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We study the Wasserstein distance of order 1 between the empirical distribution and the marginal dis-
tribution of stationary o-dependent sequences. We prove some moments inequalities of order p for any
p > 1, and we give some conditions under which the central limit theorem holds. We apply our results to
unbounded functions of expanding maps of the interval with a neutral fixed point at zero. The moment in-
equalities for the Wasserstein distance are similar to the well-known von Bahr—Esseen or Rosenthal bounds
for partial sums, and seem to be new even in the case of independent and identically distributed random
variables.
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1. Introduction

Let (X;);cz be a stationary sequence of integrable real-valued random variables, with common
marginal distribution w. Let w, be the empirical measure of {X1, ..., X,}, thatis
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In this paper, we study the behavior of the quantity Wj(u,, i) for a large class of stationary
sequences, where Wy (i1, up) is the Wasserstein distance of order 1 between two probability
measures (41, 2 having finite first moments. The precise definition is as follows:

Wi, p2) = inf )/Ix—ylﬂ(dx,dy), (1.1)

TeEM (uy,p12

where M (11, 1) is the set of probability measures on R? with marginal distributions 1 and 5.
The distance W; belongs to the general class of minimal distances, as the total variation distance.
Since the cost function c{(x, y) = |x — y| is regular, W| can be used to compare two singular
measures, which is not possible with the total variation distance, whose cost function is given by
the discrete metric co(x, y) = Lyxy.
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The quantity Wy(w,, 1) appears very frequently in statistics, and can be understood from
many points of view:
e The well-known dual representation of Wy implies that

n

1
=S (X — 1(h)]s (1.2)

k=1

Wi, p) = sup

fen

where A1 is the set of Lipschitz functions f from R to R such that | f(x) — f(¥)| < |x — y|.
Hence, Wi (u,, 1) is a measure of the concentration of p, around p through the class Aj.

e In the one dimensional setting the minimization problem (1.1) can be explicitly solved, and
leads to the expression

1
Watun, 0= [ 1770 = P70, (13)

where F, and F are the distribution functions of 1, and 1, and F,"! and F~! are their usual
generalized inverses. Hence, Wi (i1,,, 1) is the L' -distance between the empirical quantile
function F,~! and the quantile function of .

e Starting from (1.3), it follows immediately that

Wl(anl/L):/R|Fn(t)_F(t)|dt- (1.4)

Hence, W1 (it,,, 1) is the L!-distance between the empirical distribution function F,, and the
distribution function of .

At this point, it should be clearly quoted that, if (1.3) and (1.4) have no analogue in higher
dimension, the dual expression (1.2) is very general and holds if the X;’s take their values in a
Polish space X, as soon as the cost function c is a lower semi-continuous metric (the class A
being the class of 1-Lipschitz functions from A" to R with respect to c).

Assume now that the sequence (X;);cz is ergodic. Since u has a finite first moment, it is
well known that W1 (u,,, ) converges to zero almost surely, and that E(W1 (u,, 1)) converges to
zero (this is a uniform version of Birkhoft’s ergodic theorem, which can be easily deduced from
the Glivenko—Cantelli theorem for ergodic sequences, see, for instance, [25]). However, without
additional assumptions on u the rate of convergence can be arbitrarily slow.

The purpose of this paper is to give some conditions under which the central limit theorem
(CLT) holds (meaning that /nWj(u,, ) converges in distribution to a certain law), and to
prove some inequalities for || Wq(u,, )|, when p > 1 (von Bahr—Esseen type inequalities for
p € (1,2) and Rosenthal type inequalities for p > 2). We will do this for the class of «-dependent
sequences, which is quite natural in this context, since the related dependency coefficients are de-
fined through indicator of half lines. Hence, our results apply to mixing sequences in the sense
of Rosenblatt [24], but also to many other dependent sequences including a large class of one
dimensional dynamical systems. We shall illustrate our results through the examples of General-
ized Pomeau—Manneville maps, as defined in [7].
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The central limit question for /7 W (i, 1) has been already investigated for dependent se-
quences in the papers by Dédé [5] and Cuny [3] (see Sections 6 and 7 for more details). This
is not the case of the upper bounds for ||W{ (s, i)l p, even for sequences of independent and
identically distributed (i.i.d.) random variables (except for p = 1, see for instance [1]). Hence,
for p > 1, our moment bounds seem to be new even in the i.i.d. context.

Thanks to the relation (1.4), the central limit question for \/n W (i, u) is closely related to
the empirical central limit theorem in IL! (d1), as first quoted by del Barrio, Giné and Matran [10].
We shall deal with the more general central limit question for L!(m)-valued random variables
in the separate Section 6. In Section 7, we shall express some of our conditions in terms of the
quantile function of Xy, in the spirit of Doukhan, Massart and Rio [11]. It will then be easier to
compare our conditions for the CLT to previous ones in the literature.

For r > 1, the quantity W/ (u,,, ) may be defined as in (1.1), with the cost function ¢, (x, y) =
|x — y|" instead of ¢| (W, is the Wasserstein distance of order r). In the i.i.d. case, some sharp
upper bounds on E(W/ (u,, 1)) are given in the recent paper [1]. In particular, if © has an
absolutely component with respect to the Lebesgue measure which does not vanish on the support
of w, then the optimal rate n~"/? can be reached. But in general, the rate can be much slower.
Note that for W/ (u,,, ) there is no such nice dual expression as (1.2). However the minimization
problem can still be explicitly solved and implies that W, (u,,, ) is the " -distance between Fn_1
and F~!. There is no simple way to express W/ (i, ) in terms of F,, and F (as in (1.4)), but
the following upper bound due to Ebralidze [12] holds:

W (i 1) < /R Y Far) — F()| dx, (1.5)

where k, = 2"~ !r. Starting from this inequality, we shall also give some upper bounds on
W] (pn, )l for p > 1, but it is very likely that these bounds can be improved by assuming
the existence of an absolutely regular component for w, as in [1].

