver-
gence

> e(X) —> /S g(x)v(dx) e))

ueG,

Gl
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holds almost-surely as n — oo for appropriate test functions g. Moreover, we also have conver-
gence results of the type

Y 8Ky Xu0, Xut) — /S Pg(x)v(dx) 2)

ueT,

T |

almost-surely as n — oo. These results are appended with central limit theorems (Theorem 19
of [28]) and Hoeffding-type deviations inequalities in a non-asymptotic setting (Theorems 2.11
and 2.12 of Bitseki Penda et al. [9]).

1.2. Objectives

The observation of X" enables us to identify v(dx) as n — oo thanks to (1). Consequently,
convergence (2) reveals P and therefore Q is identified as well, at least asymptotically. The
purpose of the present work is at least threefold:

(1) Construct — under appropriate regularity conditions — estimators of v, @ and P and study
their rates of convergence as n — oo under various loss functions. When S € R and when P
is absolutely continuous w.r.t. the Lebesgue measure, we estimate the corresponding density
functions under various smoothness class assumptions and build smoothness adaptive estimators,
that is, estimator that achieve an optimal rate of convergence without prior knowledge of the
smoothness class.

(2) Apply these constructions to investigate further specific classes of BMC. These include
binary growth-fragmentation processes, where we subsequently estimate adaptively the splitting
rate of a size-dependent model, thus extending previous results of Doumic et al. [25] and bi-
furcating autoregressive processes, where we complete previous studies of Bitseki Penda ef al.
[10].

(3) For the estimation of v, Q@ and P and the subsequent estimation results of (2), prove that
our results are sharp in a minimax sense.

Our smoothness adaptive estimators are based on wavelet thresholding for density estimation
(Donoho et al. [23] in the generalised framework of Kerkyacharian and Picard [34]). Implement-
ing these techniques requires concentration properties of empirical wavelet coefficients. To that
end, we prove new deviation inequalities for bifurcating Markov chains that we develop indepen-
dently in a more general setting, when S is not necessarily restricted to R. Note also that when
Py =P1, we have Q = Py = P; as well and we retrieve the usual framework of nonparametric
estimation of Markov chains when the observation is based on (¥;)1<; <, solely. We are therefore
in the line of combining and generalising the study of Clémencon [13] and Lacour [35,36] that
both consider adaptive estimation for Markov chains when S C R.

1.3. Main results and organisation of the chapter

In Section 2, we generalise the Hoeffding-type deviations inequalities of Bitseki Penda et al. [9]
for BMC to Bernstein-type inequalities: when P is uniformly geometrically ergodic (Assump-
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tion 3 below), we prove in Theorem 5 deviations of the form

1P>< ! 3" e(Xu, Xuo Xut) /73 d >5>< ( _«lGul8® )
) ) - V= =< €X —
|Gy L 827w Fu0 Rud 8 U S0 @ + 1218

MEGn
( T
P
| nl

where «, ¥ > 0 only depend on P and ¥, (g) is a variance term which depends on a combina-
tion of the LP-norms of g for p =1, 2, oo w.r.t. a common dominating measure for the family
{Q(x,dy), x € §}. The precise results are stated in Theorems 4 and 5.

Section 3 is devoted to the statistical estimation of v, @ and P when S € R and the fam-
ily {P(x,dydz),x € S} is dominated by the Lebesgue measure on R2. In that setting, abus-
ing notation slightly, we have v(dx) = v(x)dx, Q(x,dy) = Q(x,y)dy and P(x,dydz) =
P(x,y,z)dydz for some functions x ~~ v(x), (x,y) ~ Q(x, y) and (x, y,z) ~ P(x, y, z) that
we reconstruct nonparametrically. Our estimators are constructed in several steps:

and

kn~'T,|8
3 e Xuo Xur) = [ Py zs) fexp(_i)’
ueT, 2n(g) +18lood

(i) We approximate the functions v(x), fo(x,y) =v(x)Q(x,y) and fp(x,y,z) =v(x) X
P(x, y, z) by atomic representations

v Y v ),
reVi(w)

fow )~ D (fo vilwitx v,
1eV2(fo)

fry. Y (i« y, 2,
reV3(fp)

where (-, -) denotes the usual L2-inner product (over R4, for d = 1,2,3, respectively) and
(wf, X € V4(") is a collection of functions (wavelets) in L2(R?) that are localised in time and
frequency, indexed by a set V¥(-) that depends on the signal itself (the precise meaning of the
symbol & and the properties of the ;s are stated precisely in Section 3.1).

(i) We estimate

(voy)) by ITal™" Y wl(Xu),

ueT,

(fo.wi) by [Th[7" Y viXu, X,

*
ueTy

(fPJPf) by |Tn—1|_] Z w)?(XuquOvXul)a

uetl,_;
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where X, denotes the trait of the parent of u and T}, = T, \ Gy, and specify a selection rule
for V() (with the dependence in the unknown function somehow replaced by an estimator).
The rule is dictated by hard thresholding over the estimation of the coefficients that are kept
only if they exceed some noise level, tuned with |T,| and prior knowledge on the unknown
function, as follows by standard density estimation by wavelet thresholding (Donoho et al. [24],
Kerkyacharian and Picard [34]).

(iii) Denoting by v, (x), fAn(x, y) and ﬁl(x, v, z) the estimators of v(x), fo(x,y) and
fr(x,y, z) respectively constructed in step (ii), we finally take as estimators for Q(x, y) and
P(x, y, z) the quotient estimators

O (x, y) = fi(x’ Y) and P, (x, v, 2) = M
U (X) 50 (X)

provided D, (x) exceeds a minimal threshold, a classical idea that goes back to Roussas, see, for
example, [43].

Beyond the inherent technical difficulties of the approximation steps (i) and (iii), the crucial
novel part is the estimation step (ii), where Theorems 4 and 5 are used to estimate precisely the
probability that the thresholding rule applied to the empirical wavelet coefficient is close in effect
to thresholding the true coefficients.

When v, Q or P (identified with their densities w.r.t. appropriate dominating measures) belong
to an isotropic Besov ball of smoothness s measured in L™ over a domain D? in RY, with
s >d/m and d =1, 2, 3 respectively, we prove in Theorems 8, 9 and 10 that if O is uniformly
geometrically ergodic, then our estimators achieve the rate |T,|~%>7-7) in LP(D)-loss, up to
additional log |T},| terms, where

i { s s—i—d(l/p—l/n)}

a4(s, p, m) =min ,
2s+d 2s+d(1 —2/m)

is the usual exponent for the minimax rate of estimation of a d-variate function with order of
smoothness s measured in L” in LP-loss error. This rate is nearly optimal in a minimax sense
for d = 1, as follows from particular case Q(x, dy) = v(dy) that boils down to density estima-
tion with |T,| data: the optimality is then a direct consequence of Theorem 2 in Donoho et al.
[24]. As for the case d =2 and d = 3, the structure of BMC comes into play and we need to
prove a specific optimality result, stated in Theorems 9 and 10. We rely on classical lower bound
techniques for density estimation and Markov chains (Hoffmann [31], Clémencon [13], Lacour
[35,36]).

We apply our generic results in Section 4 to two illustrative examples. We consider in Sec-
tion 4.1 the growth-fragmentation model as studied in Doumic et al. [25], where we estimate the
size-dependent splitting rate of the model as a function of the invariant measure of an associated
BMC in Theorem 12. This enables us to extend the recent results of Doumic et al. in several
directions: adaptive estimation, extension of the smoothness classes and the loss functions con-
sidered, and also a proof of a minimax lower bound. In Section 4.2, we show how bifurcating
autoregressive models (BAR) as developed for instance in Bercu et al. [6] and in [11] which
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follows are embedded into our generic framework of estimation. A numerical illustration high-
lights the feasibility of our procedure in practice and is presented in Section 4.3. The proofs are
postponed to Section 5.

2. Deviations inequalities for empirical means

In the sequel, we fix a (measurable) subset D C S that will be later needed for statistical purposes.
We need some regularity on the T-transition P via its mean transition Q = %(730 +P1).

Assumption 2. The family {Q(x,dy), x € S} is dominated by a common sigma-finite measure
n(dy). We have (abusing notation slightly)

Qx,dy) = Q(x, y)n(dy) for every x € S,
for some Q : S? — [0, 00) such that

[Qlp= sup Q(x,y) < oo.
xe8S,yeD

An invariant probability measure for Q is a probability v on (S, &) such that vQ = v where
vQ(dy) = [,c5v(dx)Q(x, dy). We set

O (x.dy) = / QG d@ ) with s, dy) =B (dy)

for the rth iteration of Q. For a function g : S8 > Rwithd=1,2,3and 1 < p < 0o, we denote
by |glp its L”-norm w.r.t. the measure n® allowing for the value |g| p=ocifg¢ LP (n®4). The
same notation applies to a function g : D? — R tacitly considered as a function from S¢ — R
by setting g(x) =0 forx e S\ D.

Assumption 3. The mean transition Q admits a unique invariant probability measure v and there
exist R > 0and 0 < p < 1/2 such that

’ng(x)—/sgdv < RIgloocp™, xe8,m=>0,

for every g integrable w.r.t. v.

