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In this paper we consider the product of two independent random matrices X and X@ . Assume
that Xﬁ), 1 <j,k<n,qg=1,2, are i.i.d. random variables with IEX;.?{) =0, VarXﬁ) = 1. Denote by
s1(W), ..., sn(W) the singular values of W := %X(l)X(z). We prove the central limit theorem for linear
statistics of the squared singular values slz(W), ey s,2, (W) showing that the limiting variance depends on

1
kg i=Ex {4 -3,
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1. Introduction and main result

One of the main questions studied in Random Matrix Theory (RMT) is the asymptotic analysis
of spectra of random matrices when the dimension goes to infinity. For example, it is well known
since the pioneering work of Wigner [28] that the empirical spectral distribution function weakly
converges to the semicircle law. Another well known case is the sample covariance matrices W =
XX, where X is a matrix with independent entries, which was first studied in Marcenko and
Pastur [21]. The distribution of singular values of products of random matrices with independent
entries has been intensively studied, see, for example, Alexeev et al. [3,4] and Akemann et al. [1].

All these results may be regarded as laws of large numbers for linear eigenvalue statistics.
Thus fluctuations of such linear statistics of eigenvalues around its mean are of interest. There is
a vast literature on this question. We mention the results Jonsson [19], Bai and Silverstein [7],
Sinai and Soshnikov [25], Anderson and Zeitouni [5], Lytova and Pastur [20], Shcherbina [24],
where the central limit theorem was proved. The aim of this paper is to investigate the case of
singular values of products of random matrices with independent entries. It will be shown that
in this case the central limit theorem holds as well and the limiting variance will be explicitly
determined.
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For any m, n > 1 we consider a family of independent real random variables X ﬁ.‘,’lz, 1<j,k<
n,qg =1,...,m,defined on some probability space (€2, F, P). Assume that the following condi-
tions (CO) are fulfilled:

(a) X;.(,]() are independent and identically distributed for 1 < j,k <n,q=1,...,m;
(b) forany 1 < j,k<n

EX'Y=0 and E(X')’=1
©) IEI(X;‘,{))“ = 14 < 00.

The random variables X ﬁ) may depend on 7, but for simplicity we shall not make this explicit
in our notations.

We introduce m independent random matrices X @), qg=1,...,m,as follows
X@ .= L[x@r
'_ ﬁ jk 1jk=1"

Denote by slz(W), ey s,% (W) the eigenvalues of WWT, where W := ]_[21:1 X@ . We will often
omit the notation W from s,f (W) and write s,?. Define the empirical spectral measure by

n

w,,_ L 2
F"(x)= . Z]l(sk fx).

k=1

Here and in what follows 1(B) denotes the indicator of the event B.

A fundamental problem in the theory of random matrices is to determine the limiting distribu-
tion of F,, as the size of the random matrix tends to infinity. It was shown in Alexeev et al. [4]
that there exists a function G, (x) such that

lim sup|EFY (x) — Gy (x)| =0 (1.1)
R

n—)ooxe

and G, (x) are defined by its moments My, k € N,

M—/Oode()— ! k
k=L T = i i k- k)

which are Fuss—Catalan numbers. For m = 1, we get the well-known result of Marchenko and
Pastur for sample covariance matrices Maréenko and Pastur [21]. The Fuss—Catalan numbers
satisfy the following simple recurrence relation

m
M = Z HMku'

Ko+ +hm=k—1v=0
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An explicit analytical formula for the density function, say P,,, whose moment sequence is given
by Fuss—Catalan numbers, that is,

Kl‘l‘l
f kam(x) dx = M
0

for some positive numbers K,, > 1 was given in Penson and Zyczkowski [23]. For this formula,
see the Appendix A. Furthermore, it was shown in Penson and Zyczkowski [23] that

. (m+ 1)m+1

m -

(1.2)

mm
The limiting distribution G,,(x) may be also described in terms of its Stieltjes transform, say
Sm(2),

© 1
S (2) :=/ dG,,(x), z=u—+1iv,v>0.

Ceo X —2Z

It was proved, see Gotze et al. [15], that s, (z) satisfies the following equation
14 285 (2) + (= D"y = 0. (1.3)

The result (1.1) was proved under more general conditions than (C0), it was assumed that the
random variables may be non-identically distributed and satisfy a Lindeberg type condition for
the second moments, for details see Alexeev et al. [4]. Under conditions (CO) the result (1.1)
may be generalized and it can be shown that F, weakly converges to G,, in probability. The
latter may be rewritten in the following way. For all for all continuous and bounded real functions
f (), A € Ry, in probability

(9]

lim f(k)dF,yV(k) = lim % Zf(slg) _ /w FA)AG,(L). (1.4)
n—o0 0 n—oo =1 0

We may interpret (1.4) as the law of large numbers. The natural question is to investigate a
fluctuation of linear statistic

Swifl:=)_ (%)

k=1

around its mean for an appropriate and broad class of test functions f(-).

1.1. Main result

To formulate the main result of this paper, we need to specify the class of test function. Let f())
be a smooth function with the Fourier transform given by

Iy 1 OO —ith
f(t):E/ Fe ™ dn. (1.5)
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We say that an arbitrary function f (1) belongs to the class F if it satisfies the following regularity
condition

f (1+11P°)|F ()] dt < cc. (1.6)

We will concentrate on the case of two random matrices, m = 2, and prove the following theorem
which is the main result of this paper.

Theorem 1.1. Let m =2 and assume that the conditions (CO) hold. For any function f € F the
centralized linear statistic

SwLf1:=Swlf] - ESwlf]

weakly converges to a Gaussian random variable G with zero mean and variance given by

K4

a 2
Var[G] = 7[ f F3) [P + Ap’(x)]dx]

P Y A Ee Ve
27T2 —aJ—a ()" - l‘l‘)z
L PO = P00 — )] [4p) (w)* + 11py () +4]

3p() 4p2(w) +3

(1.7)

didpu,

where k4 1= 4 — 3, p1() :=7p(r), p(A) := |A| P2(A?) is the symmetrized Fuss—Catalan den-
sity, and a := v/ K».

Remark 1.1. Let us complement the results of this theorem by the following remarks.

1. Obviously the result of Theorem 1.1 depends on the distribution of Xﬁff{), 1<j,k<n,qg=
1,2, in terms of the fourth cumulant rather than the second moment only. This means that the
limiting behaviour is not universal in the usual sense, a fact which is typical for the central limit
theorems of linear eigenvalue statistics.

2. The result of Theorem 1.1 may be extended on the case X ﬁ), 1<j,k<n,q=1,2arenon-
identically distributed. Here one has to impose additional assumptions, for example Lindeberg’s
condition on the tails of fourth moments of X (i) , see Section 3 for details.

3. The case m > 2 is much more difficult to analyse. One may derive a formula for Y (x, 1)
(see the definition below). But it is not yet clear whether this expression is positive, due to the
fact that the formula for P, (x),m > 3 is rather complicated. We plan to study this case in a
subsequent paper.

1.2. Structure of the paper

We divide the proof of Theorem 1.1 into two parts. In Section 2, we consider the Gaussian case
and prove an analogue of Theorem 1.1 (see Theorem 2.1). Our method will be based on the
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results Lytova and Pastur [20], Tikhomirov [26] and [27]. Namely, we will apply the method of
characteristic functions and show that the limiting characteristic function satisfies a differential
equation of the type (2.11). The idea used in Lytova and Pastur [20] was to reformulate the
problem in terms of the process Y, (x,?) (see definition (2.16)) and derive an equation for its
limit (see (2.32)). This equation is of Volterra type, which may be solved applying a generalized
Fourier transform method (see Statement D.1 in the Appendix). To implement this strategy we
will often apply the following well-known Stein identity which is valid for a Gaussian random
variable & with zero mean

E&f (&) = EE’Ef'(§). (1.8)

We mention here that the idea to derive an equation for the limiting characteristic function was
first applied in Tikhomirov [26,27] for sums of weakly dependent random variables, where the
author derived the equation (2.11) using (1.8). In addition, we use empirical Poincaré inequalities
(see Section 2.2) to estimate the variance of some quantities (see Lemma 2.3).

In the Section 3, we investigate the difference between the case of arbitrary standardized
random variables and the case of Gaussian variables proving Theorem 1.1. Here we will use
the methods of Bentkus [8] who introduced the following ’variance stable’ comparison pro-
cedure. For studying the limiting behavior of some functional E f (X1, ..., X,) depending on
arbitrary r.v. X1, ..., X, Bentkus suggested to compare Ep(X1, ..., X,) with Ep(Yy,...,Y,).
Here Y1, ..., Y, is some special sequence of standardized r.v. (for example, Gaussian) for which
Eg(Y1,...,Y,) may be easily calculated. To compare the distance he suggested to use the in-
terpolation Z;(¢) := X sing +Y;cosp,¢ € [0, 51, j =1,...,n (see (3.2)). Applying this pro-
cedure and ideas from Tikhomirov [26,27] mentioned above we show that the limiting charac-
teristic function for S&),) [ f] for arbitrary r.v. satisfies some equation and may be expressed via
the characteristic function for the Gaussian case (see Theorem 3.1). The proof is based on the
differential equation (3.6) for the large » limit of the interpolated process (depending on ¢) (3.3).
Actually this technique simplifies the approach of Lytova and Pastur [20], where the authors ap-
ply a comparison procedure to derive an equation for Y, (x, ¢), which is similar to the Gaussian
case.

All auxiliary facts about Fuss—Catalan distribution, unitary matrix decomposition and its
derivatives are collected in Appendix A-D.

1.3. Applications

One motivation for investigating the asymptotic distribution of products of random matrices fol-
lows from recent applications in wireless telecommunication, see, for example, Miiller [22]. One
may consider a toy model of MIMO channel, where the output vector y € C”, at a given time,
equals

y=Hx+z,

where x € C" is the transmit vector, H € C"*" is a channel matrix and z € C" is a random
noise. Matrix H may be random and represented as a product of m, m > 1, independent random
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matrices, that is, H = W. For example, if m =2 we may assume that there exist transmit and
receive antennas and scatters. The instance capacity of the MIMO channel is given by

n 00
Z, :=logdet(I+ yWW') = Zlog(l +ys7(W)) = n/ Fx)dFY (x),
j=1 0

where f(x):=1log(l 4+ yx) and y denotes the Signal to Noise Ratio per received antenna. This
means that we rewrite capacity Z in terms of linear statistics of singular values of W. It is nat-
ural question to investigate the limiting behavior of Z,, as n goes to infinity. Other possible ap-
plications are in finance Bouchaud et al. [10] and quantum entanglement Collins et al. [13],
Zyczkowski et al. [30].