To be complete, let us mention the recent paper by Fournier and Guillin [14], who give some
upper bounds for E(W/ (i,, 1)) in any dimension, starting from an inequality which can be
viewed as a d-dimensional analogue of (1.5). Note that the case of p-mixing sequences is also
considered in this paper.

The paper is organized as follows. In Section 2, we give the notations and definitions which
will be used all along the paper. In Section 3, we state the main results of the paper: a central limit
theorem in Section 3.1, some upper bounds for the moments of order 1 and 2 in Section 3.2, for
the moments of order p € (1, 2) in Section 3.3, and for the moments of order p > 2 in Section 3.4.
In Section 4, we apply our main results to the empirical measure of unbounded observables of
the iterates of intermittent maps. The proofs of the moment bounds are given in Section 5. In
Section 6, we give some general results for the weak convergence of partial sums in L!(dr).
Finally, in Section 7, we give another expression of our condition for the central limit theorem,
and we compare this condition to previous ones in the literature.

2. Definitions and notations

Let us start with the notation a, (x) < b, (x), which means that there exists a positive constant C
not depending on n nor x such that a, (x) < Cb,(x), for all positive integer n and all real x.



2086 J. Dedecker and F. Merlevede

We now introduce the probabilistic framework, and give our definition of a stationary se-
quence. Let (€2, A, P) be a probability space, and 7 : Q > Q be a bijective bi-measurable
transformation preserving the probability P. Let Fo be a sub-o-algebra of A satisfying Fy C
T~ 1(Fy). We say that the couple (7, P) is ergodic if any A € A satisfying T(A) = A has proba-
bility O or 1.

Let Xo be an Fp-measurable and integrable real-valued random variable with distribution .
Define the stationary sequence X = (X;);cz by X; = Xp o T,

Note that every stationary sequence X = (X;);e7z in the usual sense can be represented this way
by considering the state space Q2 = (RZ, B(R)Z, Px), where B(R) is the Borel o -field and Px is
the distribution of X, and by taking the shift operator T : RZ > R? defined by (T (w)); = wj41.
Clearly Px is invariant by T and, if o : RZ = R is the projection defined by mo(w) = wy, the
sequence w = (7 o THez is stationary and distributed as X. Hence, this formalism is very
general, and enables to define the notion of ergodicity in a precise manner.

Let us now define the dependency coefficients of the sequence (X;);cz. These coefficients are
less restrictive than the usual mixing coefficients of Rosenblatt [24].

Definition 2.1. For any integrable random variable Z, let Z'©) = 7 — E(Z). For any random
variable Y = (Y1, ..., Y) with values in R¥ and any o-algebra F, let

k k
E(H Ty =) ‘}-) B E(“ (IYijj)(O)>
j=I j=1

a(F,Y)= sup

(X1,.... X)) ERF

1

For the stationary sequence X = (X;)icz, let

arx(n)=max sup oa(Fo, (X;,.... X;)). 2.1

I=l=kn<ii<-<iy
Note that a1 x(n) is then simply given by

o x(n) = SquHE(lxngxl]:o) — F(x) (2.2)

1 b
where F is the distribution function of |t.

All the results of Section 3 below involve only the coefficients 1 x (1), except for the Rosen-
thal bounds (Section 3.4) for which the coefficient ap x (1) is needed.

To conclude this section, we introduce the tail and quantile functions of the random vari-
able Xj.

Definition 2.2. The tail function H : R™ — [0, 1] of Xg is defined by H(t) =P(|Xo| > t). The
quantile function Q : [0, 1] — R* of Xy is the generalized inverse of H, that is

Q) =inf{t >0: H(t) <u}.
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3. Main results

In all this section, we use the notations of Sections 1 and 2.

3.1. Central limit theorem

Our first result is a central limit theorem for Wy (u,, @). It is a straightforward consequence of a
CLT in L!(m) for the empirical distribution function given in Proposition 6.2 of Section 6.4 (it
suffices to consider the case where m is the Lebesgue measure on R and to use the continuous
mapping theorem).

Proposition 3.1. Assume that the couple (T, P) is ergodic, and that

/oo > “min{oy x (k). H()}dt < oc. (3.1)
0

k=0

Then /nWi (i, 1) converges in distribution to the random variable f |G (t)|dt, where G is a
Gaussian random variable in L' (dt) whose covariance function may be described as follows:

f()/"any fag ll’l ]LOO(M)’

Cov(/ f(t)G(t)dt,/g(t)G(t)dt)

=Y 5[ [ 1026 (tnps0— FO) 12— ) o).

keZ

(3.2)

Remark 3.1. Let m be a nonnegative integer. As usual, the stationary sequence X is m-dependent
if o (X;,i <0) is independent of o (X;,i > m + 1), and m = 0 corresponds to the i.i.d. case. In
the m-dependent case, the condition (3.1) becomes simply

fooo,/H(t)dz < o0, (3.3)

which is exactly the condition given by del Barrio, Giné and Matrdn [10] in the i.i.d. case. Note
that these authors also proved that, in the i.i.d. case, the condition (3.3) is necessary and sufficient
for the stochastic boundedness of \/n W1 (i, it).

In the dependent context, other general criteria have been proposed by Dédé [5] and Cuny [3].
We shall discuss these conditions in Sections 6 and 7, and show that, in the «-dependent case,
the condition (3.1) is weaker than the corresponding condition obtained by applying the criteria
by Dédé or Cuny.
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3.2. Upper bounds for moments of order 1 and 2

In this section, we give some upper bounds for the quantities E(W; (u,, 1)) and |W1 iy, 1)ll2
in terms of the coefficients o¢; x (k) and of the tail function H. The proof of Proposition 3.2 below
will be done in Section 5.1.