Assumption 3 is a uniform geometric ergodicity condition that can be verified in most appli-
cations using the theory of Meyn and Tweedie [39]. The ergodicity rate should be small enough
(p < 1/2) and this point is crucial for the proofs: it guarantees that the exponential forgetting of
the mean transition Q balances the growth of the bifurcating structure. However this is some-
times delicate to check in applications and we refer to Hairer and Mattingly [29] for an explicit
control of the ergodicity rate.
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Our first result is a deviation inequality for empirical means over G, or T,. We need some
notation. Let

k1 = k1(Q, D) = 32max{|Qlp.41Q[3,. 4R*(1 + p)*},
1
Ky =kKkp(Q) = ?6max{1 + Rp,R(1 + ,0)},
i3 = 13(Q, D) = 96 max{|Q|p, 16|QI3, 4R*(1 + p)*(1 — 2p) *},

16
ke =ka(Q) = — max{1+ Rp, R+ p)(1 =2p) 7"},

where |Q|p = sup,cs yep Q(x,y) is defined in Assumption 2. For g : ¢ — R, define
Z1.1(g) = lg|3 and forn > 2,

Tia(e) =lgl3+ min (1gli2" +1g15.27"). ®

Define also X2 1(g) = |Pg2|, and for n > 2,

Soa(9) =Pl + min (|Pgli2f +Pgl227). 4)
1<t<n—1

Theorem 4. Work under Assumptions 2 and 3. Then, for everyn > 1 and every g :DCS - R
integrable w.r.t. v, the following inequalities hold true:

(i) Forany 8 > 0 such that 8 > 4R|g|so|G,| ™", we have

P( DI / d >8><e ( G, 15" )
u) — V= =<eX .
Gy £ 8 58 PUkI 10 (8) + k2lglood

ueG,

(ii) Forany 8 > 0 such that 8 = 4R(1 —2p) 7 |gleo|Ty|~", we have

1 —|T, |82
P (X)—/ dvzﬁ)fex( .
(ITnI 2_ s X s® PlkZ 10 (2) + Kkalglood

ueT,

Theorem 5. Work under Assumptions 2 and 3. Then, for every n > 2 and for every g : D3 C
S3 — R such that Pg is well defined and integrable w.rt. v, the following inequalities hold
true:

(i) Forany 8 > 0 such that 8 > 4R|Pgleo|Gn|~", we have

1 —|G, 182
P Xy, Xuo, X )—/77 dvz6>§ex< .
(|Gn| 2_ 8 Xuo, Xa s ¢ Ple=a,(9) +2lglod

ueGy,
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(ii) Forany 8 > 0 such that 8 > 4nR|Pgloc + 1&loc) | Tn—1]"", we have

(i X sk oo X — [ Pavzs) somp( g Tt
8 y 0> 1) — gav > <ex .
T ] w0 2 P k12002 1(9) + k21808

MET,,_I

A few remarks are in order:

(1) Theorem 4(i) is a direct consequence of Theorem 5(i) but Theorem 4¢(ii) is not a corollary
of Theorem 5(ii): we note that a slow term or order n~! ~ (log|T, |)_1 comes in Theorem 5(ii).

(2) Bitseki Penda et al. in [9] study similar Hoeffding-type deviations inequalities for func-
tionals of bifurcating Markov chains under ergodicity assumption and for uniformly bounded
functions. In the present work and for statistical purposes, we need Bernstein-type deviations
inequalities which require a specific treatment than cannot be obtained from a direct adaptation
of [9]. In particular, we apply our results to multivariate wavelets test functions w)‘f that are well
localised but unbounded, and a fine control of the conditional variance Zi,n(%‘f ),i=1,2is of
crucial importance.

(3) For g such that |g|171 |gloo < 2"~ 1, the variance term 21.,(g) is controlled by |g|1]glco UP
to a constant. Similarly, for g such that | g|]_l [8loo,1 < P assuming in addition that |P|p =
supps [P(x,y, 2)| < oo, the variance term X5 ,(g) is controlled by max{|P|p, IPIZD}IghIgIoo,]
up to a constant, setting |g|oo,1 = SUP,cs fsz lg(x,y,z)|dydz forany g : S? > R

(4) Assumption 3 about the uniform geometric ergodicity is quite strong, although satisfied in
the two examples developed in Section 4 (at the cost however of assuming that the splitting rate
of the growth-fragmentation model has bounded support in Section 4.1). Presumably, a way to
relax this restriction would be to require a weaker geometric ergodicity condition of the form

=< RIglooV(x)p™, xeS m=>0,

Q"g(x) — / gdv
S

for some Lyapunov function V : & — [1, 0c0). Analogous results could then be obtained via
transportation information inequalities for bifurcating Markov chains with a similar approach as
in Gao et al. [27], but this lies beyond the scope of this work.

(5) Theorems 4 and 5 are in line with other recent approaches for deviation inequalities with
a view towards statistics, as those obtained by Wintenberger [45] using optimal transportation,
Merlevede et al. [37] using projective arguments or Paulin [40] and Alquier and Wintenberger
[1] based on coupling. However, all these approaches have to make a trade-off between gen-
erality and simplicity of the assumptions that one needs to check in order to apply them on a
specific model. They do not readily give an improvement on our results, as far as the crucial
bound involving ¥, (g) in terms of g are concerned for our subsequent statistical applications.
Although somewhat less sophisticated, our approach seems to apply more easily to the structure
of branching trees.
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3. Statistical estimation

In this section, we take (S, &) = (R, B(R)). As in the previous section, we fix a compact interval
D C S. The following assumption will be needed here.

Assumption 6. The family {P(x,dydz),x € S} is dominated w.r.t. the Lebesgue measure on
(R2, B(Rz)). We have (abusing notation slightly)

Px,dydz) =P(x,y,z)dydz for everyx € S
for some P : S — [0, 00) such that

Plp=sup |P(x,y,2)|<o0.
(x,v,2)€D3

Under Assumptions 2, 3 and 6 with n(dy) = dy, we have (abusing notation slightly)
P(x,dydz) =P(x,y,z)dydz, Q(x,dy) =Q(x,y)dy and v(dx)=v(x)dx.

Forsome n > 1, we observe X, = (X,,),eT, and we aim at constructing nonparametric estimators
of x ~» v(x), (x,y) ~ Q(x,y) and (x,y,2) ~ P(x,y,z) for x,y,z € D. To that end, we use
regular wavelet bases adapted to the domain D? ford =1, 2, 3.

3.1. Atomic decompositions and wavelets

Wavelet bases (Wf ), adapted to a domain D4 inRY, ford =1, 2, 3 are documented in numerous
textbooks, see, for example, Cohen [14]. The multi-index A concatenates the spatial index and the
resolution level j = [A]. We set Aj ={A,|A| = j} and A = sz_l Aj. Thus, for g € L™ (D)
for some 7 € (0, oo], we have

g= > Y avi=Y avl  withg =(g v

Jj=—11eA; LEA

where we have set j = —1 in order to incorporate the low frequency part of the decomposition
and (g, wf) = fgl/ff denotes the inner product in L2(R?). From now on, the basis (Wf)x is
fixed. For s > 0 and 7 € (0, o], g belongs to By (D) if the following norm is finite:

1/m
Igliss . cp) = sup 2“”"“/2‘”””(2 e, wf)!”) 5)
e ey
with the usual modification if 7 = oco. Precise connection between this definition of Besov norm
and more standard ones can be found in [14]. Given a basis (I/Jf) 2, there exists o > 0 such that
for 7 > 1 and s < o the Besov space defined by (5) exactly matches the usual definition in
terms of moduli of smoothness for g. The index o can be taken arbitrarily large. The additional
properties of the wavelet basis (Wf) » that we need are summarized in the next assumption.
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Assumption 7. For p > 1,

” I/f;fl HZP ~ zl)»ld(P/Z—l)’

for some o > 0 and forall s <o, jo >0,

Hg— 3 g

J<JjorEA;

S27gll By ()
L

for any subset Ao C A,

r/2
L(Zwseor)” ax~ S 1wl
D \jeng A€o
If p > 1, for any sequence (u;)ycp,

1/2
(et

rEA

Zum/ff

Lp reA Lr

3607

(6)

(N

®)

©))

The symbol ~ means inequality in both ways, up to a constant depending on p and D only.
The property (7) reflects that our definition (5) of Besov spaces matches the definition in term
of linear approximation. Property (9) reflects an unconditional basis property, see Kerkyacharian
and Picard [34], De Vore et al. [20] and (8) is referred to as a superconcentration inequality, or
Temlyakov property [34]. The formulation of (8)—(9) in the context of statistical estimation is
posterior to the original papers of Donoho and Johnstone [21,22] and Donoho et al. [23,24] and
is due to Kerkyacharian and Picard [34]. The existence of compactly supported wavelet bases

satisfying Assumption 7 is discussed in Meyer [38], see also Cohen [14].

3.2. Estimation of the invariant density v

Recall that we estimate x ~» v(x) for x € D, taken as a compact interval in S € R. We approxi-

mate the representation

v(x) = Z V)Jﬁ;{ (x), V)= (”’ I/’i)

AEA
by
() =Y D),
Al<J
with

— 1
Vin = ﬂ,n(m Z Kb){ (Xu)>»

ueT,
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and 7 ,(x) = x1jy>, denotes the hard-threshold operator (with 7y ;(x) = x for the low fre-
quency part when A € A_j). Thus 7, is specified by the maximal resolution level J and the
threshold 7.

Theorem 8. Work under Assumptions 2 and 3 with w(dx) = dx. Specify v, with

T
J =log and n=c/10g|Ty|/|Txl

> log |T,|

for some ¢ > 0. For every m € (0,00], s € (1/m,0] and p > 1, for large enough n and c, the
following estimate holds

(s,p,)
R » 1/p log [T, \*!
(]E[”Un - v“Ll’(D)]) S < |,]I,n| 5

with a1 (s, p, 1) = min{ 5", %}, up to a constant that depends on s, p, 7, |vligs (D),

0, R and |Q|p and that is continuous in its arguments.