1.4. History

There are many papers on the CLT for linear eigenvalue statistics of random matrices. We men-
tion the results Jonsson [19], Bai and Silverstein [7], Sinai and Soshnikov [25], Anderson and
Zeitouni [5], Lytova and Pastur [20], Shcherbina [24]. In our setting, the result for m = 1 was
derived in Lytova and Pastur [20]. We will use their ideas in the proof of Theorem 1.1. One
may also find a lot of information about the CLT for linear eigenvalues statistics in the book
Bai and Silverstein [6]. We also believe that one may apply the result of Bai and Silverstein [7]
together with Zheng [29] to derive Theorem 1.1 when restricting oneself to the class of analytic
test functions with a different (implicit) representation for the variance using Cauchy integrals.

The distribution of singular values of products of random matrices with independent entries
has been intensively studied in many papers. The relevant literature is much to extensive in order
to describe it here in detail, see, for example, Alexeev et al. [3,4], Penson and Zyczkowski [23],
Akemann et al. [1], Gotze et al. [15] and very recent result Forrester and Liu [14]. The central
limit theorem for product of complex Ginibre matrices for polynomial test functions was derived
in Breuer and Duits [11]. It is known that in the complex Ginibre case the squares of singular
values of W form a determinantal point process and the joint density function is a bi-orthogonal
ensemble, see Akemann et al. [2].

1.5. Notations

In what follows, we will use the following notations. Denote by ||A]|, [[A]|> the operator and
Hilbert-Schmidt norms of A, respectively. As usual TrA =) _"_; A;;. We assume that all random
variables are defined on a common probability space (€2, §, P). By Var(§) we mean E€ 2_ (Eé)z,
where E is the mathematical expectation with respect to IP. By C and ¢ we denote some constants
which do not depend on n. We introduce the symmetrized version of f, that is,

f(x)a 1fx20,

TO=V o ix <o,

By * we denote the convolution operation, that is, f x g(t) = fot f(s)g(t —s)ds.
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Let us denote by e; a unit vector with all zeros except 1 in the position given by the index j.
We define the following matrices E;  :=e; e};. To denote an element of arbitrary matrix M in
the position j, k, we will use either M j; or [M];x depending on convenience. By I we denote an
identity matrix, omitting the dependence on dimension. By I, we denote an identity matrix. We
omit the dependence on dimension.

Together with a random variable, say &, we will often use the following notation £(© := ¢ —
E&.

2. The Gaussian case

In this section, we consider the special case when X;‘,I(), 1 <j,k<n,q=1,2 has the Gaussian
distribution. We change our notations of matrices and denote by Y@, q = 1, 2 the matrix X@

with X ﬂ) replaced by the Gaussian random variables. The main result of this section is the
following theorem.

Theorem 2.1 (Gaussian case). Let Y9 =n~1/2[y ;Z)];" t—1+9 = 1.2, be independent random
matrices such that the entries Y;Z), J.ok=1,...,n,q =1,2, are Gaussian and satisfy the condi-

tions (CO). Then for any f € F the normalized linear statistic S&),)[ f1 weakly converges to the
Gaussian random variable G with zero mean and variance given by

_ L[ (% (FOD) = f(u?)?
ValGl=575 /_ e G2

[p(L) — p' AW — W] [4p1(w)* + 11p1(w)? + 4]
3p(w) 4p2(n) +3

2.1)

dirdu,

where pi(X) :=nwp(A), p(A) = |A|P2(A2) is the symmetrized Fuss—Catalan density, and a :=
VK.

2.1. Symmetrization

To prove Theorem 2.1, it will be convenient for the further analysis to introduce the following
symmetrization. Let £ be a positive random variable and F (x) be the distribution function of &2.
Define ’5 := &&, where ¢ denotes a Rademacher random variable with P{e = £1} = 1/2 which
is independent of £. Let F(x) denote the distribution function of E It satisfies the following
equation

F(x) = =[1+sgn(x)F (x?)]. (2.2)

| =

Lemma 2.1. For any one-sided distribution function F (x) and G (x) we have

’

sup| F(x) — G(x)| = 2sup| F(x) — G (x)
x>0 X
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where F (x) (5()()) denotes the symmetrization of F(x) (G (x) respectively) according to (2.2).

Proof. By (2.2), we have for any x >0
F(x)=2F(vx) -1,
G(x) =2G(V/x) — 1.
This implies
i‘;lg\”") -GW)|= 2213!?(@ — G| =2sup|F(x) = G-
Thus lemma is proved. O

We apply this lemma to the distribution of the squared singular values of the matrix W. Let us

denote
") Y® o (0 1
H = o [Y(mvarl)]T and J = I o) (23)

Recall that I (with sub-index or without it) denotes the unit matrix of corresponding order, and
O is a zero matrix. For any 1 <a,b <m, put

b
HH(k), fora <b,

k=a
I otherwise,

V[a,b] = (2.4)

and V := V1, V :=VJ. Note that V is a symmetric matrix. The eigenvalues of the matrix v
are £s51(W), ..., £s5,(W). Note that the symmetrization of the distribution function Fryv (x)isa

function FnV (x) which is the empirical distribution function of the eigenvalues of the matrix \'2
In the similar way, we define G,,. According to Lemma 2.1, we get

SUp|EFY () — Gy (x)] = 2sup|EFY (x) — G (1)),

and (1.4) may be rewritten as follows. In probability

n

Jim /_ Z Feodry o= lim 3 [ fs0 + /(-] = f_ Z F@)dGp (),

k=1

Let us denote by 5,,(z) the Stieltjes of Gm (x). Applying 5, (z) = zsu (z%) and equation (1.3) it is
straightforward to check that 5, (z) satisfies the following equation

14+ B (2) + (=)= I5mtl ) = 0. (2.5)



CLT for products of random matrices 3075

To conclude this “linearization” procedure, we mention that

o0 [e¢) ~
swifl= [ fedrY o= [ F)driw = sitfogl
0 —00
where g(x) := x%. This means that we may substitute f(-) by f o g(-) and consider its sym-
metrization f o g(-). In what follows we will consider symmetrized distribution functions only
and omit the symbol ‘““” in the corresponding notations. We also omit the argument f and index
V from the notations of S§[ f] and S‘(~§) ) [ f] writing S, SO respectively.

2.2. Empirical Poincaré inequalities

Assume that the random variables X1, ..., X, have a joint distribution © on R", satisfying the
Poicare-type inequality (2.7). Let F, be the empirical measure, defined for observations X| =
X1,..., X, = xp. Given a bounded smooth complex-valued function ¢(x) on the real line we
shall estimate the variance

00 00 2
E’/ w(x)an(x)—/ p(xX)dF(x)| , (2.6)

—0o0

where F(x) :=EF, (x). In the next subsection, we will often use such bounds for various func-
tions ¢.

Following Bobkov et al. [9], we say that a probability measure 1 on R? satisfies a Poincaré-
type inequality with constant o2 if for any bounded smooth function g on R? with gradient v g,

vartg) <a® [ 19 gldn, ex)

where Var(g) = [pa grdu— (Jpe & dw)?. In this case, we write PI(o%) for short. We apply (2.7)
to the following function

glx1, ..., x,) =

er) + -+ @) _ /OO @(x)dF,(x).

n —

Calculating | v g|* we obtain the following formula

’ 2+._.+ ’ - 2 1 0 ,
g g2 = G ¢’ Can) :_/ @ o).

n? nJ oo

Together (2.7) this yields an estimate for the variance (2.6) (see Bobkov et al. [9], Proposi-
tion 4.3).

Statement 2.1. Assume that the joint distribution of rv. X1, ..., X, satisfies PL(c%). Then for
any smooth F-integrable function ¢ : R — C,

2

00 00 2 00
JE‘/ w(x)an(x)—/ o) dF (x) 5%/ ¢/ P dF ().
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We will use the following linearization trick from Burda et al. [12]. Let us consider the matrix
[Hm HU JJH™ J. We form the following mn x mn matrix

o HY o0 o .. 0]

6] o H® o .. 6]
M=

0) O O O H™—D

H™] O O O o

Then the mth power of M is a diagonal block matrix, there the first block is equal to V, the
second - HPH® ... H™ JHD and so on. The eigenvalues of M are the eigenvalues of V with
multiplicity m. We denote the eigenvalues of M by A1, ..., A, and their empirical distribution
function by G, (). Then we have for an even function f

2mn

/w(x)an(x) Zw( )——Zw (A7) / (M) dGn(h).

Without loss of generality, we assume that A1, ..., A, are real positive eigenvalues s}/ ",
s,i/ " . All other eigenvalues may be derived by a rotation on an angle 6; = % k=1,...,2m—1.
Let 6y = 0. We denote the empirical spectral distribution of €% 11, ..., /%2, by Gy k. Itis easy
to see that

2m—1

/ e(A")dG,(3) = Z / ") dG i (M), (2.8)

where Tj = ¢!%R.

The joint distribution PY of the collection {Y;z), Jok=1,...,n,qg =1,...,m} represents a
product probability measure on the Euclidean space RY of dimension N = mn?, while the joint
distribution u of the spectral values A, ..., A, is a probability measure on R”, obtained from P¥
as the image under the map 7 = I1 o A, where A is the map from matrices to their eigenvalues
and IT is the projector on the subspace of the dimension n. We will apply the following result.

Lemma 2.2. Let ju1, ...,y be probability measures on R, satisfying Pl(c%). The image of the
product measure | ® --- @ wy under any Lipshitz map T : RN — R” satisfies PI(02||T||%ip)’
where

llgllLip := supw
P my)

and p1, py are metrics in RN and R", respectively.

Proof. See Bobkov et al. [9], Lemma 7.1. O
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Let us denote by M a perturbation of M and introduce similar notations for Y(q) Applying the
Hoffman—Wielandt inequality (see, for example, Hoffman and Wielandt [18]) We obtain

’

S ) — 2 (S = (M R = 2 ZZV@ i

j=1 ql/kl

thus || T ||Lip = % Since the distribution of Y(q) satisfies PI(o2) it follows from (2.8) and State-

ment 2.1 that

e’} 00 2
E‘ / () dFy(x) / o(x)dF(x)
22 2.9)
<2 / X155 ¢ )P dF ).
n _

2.3. Proof of CLT in the Gaussian case

In this subsection, we give the proof of Theorem 2.1.