For any ¢ > 0, let

Sen(t) =Y min{a1 x(k), H()}. (3.4)

k=0

Proposition 3.2. The following upper bounds hold:

E(Wi(tn, w)) < 4 / \/mm (Hn), S"‘Z(”} : (3.5)
and
24/2 [
Wi (w0, < 22 VSan(t) dt. (3.6)
N

Remark 3.2. As will be clear from the proof, one can also get some upper bounds involving
the quantity B(r) = F(¢)(1 — F(¢)) instead of H (¢). For instance, we can obtain an extension
of the upper bound given in Theorem 3.5 of [1] to «-dependent sequences. We have chosen to
express the upper bounds in terms of the function H, because they are easier to compute in the
a-dependent case (see Remark 3.4 below). Note also that the upper bound (3.6) can be viewed
as an extension of Theorem 3.2 of [1]: in the i.i.d. case, it gives a similar upper bound (up to
constants) bur for the L2-norm instead of the expectation.

The proof of Proposition 3.2 is based on Minkowski’s integral inequality applied to p = 1 and

p=2:

Forany p > 1, H/\Fn(r)—F(z)\dz 5/“Fn(t)—F(t)det.
p

One could also start from this inequality in the case where p € (1,2) (resp. p > 2) by applying
a von Bahr-Esseen bound (resp. a Rosenthal bound) to || F,,(z) — F (1)l ,. However, this would
give less satisfactory bounds than in Sections 3.3 and 3.4, even in the i.i.d. case. For instance, in

the i.i.d. case and p € (1, 2), this would give
1/p P
- f (H®) "dt ) . (3.7)

Note that the condition f (H@)YP dr < 0o is more restrictive than [ Xollp, < oo. Hence, the
upper bound (3.18) of Section 3.3 is always better than (3.7).

[ Wi, )
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Remark 3.3. Starting from Inequality (1.5) and following the proof of Proposition 3.2, we obtain
the upper bounds

E(W! (un, p)) <4 f oot"l\/min{(Ho))z, S"”Z(” } dt, (3.8)
0
and
, W2 [
W ], = =2 | s (3.9)

Remark 3.4. As a consequence of Proposition 3.2, the following upper bounds hold:

1. If (3.1) holds, then || Wi (in, ) ll2 < n=1/2.
2. If a(k) = O(k—%) for some a > 1, then

O ) du + — / Q@) du> (3.10)

af@rny ul@+H/Cay

n—a/(a+l)

E(Wl (s M)) < (/(;

and

W1 G, ), < < Q(u) du + — /_ﬂ u(a%()”/izg) u) (3.11)

Let us briefly explain how the bound (3.10) can be obtained. This will indicate to the reader
how to handle the computations for the others items of this remark, and for all the examples
of Section 4 (see also Section 7 for other computational tricks). First, since (k) = O (k~%) for
some a > 1, it follows that

San(t) < (H@)“™ V.

Plugging this upper bound in (3.5) and using that Q is the generalized inverse of H, we obtain
that

o0 | o) (a—1)/(2a)
E(W) (un, p)) < (/ H(t)dt + ﬁ/o (H®)) dt). (3.12)

Q(n—a/(aJrl))

To handle the first term on right-hand side in (3.12), we write that

00 00 1 p—a/t@+) 00
/ H(t)dt 2/ (/ li<H® du) dZZ/ </ 1t<Q(u)dl‘) du
Q(n—a/(a+1)) Q(n—a/a+Hy\Jo 0 0

—a/(a+1)

= /n Q(u)du,
0
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which gives the first term on right-hand side in (3.10). For the second term on right-hand side in
(3.12), the same kind of computations yields

1 peeerh) (a—1)/(2a) !
ﬁ/ (H(t)) dt =/ Q(y(za)/(ail))1y2a/(a—l)>n—a/(a+l) dy,
0 0

and the change of variable u = y?%/(“~1) gives the second term on right-hand side in (3.10).
3. If a(k) = O(a*) for some a < 1, then

In(n)/n 1 Y Q@)lin()]
E(W1 (1n, 1) < / du+ —= / — v )
( (s ) (0 Q(u) du V1 i@y n Ju !

and

" Ou) 1 ' Q@w|iIn()|
||W1(,bLn,M)||2<< <‘/(; ﬁ du+ﬁ eanu>

4. Assume that the o ’s converge to zero, but are not summable, and let

1 n
=13
n
k=1

Then
Jin
B o) < [ QG dn, (3.13)
and
" Q)
||W1wn,/¢e)||2<</0 22 (3.14)

Remark 3.5. In the m-dependent case, the inequality (3.10) holds with a = oo, that is

E(Wi(kn, 1)) < (/1 owdut+—= [ Q(“)du>
Hifm 1 0 \/ﬁ n—1 \/ﬁ '

In particular, if H () = O (¢t~ (In()) %) for some a > 1 (which implies that E(|Xo|) < o), then
Q(u) = O~ In(u)| =), and consequently
1

E(Wl (kn, M)) < W.

3.3. A von Bahr-Esseen type inequality
In this section, we give some upper bounds for the quantity || W (i, )|, when p € (1,2) in

terms of the coefficients 1 x(k) and of the quantile function Q. The proof of Proposition 3.3
below will be done in Section 5.2.
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For u € (0, 1), let

0
ay x ) =) Lucay x(b- (3.15)
k=0

Proposition 3.3. For p € (1, 2), the following inequality holds
1 1 1
Wi ) < o | (k@ An)"™ 0" @ du (3.16)

Note that Inequality (3.16) writes also

1 & 1 ap x (k)
Wit 0l < 55 3 s [ erwan

Remark 3.6. Let r > 1 and p € (1,2). Starting again from (1.5) and following the proof of
Proposition 3.3, we obtain the upper bound

1! -
[ W7 Gan )} < = X (50 A )"~ QP () du. (3.17)

Remark 3.7. In the m-dependent case, Inequality (3.17) becomes

1
np=1

[ W1 (s 0|2 < —— IXoll}. (3.18)
This inequality seems to be new even in the i.i.d. case. It is noteworthy that the upper bound (3.18)
is the same as the moment bound of order p for partial sums of i.i.d. random variables, which
can be deduced from the classical inequality of von Bahr and Esseen [26].