Two remarks are in order:

(1) The upper-rate of convergence is the classical minimax rate in density estimation. We infer
that our estimator is nearly optimal in a minimax sense as follows from Theorem 2 in Donoho et
al. [24] applied to the class Q(x, y)dy = v(y)dy, i.e. in the particular case when we have i.i.d.
X,,’s. We highlight the fact that n represents here the number of observed generations in the tree,
which means that we observe |T,| = 2"t! — 1 traits.

(2) The estimator v, is smooth-adaptive in the following sense: for every so > 0, 0 < pp <
1/2, Ry > 0 and Qg > 0, define the sets A(sg) = {(s, ), s > 50,50 > 1/7} and

Q(po. Ro. Qo) = {Q such that p < py, R < Ry, |Q|p. < Q}.

where Q is taken among mean transitions for which Assumption 3 holds. Then, for every C > 0,
there exists ¢* = c*(D, p, 50, po, Ro, Qo, C) such that 1, specified with c* satisfies

|T,| pay(s,p,m) [ , ]
sup  sup sup( > E{|[V, — v] < 00,
n (s.m)eAdso) v.Q \10g T ! Lo

where the supremum is taken among (v, Q) such that vQ = v with Q € Q(pp, Ry, Qo) and
lvilss (D) = C. In particular, D, achieves the (near) optimal rate of convergence over Besov
balls simultaneously for all (s, 7) € A(sp). Analogous smoothness adaptive results hold for The-
orems 9, 10 and 12 below.

3.3. Estimation of the density of the mean transition Q

In this section, we estimate (x, y) ~ Q(x, y) for (x,y) € D?and Dis a compact interval in
S C R. In a first step, we estimate the density

fox,y) =v(x)Q(x,y)
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of the distribution of (X,—, X;,) (when £(X &) = v, an assumption we do not need to make) by
e, y) =" Favix,y),
[Al<J

with

—~ 1
=T <—
" T\ IT]

> Y X Xu)>,

ueTy

and 7, (-) is the hard-threshold operator defined in Section 3.2 and T} =T, \ Go. We can now
estimate the density Q(x, y) of the mean transition probability by

Falx,y)

0, ) = =<, < 10
Qn(x,y) max(o, (). @] (10)
for some threshold @ > 0. Thus the estimator @,, is specified by J, n and @ . Define also
m(v) =infv(x), (1D
X

where the infimum is taken among all x such that (x, y) € D? for some y.

Theorem 9. Work under Assumptions 2 and 3 with n(dx) = dx. Specify @n with

7 = Liog, 1T
2 =2 log|T,|

2
and n=cy/(log|Tul)"/|ITnl

for some ¢ > 0 and @ > 0. For every m € [1,00], s € 2/m,0] and p > 1, for large enough n
and ¢ and small enough @, the following estimate holds

(log |1rn|)2>“2“’f””’

(E[1Gn — Q17 p2, )" < ( T (12)

with ay (s, p, m) = min{ 23}12, %}, provided m(v) > @ > 0 and up to a constant that

depends on s, p, 7, || Q”B,ST (D2, m(v) and that is continuous in its arguments.
This rate is moreover (nearly) optimal: define ey = sw — (p — ). We have

T, 2267, ife2 >0,
. ~ 1
infsup(E[1Qx — QHZP(D%]) P> Tog [T, \2¢P) .
n T . fer=0,
n

where the infimum is taken among all estimators of Q based on (Xy),eT, and the supremum is
taken among all Q such that || Q|| gs _ p2) < C and m(v) > C’ for some C,C’ > 0.

Note that the calibration of the threshold @ needed to define O, requires an a priori bound
on m(v). The (log|T, 12 comes from the slow term in the deviations inequality of Theorem 5(ii)
and from the wavelet thresholding procedure.
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3.4. Estimation of the density of the T-transition P

In this section, we estimate (x, y, z) ~> P(x, y, z) for (x, y,z) € D3and Dis a compact interval
in S C R. In a first step, we estimate the density

fPx,y,2) =v()P(x,y,2)

of the distribution of (X, X,0, Xy41) (when L(X &) = v, an assumption we do not need to make)
by

fAn(xvy9Z): Z ﬁ,nw)?(x7yiz)v
[Al=J
with
ﬁ,n:ﬂ,n<|T | Z wx(Xu7Xu07 ul))
n-l ueT,

and 7 ,(-) is the hard-threshold operator defined in Section 3.2. In the same way as in the
previous section, we can next estimate the density P of the T-transition by

Py, 2) = I 0 (13)

max{v,(x), @}

for some threshold z > 0. Thus the estimator ﬁn is specified by J, n and @w.

Theorem 10. Work under Assumptions 2, 3 and 6. Specify 7/5,1 with

1 T |

J=-1
3 % log|T,|

and 0 =cy/(1og|T,l)*/ITs|

for some ¢ > 0 and @ > 0. For every m € [1,00], s € (3/m, 0] and p > 1, for large enough n
and c¢ and small enough @, the following estimate holds

1 Tn 2\ a@3(s,p,m)
([P0 = P17, 0, ])‘”5(%) : (14)
n

with a3(s, p,w) = min{zqf%, %} provided m(v) > @ > 0 and up to a constant that

depends on s, p, 7, | Plls o(D?) and m(v) and that is continuous in its arguments.

This rate is moreover (nearly) optimal: define e3 = 3 — L2 We have
|Tn|_a3(s’p’ﬂ), ifez >0,
ipfsup(E[HPn ’P||Lp DY) ])1/1’ > 1 (log|T,| a3(s,p.)
7)” ( |T | ’ l..f83 E Ov
n

where the infimum is taken among all estimators of P based on (X,),eT, and the supremum is
taken among all P such that |Pllgs _(p3) < C and m(v) > C’ for some C,C' > 0.
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4. Applications

4.1. Estimation of the size-dependent splitting rate in a
growth-fragmentation model

Recently, Doumic et al. [25] have studied the problem of estimating nonparametrically the size-
dependent splitting rate in growth-fragmentation models (see, e.g., the textbook of Perthame
[41]). Stochastically, these are piecewise deterministic Marvov processes on trees that model the
evolution of a population of cells or bacteria: to each node (or cell) u € T, we associate as trait
X, €S C (0, 00) the size at birth of the cell u. The evolution mechanism is described as follows:
each cell grows exponentially with a common rate t > 0. A cell of size x splits into two newborn
cells of size x/2 each (thus X,,0 = X1 here), with a size-dependent splitting rate B(x) for some
B : S5 — [0, 00). Two newborn cells start a new life independently of each other. If ¢, denotes
the lifetime of the cell u, we thus have

P(¢u €lt,t +dt)|t, > t, X, =x) = B(xexp(rt)) dt (15)
and
Xu = %Xu_ CXP(TCM—) (16)

so that (15) and (16) entirely determine the evolution of the population. We are interested in
estimating x ~> B(x) for x € D where D C S is a given compact interval. The process (X,),eT
is a bifurcating Markov chain with state space S and T-transition any version of

Pp(x,dydz) =P(X,0 €dy, Xy1 €dz|X,- = x).

Moreover, using (15) and (16), (see for instance the derivation of equation (11) in [25]), it is not
difficult to check that

7)B (-xa dy dZ) = QB(xs d)’) ® 8)7(dz)s
where 8, denotes the Dirac mass at y and

B2 Y B
05(x,dy) = %exp(—/ @s) ds)l{yzx/z}dy. (17)

/2 TS

If we assume moreover that x ~» B(x) is continuous, then we have Assumption 2 with @ = QOp
and n(dx) =dx.

Now, let S be a bounded and open interval in (0, co) such that infS =0. Pickr e Sand L > 0
and introduce the function class

supS r
C(r,L):{B:S—>[O,oo),/ ’ B(x)dxzoo,/ B(x)dfo}.
0

X X

The requirement fsuPS %x)dx = o0 is natural and leads to fs Op(x,dy) =1 via (17). We
comply with Assumption 3 for Q@ = Qp as stated in the following lemma.
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Lemma 11. Let r € S such that r > supS/2 and 0 < L < tlog?2. Then for every B € C(r, L),
the mean transition Q g admits a unique invariant probability measure vg absolutely continuous
with respect to the Lebesgue measure. Moreover, there exist R > 0 and 0 < p < 1/2 such that

sup |Qhg(x) —vp(g)| < RIgleop™,  x€8S,m=0,
BeC(r,L)

forevery g:S — R.

Finally, we know by Proposition 2 in Doumic et al. [25] — see in particular equation (24) — that

™x vp(x/2)
B(x)= - MBS
N

where vp denotes the unique invariant probability of the transition Q = Q p. This yields a strat-
egy for estimating x ~» B(x) via an estimator of x ~» v (x). For a given compact interval D C S,
define

n - )
2 (77 Xuer, Lwppsx, <) V@

where 7, is the wavelet thresholding estimator given in Section 3.2 specified by a maximal res-
olution level J and a threshold 1 and @ > O (that can be chosen given r and L, reproducing
Lemmas 3 and 4 of [25]). As a consequence of Theorem 8 we obtain the following theorem.

Theorem 12. Specify B, with

1 T
J=t1og, b d = e Slog Tl Tl

2 %82 jog [T, |

for some ¢ > 0. For every B € C(r, L), for every w € (0,00], s € (1/m,0] and p > 1, for large
enough n and c and small enough @ , the following estimate holds

(s,p,)
= P 1/p 1Oger‘n| “
E0B, - 21" < ()

provided that infD < r/2, with ay(s, p, ) = min{zszi1 , W}, up to a constant that de-

pendsons, p, 7, |Bllgs . (p), r and L and that is continuous in its arguments.