Proof of Theorem 2.1. For the proof, we shall use the method of characteristic functions. Recall
the convention made in Section 2.1 to use S and S© instead of Syl f1and S%) ) [ f1, respectively.
Let us denote the characteristic function of S by Z,(x), that is,

Zu(x) =R,
To prove Theorem 2.1, it is sufficient to derive that
lim Z,(x) =Z(x),
n—0oQ

where Z(x) is a characteristic function of the Gaussian random variable G with zero mean and
variance given by the formula (2.1), that is,

. — 2
Z(x) ;= Eel*0 = ¢ VGl T (2.10)
One has to show that
P
Z(x)=1-— Var[G]/ vyZ(y)dy. (2.11)
0

It is obvious that

Zp(x) =1 +/ Z,(y)dy.
0
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Similarly to Lytova and Pastur [20] it is sufficient to prove that any converging subsequences
{Zn} and {Z;, } satisty

lim Z,, (x) = Z(x), lim Z, (x) = —xZ(x)Var[G] (2.12)
n;— 0o n;— oo

and show that Var[G] is given by the formula (2.1).
We now implement the approach outlined before. Using the derivative of Z, (x) and applying
the Fourier inverse formula

oo .
ﬂM=/ f@oe"*ar (2.13)
—00
we obtain the following representation for Z/, (x)
/ . @(0) ixS© i [~ ixS©
Z,(x)=IiES"e =3 / f(t)IE[TrU(t) - ETrU(t)]e dt, (2.14)
—00

where U(?) denotes unitary transform of W, that is,
U@ = eV, (2.15)

Furthermore, we use the notations

up(t) = % U@, uQ0) = un(t) — Eun(t),  en(x) =5,

o (2.16)
Yo (x, 1) :=EuQ(1)e, (x).
From the unitary matrix representation, see (B.5) in the Appendix, it follows that
n n
un ()= Ujj(t)="Y_Ujyn jtn(0)
Jj=1 Jj=1
In these notations we may rewrite (2.14) as follows
00 -~
Z,’l(x)zi/ f@OY,(x,t)dt. 2.17)
—00

The next lemma gives estimates for the variance of u,, (¢) and its derivative u),(¢) with respect
to the argument ¢, and Y, (x, ).

Lemma 2.3. Under condition of Theorem 2.1, we have

Var(u, (1) < Ci2%, Var(u,()) < Co(1+1%),  |[Yatx,0)| < /Cir.
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Proof. The statement of this lemma for u,(¢) and u/,(¢) follows from (2.9) applied to ¢(x) =

cos(tx) and ¢ (x) = —x sin(tx) respectively. From the Cauchy—Schwarz inequality, we conclude
that
|V (e, )] = |E((tn (1) — Eun (1)) en (x)) | < Var'/2 (u, (1)) < /Cit. =

From Lemma 2.3, we may conclude that

aY,(x,t
‘7"()6 ) gVarl/z(u;l(t))SC;/2 1412

ot

and

< Var'? (u, (1)) Var'/2(5%) < €|t sup f'(1).

‘aYn(-xa t)
reR

0x

One may see that Y, (x, r) is bounded and equicontinues on any finite set of R?. Similarly to
Lytova and Pastur [20] it is sufficient to show that any uniformly converging subsequence of
{Y,} has the same limit Y, together with (2.17) leading to (2.12). In the rest of the proof, we
derive an equation for Y (x, ¢) and solve it.

We start from the Duhamel formula

t
U@) =1+ / VU(s)ds
0
and obtain the following representation for Y, (x, t)
i [! ~ ~ 1 1
Yo(x,t) = 3 E[TrVU(s) —ETr VU(s) |e, (x) ds = 5“41 + EAz,
0

where

t n
/ E[Y<”[H<2>JU(S)] Y}, [H?JU)],; Jen(x) ds,
J.k=

Ay :—7

Ay = / E[Y P [HOJU(s)] —EY ;) [H?JU()] en(x) ds.

jtnk+n j+n,k+n]

Let us consider the term .4;. We will often apply the following well-known identity which is
valid for a Gaussian random variable & with zero mean

E&f (&) =EE*Ef'(5). (2.18)
Applying (2.18) to A we rewrite it as a sum of two terms

A1 =11+ 1, (2.19)
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where
. t n
ou aU
7= EH:H(Z)J © } E[H(Z)J © ] :|e,,(x)ds
Vido 52 " dij jk ki
x [ e
- 2
I = ik [H2JU)],; (l)en(x)ds
From Lemma B.3 in the Appendix it follows that

n . n  2n

8U(s)] i
Z H?J o Z Z[H(Z)J] [UH(I)] % [U]5:(s)

1 kl 1 k+ 7]
j,k:l|: 3Y() kj ﬁj,k:l —1 n
i n  2n
7 Z H(Z)J H(l)]j,k+n * [U]5 ()
Jj.k=11=1
=== [ = S HOJUEHRD], . ds,
k=1
/ Z [H?JUGsD],[UGs — s, ds1,

j.k=1

where we used convolution notation * given in Section 1.5. We introduce further notations

n

tn(s) =Y [HPJUOHV], . 100) i=1a(5) — Bty (s).
k=1

In these notations we may write, applying Lemma C.1 in the Appendix,

t Ky
L:—% / ds / Efun (5 — 1) (51) — Ettn (s — 51t (1) Jew(x) disi + run(0),
0 0

where
3

|rn(t)| < Ct_

Jn

In what follows for simplicity we will not specify the term r, (), but one should have in mind
that r,,(¢) goes to zero as n goes to infinity. Let us rewrite the difference #,(s1)u,(s — s1) —
Et, (s1)u, (s — s1). We obtain

ta (st (s — 51) = 10 (s)uP (s — 51) + 12 (s1)Euy (s — 51)
. (2.20)
+u® (s — 51)Ety (s1) + Bt (s1) Bty (5 — 51).
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Substituting Kz, (s1)u, (s — s1) from both sides of (2.20) we arrive at the identity

t(s)un(s —s1) — E[n(sl)”n(s — 1)
=10 6DuP (s — s1) + 10 (s)Eun (s — 51) + ul? (s — 51)Ety (51) (2.21)
Et(o)(sl)u(o)(s —51).

Applying (2.21), we may rewrite the term Z; as follows
1 t N
I = ——/ dsf Eu, (s — sl)]Et,(lO)(sl)en(x) ds|
nJo 0
1 t N
- ;f dS/ Etn(s —s)Yn(x, s1) dsy +ra(t) =1 L1 + Zio + ra(2).
0 0
Let us investigate 7, (s). Using (2.18), we obtain

Ety(s) = Z IEY(Z) [Us)HD]

k+n, j+
f et n,j+n
1 ou(s)
= IE[ HD (2.22)
\/_ Z 3Y(2) k+n,j+n
gHD
Z E[U(s) (2)}
] k=1 k+ﬂ j+n

From Lemma B.4 in the Appendix, we conclude

n
5 [aU(s)H(l)]
k+n,j+n

2)
k=1L Y

/ Z Z U(Sl) k+n, k+n[H(2)JU(S _Sl)]1+n I[H(l)]l /+"d !

Jk=11=1

/ Z Z UGs)] Lk+n H( JJU(s _sl)]]+n k+n[ ]1 jndst (223)

Jj.k=11=1

i [ "
=7 /0 un(s1) )_[HPJUG —spHV], - dsy
j=l1

[ Z U(S)V k+n,k+n"
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It is easy to see that

n
Z[H(Z)JU(S - s1)H(1)]j+n’j+n
j=1

= Z[VU(S o Sl)]j+n,j+n

j=1

n
=—i Z[U/(s - Sl)]j+n,j+n = —iu, (s — s51)
j=1

and

n

Z[U(S)v]k+n,k+n = _iu;l ().

k=1

For the second term in (2.22), we have

n )
Z E[U(s)aH

2 ]
k=1 8Y;k) k+n,j+n

= \/EE”n ().

It follows from (2.22)—(2.25) that
1 s / s /
Et,(s) = - Eu, (s1)u, (s — s1) ds1 + Eu, (s) + ;Eun(s).
0
Using (2.26), we may rewrite the term Zj; as follows
1 t K s—S81
Tin = ——2/ ds/ Y, (x,s1)dsy / Euy, (s2)u), (s — s1 — s2) ds2
n 0 0 0
1 t N
— —/ ds/ Y,(x,s)Eu,(s — s1)ds;
nJjo 0
l t N
- —2/ ds/ Yo (x, s1)Eul, (s —s1) dsy.
n 0 0
Since |Y,(x, s)| < C (see Lemma 2.3) and E|u/,(s — s1)| < ny/n we get
1 t s s—S81
Iip = ——2/ dS/ Y, (x,s1)ds; / Euy (s2)uy, (s — s1 — s2) ds2
n 0 0 0

1 t N
- —/ ds/ Y, (x, s)Eu, (s —s1)dsi +r,(2).
nJo 0

(2.24)

(2.25)

(2.26)
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Applying Lemma 2.3, we obtain
1 t s s—51
Tin= _ﬁf ds/ Y, (x,s1)ds; / Euy, (s2)Eul, (s — 51 — s2) dsa
0 0 0

1 t s
— —/ ds/ Yo(x,s)Eu, (s —s1)dsy +r,(t).
nJo 0

Changing the limits of integration, we get
1 t t—s
Tip = —pf Y,(x,s) ds/ Eu, (s)Eu,(t —s — s1)dsy + r,(t).
0 0

We investigate now the quantity IEt,(,O) (s)e,(x). Applying (2.18) we come to the following repre-
sentation

Er(O (s)e, (x) =

R E|:|:8U(S)H(1)] _E[BU(S)H(I)]
ﬁ jk=1 aY}i) k+n,j+n BY;]%) k+n,j+n

1 < aHW
+— E[[U(s)—}
ﬁj,k=l aY](]%) k+l’l,,/+n

n

:|en (x)

oHD

— ]E[U(s) }
BY;,? k+n,j+n

]en(x)

9§
E[U(S)H(l)]k+n,j+n Wen W =N+N+%.