3.4. A Rosenthal type inequality

In this section, we give some upper bounds for the quantity || Wy (., )|, when p > 2 in terms
of the coefficients a, x (k) and of the quantile function Q. The proof of Proposition 3.4 below
will be done in Section 5.3.

The function a;& is defined as in (3.15) by replacing the coefficient «; x (k) by ap x (k).

Proposition 3.4. For p > 2, the following inequality holds:

p
Sa,n
nP/2

1! -
Wi (a7 < +F/o (o5 %) An)" ™ QP (w) du, (3.19)

where

00
Sa,n = / V Sa,n(t) dt
0

and Sy is the function defined in (3.4).
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Note that Inequality (3.19) writes also

» 1 n 5 as x (k)
Wi (a1 p/z M—I;)(Hl)"fo Q" (u) du.

Remark 3.8. Inequality (3.19) is similar to the Rosenthal inequality for partial sums given in
Theorem 6.3 of Rio [23], with however two main differences:

e First, the variance term is not the same, but this is because we consider the quan-
tity W1(u,, 1) and not only the partial sums, in accordance with the upper bounds for
W1 (in, )2 given in Section 3.2.

e Second, Rio’s inequality is stated for e-mixing sequences in the sense of Rosenblatt [24],
and its proof relies on the coupling properties of these coefficients. Our result is valid for
the larger class of a-dependent sequences as defined in (2.1) (with k = 2 for the index of
the dependency), and the proof is based on a version of the Rosenthal inequality for martin-
gales given in [22]. Note that Rio’s inequality cannot be applied to GPM maps, because the
associated Markov chain is not ¢-mixing in the sense of Rosenblatt.

Remark 3.9. Letr > 1 and p > 2. Starting again from (1.5) and following the proof of Proposi-
tion 3.4, we obtain the upper bound

W s i[5

1 ~ » | . (3.20)
- - -1
< ( ) S ® dt) ot fo (o5 k@) An)" ™ Q" (u) du.
Remark 3.10. Inequality (3.19) implies in particular that if p > 2 and
! 2
/ (25 )" QP (wydu < o0, (321)
0

then

1
” Wi (in, M)HP L —F.

Jn

Remark 3.11. In the m-dependent case, Inequality (3.19) becomes

1
HWl(IJ«nvM)“ <<W</ Vv H (1) dl) +F||X0||z-

This inequality seems to be new even in the i.i.d. case. Compared to the usual Rosenthal bound
for sums of i.i.d. random variables, the variance term is replaced by the integral involving H, in
accordance with the upper bound (3.6).
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Yo=0__ )i V2 V3 y4=1

Figure 1. The graph of a GPM map, with d =4.

4. Application to intermittent maps

4.1. Intermittent maps and Markov chains

Let us first recall the definition of the generalized Pomeau—Manneville maps introduced in [7]
(see Figure 1 for the graph of such a map).

Definition 4.1. A map 6 : [0, 1] — [0, 1] is a generalized Pomeau—Manneville map (or GPM
map) of parameter y € (0, 1) if there exist 0 = yo < y1 < -+ < yqg = 1 such that, writing Iy =
(ks Yr+1):

1. The restriction of 0 to Iy admits a C U extension O to Ir.

2. Fork>1, 60 is C* on Iy, and 16 > 1.

3. by is C? on (0, y11, with 9(’0)()6) > 1forx € (0, y1], 6’(’0) (0)=1and 9(’6)()6) ~cx? L when
x — 0, for some ¢ > 0.

4. 0 is topologically transitive.

The third condition ensures that O is a neutral fixed point of 8, with (x) = x + x1tr (1 +
o(1)) when x — 0. The fourth condition is necessary to avoid situations where there are several
absolutely continuous invariant measures, or where the neutral fixed point does not belong to the
support of the absolutely continuous invariant measure.

The following well-known example of GPM map with only two branches has been introduced
by Liverani, Saussol and Vaienti [20]:

x(1+2rx7),  ifxe[0,1/2],

A.1)
2x — 1, ifx e[1/2,1].

e(x)z{
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As quoted in [7], a GPM map 6 admits a unique invariant absolutely continuous (with respect
to the Lebesgue measure) probability v with density 4. Moreover, it is ergodic, has full support,
and x? h(x) is bounded from above and below.

We shall illustrate each result of Section 3 by controlling, on the probability space ([0, 1], v),
the quantity W1 (it,, 1), where

_ 1 n
fin=— D Bogts 4.2)
k=1

0 is a GPM map, g is a monotonic function from (0, 1) to R (which can blow up near O or 1),
and p is the distribution of g.

To do this, we go back to the Markov chain associated with 6, as we describe now. Let first
K be the Perron-Frobenius operator of § with respect to v, defined as follows: for any functions
u, v in L2([0, 1], v)

v(u-vo@):v(K(u)-v). 4.3)

The relation (4.3) states that K is the adjoint operator of the isometry U : u > u o 6 acting on
L2([0, 11, v). It is easy to see that the operator K is a transition kernel, and that v is invariant
by K. Letnow Y = (¥;);>0 be a stationary Markov chain with invariant measure v and transition
kernel K. It is well known (see, for instance, Lemma XI.3 in [18]) that on the probability space
([0, 11, v), the random vector (6, 02, ..., 6") is distributed as (Y,, Y,—1, ..., Y1).