This rate is moreover (nearly) optimal: define &1 = smw — %(p — ). We have

|’I[‘n|—061(s,p,77)’ ifer >0,
; n 1/p
infsup(E[|B, — B|Y, > flog T, |\ @)
3, 5 ( [ n LI(D)]) ( ﬁﬂ! |n|> ’ ifer <0,
n

where the infimum is taken among all estimators of B based on (X,),cT, and the supremum is
taken among all B € C(r, L) such that | B IBs D) =C.
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Two remarks are in order:

(1) We improve on the results of Doumic ef al. [25] in two directions: we have smoothness-
adaptation (in the sense described in Remark 2) after Theorem 8 in Section 3 for several loss
functions over various Besov smoothness classes, while [25] constructs a non-adaptive estimator
for Holder smoothness in squared-error loss; moreover, we prove that the obtained rate is (nearly)
optimal in a minimax sense.

(2) We unfortunately need to work under the quite stringent restriction that S is bounded in
order to obtain the uniform ergodicity Assumption 3, see Remark 3 after Theorem 5 in Section 2.

4.2. Bifurcating autoregressive process

Bifurcating autoregressive processes (BAR), first introduced by Cowan and Staudte [15], are yet
another stochastic model for understanding cell division. The trait X,, may represent the growth
rate of a bacteria u € T in a population of Escherichia coli but other choices are obviously
possible. Contrary to the growth-fragmentation model of Section 4.1 the trait (X0, X,1) of the
two newborn cells differ and are linked through the autoregressive dynamics

Xuo = fo(Xy) + o0(Xy)ewo,

(19)
X1 = filXy) +o1(Xy)eu,

initiated with X & and where
fo. fi:R—>R and op,01:R— (0,00)

are functions and (&, &4, )ueT are i.i.d. noise variables with common density function G : R? >
[0, 0o) that specify the model.
The process (X,)yeT is a bifurcating Markov chain with state space S = R and T-transition

P(x,dydz) = G(oo(x) ' (y — fo(x)),o1(x) ' (z — fi(x)))dydz. (20)

This model can be seen as an adaptation of nonlinear autoregressive model when the data have a
binary tree structure. The original BAR process in [15] is defined for linear link functions fj and
f1 with fo = f1. Several extensions have been studied from a parametric point of view, see, for
example, Basawa and Huggins [32,33] and Basawa and Zhou [3,46]. More recently, Delmas and
Marsalle [19] extend the study to a Galton—Watson tree and introduce asymmetry, de Saporta et
al. [6,16,17] take into account missing data while Blandin [12], Bercu and Blandin [5], and de
Saporta et al. [18] study an extension with random coefficients. Bitseki Penda and Djellout [8]
prove deviations inequalities and moderate deviations for estimators of parameters in linear BAR
processes. From a nonparametric point of view, we mention the applications of [10] (Section 4)
where deviations inequalities are derived for the Nadaraya—Watson type estimators of fj and f}
with constant and known functions o and o1. A detailed nonparametric study of these estimators
is carried out in Bitseki Penda and Olivier [11].

We focus here on the nonparametric estimation of the characteristics of the tagged-branch
chain v and Q and on the T-transition P, based on the observation of (X,),cT, for some n > 1.
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Such an approach can be helpful for the subsequent study of goodness-of-fit tests for instance,
when one needs to assess whether the data (X ), e are generated by a model of the form (19) or
not.

We set Go(x) = [ G(x, y)dy and G1(y) = [ G(x, y)dx for the marginals of G, and define,
for any M > 0,

5(M) =min[|xi|111;/l Go(w). inf Gl(x)}.

Assumption 13. For some £ > 0 and o > 0, we have
max{sup]fo(x)L sup‘fl (x)‘} <l <o
X X

and
min{infao(x), info, (x)} >0 >0.
X X

Moreover, Gy and G are bounded and there exist 4 > 0 and M > £/o such that §((w+¢)/o) >
Oand2(Mo — £)§(M) > 1/2.

Using that Go and G are bounded, and (20), we readily check that Assumption 6 is satisfied.
We also have Assumption 2 with n(dx) = dx and

1
Qx,y) = E(Go(y — fo)) +Gi(y — i),

Assumption 13 implies Assumption 3 as well, as follows from an straightforward adaptation of
Lemma 25 in [11]. Denoting by v the invariant probability of Q we also have m(v) > 0 with m(v)
defined by (11), for every D C [—u, u], see the proof of Lemma 24 in [11]. As a consequence,
the results stated in Theorems 8, 9 and 10 of Section 3 carry over to the setting of BAR processes
satisfying Assumption 13. We thus readily obtain smoothness-adaptive estimators for v, Q and
‘P in this context and these results are new, despite the stringent Assumption 13. Extensions to
more general settings such as AR-ARCH models of [26] requires to relax the boundedness of the
autoregression functions, that we need here in order to guarantee uniform ergodicity.

4.3. Numerical illustration

We focus on the growth-fragmentation model and reconstruct its size-dependent splitting rate.
We consider a perturbation of the baseline splitting rate B(x) = x/(5 — x) over the range x €

S = (0, 5) of the form
B(x) = E(x) + T <2j (x - ;))

with (¢, j) = (3, 1) or (¢, j) = (9,4), and where T (x) = (1 +x)1{_1<x<0) + (1 —x)1jpo<x<1}isa
tent shaped function. Thus the trial splitting rate with parameter (c, j) = (9, 4) is more localized
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Figure 1. Sample autocorrelation of ordered (X0, u € G,_1) for n = 15. Note: due to the binary tree
structure the lags are {4, 6, 6, ...}. As expected, we observe a fast decorrelation.

around 7/2 and higher than the one associated with parameter (c, j) = (3, 1). One can easily
check that both B and B belong to the class C(r, L) for an appropriate choice of (r, L). For a
given B, we simulate M = 100 Monte Carlo trees up to the generation n = 15. To do so, we draw
the size at birth of the initial cell X uniformly in the interval [1.25, 2.25], we fix the growth
rate T =2 and given a size at birth X,, = x, we pick X0 according to the density y ~» Qp(x, y)
defined by (17) using a rejection sampling algorithm (with proposition density y ~ Q5 (x, y))
and set X, = X,0. Figure 1 illustrates quantitatively how fast the decorrelation on the tree
occurs.

Computational aspects of statistical estimation using wavelets can be found in Hirdle et
al., Chapter 12 of [30]. We implement the estimator B, defined by (18) using the Matlab
wavelet toolbox. We take a wavelet filter corresponding to compactly supported Daubechies
wavelets of order 8. As specified in Theorem 12, the maximal resolution level J is chosen as
% log,(|T,|/log|T,|) and we threshold the coefficients V;,_,, which are too small by hard thresh-
olding. We choose the threshold proportional to \/log T, |/|T,| (and we calibrate the constant to
10 or 15 for respectively the two trial splitting rates, mainly by visual inspection). We evaluate
B,ona regular grid of D = [1.5, 4.8] with mesh Ax = (|T,|)~!/2. For each sample, we compute
the empirical error

B -8B
o= 1B —Bllax 0y
Bl Ax
where || - |ax denotes the discrete L2-norm over the numerical sampling and sum up the re-

sults through the mean-empirical error ¢ = M ! Zlﬁil e;, together with the empirical standard
deviation (M~' "M (e; — &)%) /2.

Table 1 displays the numerical results we obtained, also giving the compression rate (columns
%) defined as the number of wavelet coefficients put to zero divided by the total number of
coefficients. We choose a oracle-like error as benchmark: the oracle-like estimator is computed
by picking the best resolution level J* with no coefficient threshold. We also display the results
when constructing §,, with G, (instead of T,), in which case an analog of Theorem 12 holds.
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Table 1. Mean empirical relative error e and its standard deviation (over M = 100 Monte-Carlo trees), with
respect to n, for the trial splitting rate B specified by (¢, j) = (3, 1) (large spike) or (c, j) = (4,9) (high
spike) reconstructed over the interval D =[1.5, 4.8] by the estimator Bn Note: for n = 15, 1 5|Tnl =32767

and }|G, | = 16384; forn = 12, 1|T,| =

4095 and 3 71Gn| =2048

Oracle-like Threshold est. Oracle-like Threshold est.
e (sd.) J* e (sd.) % e (sd.) J* e (sd.) %
Large spike T, 0.0677 5 0.1020 96.6 0.0324 6 0.0502 97.1
(0.0159) (0.0196) (0.0055) (0.0055)
Gp 0.0933 5 0.1454 97.9 0.0453 6 0.0728 96.7
(0.0202) (0.0267) (0.0081) (0.0097)
High spike T, 0.1343 7 0.1281 97.4 0.0586 8 0.0596 97.7
(0.0180) (0.0163) (0.0059) (0.0060)
Gp 0.1556 7 0.1676 97.7 0.0787 8 0.0847 97.9
(0.0222) (0.0228) (0.0079) (0.0087)

For the large spike, the thresholding estimator behaves quite well compared to the oracle-like for
a large spike and achieves the same performance for a high spike.

Figures 2 and 3 show the reconstruction of the size-dependent splitting rate B and the invariant
measure vp in the two cases (large or high spike) for one typical sample of size %|’]I‘n| =32767.