J.k=1 Jjk

+
Sl =

For the first term 71 we may use (2.23) and get
1 N
Ji =;/ E[un(sD)uy, (s — s1) — Bun (s)uj, (s — 51) Jen (x) dsy
0
s
+ ;E[u; (s) — Eu,, (s)]e,, (x).
Repeating the step (2.20) and (2.21) the last relation may be rewritten in the following way

Jh = % /s [Eun sDEu®) (s — s1)en(x) + Euly (s — s)Eu? (s1)en (x)] dsy
0

+ %]E[u;l (s) — Eu,, (S)]en(x)~

For the second term /> we have

L72 = Yn(-xvs)'
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Let us consider now the term [73. We may write

S
Js = § E[UHD], L —en(x)
@)
f Iy

J.k=1

= L BB HOT ) )
jk=1

— ZETIU () f' Ven (),
2n

where we applied the unitary matrix block decomposition (B.5) in the Appendix and used the
following fact

/ uf @)y [Us()WH(A @) + A(=uw)H*], =0,

- k=1
which is valid since f()) is an even function. Finally, we will have
1 t s S1 0/
T = —;/ ds/ Eu, (s — sl)/ [Eun(sz)E(u,(l )) (s1 —s2)en(x)
0 0 0

+ Euj, (s1 — s2)Eul” (x, 52)en (x)] ds2 dsy

1 t K
— n_zfo ds/o leun(s—sl)E(uElO)(sl))/dsl

1 t s
— —/ ds/ Eu,(s1)Y,(x,s —s1)ds;
nJjo 0

X

t K
52 A dS/O Eu, (s)ETrU (s — s1) f' (V)e,(x) ds;.

Changing the limits of integration, applying Lemma 2.3 and E|u, (¢)| < n, we get

t t—s
I = —%/ Yn(x,s)dS/ Eupn(s)Eun(t —s —s1)dsy
" 0 (2.27)
2x2 / Eu, (s)ETr(U(t —5)— I)f Vew(x)ds + ry (0).

Using (2.27) we may write the following representation for the term Z;

3 t t—s
T =——2/ Yn(x,s)ds/ Eu, (s)Eu,(t —s — s1)ds;
n 0

xZ (x)
2n?

Eu,,(s)]ETr(U(t —s)=I)f Vyds + ().
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It remains to calculate the term 7. From Lemma B.5, we conclude that

f Z H(Z)JU(s) (1) — _en(x)ds

Jj.k=1
t N ~

__xZ (x) Z]E [HJUGs) ' VHD],  ds,
0 k=1

where we used the following observation. First, we may write

[H(Z)JU(S)U(M)H“)] ok

M

Il
MR

[H<2>JU(s)] JUHY]

J

Te[(Y?) YOU; () Un ()] + Te[ (Y?) YO Us () Ug () ]

Z [H®JU)],;[U@H"], eon F (Y)Y UL () Uy ).

~.

From the representation (B.5) in the Appendix it follows that
Us(s)Us(u) = 4HD(s, u)H",

where D(s, u) is a diagonal matrix with D;;(s, u) = cos(sjs)cos(s;u), j=1,...,n. Since f(t)
is an even function we obtain

o0 t
/ uf(u) / ETr[(Y(2>)TY<2)HD(s, wH*|ds du =0.
—oo 0

We investigate now the behavior of

n

Y HPJUOFWHD] L (2.28)
k=1

Applying the same arguments as before, we get

EY [H?JU0 f DH ],
k=1

@ S
Z EY [U@) f/(V)H >]k+n,j+n
]k 1
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1 au@)
7 [ <2> f (V)H(l)]

k+n,j+n

n aHD
[U(r)f W =5
j k=

+ ]
Y]k k+n,j+n

_
§\

=TI+ 7.

The term 71 may be expanded in the sum of two terms

- E16[03) e
Z Z |: i|k+n[[f (V)H(l)]l,ﬁn

(2)
/k 1= LAY

f ZEUM k+n<s>21 [H2JU—5) /' HHD] . ds
J

t
= i/ Eun (s) TrU'(t — ) £/ (V) ds
2n

Z U(S)f (V)H(l)]k+n j+n [H(Z)JU(t o s)]]+n k+n ds

k.j=1

/ Z [UGs) f (V)H(l)]k+n /+n[H(2)JU(t =] 45-
k,j=1

For the term 7, we get

= ZE UL D] son = ETrU(t)f V).
k=1

We get the following decomposition for (2.28)

EY U0/ OHOL
k=1

t
:%[ Eutn (s) TrU' (¢ — ) £/ (V) ds
0

+ lTrU(t) (V)

/0 Z E[UGs) fWHD],, i HPTUGC = 9], ds.
k,j=1
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Inserting this equation to Z, we will have

_xzn(x)

t s
L= 2 /fEun(mTrU/(s—sl)f’(V)dslds
2n Jo Jo

t
- M/ TeUGs) £/ (V) ds + ra(0).
2n 0

Changing the limits of integration and applying Lemma 2.3, we get

t
T, = _XZ"(;‘) Eun($)ETH[U(t — 5) f'(V)] ds
2n 0
XZy(x)
2n

t
[ 106 @rds 4,00,
0
where we also used that f (1) and Eu(s) are even functions. It follows from (2.19) that we have

derived representation for .A;. The same arguments are valid for A;.
To simplify our notations let us introduce the following quantity

1 ~
Ap(t) 1= —EETr[U(t)f’(V)].

One may see that A, (¢) depends on ¢ only, but Z, (x) depends on x only. We derive an equation
for Y, (x, t):

t
Y, (x,t)+ 3/ Y, (x, s)v,%*(t —s)ds
0

. (2.29)
=xZp(x) / [Un(S)An(t -5+ An(s)] ds +ry(x,1),
0
where
1
v, (1) := —Eu, (1).
n
As n goes to infinity the sequence v, () uniformly converges to the following function
a
v(?) =f e p(x)dx, (2.30)
—a
where
p(x):=Ix|P,(x?) and a:=+vK>, (2.31)

with P>(x), K> defined in Appendix A (see also the Introduction). This function is a characteris-
tic function of the Fuss—Catalan distribution. The same arguments lead to

a

A@) = lim A1) =~ / e ') p(h) da.

—a
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Taking a limit in (2.29) with respect to n; — 0o, we get
t t
Y(x,t)+ 3/ Y (x, s)v2*(t —58)ds = xZ(x)/ [ZU(S)A(t —5)+ A(s)] ds. (2.32)
0 0

Denote by F(z), V(z) and R(z) the generalized Fourier transform of Y (x, ¢), v(¢) and A(z) re-
spectively (see Appendix D). Applying Statement D.1 in the Appendix, we get from (2.32)

F@ = 3RV = 2 Z0R@V (@) + 0 m

and it follows that
ixZ(x)(—2R(2)V(z) + R(2)/2)
1 —3V2(2) '

F(z) = (2.33)

It is easy to check that
Vi(z) =5(2),

where s(z) is the Stieltjes transform of p(x). In these notations, we may rewrite (2.33) as follows

ixZ(x)(=2R(z)s(z) + R(z)/2)

F@)= 1—-352(2)

(2.34)

By Lemma D.1 in the Appendix, the inverse Fourier transform of

1/z —2s(2)
1 —3s2(2)

is given by

1 [* ™ 4py(w*+11 2+4
/ e p1()” + 11p1(uw)” + du. (2.35)

T(t)=—
0= L3 4mG?+3

where p1(u) := wp(A). From (2.34) and (2.35), we conclude

t a
Y = -2 /0 [ e rapaan

T

dv.

/a eI 4p ()t + 1 p1(w)* +4
_a 3p(w) 4pi(u)* +3

Simple calculation yields

ixZ(x) (¢
Y(x,1) = = p(A)dx

X /“ et — el 1 4pi(w)* + 1pi(w)* +4

(2.36)

"(n du.
I weyrn R v 4p1 ()2 +3 ”
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Finally, we get from (2.17) and (2.36)

xZ(x)
lim Z)(x,t) = — p)da
n;—oo (2 37)
“ f()\) AR 4pr(w)* + 11p1(w)?* +4 du
N 3p(w) 4pr(u)*+3 '
One may see that
2
(fO) = fu) ') = 5 87 (f) = fw)”,
and (2.37) may be rewritten applying integration by parts in the following way
R 2105 PO — f)?
"’_)OO 272 Ja)-a (r— M)z
[p() = P’ = ] [4p1 (10)* + 11 p1(w)* +4]
X 5 drdu.
3p(w) 4p1(pn)”+3
Comparing this with (2.12), we may conclude the proof of Theorem 2.1. (]

3. The general case

In this section, we finish the proof of Theorem 1.1. Applying the method from Bentkus [§]
and the method from Tikhomirov [26,27] we show that one may substitute the general matrix
by the matrix with i.i.d. Gaussian random variables and express the characteristic function in
the general case via the characteristic function in the Gaussian case. These methods have been
applied several times in random matrix theory, see, for example, Gotze et al. [17] and Gotze et
al. [16].

3.1. Truncation

In this subsection, we show by standard arguments that we may truncate the entries of
X@ g=1,2.Forall 1 <j k<n,q=1,2, we introduce truncated random variables X; (q -

X(q)]l(|X(q)| < t4/n). Denote by X(7©) [X(q c)]] 41~ One checks that
1
P(X@9 2 X@) < Z E1(|X\)| = 1/n) < —SEXH1 1(|xX\?|=cv/m). G
Jj.k=1

Let S© denote S© with all entries X ({i) replaced by X; (q 1t follows from (3.1) and the exis-

tence of the fourth moment of X }‘{) that

lim [Ee, (x) — Ee*S” | =0.
n—o0
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By standard arguments one may also show that we may assume that EX ﬂ’c) =0 and
Var(Xﬁ’C)) = 1. We omit the details. In what follows, we will assume that Xﬁ) satisfy the
assumptions (C0) and |Xﬂ)| <tynforalll <j k<n,qg=1,2.

Remark 3.1. 1t is easy to see that one may assume X (q) are non i.i.d., but satisfy the following
Lendeberg type condition on the fourth moments

n

1
forall T > Onlggo . ';l (X(Q)) (|X(q)’ > 1./n) =
J.