Let T be the shift operator from [0, 1]Z to [0, 1]Z defined by (T'(x)); = xi+1, and let ; be
the projection from [0, l]Z to [0, 1] defined by 7; (x) = x;. By Kolmogorov’s extension theorem,
there exists a shift-invariant probability P on ([0, I]Z, (B([0, 1]))Z), such that & = (7;);>0 is
distributed as Y.

Letthen Xg = gompand X; = Xpo Ti = gom;, and define Fo = o (;r;, i <0). From the above
considerations, we infer that the two random variables Wy (u,, 1) (defined on the probability
space ([0, 112, P)) and W, (fin, ) (defined on the probability space ([0, 1], v)) have the same
distribution. Hence, any information on the distribution of Wy (jt,, ) can be derived from the
distribution of Wi (u,, ).

From Proposition 1.17 (and the comments right after) in [7], we know that for any positive
integer k, there exist two positive constants C and D such that, for any n > 0,

< O,z (n) <

nd=n/v — nd=»/v"

Since X; = g o m;, and since g is monotonic, it follows immediately that
< < ¢ 4.4
apx(n) <oagzm) < Py (4.4)

This control of the coefficients ax x(n) (for k =1 or kK = 2) and a control of the tail v(|g| > t)
are all we need to apply the results of Section 3 to the random variable Wy (i, 1).
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4.2. Central limit theorem

Let 6 be a GPM map of parameter y € (0, 1/2), with absolutely continuous invariant probabil-
ity v. Let ji, be defined as in (4.2), where g is a monotonic function from (0, 1) to R. Let then
(Xi)iez be the stationary sequence constructed in Section 4.1, whose dependency coefficients
ai x(n) satisfy (4.4). Note that H(t) = P(|Xo| > t) = v(|g| > t). From Section 4.1, Proposi-
tion 3.1 and Item 3 of Proposition 7.3, we infer that ./n W (ji,, ) converges in distribution to
the random variable f |G (r)| dt, where G is a Gaussian random variable in L' (d¢) as soon as

o0
[ (H@) 70D g < o0, (4.5)
0

As a consequence:
1. If g is positive and nonincreasing on (0, 1), with

C

g(x)im near 0, for some C > 0and b > 1,
then (4.5) holds.
2. If g is positive and nondecreasing on (0, 1), with
() < < 1. for some € > 0.and b > 1
gx) < 1 =) 2072 [ In(1 —x) P near 1, for some C >0 and b > 1,
then (4.5) holds.

Recall from (1.2) that Wy (fi,, n) = SUP fep, [fn (f) — w(f)], so that the condition (4.5) allows

to control the supremum of /7 (i, (f) — w(f)) over the class A1. Now if we only want a central
limit theorem for /n(u, (f) — w(f)) where f is an element of A1, then it follows from [7] that
the condition

o0
/ t(H®)" N ar < 00 4.6)
0

is sufficient. For the two simple examples above, this would give the constraint b > 1/2 instead
of b> 1.

4.3. Moments of order 1 and 2

We continue the example of Section 4.2. Here y can be any number in (0, 1).

1. If g is positive and nonincreasing on (0, 1), with
C
glx) < = near 0, for some C > 0and b € [0, 1 — y),
X

then Q(u) < Du~"/=7) for some D > 0. Applying (3.10)—(3.11) and (3.13)—(3.14), the follow-
ing upper bounds hold.
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For y € (0, 1/2),

n1/2, if b < (1—2y)/2,
E(Wi(fin, 1) < 3 n=21In(n),  ifb=(1—2y)/2,
nbtr=1, ifb> (1—2y)/2,
and
n~1/2, if b < (1—2y)/2,
[Wi(in, ], < § n='21nm), ifb=(1-2y)/2,
n@ty=D72v i (1 =2y)/2<b<(1—1y)/2.
Fory =1/2,

if b < 1/4.

In(n) In(n) ) (1-4b)/2
n

(1-2b)/2
) and ||W1(ﬁn,u)||2<<< p

E(Wi(fin, p)) < <

For y € (1/2,1),
E(Wi(fin, 1)) «n @7 =DICY and | Wi(n, )], < CA®H7=D/Cif b < (1 - y)/2.

2. If g is positive and nondecreasing on (0, 1), with

C
gx) < ——— near 1, forsome C >0and b € [0, 1),
(1 —x)b
then Q(u) < Du~" for some D > 0. Applying (3.10)—(3.11) and (3.13)—(3.14), the following
upper bounds hold.
For y € (0, 1/2),
n=1/2, ifb<(1—-2y)/2(1 —y),
E(W1(fin, 0) < { n=121n(n), ifb=(1-2y)/2(1 —y),
a=DU=D) e p s (1 —2y)/2(1 — ),
and
n1/2, if b < (1=2y)/2(1 —y),
|Wi(n, ], < { n='21Inm), ifb=(1-2y)/2(1—y),
nr=DUA=20)2y - if (1 = 2y)/2(1 —y) <b < 1/2.
Fory =1/2,

o (=572
E(Wi(fin, 1) < ( nfl")>

Fory € (1/2, 1),
(W) (fin. 1)) < n7~DA=0/27)

and | Wy (fin, )|, < nv=DA=20/CY)

In(n) (1-2b)/2
and HWl(ﬁn,,u)H2<<( - ) ifb<1/2.

ifh<1/2.
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4.4. Moments of order p € (1,2)

We continue the example of Section 4.2. Here y can be any number in (0, 1).

1. Let p € (1,2), and let g be positive and non increasing on (0, 1), with

C
gx) < P near 0, for some C > 0 and b € [0,(1—y)/p).