T T
True splitting rate
Oracle estimator

—— Thresholding estimator

o
T

Splitting rate

s
T

Invariant density

081

06

04+

02t

T T T
---- Oracle estimator
1ell— Thresholding estimator

.
16
Size x

L
18

Figure 2. Large spike: reconstruction of the trial splitting rate B specified by (c, j) = (3,1) over
D =[1.5,4.8] and reconstruction of vg over D/2 based on one sample (X,,u € T,) for n =15 (i.e.

11Tl =32767).
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Figure 3. High spike: reconstruction of the trial splitting rate B specified by (c, j) = (9,4) over
D =[1.5,4.8] and reconstruction of vg over D/2 based on one sample (X,,u € T,) for n =15 (i.e.
LTl =32767).

In both cases, the spike is well reconstructed and so are the discontinuities in the derivative
of B. As expected, the spike being localized around % for B, we detect it around ZT for the invari-
ant measure of the sizes at birth vp. The large spike concentrates approximately 50% of the mass
of vp whereas the large only concentrates 20% of the mass of vp. (Note that the reconstruction
of B on D requires the reconstruction of the invariant measure vg on D/2 only, recall (18).)

5. Proofs

5.1. Proof of Theorem 4(i)

Let g : S — R such that |g|; < co. Set v(g) = fsg(x)v(dx) and ¢ =g —v(g). Letn > 2. By
the usual Chernoff bound argument, for every 6 > 0, we have

P(m; | > E(Xw) zs) sexp(—man)E[exp(e > §(xu)>}. Q1)

ueG, ueG,
Step 1. We have

E[exp(@ > §(Xu>>

ueG,

-Fn—li|=E|: H CXP(9(§(XMO)+§(Xu1)))‘}_n—1]

u€Gy 1

= 1_[ E[eXp(Q(g(XuO)+§(Xu1)))|]:n—l]

ueGn,l
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thanks to the conditional independence of the (X0, Xy1)ueg,_, given F,_1, as follows from
Definition 1. We rewrite this last term as

[ ] Elexp(6(3(Xu0) + B(Xu1) — 2QZ(X.))) 1 Fu—1] exp(02Q7(X.)).

uEG,hl

inserting the J,,_1-measurable random variable 2Qg(X,,) for u € G,,_;. Moreover, the bifurcat-
ing structure of (X, ),eT implies

E[Z(Xu0) + 8(Xu1) —298(X:)|Fu1] =0,  ueG,_y, (22)

since Q = %(Po + P1). We will also need the following bound, proof of which is delayed until
Appendix.

Lemma 14. Work under Assumptions 2 and 3. Forallr =0, ...,n— 1 andu € G,_,_1, we have
127(Q"Z(Xu0) + QF(Xu1) —2Q"MZ(X)| < c1lgloo
and
~ ~ ~ 2
E[(2"(Q"Z(Xu0) + Q8(Xu1) — 20" M 5(X))) | Fuer—i1] < c2072(2),
with ¢; =4max{1+ Rp, R(1 + p)}, c2 =4 max({|Q|p, 4|Q3,, 4R*(1 + p)*} and
2
2 |g|23 r =07
o, (g)=1". (23)
r imm{|g|%22’,|g|§o(zp)2f}, r=1,...,n—1.

(Recall that |Q|p = SUPy S, yeD Q(x, y) and R, p are defined via Assumption 3.)

In view of (22) and Lemma 14 for r = 0, we plan to use the bound

0“0

2 2
E 072)| < _— 24
[exp( )]_exP<2(l—9M/3)) 24)
valid for any 6 € (0, 3/M), any random variable Z such that |Z| < M, E[Z] = 0 and IE[Z2] <02
Thus, for any 8 € (0,3/c1|gloo) and any u € G, _1, with Z =g(X,,0) + g(X,1) — 292(X,,), we
obtain

2c002(8) )

E[exp(60/(3(Xu0) + E(Xu1) — 2Q8(X.))) 1 Fni1] < exP(Z(l —0c11gloo/3)

It follows that
Ga
E[exp(@ > g;(xu)) T } 56XP<2(1C2GZ§|);| /;L) ]‘[ exp(A2Q%(X,)).  (25)

MEGn —1
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Step 2. We iterate the procedure in step 1. Conditioning with respect to F,,_», we need to
control

E[ [ exp(ezgz?(Xu))\f“],
uEGn_1
and more generally, for 1 <r <n — 1:

E|: l_[ exp(ezrgrg(xu))“/—'.n—r—lil

ueGy_r

= [] E[exp(62(QF(Xu0) + QE(Xu1) — 2QZ(X))) |1 Four 1]

ueG,_,_
x exp(02" 1 Q1 (X)),

the last equality being obtained thanks to the conditional independence of the (X0, Xu1)ueG,_,_,
given F,,_,_1. We plan to use (24) again: for u € G,—,_1, we have

E[2"(Q"8(Xu0) + Q' (Xu1) —2Q" M Z(X))| Fyr—1] =0

and the conditional variance given F,_,_1 can be controlled using Lemma 14. Using recur-
sively (24), forr=1,...,n—1,

n—1 2 P
~ 0°c207(8)|Gp—r—1l e
IELEI(;[_I eXP(GZQg(Xu))‘fo} < r]:[lexp< 30— 8c11gla/3) )exp(éz Q"3(Xg))

for 6 € (0,3/c1/gloo)- By Assumption 3,

exp(62" Q"E(X)) < exp(62" R(2Igloo) 0") < exp(02R]glo0)

since p < 1/2. In conclusion

3 0%c2 Y021 02(9)Gnr 1|
E[uel(;!_l exp(OZQg(Xu)):| < eXp( 21 — e1lgla/3) >exp(02R|g|oo)_

Step 3. Let 1 < ¢ <n — 1. By definition of a,z(g) — recall (23) — and using the fact that
(2p)?" < 1, since moreover |G,_,_| =2""""!, we successively obtain'

n—1 I4 n—1
Y org2 T <2t <|g|% D2 +lgl Y 2—’<2p>2’>

r=1 r=1 r=0+1
<2"(1gl2" +1g12.27)
< |Gn|¢n(g)

1Putting 0 for the value of a sum when indexed by an empty set.
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for an appropriate choice of ¢, with ¢, (g) = minj<g<,—| (IgI%ZZ + |g|3>02*@). It follows that

]< - ( 92C2|Gn|¢n(g)

E[ [T exp(62Q3(x.)) 2(1 = 6c11glos/3)

+92R|g|oo>. (26)
uéGn,I
Step 4. Putting together the estimates (25) and (26) and coming back to (21), we obtain

1 ~ 02¢21Gnl 1,0 (8)
P (Xu)z8>§ex (—élGnlrSJr : +602R|g| >
(|Gn| X(G;g b 2T —0erlgloa/3) O

with X1 ,(g) = |g|2 + ¢u(g) for n > 2 and %y 1(g) = o, 2(g) = |g|§. Since § is such that
2R|gloo < 1Gy|8/2, we obtain

1 - 8, 0%¢2|GulZ1n(8)
P (X,,)Z(S) <ex (—0|Gn|—+ . >
<|Gn|u§ng b 27 21— 6cr[gloo/3)

The admissible choice? 6 = 8/(%8c1 |gloc + 2¢c2X1,,(g)) yields the result.

5.2. Proof of Theorem 4(ii)

Step 1. Similarly to (21), we plan to use

1 - ~
P( T 2 B = 8) < exp(—erﬂ‘nw)E[exp(G 3 g(X»)} @7)

| n | ueT, ueT,

for a specific choice of 6 > 0. We first need to control

E[exp(e > §(Xu>> fn_l} = 1] exp(eg(xu»E[exp(e > §(xu>> Fui

ueT, ueT, 4 ueG,

Using (25) to control E[exp (0 ZueGn g(Xu )| Fn-11, we obtain

E[exp(@ 3 §(Xu)> fnl}

ueT,

205 (&) Gy—1] -
SeXP<2(1_%cl|g|m/;)) ]_[ exp(62Q3(X,)) [] exp(63(X.)).

—1 ueT, |

2
2Indeed, for o, B, ¥ > 0 and h(x) = —ax + 2(1[; we have h(x*) = W"‘aw for the choice x* = ﬁ € (0,1/y).

yX)
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Step 2. We iterate the procedure. At the second step, conditioning w.r.t. F,,_>, we need to
control

Bl [T exp(0zxn) [] exp(9§<xu>+299§<xu>)\fnz]

ueT,_» ueG,_

and more generally, at the (r + 1)th step (for 1 <r <n — 1), we need to control

E[ [T exw(03x0) [] exp(@ZZQOg(Xu)>‘Fn_,_1:|

ueT,_r_1 ueGy,_, m=0

r+1
= ] ew(zxn) [] exp(ezzmgmg(xu>>
ueT,_,_» ueG,_,_1 m=0

X E[exp(@T,(Xu, Xu0, Xul))u:nfrfl]a
where we set
,
Y (Xu, X0, Xu1) = Y 2"(Q"Z(Xu0) + Q"2(Xu1) —2Q"'2(X,)).
m=0

This representation successively follows from the F;,_,_1-measurability of the random variable
[luer, ,_, exp(@g(Xy)), the identity

[T exp(FX)= [ exp(F(Xu0)+ F(Xu1)).

ueG,_, ueG,_r—1

the independence of (X0, Xu1)ueG,_,_, conditional on F,_,_1 and finally the introduction of
the term 23" _ 2" Q"I (X,).
We have, foru € G,,_, _;

]E[Tr(Xus X0, Xu1)|]:n—r—l] =0,

and we prove in Appendix the following bound.