3.2. From the general case to the Gaussian case

Let YV, Y® be n x n independent random matrices with independent Gaussian entries
n’l/zY;Z) such that

EY{’ =0, E(Y{)’=1 foranyg=12jk=1,....n
Following Bentkus [8] for any ¢ € [0, %] and any v = 1, 2, we introduce the following matrices
29 () :=XDsing + YD cos ¢,

where

[Z(’I)(qb)] : ! — 7D )= (X(q) sing + Y;Z) cos ). (3.2)

\/— jk \/—
We remark here that in Lytova and Pastur [20] the so called Slepian interpolant is used, that is,
Z(q)(t) NG (tXﬂ) +4/1— tZY;Z)), t € [0, 1]. Since we are going to differentiate with respect
to the parameter, in this case w.r. to ¢, up to fourth order, we get rather involved expressions. In
this respect the parametrization of Bentkus (3.2), see (3.8)—(3.10) below, is much more conve-

nient.
We define the matrices H? (¢), V(#), V(#), U(¢, ) as follows (compare with (2.3) and (2.4))

2
Vig)=[[H" @),

g=1

H?(¢) = [ 0@ 0 }

0 [z ]
V) =V@)J, U@.)=eV®.
Let S(¢) :=Tr f(V($)). SO (¢) = S(¢p) — ES(¢p) and

Zn(x, ) = B 5V (3.3)
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We also define the limiting characteristic function Z(x, ¢) :=lim,_,oc Z, (x, ¢). To simplify all
notations, we will often omit the argument ¢. The following theorem is the main result of this

section.

Theorem 3.1. Assume that the conditions (CO) hold. For an arbitrary function f € F the limit-

ing characteristic function Z(x, ¢) satisfies the following equation
Z(x,7/2) = Z(x, 0)e " ka¥?/4,

where
a

V= | SO0 +ap]dr
and k4 := g — 3.
Proof of Theorem 1.1. Applying Theorem 3.1, we get

Z(x,7)2) = Z(x, 0)e <4V /4,
We know that in the Gaussian case (see (2.10))

Z(x,0) = ¢~ VOIS
and Var[G] is given by (2.1). From the last equation and (3.5), it follows that
Z(x, 7 /2) = VIO

where

Var[G] := Var[G] + k4 W2 /2.

(3.4)

(3.5)

Proof of Theorem 3.1. We prove that the function Z(x, ¢) satisfies the following equation

%);d)) = —k4x?sin® g cos pWZ(x, p).

It follows from this equation that
/2
Z(x,n/2)=Z(x,0)exp{—/<4x2\112/ sin%zcosada}.
0

Note that

/2
Zn(‘x77r/2)_zn(x,0)=/ Md¢

0 ¢

(3.6)
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Similarly to the Section 2 it is sufficient to prove that any converging subsequences {Z,,} and
(%) satisfy

8Z}’L[ ('x7 ¢) _

lim Z,, (x,¢) = Z(x, ¢), lim —2 " — ey x?sind ¢ cosp WP Z(x, §).
nj—oo nj—oo ¢
By Lemma B.5, we get
2 n
0Z,(x, ) ix =) =
naT = —n Z EZ/‘]]( [V[m—q+2,m]Jf/(V)V[l,m—q]]j+n’k+nen (-x)s (37)
g=1j.k=1
where
5@ ._ 4 @) _ @ @
Zy = %Zj‘,’( = X7 cos¢ —Y;'sing.
It is straightforward to check that
EZ9(Z9)" =0 for p=0,1; (3.8)
]k jk P L] N
o~ 2 3
EZﬂ) (Zﬂ)) = ]E(Xﬁ)) cos’ ¢; (3.9
=~ 3 .
Ezﬂ) (Z;.?{)) = k4 sin® ¢ cos ¢. (3.10)

Let us introduce further notations. Denote by Vf;k;s% (y) the corresponding matrix V{4, g) with

Z;(i) replaced by y. Let us also denote

jok, v j .k, i1 SO (yUika)(y
g () = [Vin bl I (VIRP @)WV )] e V000,
Applying Taylor’s formula, we get

3
1 1 4
@iua(Z3) =2 S (Z0) @ O+ 51 (Z3) Be1 - 0) 0% (6Z]7).
25 ;

This equation and (3.7) together imply

0Zy(x,¢)  ix = EZ9D (7 DV EeP (o
PR PP D i (Z]i) E®i, )

p=1 q=1 j k=1

. 2 n
X 35(Q) (7 (@4 5,4 (9)
+ 31p1/2 Z Z E - 0)32176 (Zjlllc) q);k)q(gzj[i)
’ q=1jk=1

=T+ +Ts
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It follows from (3.8) that 7; = 0. In the next subsections we will investigate the term T, k =
2,3,4.

3.3. The second derivative

First, we note that

(J.k.q) (k. q) _
[V[m —g+2,m] JAV[I m—ql ]]+n,k+n = [V[quJrZ,m]JAV[],qu]]j+n,k+n-

for an arbitrary matrix A. It is straightforward to check that

D () =L, + L%, + L3

qu jkq’

where

2 f'(V)

—_— V[l,m—q]i| en(x),
8(2\P)2 17 =0 jobnketn

3ix ' (V)
L2 = |V, - Vitm—
Jkq \/ﬁ[ [m q+2,m]J 82%3 Z%:O [1,m—q]

1.
Ly, = [V[m—q+2,m]J

j+n.k+n

X [V[m—q+2,m]Jf/(V)|Z};1€):Ov[l,m—q]]j_i_n’k_i_nen (x),

2
X ~ 3
Ligg = =—[Vin-gr2mdf ‘Wz o Vit 0o @)

Let us consider, for example, the term TLz We have, for g =1,

jkq*

1/2 Z IEL/kq_IH'I%
k=1

where

3x ~ ! .
7, = 5 ,/Rz uvf(u)f(v)](; E -;I[U(S)H(l)]j’ﬁn
k=

X [U(u — s)H(l)] Jkn [U(v)H(l)] Jketn dsdudv,

3x
I = 3—/2/ va(u)f(v)/ Z H(]) U(S)H(l)]k+n ktn

Jj.k=1

x [U(u — s)]jj [U(v)H(l)]j’kM dsdudv.
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We estimate the term Z;. Applying the Cauchy—Schwarz inequality and orthogonality properties
of U, we get

n

Z [U(S)H(])]j,k+n [U@ — S)H(])]j,k—i-n [U(U)H(l)]j,k—i—n
k=1

E

n3/2

1 n n n
< n—gE[ > (Z z,ﬁ%fZ,i?QZ,ﬁ%i) (Z[Uz] ji (9)[U21j2, (e — 5)[Ua] ,mw)}

hb,z=1 \k=1 j=1

2
I oip - - 2 2 Q) —-1/2
5/2E/|: > | X Znznzil) |=c@+nnY

I1,l,lz=1 \k=1

For the term Z, we may apply the same arguments. Finally
Cx(t+1) [ — o0 -
T+l = S [l ol du [ il Fwldo,
n 00 00

Analogously one may show that o /2 > k=1 L and n,% Z;’ k=1 L; kg £0€S to zero as n goes
to infinity. It follows that 7; = 0(1)

3.4. The third derivative

We investigate now the term 73. Direct computations yield

321V
® RN
P4 (0) = [V[ —g+2md —— Vitm—q] )
ka T =0
4ix[ 2 f' (V)
+—=| Vim—g+2mI—5= MU
LT e 2= T

X [V[m—q+2,m]Jf/(\~7)|Z(_tl):OV[l,m—q]]jJrn,kJrnen (x)

3ix [ af' (V) 2

+ —=| Vim-g+2.mI——" Vim-— ]} en(x)
\/_ g Z(q) Zﬁ):() "l jnk+n "
6x2 )

_ " [V[m q+2m]Jf (V)‘Z(q) [1,m— (1]]]+n k+n

X I:V[m—q+2,m]Jaf—((\])) @ V[l,m—q]i| en(X)
0Z ,-(,i Zjc=0 et kn
. 3
ix o~ 4
- m[V[m—qH,m]Jf (V)|Zﬁ):OV[l,m—q]]j+n,k+nen(x)-
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It is straightforward to check that all terms except the third are of order o(1). These may be done
similarly to the previous section. Let us denote

[ af' (V) :
\IJZ = - IE|:V[m—q—§—2,m]J— V[1,m—q] .
n j;l azﬂ) Zﬁ)zo Jj+n,k+n
Our aim is to show that
2
nlh_gn vl = [/ FO)[p) +Ap (k)]d/\} , (3.11)

where p(A) is defined in (2.31). Consider the case ¢ = 1. By Lemma B.3 in the Appendix, we
get

2n
1 RPN
T sf(s) |: Y [UHD], (U HY]

=1

2n
+ Z[UH(I)]Z,kJrn * [U]j‘j(s)[H(l)]l,k+n:| ds

=1
1 o

=—— [ sfOUAD],, , «[UHV] )

+ [[H(l)]TUH(l)]k+n,k+n * [U]jj (S)] ds

Similarly to the previous sections we may show that the first term in the last equation has the
zero impact. It is straightforward to check

[HO] UHD] =[H2JUOHV], = Tak(s). (3.12)

k+n,k+n —

Let us investigate the following integral

/ S]?(S)ETn,k *E[U];;(s) ds.

—00

Applying (2.18) we obtain

1 n
ET k(s) = 7n Z]Ezl(j) [U(S)H(l)]l+n,k+n

BU(s) (])i| E|:U JHD (s)
) —>—
\/_Z |: l+n,k+n Z

8213) BZIS) i|l+n,k+n
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It follows from Lemma B.4 in the Appendix that

aU(s) " aU(s)
E <1)} [ } HD
Z [ I+n,k+n Z Z Z(z) l+n,p[ ]p’k+"

(2)
= LIZ, =1 p=1

n
Z Z ]E[U]l+n I+n * [H(Z)JU]](J,_n,p[H(l)]p,k-i-n
l 1 p=1

n
ZZE 1p.isn * H JU]k+n,l+n[H(U]p,k+"
l 1 p=1

2 1
\/_ ZE U]l+n I4n * [H( )JUH( )]k+n,k+n

) (1)
+ 7— Z]E H JU]k+n,l+n * [UH ]l-‘,—n,k-‘,—n'
=1
It is straightforward to check that the second term has the zero impact. Hence,
ET, 1(s) = - Eu, » E[H® JUH® =5 3.13
n,k(s)—z Un * [ ]k+n,k+n(s)+; un(s) +rn(s), (3.13)

where we applied Lemma C.2. Here and in what follows lim,,— 7, (s) = 0 and r, (s) depends
polynomially on s. Finally, we will have for g =1

vi=— Z{ / sf(s)[ Euy * E[U]; j(s)

Jj.k=1
. 5 (3.14)
+~Eu, « E[HOJURD] E[U]j,j(s)} ds} +o(1).
Let us introduce further notations and denote
Voi(s) :=E[HPJUSHD] . (3.15)

We may write, applying Lemma B.3 in the Appendix and (2.18) that

1 < 1) 1
Vi (s) = W ZEij [UH )]j,k+n
j:]

_ Z [aU(s)] |
J.k+n

(M
j=1 LOZy
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n 2n

i
= ; Z Z]E[UH(l)]j,k—i-n * [U]lyj(s)[H(l)]l,k+n

j=11=1

n 2n

i
i Z; ZZ;E[UH(I)]I,k+n SLUTRIO]L: Sl e
j=11=

The same arguments as before yield that
Vak(s) = ;;Eun(s) * BT, k() +1u(s). (3.16)
Applying (3.13), we get
Vi (s) = nl;zEun * Eup(s) — %Eun * Buy x Vi k() + 1y ().
This means that lim,—, o V; x (s) satisfies the following equation

h(s) =iuxu(s) —u*xux*h(s).