Applying Proposition 3.3, the following upper bounds hold.
Fory € (0,1/p],

n(=n/p, itb<(1—py)/p,
[WiGin, ], < § (0P @) "?,itb =1~ py)/p.
n(pb+y=1/py. itb>(1—py)/p.

Moreover, if b = (1 — py)/p, Proposition 5.1 of Section 5.2 gives the upper bound

P(Wi (i, p) = x) < 4.7)

nP=1xp’

Fory € (1/p, 1), W1 (fin, )| , K nPPHy=D/pY,
2. Let p € (1,2), and let g be positive and nondecreasing on (0, 1), with

Cc
gx) < a—np near 1, for some C > 0and b € [0, 1/p).
—Xx

)b
Applying Proposition 3.3, the following upper bounds hold.
For y € (0, 1/pl,

n(=p)/p if b < (1—py)/(p(1—y)),
Wit 0], < | 1007 it = (1= pr (1 =),
n=D(=pb)/py iftb>(1—py)/(pA—y)).

Moreover, if b = (1 — py)/(p(1 — y)), Proposition 5.1 of Section 5.2 gives the upper
bound (4.7).

Fory € (1/p, ), Wi (fin, )|, < nt¥=DA=P0)/PY,
Remark 4.2. The upper bound (4.7) is in accordance with a result by Gouézel [16]. He proved

that, if g is exactly of the form g(x) = x~(1=P¥)/P and 0 is the LSV map defined by (4.1), then
for any positive real x,

. 1
nlin;ov(nl/P

where Z, is a p-stable random variable such that limy_, oo X’P(|Z| > x) = ¢ > 0.

n

> (00" —v(g))

k=1

>x) :P(|2p| >x),
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4.5. Moments of order p > 2

We continue the example of Section 4.2. Here, y can be any number in (0, 1).

1. Let p > 2, and let g be positive and nonincreasing on (0, 1), with

C
g <= near 0, for some C >0 and b € [0, (1 — y)/p).
X

Applying Proposition 3.4, the following upper bounds hold.
For y € (0,1/2)

n=1/2, iftb<(2—y(p+2)/2p,

W [l 9
Wi ], < nPbry=D/py it h > (2—y(p +2))/2p.

Fory €[1/2,1), Wi (jin, )|, < nPoTy=/py.
2. Let p > 2, and let g be positive and nondecreasing on (0, 1), with

gx) < near 1, for some C > 0 and b € [0, 1/p).

(1—x)?

Applying Proposition 3.4, the following upper bounds hold.
For y € (0,1/2)

- n~12, ifb<(2-y(p+2)/2p(1—y),
H Wl(,unvﬂ) ”p < (y=1)(1=pb)/py .
n , 1fb>(2—y(p+2))/2p(1—y).
For y € [1/2, 1), [Wi(itn, W)l p < n¥=DU=PD/py.
Remark 4.3. In the case where 6 is the LSV map defined by (4.1) and g is the identity (which is
a particular case of Item 2, b = 0, of the example above) all the rates for || Wy (ii,, )|, given in

Sections 4.3, 4.4 and 4.5 have been obtained in Corollary 4.1 of [8] by using a different approach.
Moreover, all the bounds are optimal in that case (see the discussion in Section 4.2 of [8]).

5. Proofs of the moment bounds

5.1. Proof of Proposition 3.2

Starting from (1.4), we immediately see that

E(W1(n, 1) < /|| Fa() = F@)| dt - and | WiGun, ), < /H Fa(t) = F(),dt. (5.1)

Let B(t) = F(t)(1 — F(t)), and note first that

| Fa®) = FO, < [1xo= = F®)], =2B@). (5.2)
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On another hand

n

2 2 1 2
[Fa) = FO)|| < || Fa) = F)||; < —Var(Lyy</) + ~ k§|C0V(1X05t, Lx,<1)|-

Now, the two following upper bounds hold:
|C0V(1X0§t» 1Xk§t)| =< ||]E(1xkgz|fo) —F@) ”1 <ax(k),
|Cov(1x,<r. 1x,<1)| < Var(lx,</) = B(1).

From (5.2), (5.3), (5.4) and (5.5) it follows that

|Fut) — FO |, < 2J m1n{(B(t) me a1 x (k). B(t)}}
k 0

and

2 n
|Fa) — F0)], < J - > min{a; x(k), B(1)}.

k=0

These two upper bounds combined with (5.1) imply that

E (W (. 1)) <2 / min[(B(r) me a1 x(k), B(r)}]

kO

< 4/00 \/min{(H(t))2, San(®) } dt
0 n

and

2 n
lewn,muzs\/;/JZmin a1,x(k), B(t) dt<—/ VSan()dt,
k=0

which are the desired inequalities.

5.2. Proof of Proposition 3.3

For any n € N, let us introduce the following notations:

2099

(5.3)

(5.4)
(5.5)

Ry (u) = (min{g € N* 1 a1 x(¢) <u} An)Q() and R,'(x)=inf{u [0, 1]: R,(u) <x}.

The proof is based on the following proposition:
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Proposition 5.1. For any positive integer n, any x > 0, and any n € [1, 2[, the following inequal-
ity holds:

n R (x) n 1
P(nWi (in, 1) > 6x) 561—/ Q(u)du+62—/ RZ_I(M)Q(M)du, (5.6)
x Jo X1 IRy o)

where ¢; =36 and ¢ = 128(2 — ) 2.

Before proving the proposition above, let us see how it entails Proposition 3.3. We have

(0.¢]
[nW1Gen, )| =6”P/0 P P(nWi (s, ) > 6x) dox.

Therefore applying Inequality (5.6) with n € (p, 2) and using the fact that
u<R'(x) = x<R,®),

we get
1 00
[nW1Gen, )| 56”pn01/ Q(u)/ xP 21 g dx du
0 0

1 oo
+ 6ppnczf R,'f] ) Q) / xpflfr’lszn(u) dxdu,
0 0
which gives the desired result since 1 < p < n < 2. Hence, it remains to prove Proposition 5.1.