Lemma 15. Foranyr=1,...,n—1,u € G,_,_1, we have

’Tr(Xua X0, Xul)| =38l

and
]E[Tr(Xua X0, Xu1)2|}—n—r—l] = C4Gr2(g) <00,

where c3 =4R(1 + p)(1 —2p)~", cs = 12max{|Q|p, 16| Q[%,, 4R*(1 + p)*(1 — 2p) 2} and
07 (9) =813 +min(|g[122" + g 20)* T ir>1y)- (28)

(Recall that |Q|p = SUPyeS, yeD Q(x, y) and R, p are defined via Assumption 3.)
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In the same way as for step 2 in the proof of Theorem 4(i), we apply recursively (24) for r =
1,...,n — 1 to obtain

n—1 2.2 n
~ 40707 ()1Gn—r—1| m
E|:exp<9 ) g(xu>)]fo} sgexp( 20 = olgls®) )exp(emgz Q g(Xz)),

ueT,

if 0 € (0,3/c}|gloc) With ¢§ = max{cy, c3} = 4max{l + Rp, R(1 + p)(1 —2p) "'} and 07 (g) =
| g|§ in order to include step 1 (we use c4 > c» as well). Now, by Assumption 3, this last term can
be bounded by

eXp<9 > oo (R|§|oop'”)) <exp(02R(1 —20) " Igloo)

m=0

since p < 1/2. Since |G,_,_1| =2""""!, by definition of Jrz(g) —recall (28) —forany 1 < /¢ <
n — 1 and using moreover that (2/))[ <1, we obtain

n—1
> o7 (@IGu—ril
r=0
n—1 4 n—1 n—1
sz"—1(|g|322"+|g|%<222’2‘”+ > 22@2") +lgl Y 2")
r=0 r=1 r=~0+1 r=0+1
< [Tl Z1.(8),

where X1 ,(g) is defined in (3). Thus,
E[exp(@
Step 3. Coming back to (27), for § > 0 such that 2R(1 — 20) " Vgloo < |T,|8/2, we obtain

! 3 02|T,|Z
P( Z g(Xu) > 8> < CXp(—9|Tn|— + €467 /nl l,n(g) )
Tl e, 2 2(1 = c501gleo/3)

- c46?|Ta| Z1,(g) = )
Xu < 7 +62R(1 -2 oo |-
u;:ng( )>i| exp<2(1 _039|g|oo/3) ( P)lel

We conclude in the same way as in step 4 of the proof of Theorem 4(i).

5.3. Proof of Theorem 5(i)

The strategy of proof is similar as for Theorem 4. Let g : S3 — R such that |g|; < co and set
g=g—v(Pg).Letn>2 (if n =1, set £3,1(g) = |Q(Pg)|s)- Introduce the notation A, =
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(Xu, Xuo0, Xy1) for simplicity. For every 6 > 0, the usual Chernoff bound reads

P(I((; | Y FA = 8) < eXp(—GIGnIS)E[eXP(9 > §(Au)>] (29)

ueGy, ueGy,
Step 1. We first need to control

E[exp(@ > §<Au>)

ueG,

]:n—li| = E|: 1_[ exp(0(2(Au0) + Z(Au))) ]:n—l:|
uEG,Hl

= H E[exp(6(8(Au0) + Z(Au1))) 1 Fu1]

ueG,_

using the independence of (Ao, Ay1)ueg,_, conditional on F,_;. Inserting the term
2Q(Pg)(X,), this last quantity ia also equal to

[T Elexp(0(3(Au0) +3(Au1) — 2Q(P3) (X)) 1 Fu—1] exp(02Q(PZ)(X.)).
MEG,,,l

For u € G,_| we successively have

E[2(Au0) +8(Au1) —2Q(P) (X)) Fu-1] =0,
|2(Aw0) +8(Au1) —2Q(P)(Xu)| < 4(1+ Rp)Igle
and

E[((Au0) + 3(Au) — 2Q(PRD) (X)) 1 Fuit] < 41Q1p| P2,

with [Q|p = sup,cs yep Q(x,y) and R, p defined via Assumption 3. The first equality is
obtained by conditioning first on F, then on F,_;. The last two estimates are obtained
in the same line as the proof of Lemma 14 for r = 0, using in particular Q(PgH)(x) =
fS Pg?(y)Q(x, y)n(dy) < |Q|p|Pg?|1 since Pg? vanishes outside D.

Finally, thanks to (24) with Z = 2(A,0) + 2(Ay1) —2Q(PZ)(X,,), we infer
E[exp(@ > §<Au)) fn_l}

ueGy,
3 ( 6241QlpI Pl
- 2(1 —04(1+ Rp)Igloo/3)

(30)

) [T exp(622P3)(X.))

ueG,_;

for 0 € (0,3/(4(1 + Rp)lgloo))-

Step 2. We wish to control ]E[]_[%G’Fl exp(02Q(P2)(X,))]. We are back to step 2 and
step 3 of the proof of Theorem 4(i), replacing g by Pg, which satisfies v(Pg) = 0. Equation (26)
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entails

]< ( 0221l (Pg)
<exp

E[ T exp(620PD) (X)) 2(1— 6¢1[Pgloo/3)

ueG,_

+92R|79g|oo> (€28)

with ¢, (Pg) = minj<¢<,—1(|Pg[32° + |Pgl%27%) and ¢; = 4max{l + Rp, R(1 + p)}, c2 =
4max{|Q|p, 4Q13,, 4R*(1 + p)?}.
Step 3. Putting together (30) and (31), we obtain

- 0%¢2| G| Z2.n(8) >
E 0 Ay < : 4+ 02R|Pglo 32
oo 2 )] <o o iy HokPe 2

with 25 ,(g) = |Pg?|1 + ¢, (Pg) and using moreover |g|oo > |Pgloo and ¢; > 4(1 + Rp). Back
to (29), since 2R|Pglo < |G, |8/2 we finally infer

1
P
<|Gn|

We conclude in the same way as in step 4 of the proof of Theorem 4(i).

02¢2|Gy|22.0(8) )

8
> 8B —v(Pg) = 6) = exp(—e'Gn' 27 20— Berlgloo/3)

ueGy,

5.4. Proof of Theorem 5(ii)

In the same way as before, for every 6 > 0,

P<|Tn1_l| Z g(Ay) 25> SeXp(—9|Tn]|5)E|:eXp<9

ueT,—

> zf(Au))}. (33)

MET,,_|
Introduce T} ,(g) = |Pg?|; and
%5 ,(8) = [P, + inf (1Pg {2V + 1Pl 2 L)), forn=1.

It is not difficult to check that (32) is still valid when replacing X , by Zé’n. We plan to suc-
cessively expand the sum over the whole tree T,_; into sums over each generation G,, for
m =0, ...,n— 1, apply Holder inequality, apply inequality (32) repeatedly (with Eé,m) together
with the bound

n—1

Y IGwuIZ5,,(8) < ITa1|Z20-1(2).

m=0

We thus obtain

E[exp(e > §<Au))}

ueT,_;
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n—1 1/n
(E[exp nf3(Az))| [ E [exp(ne > §(Au)>:|>

m=1 ueGy,

n—1 2 / Ln
(n0)°c2|Gp1%5 , (8)
< <exp(n92|g|oo) [] exp(z(l - (an)c”;'ﬂoo/:%) + (n9)2R|73g|oo>>

=1

(92czn|Tn—1 122,0-1(8)
<e

+20(nR|Pgloc + 1€loc) |-
20— 1) gloyz) 2 RIPEl + ] ))

Coming back to (33) and using 2(nR|Pglec + |8lxc) < |T,—118/2, we obtain

1 ~ 8 0%can|Tu1]Z20-1()
P (A)zS)Sex (—9|1r_|—+ : )
<|Tn_1| ;g ! b 2T 20 = m0)erlgloo/3)

We conclude in the same way as in step 4 of the proof of Theorem 4(i).

5.5. Proof of Theorem 8

Put c(n) = (log |1I‘,1|/|7I‘,1|)1/2 and note that the maximal resolution J = J,, is such that 27» ~
c(n)~2. Theorem 8 is a consequence of the general theory of wavelet threshold estimators, see
Kerkyacharian and Picard [34]. We first claim that the following moment bounds and moderate
deviation inequalities hold: for every p > 1,

IE[|’\?;L,,, - v;\|p] Sce(n)? for every |A| < J, (34)

and
]P’(|’\7;L,,, —vy| > p%c(n)) <c(n)?? for every |A| < J, (35)

provided s > 0 is large enough, see condition (37) below. In turn, we have conditions (5.1)
and (5.2) of Theorem 5.1 of [34] with A, = J, (with the notation of [34]). By Corollary 5.1 and
Theorem 6.1 of [34] we obtain Theorem 8.

It remains to prove (34) and (35). We plan to apply Theorem 4(ii) with g = WA] and § =4, =
pxc(n). First, we have |1p)1|p < CPZ‘)"(I/Z’UP) for p = 1,2, 00 by (6), so one readily checks
that for

4 _
= RO - 2p)”" Coo(log | Tal) ",

the condition §, > 4R(1 — 2/0)_1|1/fk1|C,Q|’H‘,,|_1 is satisfied, and this is always true for large
enough n. Furthermore, since 2M < 2Jn < c(n)_2 it is not difficult to check that

Sia(h) =iy + min (Wil + [vlfZ279 <c (36)
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for some C > 0 and thus k321 (Y1) < k3C = C’ say. Also k4|/} |oodn < kaCog2M/2c(n) pse <
C” ps, where C” > 0 does not depend on n since 2*1/2 < ¢(n)~!. Theorem 4(ii) yields

A T, |p?s*c(n)?
]P’(|v;m -, > p%c(n)) < Zexp<—g/+7c//p% <cn)??
for ¢ such that
1 4
oz 5C+ J(C) 4o C 37
p

and large enough n. Thus, (35) is proved. Straightforward computations show that (34) follows
using B[V, —valP1= [5° puP'P([V,n — vi.| = u) du and (35) again. The proof of Theorem 8
is complete.