The same equation holds for lim,,_, 5 % 22’:1 Vi (s). It is easy to see that

R o

Jim =Y V() =—iv'(s),
k=1

where v(s) was defined in (2.30). That means that

lim V, x(vs) = —iv'(s).
n—oo

Taking the limit with respect to n; — oo we get in (3.14)
oo 2
lim \IJ,'{I = {/ sf(s)[v *U(Ss) +vkv* v/(s)] ds} . (3.17)
n;— oo 00

Let us consider the following integral

0o —~~

/ sf)[vsvls) +vxvx'(s)]ds.
—0o0

Let us denote the Stieltjes transform of p(x) by s(z). The Fourier transform of v x v(s) + v * v %
v'(s) is given by

is?2(2) —i(1 +25(2))s(2) = —izs*(2).

By Proposition D.1 in the Appendix, we obtain

/ 1 isz_ .3
vekv(@)+vkvkv(s)=— | €257 (2)dz. (3.18)
2 L
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It follows from (2.5) with m = 2 that s(z) satisfies an equation 1 + zs(z) = zs>(z). Hence, the
right-hand side of (3.18) may be rewritten as

L isz
Zn/Le (1+2zs(2))dz

Similarly to the proof of Lemma D.1 in the Appendix, we get

[ ¢
_/6151(1+zs(z))dz=i/ elskkp(k)dk.
21 L

—a

Integrating by parts, we will have

i / ’ e ap(h)dr = ! / ’ e p() +ap' (V)] da
)

—a —a

Finally, we conclude that

/ tf(t)[v *v(s) +vkvx0(s)]ds = FA[p) +rp' (V)] dr

—0oQ —a

and finish the proof of (3.11). If we show that forall 1 < j,k <n

9] 2
lim ]EU s F()[ T  [U1;(s) — ETy *E[U]jj(s)]ds} en(x) =0 (3.19)

n— 00 00

then from (3.10) and (3.11) we will have

mh_r)noo ™ ]/2 Z Z Ez(’” Z(‘” ECD;’;ZI(O) = —iax?sin’ g cos pW2Z(x, @),
q=1 j,k=1

where W is given by (3.4). To prove (3.19), it is enough to show that forallk =1, ..., n
Var[Tn,k(S)] =ru(s), Var(Ugg) = ry(s).

These bounds follow from Lemma C.2 in the Appendix.

3.5. The remainder term

To conclude the proof of Theorem 3.1 it remains to estimate the remainder term 74. One checks
that E/Z\;’{()(Zﬁ))“ < Ct/nug. Let Z be a random variable which has the same distribution as

Z ](%) We estimate [E sup, CDﬁ)q (Z). Simple calculations yield that

3)
q)/kq(z) qu -+ ijq’
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where

1 3 (V)

Ll‘k ¢=—[V[m—q+2m] — Vii,m—q en(x),
o n? a(Z;c,i))4 2=z jnk+n

93 £/ (V) v }

A [1,m—q]

oz 1= e

Six
L3, = Tn [V[m—q+2,m]J

[Vim-gr2.m3 ' Wy _, Vitm-qi] 4 g )
J

10ix 21
L3 :=—[V[ ~q+2, JJi‘ Vit
jkq Nz R 8(2(."))2 2=z " Jtnktn
af' (V)
V[ "y ]J V[]y _ ]] e (X),
[ m—q+2,m 8Z(q) Z\ 0=z " Jjnk+n ’
10x2 9 f’(\~7)

@ | V[Lm—q]}
a(z\h2 7 =2 kb

S 2
[V[m—q+2,m]Jf/(V)|Z(_q):ZV[l,m—q]]]+n fin € (X)

5 15x2

af' (V)
V[m —q+2, m]J V[l,m—q]
n |: Z(q) Z;lllc):Z Jj+n.k+n

2

[V[m—q+2,m]Jf/(V)|Z(f£)=ZV[l,m—q]]/+n fn € (X)
J
10ix3 [ af (V) }
L8, =——|Vim J—— Vilm—
k [m—q+2,m] [1,m—q]
7 n3/2 82;%) zf)=z Jnktn
~ 3
[V[qu+2,m]Jf/(V)|Z(f,]c):ZV[1,m7q]] +n k+nen(x)
J

IS

X
Litg =5 [Vin-gromdf’ (V)|Z<q> Vima1] € ().

Applying the same arguments as before in Sections 3.3 and 3.4 we get that

|T4] < Ct.

It is possible to change t in the definition of X © by a sequence T,, such that lim, . 7, =0
and lim,,_, o0 /7T, = 00. This fact finishes the proof of Theorem 3.1

O
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Appendix A: Fuss—Catalan distribution

For any m € N let us consider the sequence of numbers

1 k
M= —— . keNuj{o).
¢ mk+1<mk+k> €NU{0)

These numbers are called Fuss—Catalan numbers. In Penson and Zyczkowski [23] the density
function P, (x) which satisfies

K
/ kam(x)dx = My,
0

was found. Here K, := (m + 1)1 /m™ . The explicit formula for P, (x) is given by the follow-
ing formula in terms of hypergeometric functions

m
k
Pp(x) =Y Agmxm -

1+k J k—1 1+k—j m . m"
m+ 1 m+1J, i Cmt )

where the coefficients Ay, are given fork=1,2,...,m by
k—1
AL Y m+1 [ m™/m+) k []_[jzl m+1)][1—[ . F(m_H)]
s V 2rn m+1 " F(il__)
j=1 m+1
For example,
V1 —x/4
Pi(x) = —F——
/X

and

Y23 (V227 + 3481 — 12x)3 —6[]

Py(x) =
127 X327 4381 = 12x)3

valid for x € [0, 27/4].
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Appendix B: Unitary matrix derivatives

In this section, we collect useful facts about matrix derivatives and exponential functions of
matrices. Let us consider a function f () and recall the definition (1.5) of its Fourier transform

Fiy = — / " Fe ™ dn.
27 J oo

The function f(A) may be reconstructed from f(t) via the inverse Fourier transform (see (2.13))

)= / fwe™ar. (B.1)
Let f® (1) denote the kth derivative of f (). Then
FOO) =ik f * F()e!™ dt. (B.2)

Recall the definition of the matrix U(z), see (2.15), U(z) := ei’v. Applying (B.1) we get the
following representation for f(V),

o0
F (V) =/ SOU@)dz. (B.3)
—0o0
Using Duhamel’s formula (see, for example, Lytova and Pastur [20]), we arrive at
t
(MM _ Myt / M=\ Mi+M)s g (B.4)
0

valid for arbitrary matrices M|, M and ¢ € R.

In what follows, we shall use matrix notation (2.3) and (2.4). Consider the singular value
decomposition of the matrix X (or Y in the Gaussian case) of dimension n x n. Let L and H be
unitary matrices of dimension n x n. Let A be a diagonal matrix whose entries are the singular
values of the matrix X. We have the following representation

X =LAH"

We introduce the following matrix
g LW
V2 |[LY -H |
It is straightforward to check that
A O
VT —
7°VZ = |:O B A:|
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and

7*U(s)Z = Z* [A(S) 0 ] Z.

O A(—s)
where A (s) is a diagonal matrix such that [A(s)];; = elisAijl j=1,...,n. Asimple calculation
yields that
UGs) = U; U, _ L(A(s) +A(—s))L>k L(A(s) — A(—s))H’k (B.5)
Us; Uy H(A(s) — A(—s))L* H(A(s) + A(—s))H* ’ ’

We also denote by MUH) or [M]VX) a matrix M with M j; removed. To calculate derivatives
of U(s), we need the following lemma.

LemmaB.1. Let 1 < j,k <nandm > 2. Then

av 1 1 .
[W} . = ﬁ[v[l,mfll]a,/ﬁknjl(b =j)+ ﬁ[v[Z,m]J]kbﬂ(a =) (B.6)
jk -4

forany 1 <a,b <2n.

Proof. We decompose V in the following way
Ly oy
V= ([H(U]U' ) 4 ﬁEJsk)V[Z»m—l] ([H<m>](1, ) 4 ﬁEHn,Hn)J.
It is easy to see

(Vitm—11Ek+n, j4ndlab = [Vi1,m-11la,k4n1(D = ),
(E; «Viz,mdlap = [Vi2,m I lkpl(a = j)

and

(Ej « V2, m—11Ektn, j4ndlab = [Vizm—11]k k4nll@ = b= j) =0. -

We may generalize the last lemma to the case where the derivatives are taken with respect to
Y;Z), q =2,...,m. We have the following lemma.