Proof of Proposition 5.1. Let
v="R;(x), M= 0Q®). (5.7)

Since oy x(0) = 1/2, it follows that v € [0, 1/2]. Note first that if v = 1/2, then by using (1.2)
and Markov’s inequality, we have

2 « 2n (!
Wi 10 2) < £ 3 E(X) < = [ 0w

(5.8)
4n [1/2 4n (R
<— Q(u)du:—/ Qu)du,
x Jo x Jo

which then proves the proposition in case where v = 1/2.
Therefore, we can assume in the rest of the proof that v < 1/2. From now on, we set gy (y) =
(y AM) Vv (—M). For any integer i, let

X! =gu(X;) and X'=X;—X|. (5.9)
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Starting from (1.2), we first notice that

2101

nWi(un, ) < sup Xn:(f(XZ)—E(f(X§)))+ sup Xn:(f(X»—f(Xé)—E(f(Xf>—f(X£)))~

feA i=1 feA i=1

Therefore,

nWl(Mn’M)ffsu[I\’ D () =E(r (X)) + D (X7 +E(|x7])).
€AY i=1
Let now

g =min{k e N:a; x(k) <v} An.

Since R, is right continuous, we have R, (R, Lw)) < w for any w, hence
gM = R,(v) = R, (R, ' (x)) < x.

Assume first that ¢ = n. Bounding f(X) —E(f(X})) by 2M in (5.10), we obtain

n
nWi G, 1) <2gM + Y (| X7 | +E(|x{]))-
k=1

Taking into account (5.12) this gives

n

1
B2 W1 (. 1) = 6x) < 5 ];E(IXZD-

Writing ¢y (x) = (Jx| — M)y, we have

n

S (X)) = 3R w0,

k=1

But QWM(Xk) < Q\Xkll[O,v] < Ql[(),v]. Consequently,

> (i) =n |

From (5.13) and (5.14), we infer that

Ry ()
Ou)du.

n (RO
P(nW1(pn, ) > 6x) < —/ Q(u)du,
2x 0

which then proves the proposition in case where g = n.

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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From now on, we assume that ¢ < n. Therefore ¢ = min{k € N : «j x(k) < v} and then
a1,x(q) <v. Recall also that since v is assumed to be strictly less than 1/2 then ¢ > 1. Starting
from (5.10), we notice that

n

IP’(nWl(/L,,,pL)z6x)§]P’( sup Z(f(X;)—E(f(Xl >5x> ZE (|x7])

fEAl i=1
Therefore taking into account (5.14),
P(nWi(ttn, 1) = 6x)

) R (5.16)
<®( sup S(F(X) ~E(F (X)) = 5x ) + —/ () du.
fen; i=1 X Jo
To control the first term on the right-hand side, we first notice that
n [n/qlq
sup Y (£ (X)) —E(£(X}))) < sup > (f(X}) —E(f(X}))) +2(n — [n/qlq) M
fen i fear i
[n/qlq

Z (1X§§t - E(lxlffz))

i=1

dt+2qM.

<.

Using (5.12), it follows that

[n/qlq

> (1< —Edx<))

i=1

p< p 3 () B (X)) = Sx) = P(/R

fenrio

dt z3x).

For any integer i, define
iq
Ui(t) = Z (IX,’cgt - E(IXI’(ft))'

k=(i—1)g+1

Consider now the o-algebras G; = 7, and define the variables 0,~ (1) as follows: 172,~_ 1(t) =
Uzi—1(t) — E(U2i-1(1)|G2¢i—1)—1) and Up;(¢) = Us;(t) — E(U2; (¢)|G2¢i—1y). Substituting U; (¢)
to U; (1), we obtain the inequality

[n/qlq ‘

Z (1x;<r —Eyx <))

i=1

[n/q]

=|2_ Ui
i=1

(5.17)

[n/q] ~
+ Y Uit = Uin)].

i=1

max
MRk (/g1

< max
2<2j<[n/q]

M\

2i— l(t)

Jpoo
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Therefore

1@( sup Y (£(X}) —E(f(X))) = 5x> <Li(n)+ L) + I(n), (5.18)

fehriz

where

[n/q]
Li(n) = (/ZU(t) U(z)\dz>x>

L(n)=P / max dt > x
R2<2j<[n/q]|“

13(n)=]P’</ max ZU2, 10 dt>x)
R 1=2j-1<[n/q]|*

Using Markov’s inequality and stationarity, we get
n n (M
L <~ | E[EQy o |F-g) —EQx )|di =~ | E[E(x F-y) —E(lx <)|dr.
X JR X J-_Mm

Z Ui (1)

But,
SUHEHE(lx/lgl]iq) —EQx <) I, = SuﬂgHE(lgmxl)gzl]iq) —E(guxp=<)|, arx(@+1),
te te

where the inequality comes from the fact that gy, is a nondecreasing function. Therefore,

2n 2n 2n [V
Li(n) s —0Waix(@+ D =—v0W) =— | Q)du. (5.19)
X X x Jo
We handle now the term /5 (n) in the decomposition (5.18). Using again Markov’s inequality, we
get
1 Q@)
I < — Uy (t
2(n) < 2 (/ o) 2<2r;13[xn/q] Z 2i (£) )

By Doob’s maximal inequality,

2 1/2[n/q] 1/2[n/q]

- )
2<2I}1<a[>1<1/q]ZUzz(t) <2 ; 10205 <2 ; U2 ®0)])5-
Now
1/21n/4) 2
2 Z I}Uzz<t>||2<— Z(lx,;g—Eaxif,))
k=1 2
qg—1