5.6. Preparation for the proof of Theorem 9
For h : S — R, define |hloo,1 =SUP s fS |h(x,y)|dy. Forn > 2, set also

Ssah) =13+ min (Jh172° 4RI, 127°). (38)

Recall that under Assumption 3 with n(dx) =dx, we set fo(x,y) =v(x)Q(x, y). Before prov-
ing Theorem 9, we first need the following preliminary estimate

Lemma 16. Work under Assumption 2 with w(dx) = dx and Assumption 3. Let h : D*> € §? —
R be such that |hfg|1 < 00. For every n > 1 and for any § > 4|h|sc(Rn + 1)|']I‘;‘l|’1, we have

1@( 1 S WX X (1, >>a>< ( —n” [T} )
- - s = = €X
T ° P\is 5,0 () + k2l oo

where Ty =T, \ {&} and ks = max{|Q|p. |Q|%}«1(Q. D).
Proof. We plan to apply Theorem 5(ii) to g(x, xp, x1) = %(h(x,xo) + h(x, x1)). Since Q =
%(Po + P1) we readily have Pg(x) = fS h(x,y)Q(x, y)dy. Moreover, in that case,

1
|Tn—1|

Z g(Xu’ X0, Xul) =

ueT,,_l

D h(Xy, X))

uecTy

1
T

and fS Pgx)v(x)dx = fsxs h(x,y)Q(x, y)v(x)dxdy = (h, fg). We then simply need to es-
timate X ,(g) defined by (4). It is not difficult to check that the following estimates hold

Pgli <I1Qplhl5.  |Pgla <IQplhlZ,, and |Pg*|, <|Qlplhl3
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since (Pg?)(x) < /. shix, ¥)2Q(x, y)dy and h vanishes outside D?. This entails

$5.(g) <max||Qlp, |93} 3., (h)

and the result follows. (|

5.7. Proof of Theorem 9, upper bound

Step 1. We proceed as for Theorem 8. Putting c(n) = (nlog|T;| /|’]I‘;|)1/ 2 and noting that the
maximal resolution J = Jj, is such that 2¢/» ~ ¢(n) =2 with d = 2, we only have to prove that for
every p > 1,

Eﬂﬁn — )] Sem? for every |A| < J, (39)
and
P(| frn = f3l Z prec(n)) <c)®  for every [A] < Jp. (40)
We plan to apply Lemma 16 with A(x, y) = x[/f(x, y) = wf(x, y) and 6 = §,, = psc(n). With
the notation used in the proof of Theorem 8 one readily checks that for

s %(1 —2p) " Coo(Rn + 1) log|T%]) ™"

the condition §,, > 4|1ﬂf|oo(Rn + 1)|’JI‘:,|_1 is satisfied, and this is always true for large enough n
and

%2%(1—2,0)_]COO(ER+1). 41)

Furthermore, since ||, < C,24*1/2=1/P) for p = 1,2, 00 and 29 < 29/ < c(n)~2 we
can easily check

S3a(vf) =+ min (w72 + v, 27 =€

2d|3]/2

for some C > 0, and thus k523 ,(g) < ksC = C’ say. Also, K2|w)‘f|oo<$n <kCoo c(n)px <

C" p, where C” does not depend on n. Applying Lemma 16, we derive

- n YT, _ | p?ste(n)?
P(| frn = fal = prec(m)) < 26Xp<— C"/ n g,,p% ) <cm)?”
as soon as s satisfies (41) and (37) (with appropriate changes for C’ and C”). Thus, (40) is
proved and (39) follows likewise. By [34] (Corollary 5.1 and Theorem 6.1), we obtain

log [T, |\ @2(5:p-7)
nlog| n|) 42)

E((1fn = foll? o )" S < T,
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as soon as || follgs . (p2) is finite, as follows from fo(x,y) = Q(x, y)v(x) and the fact that
Ivligs (D) 1s finite too. The last statement can be readily seen from the representation v(x) =
f S v(¥)Q(y, x) dy and the definition of Besov spaces in terms of moduli of continuity, see, for
example, Meyer [38] or Hérdle er al. [30], using moreover that & > 1.

Step 2. Since Q(x,y) = fo(x,y)/v(x) and @n(x, y) = ﬁ,(x, y)/ max{v,(x), w}, we readily
have

| folb

. P 1 ~ P
’Qn(x7Y) — Q(x,y)’ < ;(’fn(x,)’) - fQ(X,Y)’ + m(v)P

‘max{'ﬁn(x), af} — v(x)’p),

where the supremum for fg can be restricted over D2. Since m(v) > w, we have | max{"v, (x),
w} —vx)| <[V, (x) — v(x)| for x € D, therefore

~ | folb
190 = Q1) S 5 (1 = £y + 2220 = vl

holds as well. We conclude by applying successively the estimate (42) and Theorem 8.

5.8. Proof of Theorem 9, lower bound

We only give a brief sketch: the proof follows classical lower bounds techniques, bounding ap-
propriate statistical distances along hypercubes, see [24,30] and more specifically [13,31,36] for
specific techniques involving Markov chains. We separate the so-called dense and sparse case.

The dense case €3 > 0. Let ;. : D> — R a family of (compactly supported) wavelets adapted
to the domain D and satisfying Assumption 7. For j such that |T,|~1/> <27/6+D consider the
family

—1 _
Qe j(x,y) =D 1pe(x. ) + ¥ITl ™% Y @i (x, ),
)\EA/

where € € {—1,1}% and y > 0 is a tuning parameter (independent of n). Since |1pk|oo <
Coo2™ = Co27 and since the number of overlapping terms in the sum is bounded (by some
fixed integer N), we have

YT ™21 ) ey (e I < yITal 7 PNC2) Sy
)LEAJ'

This term can be made smaller than |D?|~! by picking y sufficiently small. Hence, Q.. j(x,
y) > 0 and since [, =0, the family Qc ;(x,y) are all admissible mean transitions with
common invariant measure v(dx) = 1p(x) dx and belong to a common ball in B;‘T’ oo(Dz). For
L€ Aj, define Ty : {—1, 1} — {—1, 1}181 by Ty (1) = —e; and Ty (e,) = €, if i # A. The
lower bound in the dense case is then a consequence of the following inequality

lim sup max B2 =P o il < 1 (43)

noeef—1,1) ren; ”TV
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where P!  is the law of (X, )yeT, specified by the T-transition Pe j = Q¢ j ® Qe ; and the initial
condltlon L(Xg)=0.
We briefly show how to obtain (43). By Pinsker’s inequality, it is sufficient to prove that

dP”?
[log o = ] can be made arbitrarily small uniformly in n (but fixed). We have

dPy P10, Xus Xu0, Xut)
T(e),Jj To(e),j (RXu, Au0, Ayl
]E';j|:—log dIP” i| E E! |: i|

Pe, i (Xu, Xu0, Xu1)

ueT}l
_ n QT}L(g)’j(Xu_’ Xu)
B ; Ee,{/|:10g Qe,j (X, Xu)
ue 1
1,0, (*, ¥)
*"/ ( er(l » )Qs,j(x,y)v(dx)dy

, 2
< |Thul Dz(@g(e%jx(ﬁ;,)y) - 1) Qe j(x, y)v(dx)dy
e, j X,

using —log(l1 +z) < 72 — 7 valid for z > —1/2 and the fact that v(dx) is an invariant measure
for both Q7, (¢),j and Q¢ ;. Noting that

10, (X, ¥) = Qe j (x, y) = 2y | Tl " 2603 (x, ),

we derive

Q0. ) | 2vITal'2C2 T, |12
Qc,j(x,y) T 1—y|T,|"12NCo2/ ~ 7"

hence the squared term within the integral is of order y2|T,|!

so that, by picking y sufficiently

d]P’
small, our claim about E! [log iz ] is proved and (43) follows.

The sparse case €3 < (0. We now consider the family

log [Th|
| T

172
Qx,j(x,y)z|D2|_llpz(x,y)+7/( ) &vi(x,y)

with €, € {—1,+1} and % € A, with j such that (%)1/2 < 27J(+1=2/7) The lower bound
then follows from the representation
dIP’”
log dIP’” =U' — w; log2/,
where P} . and [P} denote the law of (X, )T, specified by the T-transitions Q) ; ® Q. j and v®
)
v respectlvely (and the initial condition £(X &) = v); the @’s are such that sup,, max;c Ao <1,

and U} are random variables such that P} J Uy = —Cy) = C > 0 for some Cy, C3 > 0. We omit
the detalls see, for example, [13,31,36].
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5.9. Proof of Theorem 10

Proof of Theorem 10, upper bound. We closely follow the proof of Theorem 9, choosing
c(n) = (nlog|Ty_1]/|Tp—1D)"/? and J = J, such that 24/ ~ ¢(n)~2 with d = 3 now. With § =
8p = prec(n), for > %(1 —2p) ' Coo(2R + 1), we have 8, > 4|y |oo (Rn + 1)|T%| 1.