Lemma B.2. Let 1 < j,k <nandm > 2. Then

av 1
R = —[V _ Vi, _ .
|:8Y;Z):|ah \/ﬁ[ [1,m q]]a,k+n[ [m q+2,m]J]]+n,b

(B.7)

+ —=[Vi.g-11laj[Vig+1.mI ks

S
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Proof. The proof is similar. (]
LemmaB.3. Let 1 < j,k <nandm > 2. Then
aU(1) i i
3Yﬁ) . = E[UV[I,mfl]]x,k+n * [Uly; (2) + ﬁ[UV[l’;nfl]]y,k+n * [Uly; (2).
Proof. Using the chain rule, we will have
2n ~ 2n n ~
aU(1) - oU() oV dU() oV
5y D = Z Z Wy 9y D + Z Z Wy 9y
jk a=lb=n+1 0Vab 0¥yt =y OVab OF
Applying Lemma B.1, we will have
2n 2n
ou) 1 8U(t) aU(r)
Jp» +— V
8Y;1) f Z 8ij VizmJlep Z aVa, = [ViLm-11la.kn-
From (B.4), it follows that
ou@) i
Usj * Upy(D[V2,m1d kb
18] Z xj y
ank f b=n+1
i 2n
+ — Z Uya * ij(t)[v[l,m—l]]a,k+n-
ﬁ a=n+1
Since [UV(1,m—11ly,k+n = [V(2,m1JUlx,y we get the statement of lemma. U
LemmaB4. Let1 < j, k <nandm > 2. Then
oU(r) i
|:8Y;Z) ]x = E[UVI,[m—q]]x,k+n * [V[m—q+2,m]JU]j+n,y(t)
i
+ E[UVI,[qu]]y,lH»n * [V[m7q+2,m]JU]j+n,x(t)-
Proof. The proof is similar. O

The following lemma gives an expression for the derivative of S(v) = % Tr f (V) with respect

1
0 ij .

LemmaB.5. Let 1 < j,k <nandm > 2. Then
0S 1

v

vy v

[.f/(v)v[l,m—l]]j’k_,’_n-

(B.8)
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Proof. It is easy to see that

oU(u )
8Y(1) / f( )TI' (1)

Applying Lemma B.3, we get

as i 0
BY—;,? = eV /_OOSf(s)[U(S)V[l,m—l]]j’k_i_n ds
i PN
N sFO[VmIU)],; ds
Applying the properties of V and U, we get (B.8). 0

Lemma B.6. Let 1 < j, k <nandm > 2. Then

N 1 o~
BY—;Z) = ﬁ [V[nz—q+2,n1]Jf (V)V[l,m—q]]j+n’k+n~ (B.9)
Proof. The proof is similar to the proof of the previous lemma. (]

Appendix C: Auxiliary lemmas

In this section, we prove some auxiliary lemmas. The following lemma gives an estimate for the
variance of

n

1
Tals, 1) = Y [HPJUG)], [0 -9HD], .
J,k=1

Lemma C.1. Under condition of Theorem 2.1, we have

C max(s2, (r — 5)?)

Var(Tn(t, s)) < "

Proof. Let us introduce the following matrices removing rth row and column
HY)D — H@ — El,lH(q) _ H(q)El,l’ HeD —g@ _ El+n,l+nH(q) _ H(q)El+n,l+n»
where ¢ = 1,2 and [ =1, ..., n. We define the following filtration

31,—0{1/( A< jk<n, Yﬁ),p,qzl,...,n}, %21—0{Y( l<],k<n}
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We may rewrite the difference

n

E Y 2], [Ue-on®], - 3 H2IU@)], [Ue-omY],

J.k=1 k=1

n

2
= ZZ(]Eq,l —Egi-1),
g=11=1

3105

where E, ; denotes the mathematical expectation with respect to F ;. It is easy to see that i, =

F2.0 and

n
Ei, Z [ITI(Z’”JU“’”(S)]M [U(l,l)(t _ s)H(l’l)]
Jok=1

J.k+n

n
=Ei-1 y [HJUHD )], [UD @ —H]
J.k=1

J.k+n’

n
Eo, Z [H(Z’I)JU(Z’Z)(S)],CJ[U(z’l)(t _ s)ﬁ(1~l)]
Jok=1

J.k+n

n
— 2.DHy1g@eh 2.0 T (O]
=By ) [HGJURD ()] [UPP ¢ — )BT,
jk=1
We consider the case ¢ = 1 only. The case ¢ =2 is similar. We may write

n

‘kzl [H®JU)], [UC - HV],
]’ =

n
_ Z [ﬁ(z»l)J]kj [U(l’l)(t _ S)H(l’l)]

J.k=1

Jokn = O+ 02,4+ 03;+ 04,
where we denoted

n

O1:= Y [(H? —H®")JU(s)],;[U¢ - HHD]

Jktn’
jok=1
n
©r1:= Y [H*DJ(U(s) — UMD )], [U¢ —9HD], L,
jik=1

©3:= Y [H*JUD ()] [(U( =) = UMD —9))HD]
jik=1

Jk+n’
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n
Oy = Z [ﬁ(z,l)JU(l,l) (s)][U(l,l)(t —5)(HD — H(”))]
Jok=1

k,k+n"
It is easy to check that ®1; = ®4; = 0. We consider the term ®; ;. The term ©3; is similar.
Applying (B.4) we get

O =T11+ 1oy,

where

s n
Tipi= /0 Y [HEDJUD (5B VIUG — 0] [UC —9HD], L dsi,
jk=1

s n
T ;:/0 Z [H(Z’Z)JU(U)(sl)VJEl,lU(s—sl)]kj[U(t—s)H(l)]j’Hndsl.
jok=1

By simple calculations, we get
s
T
Ty :/ [WUs (s — s Uz (t —)[YP] Y@U§ ()], s
0

It is easy to derive the following estimate
n
S EZ?, < CE|WYP]TY? |} < csn.
=1

The same is true for ) ', IEIZZ ;- This fact finishes the proof of the lemma. ]

Recall that, see definitions (3.15) and (3.13),

Vo j () :=EHPJUOHD], .
T, ;) :=[HPJUOHD], . .
The following lemma gives an estimate for the variance of %un (t), Vi, j(t) and T;, ;(2).

Lemma C.2. Under conditions of Theorem 1.1 we have
1 cr?
Var| —u,(t) | < —, (C.1)
n n
andforall j=1,...,n,
Var[V,, j ()] < C(1+1)en, (C.2)
Var[T, j ()] < C(1 +1%)en, (C3)
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where lim,,_s o0 €, = 0.

Proof. The proof of the first statement (C.1) is similar to the proof of Lemma C.1. Here one uses
the results for the matrix resolvent and the Stieltjes transforms as well. We present the proof of
(C.3) only. The proof of (C.2) is similar. Let us denote

Kjn(t1, 1) :=E[ T, j (1) (T j(2) — BT,y j(12)] = ET,, ; (1) Ty ) (12),

where 7,.%) (1) := T, j(r) — ET, ; (). We have

1 < 2 0
Kin(, )= N Z Y;k) [U(ll)H(Z)]k+n ]-H’lT”(J)(t )-
k=1
By Taylor’s formula,
)
R O L
-1 LY k4n, j+n

ZE[U( D (2)} T, (1)

k+n,j+n

2)
E[U@)HY —JU@)HWD
\/— Z ]k-i—n j+n I aY](I%) djj+n

E[U(r)HD HOJ—~
\/— Z ]k-i—n j+n | 3Y;k dj jn

ZE [UenHD], . [HPJU@) —
\/_ n,j+n | 3Y;k) djjtn

+rl’l(t17 t2)5

where r, (¢, t2) denotes a remainder term, which polynomially depends on #1, #;. It is straight-
forward to check lim,,_, o 1, (f1, 1) = 0. By Lemma B.3, we get

i
Kjn(t1.0) = —Buy  [AOJU@HD] 0 T 0(0)

. n
i
+ o ZE[UH(”]HMH * [U(”)H(l)]Hn j+n Tn(oj) (12)
k=1

1
+ ~Euy (1)T, ) (12)
" ,
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n

2
+ =y E[UeB ] o [UeHY]
k=1

2 —
T ];E[U(ZI)H(])]kﬂLj—t-n [H®JU],, , * [HPJUG@)HD]

+ ru(t1, 2).

j+n,j+n

Similarly to the previous estimates it is not very difficult to check that all terms except the first
one are of order o(1). Let us consider the first term

(O]
j4n,j+n Tn,j (2)

B, + [HOJU(r)HD]
n
i
= ;Eun * E[H<2>JU(t1)H<1>]j e T [(12) + ra(t1, 12).
From (3.16), we have

Vir(s) = %Eun(s) *ETy1(5) + 1 (s).

We may conclude that

o n
! @ (1 0
;;E[UJM,W*E[H JUGHD], T (1)

1
= —— Bun)*? % ET, j (1T (12) + ra (11, 12).
n2 i

Taking the limit with respect to n; — oo we get that K ; :=lim,, . K 5, satisfies the following
equation

n
Kj(t1,0) =— f v (1) — 5)K j (s, 1) ds.
0
Since K ;(t1, ) = 0 is a unique solution of the last equation this means that

K;jn(t1, 1) =ry(i1, 02).

Taking #, =t finishes the proof of the lemma. ]

Appendix D: Laplace transform

In this section, we recall several results from the theory of Laplace transforms. We will follow
Lytova and Pastur [20], Proposition 2.1.
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Statement D.1. Let f : R, — C denote a local Lipshitz function such that for some § > 0

supe | f(1)] < o0
t>0
and let f :{z € C:Imz < —8} — C denotes its generalized Fourier transform

o 1 % .
f@)= 7/ e f(ndr.
L Jo
The inversion formula is given by

f(t)=l—/eiztf(z)dz, (>0,
277.' L

where L = (—o0 —ig, 00 —i¢g), € > §, and the principal value of the integral at infinity is used.
Denote the correspondence between functions and their generalized Fourier transforms by f <>
f- Then we have
f1@0) < i(f+0) +2f();
t
/0 f&)ds < (7' f)
frg®) < if(i@.

Recall that, see definition (2.31), p(x) := |x|P2(x2) and a := \/?2. Let s(z) be the Stieltjes
transform of p(x). It satisfies the following equation (see (2.5) with m = 2)

1+z5(2) = 257 (2). (D.1)

Lemma D.1. The inverse Fourier transform of

1/z —2s(2)

K@= 1 —3s2(z)

is given by

1/a e Apl) + 11p2(x) +4

T(t) = —
® T J—q 3p1(x) 4p3(x) +3

where p1(x) :=mp(x).

Proof. By definition, see Statement D.1,

T = / S () dz,
27T L
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where L = (—oo —ie, 00 —ig), &€ > 0. We introduce the following contour K:
K:=K;U---UKj,
where
={z=u+iv,|ul <T,v=—¢}, Ky:={z=u+iv:|z|=T,v >0},

Ksgi={z=u+iv:|ul<a+e/2,v==2e/2},
Kse:= {z—u—i—iv:u::l:(a+8/2),—8/2§v§8/2},
Kyg:={z=u+iv:iu==xT,—¢ <v <0}.

We may write

i .
T(t) = hm — 'K (z)dz

and

f ¢ K (z)dz =0.
K

Furthermore, we note

lim ¢""K(z)dz=0.
T—o0 KyUK7UKg

Ki:= (/ —/ >e”ZK(Z)a’z.
K; JKu

Let s(z) :=if(z) + g(z) for z=u + iv. Note that by definition

We compute the integrals

f(@), if Imz > 0,

Ims(z):{
—f(2, if Imz <O.

Let us calculate K (z) for z € K3. Applying (D.1) we obtain that

s@6*@ =3) _ 1(g+iN*+1-3/>+6ifg—9)

Ko="T300 =3 27 (f - 3ig)
_ L @+if6ifg—2f2=8) _ 1 (@+if)6ifg =2 —8)(f +3ig)
6f f=3ig T 6f |f = 3igl?

The enumerator is equal to

(g+if)(6ifg —2f% —8)(f +3ig) = —2(3if +4f%g+4g)(f +3ig).
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The imaginary part of the enumerator is given by

—6f2—24f%g% —24g> = —6f* — 82 —8f* —8—8fF=2(4f + 11f* +4).

Finally,
1 4f*+11f%2+4
ImK(z):——M
3f 4f2+3
The real part is equal to
1g(5—4f2
ReK(z):——g(—f)
3 4f2+3
It is easy to see that for z € K4 we will have
144+ 11f%2+4 1g(5—4f2
ImK(z):—%, ReK(z):——g(z—f)
3f 4f=+3 3 4f-43

Since ¢ is an arbitrary number and
lin}) fu+ie)=npu)
E—>

then integrating Re K (z) in the opposite directions we get zero. Finally

L[4 "™ 4mp)! 4+ 11(mpx))* +4
T = —/ dx.
7 J_q 3mp(x) 4(p(x))*+3 U
Acknowledgements

F. Gotze was supported by CRC 701 “Spectral Structures and Topological Methods in Mathe-
matics”, Bielefeld University. A. Tikhomirov was supported by RFBR N 14-01-00500 and by
Program of Fundamental Research Ural Division of RAS, Project 15-16-1-3. A. Naumov was
supported by RSCF 14-11-00196 (at Moscow State University).

We would like to thank the Associate Editor and the Reviewer for helpful comments and
suggestions.

References

[1] Akemann, G., Ipsen, J. and Kieburg, M. (2013). Products of rectangular random matrices: Singular
values and progressive scattering. Phys. Rev. E (3) 46 157-214.

[2] Akemann, G., Kieburg, M. and Wei, L. (2013). Singular value correlation functions for products of
Wishart random matrices. J. Phys. A 46 275205, 22. MR3081917

[3] Alexeev, A., Gotze, F. and Tikhomirov, A. (2010). On the singular spectrum of powers and products
of random matrices. Dokl. Math. 82 505-507.


http://www.ams.org/mathscinet-getitem?mr=3081917

3112 F. Gotze, A. Naumov and A. Tikhomirov

(4]
(5]
(6]
(7]
(8]
(9]
[10]
(1]

[12]

(13]
[14]

[15]

[16]
(17]
(18]
[19]
(20]
(21]
(22]
(23]
(24]
(25]

(26]

Alexeev, A., Gotze, F. and Tikhomirov, A. (2011). On the asymptotic distribution of singular values
of products of large rectangular random matrices. Available at arXiv:1012.2586.

Anderson, G.W. and Zeitouni, O. (2006). A CLT for a band matrix model. Probab. Theory Related
Fields 134 283-338. MR2222385

Bai, Z. and Silverstein, J.W. (2010). Spectral Analysis of Large Dimensional Random Matrices, 2nd
ed. Springer Series in Statistics. New York: Springer. MR2567175

Bai, Z.D. and Silverstein, J.W. (2004). CLT for linear spectral statistics of large-dimensional sample
covariance matrices. Ann. Probab. 32 553—-605. MR2040792

Bentkus, V. (2003). A new approach to approximations in probability theory and operator theory. Liet.
Mat. Rink. 43 444-470. MR2058566

Bobkov, S.G., Gotze, F. and Tikhomirov, A.N. (2010). On concentration of empirical measures and
convergence to the semi-circle law. J. Theoret. Probab. 23 792-823. MR2679957

Bouchaud, J.-P., Laloux, L., Miceli, M.A. and Potters, M. (2007). Large dimension forecasting models
and random singular value spectra. Eur. Phys. J. B 55 201-207. MR2293813

Breuer, J. and Duits, M. (2013). Central limit theorems for biorthogonal ensembles and asymptotics
of recurrence coefficients. Available at arXiv:1309.6224.

Burda, Z., Nowak, M.A., Jarosz, A., Livan, G. and Swiech, A. (2011). Eigenvalues and singular values
of products of rectangular Gaussian random matrices—the extended version. Acta Phys. Polon. B 42
939-985. MR2806772

Collins, B., Nechita, I. and Zyczkowski, K. (2010). Random graph states, maximal flow and Fuss—
Catalan distributions. J. Phys. A 43 275303, 39. MR2658283

Forrester, P. and Liu, D. (2015). Singular values for products of complex ginibre matrices with a
source: Hard edge limit and phase transition. Available at arXiv:1503.07955.

Gotze, F., Kosters, H. and Tikhomirov, A. (2015). Asymptotic spectra of matrix-valued functions of
independent random matrices and free probability. Random Matrices Theory Appl. 4 1550005, 85.
MR3356883

Gotze, F., Naumov, A. and Tikhomirov, A. (2015). On a generalization of the elliptic law for random
matrices. Acta Phys. Polon. B 46 1737-1747.

Gotze, F., Naumov, A.A. and Tikhomirov, A.N. (2015). Limit theorems for two classes of random
matrices with dependent entries. Theory Probab. Appl. 59 23-39. MR3416062

Hoffman, A.J. and Wielandt, H.-W. (1953). The variation of the spectrum of a normal matrix. Duke
Math. J. 20 37-39. MR0052379

Jonsson, D. (1982). Some limit theorems for the eigenvalues of a sample covariance matrix. J. Multi-
variate Anal. 12 1-38. MR0650926

Lytova, A. and Pastur, L. (2009). Central limit theorem for linear eigenvalue statistics of random
matrices with independent entries. Ann. Probab. 37 1778-1840. MR2561434

Marcenko, V.A. and Pastur, L.A. (1967). Distribution of eigenvalues in certain sets of random matri-
ces. Mat. Sb. (N.S.) 72 507-536. MR0208649

Miiller, R.R. (2002). A random matrix model of communication via antenna arrays. [EEE Trans.
Inform. Theory 48 2495-2506. MR1929459

Penson, K. and Zyczkowski, K. (2011). Product of ginibre matrices: Fuss-catalan and raney distribu-
tions. Available at arXiv:1103.3453.

Shcherbina, M. (2011). Central limit theorem for linear eigenvalue statistics of the Wigner and sample
covariance random matrices. Math. Phys. Anal. Geom. T 176-192.

Sinai, Y. and Soshnikov, A. (1998). Central limit theorem for traces of large random symmetric ma-
trices with independent matrix elements. Bol. Soc. Bras. Mat. 29 1-24. MR1620151

Tihomirov, A.N. (1980). Convergence rate in the central limit theorem for weakly dependent random
variables. Theory Probab. Appl. 25 800-818. MR0595140


http://arxiv.org/abs/arXiv:1012.2586
http://www.ams.org/mathscinet-getitem?mr=2222385
http://www.ams.org/mathscinet-getitem?mr=2567175
http://www.ams.org/mathscinet-getitem?mr=2040792
http://www.ams.org/mathscinet-getitem?mr=2058566
http://www.ams.org/mathscinet-getitem?mr=2679957
http://www.ams.org/mathscinet-getitem?mr=2293813
http://arxiv.org/abs/arXiv:1309.6224
http://www.ams.org/mathscinet-getitem?mr=2806772
http://www.ams.org/mathscinet-getitem?mr=2658283
http://arxiv.org/abs/arXiv:1503.07955
http://www.ams.org/mathscinet-getitem?mr=3356883
http://www.ams.org/mathscinet-getitem?mr=3416062
http://www.ams.org/mathscinet-getitem?mr=0052379
http://www.ams.org/mathscinet-getitem?mr=0650926
http://www.ams.org/mathscinet-getitem?mr=2561434
http://www.ams.org/mathscinet-getitem?mr=0208649
http://www.ams.org/mathscinet-getitem?mr=1929459
http://arxiv.org/abs/arXiv:1103.3453
http://www.ams.org/mathscinet-getitem?mr=1620151
http://www.ams.org/mathscinet-getitem?mr=0595140

CLT for products of random matrices 3113

[27] Tikhomirov, A.N. (2001). On the central limit theorem. Vestn. Syktyvkar. Univ. Ser. 1 Mat. Mekh.
Inform. 4 51-76. MR1875655

[28] Wigner, E.P. (1955). Characteristic vectors of bordered matrices with infinite dimensions. Ann. of
Math. (2) 62 548-564. MR0077805

[29] Zheng, S. (2012). Central limit theorems for linear spectral statistics of large dimensional F-matrices.
Ann. Inst. Henri Poincaré Probab. Stat. 48 444-476. MR2954263

[30] Zyczkowski, K., Penson, K.A., Nechita, I. and Collins, B. (2011). Generating random density matri-
ces. J. Math. Phys. 52 062201, 20. MR2841746

Received July 2015 and revised February 2016


http://www.ams.org/mathscinet-getitem?mr=1875655
http://www.ams.org/mathscinet-getitem?mr=0077805
http://www.ams.org/mathscinet-getitem?mr=2954263
http://www.ams.org/mathscinet-getitem?mr=2841746

	Introduction and main result
	Main result
	Structure of the paper
	Applications
	History
	Notations

	The Gaussian case
	Symmetrization
	Empirical Poincaré inequalities
	Proof of CLT in the Gaussian case

	The general case
	Truncation
	From the general case to the Gaussian case
	The second derivative
	The third derivative
	The remainder term

	Appendix A: Fuss-Catalan distribution
	Appendix B: Unitary matrix derivatives
	Appendix C: Auxiliary lemmas
	Appendix D: Laplace transform
	Acknowledgements
	References