Furthermore, since |1ﬁff|p < C,,deu/z_l/l’) for p=1,2,00 and 241 < 2dJn < c(n)_2 it is
not difficult to check that

2 . 2 _
Eo. (W) < max{[PIp. [PIH} (|wf + min (jwi[i2 + |vf|, 27)) =€
thanks to Assumption 6, where |Wf|oo,1 =SUp,p sz wa(x, y,2)|dydz, and thus k122 ,(g) <

k1C = C’. We also have /<2|1//f|008n < k2Co02M2¢(n) pse < C” p ¢, where C” does not depend
on n. Noting that f, = ( fp, l/ff) = fPlﬂf dv, we apply Theorem 5(ii) to g = v, and derive

n—lmrn_npzzzc(n)z) < ey

]P)(lf)»,n_f)»'Zp%C(n))SzeXp<_ C/+C//p%

for every |A| < J, as soon as « is large enough and the estimate

3(s,p,7)
o~ 1/p I’llOg|Tn| 93

follows thanks to the theory of [34]. The end of the proof follows step 2 of the proof of Theorem 9
line by line, substituting fg by fp. ]

Proof of Theorem 10, lower bound. This is a slight modification of the proof of Theorem 9,
lower bound. For the dense case €3 > 0, we consider an hypercube of the form

—1 —
Pej(x.3.2) =D I,y 2+ yITal 72 > v (3. 2),
A.GA]'

where € € {—1, 1}/ with j such that |T,,|~'/2 <2776+3/2) and y > 0 a tuning parameter, while
for the sparse case €3 < 0, we consider the family

log |T|
Ty

1/2
-1
Pr,j(x,y,2) = D7 1@3<x,y,z)+y< ) v (x,y,2)

with €, € {—1,+1}, A € A, and j such that (%)1/2 < 27J(+3(1/2=1/7)  The proof then
goes along a classical line. O

5.10. Proof of Theorem 12

Proof of Theorem 12, upper bound. Set v,(x) = ITLnIZMETn 1 2<x,<x) and v,(x) =
f x/2 vp(y)dy. Mimicking Lemmas 3 and 4 in Doumic et al. [25], one can check that

X
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Sup,p vp(x) < oo and inf,¢p vy, (x) > 0 uniformly in B € C(r, L) provided that infD < r/2.
For x € D, we have

sup,p vp(x)?
infyep vy (x)P

S on) —vp@)|” 4+ [Un (x) — vy (0)]”.

~ 1
|By(x) — B(0)|" < ;m(x) —vp)|’ + |max{v, (x), @} — v, (x)|”

By Theorem 4(ii) with g = 1{;/2<.<x}, one readily checks

E[[0,(x) —vu(0)|"] = fooo pul T 'P([5,(x) — vuo(0)| = u) du S | TP/

and this term is negligible. Finally, it suffices to note that [[vg||B; (D) is finite as soon as
| BliBs (D) 1s finite. This follows from

B(2 2x X B2
vB<x>=f vB<y)QB(y,x)dy=ﬂf w(y)exp(—/ (2 dz) dy.
S TX 0 y

2 T2

We conclude by applying Theorem 8. O

Proof of Theorem 12, lower bound. This is again a slight modification of the proof of Theo-
rem 9, lower bound. For the dense case €; > 0, we consider an hypercube of the form

Be.j(x)=Bo(x) +y|Ta|"'/* ) eyl (x)
Aj

where € € {—1, 1}/ with j such that |T,|~1/? <277/6+1/2 and y > 0 a tuning parameter. By
picking By and y in an appropriate way, we have that By and B, ; belong to a common ball in
B; oo (D) and also belong to C(r, L). The associated T-transition Pp, ; defined in (17) admits as
mean transition

Be.;(2y) Y B, 1(22)
Qp, ,(x.dy) = LyeXp(— / = dZ)l{yzx/z} dy
Ty x/2 T2

which has a unique invariant measure v, ;. Establishing (43) is similar to the proof of Theorem 9,

lower bound, using the explicit representation for Qp, ; with a slight modification due to the fact

that the invariant measures v B and v Br, (o). do not necessarily coincide. We omit the details.
For the sparse case €] <0, we consider the family

log [T}, |
|’]Tll|

1/2
By j(x) = Bo(x)+y< ) &.V1 (x)

with €; € {—1,+1}, A € A, with j such that (%)1/2 < 2—J(+1/2=1/7) The proof is then
similar. m
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Appendix
A.1. Proof of Lemma 11

Pick B : S — [0, 00) in the class C(r, L) for well-chosen r and L, as specified in Lemma 11.
Recall that S is a bounded open interval such that infS = 0, and set S = (0, x7) for a positive
xp- We shall use Theorem 1.3 in Hairer and Mattingly [29].

We first check Assumptions 1 and 2 of [29]. Let us define V(x) = x? for x € S and p > 1.
For any x € S, we have QpV (x) < V(xp7/2) since the size at birth of cell u is at most x;/2,
the size at division of its parents u~ being at most x; for our choice of B. Thus Assumption 1
of [29] is satisfied with y =0 and K = (xj;/2)” (with the notation of [29], noting that picking
y = 0 is actually possible). Let us denote

y
r= 2Dy B0 s

Ty TS

Forany A € G and x € (0, 7],

B2 A 10)
Op(x, A) Z/ (2y) em(—/ &) dS)l{yzx/z} dy

AN, Sy TY /2 T8

2/ . eB(y)dy,
ANG5. ML)

2

since the indicator is equal to one for y > r/2 and x < r. We obtain

;relg Op(x,-) >apnp(-)

setting C = (0, r], ag = f(%’xTM) @p and ng(A) = agl fAm(g,XTM) @p for any A € &. Noting that
C can be written {x € S; V(x) < R} with some R > 2K /(1 —y) as soon as r > 2!/P~1x), which
is true by picking p large enough, we deduce that Assumption 2 of [29] is satisfied.

The existence and uniqueness of an invariant probability measure vy follows from Theo-
rem 1.2 of [29]. Moreover, vp is absolutely continuous with respect to the Lebesgue measure
since Qp(x,dy) itself is (see (17)). Note that ap can be rewritten op = exp(— for/z @ ds), so
that

o - L 1
inf o expl —— ) > =.
BeC(r,L) B = €Xp T 2
For some o € (0, 1/2) such that infgcc(, 1)y > 1/2 + ag, we set B = ap/K. We apply The-

orem 1.3 of [29] recursively, picking Q'58, and vp for u and py, with m >0 and x € S. We
conclude that for any function g : S — R such that |g(x)| < 1 4+ Bx?, we have

|0%hg(x) —vp(g)| < Crpf (14 BxP), xeS.m=0, (44)
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with Cg =1+ [5(1 4+ BxP)vp(x)dx and pp > 0. Note that supg.c(.1)Cp <2+ Bx};. In
addition, Theorem 1.3 of [29] gives a precise control of pp with respect to y, K, R, ap, g, B
defined previously and one can check that supgcc(,. 1) pB < 1/2. Finally, we apply (44) to the
test function g/|g|co and use x < x to get the announced result, uniformly over B € C(r, L).

A.2. Proof of Lemma 14
The case r = 0. By Assumption 3,
|2(Xu0) + 2(Xu1) — 208(X)| <2(I2loc + RIZlcop) < 4(1 + Rp)Igloo-
This proves the first estimate in the case r = 0. For u € G,,_1,
E[(F(Xu0) +F(Xu1) —2Q8(X.))*| Foci]
= E[(3(Xu0) + 8(Xu1) — 208(X))*| Fac1]
<E[(g(Xu0) + g(Xu) 1 Fu-1] < 2(Pog?(Xu) + P1g%(Xu)) = 4Qg*(X,)

and for x € S, by Assumption 2,

05°(0) = [ £ *Qx,y)ntdy) < |0l
since g vanishes outside D. Thus

E[(Z(Xu0) +Z(Xu1) —2Q8(X))*|Fac1] < 41QIp1213 (45)

hence the result for r = 0.

The case r > 1. On the one hand, by Assumption 3,

27(Q"8(Xu0) + QF(Xu1) — 29" MZ(X0)| < 2" 2RIZlso (0" + 0" )

(46)
<4R(1+ p)lgleo(2p)".
On the other hand, since
0g(0)| < [g}g<y)|g<x, »n(dy) < 1Qlplglh.
we also have
2| QF(Xu0) + Q' Z(Xu1) — 27 (X))
47

=2"]Q"g(Xuo) + Q g(Xu1) —2Q T g(Xu)| <2741Qlplgl1.

Putting together these two estimates yields the result for the case » > 1.
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A.3. Proof of Lemma 15

By Assumption 3,

,
| (Xu, X0, Xu)| 2D 2" RIZloop™ (1 4 p) < 4RIgloo(1+ p)(1 = 2p) ™!

m=0

since p < 1/2. This proves the first bound. For the second bound, we balance the estimates (46)
and (47) obtained in the proof of Lemma 14. Let £ > 1. For u € G,,_,_, we have

|Tr(Xua X0, Xul)| <I+1+1l,
with

I'=12(Xu0) +2(Xu1) — QZ(Xu)
LAr

=Y 2"|Q"F(Xuo) + Q"F(Xu1) — 20" ' F(X,)

m=1

)

’

r

m= %" 2"Q"%(Xu) + Q"g(Xu1) —2Q"F(X,)
m=LAr+1

3

with Il =0 if £ > r. For u € G,_,_1, by (45), we successively have

E[1?|Fur_1] < 41QIpIgI3,
YN

1 <4|Qlplgh Y_ 2" <8|Qlplgh2""”

m=1

by (47), while for £ <r,

,
I <4R(1+p)lgloo Y 2p)" <4R(1+p)(1 —20) " gloo(20) !
m={+1

by (46). The result follows.
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