<20 ) |B((Lgy xo <t — Egyyxoy<)) (Lgyxpy<i — By 0x<0))|-
k=0
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Note that since gy is a nondecreasing function,
fgﬂgm((lm(xo)sr —ELgy (xo=0)) (Lgwx=r — Egy cxo=0)) |
= fg[g‘E((IXOSt - E(lxosr))(lxkst - E(legt)))‘-

Moreover

SUE}E((lXON —E(lxy>0) (Ix> —E(lx,>0))| < Suﬂg”]E(le>l|]:0) —E(lx,>0) |, =a1.x (k).
re re

On an other hand, the following bound is also valid

IE((Lgy (xo)< = E(gyxoy<n) (Lgu (xo <t — Elgyxp<)))|

= Var(lgM(Xo)il) = min{E(lgM(Xo)Sl)’ IE(lgM(Xo)>l)}'

So, overall, we get

o [ QW (1) 172
h(n) < x—rzl (/0 (Zal,x(k) AP(gum(Xo) > l))

k=0

-1 /2 \2
+ (Zm,x(k) AP(—gu(Xo) = t)) dt)

k=0

o [ e (=] 12 yq-1 12 \2
= x_z(/o (Z(Xl,X(k) AP(1Xo| > t)) + (Zal,x(k) AP(1Xol 3;)) d;) ,

k=0 k=0

We then derive that

3 o) (4=! 1/2\2
Iz(n)sx—z</0 (Zal,x(k)AH(t)> dr

k=0

_ 12 2
8n [ (oW (1= rH®
= F(/O ZA lufﬁtl_x(k) du dt] .

k=0

Using the fact that ZZ;S Ly<oy x(k) = 0‘1_;( (1) A q, we then get

8n Q) H(t) . 1/2 2
h(n) < x—2</0 (vq +/ (a7 x (@) /\n)du) dt)
v

16n 5 16n Q) H(r) ) 1/2 2
sx—zvq(Q(v)) +x—2</0 (/v (otix(u)/\n)du> d;) (5.20)

16n [V 16n o) H(1) 1/2 2
<— Q) du + —2(/ (/ (otl_)l((u) /\n) du) dt) ,
X 0 X 0 v 5
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where for the last inequality we have used (5.12) and the fact that vQ (v) < fov Q(u)du, since Q
is non increasing. To handle the last term on the right-hand side, we proceed as follows. For any
nin [1, 2), we first note that
H() . H() .
/ (a[x(u) /\n) du =/ (a;x(u)/\n)Q”(u)Q_”(u)du
v v

1 H(t)

< (e x ) An)Q"(u)du,

where the inequality comes from the fact that u < H(t) <= t < Q(u), and then u < H(¢t)
implies that Q™7 (u) < t~". Now, since u > v implies that al_;((u) < af%(v), we get

1

H(t)
f (al_;((u) A n) du < tin(aié(v) A n)Z—n/ (ocl_;((u) A n)n_1 0" (u)du.

v

Therefore, since /2 < 1,

Q(v) H(t) 172 2
<f (f (af%(u) /\n) du> dt)
0 v ’

-1 2—n o) 2 e n—1
< (a; x() An) </0 = dt)/(R,,(u)) Ou)du

4

1
= 2—n)? (0‘1_,;((”) A ")2_71 0> (v) / (R,, (u))”_1 Qu)du.

But, by (5.12), (a;}((v) A2V Q27 (v) = RV (v) < x>V . Therefore,

1 () H(t) 1/2 2
;(/ </ (af%(u) A n) du) dt)
0 v ’

4

1
-1
fm/v (Ru)"™ Q(u) du,

which combined with (5.20) gives

6n Y 64n 1 _
L(n) < 7/0 Q(u)du+mfu (Ru(w))” "O(u)du. (5.21)

With similar arguments, we get

16n [V 64n 1 _
I;(n) < 7/0 Q(u)du—l—m/v (R,,(M))" 1Q(u)alu. (5.22)
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Starting from (5.18) and using the upper bounds (5.19), (5.21) and (5.22), we derive that
n
P(fsuf > () B ) =5
A=)

34n 128n

1
/Q(u)du+ T )2/ (Ra(@)"™" Q) du,

which combined with (5.16) ends the proof of the proposition. (|

5.3. Proof of Proposition 3.4
Inequality (3.19) follows from Proposition 5.2 below.

Proposition 5.2. For any n > 2 and any B € (n — 2, 1), there exists a positive constant ¢ such
that, for any positive integer n and any x > 0, the following inequality holds:

n/? n R (x) /2
P(nWl(Mn, u) > x) < CFSZ,,, + W/@ Ry, () Q) du
(5.23)

1
+e—rs 2[ RY?(u) O (u) du,
X n/ R,?l(x)

where
Ry(u) = (min{g e N* 1o x(q) <u} An)Q) and R, '(x)=inf{u €[0,1]: R,(u) < x}.
Indeed,

o0
[nWi (. 0] = p/ xPTIP(nWy (i, 1) > x) dx
0 (5.24)

x
<« nl’/2so’t’7n+/ P P(nW (g, 1) = x) dx.

n1/25a.n

To handle the second term on the right-hand side, we apply (5.23) with n € 2p — 2,2p) and
B € (n—2,2p —2). This gives

o0
/1/2 xPTIP(Wy (i, 1) > x) dx
Sa,n

oo
2 —n—1
<n" sgnf xP7" ™ dx
nl/2s,
a,n

1 00

+n/0 R,'?/Z(M)Q(u)(/o R W) dx)d
! /2 > 2-2

+n /0 R (u)Q(u)(fo xp—"/_lpRnl(x)dx)du.
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Since u < R;l(x) <= x < R, (u), the choice of n and B implies that, for any p > 2,
o0
[ A B Wi a0 2 2)
n'/zsa,n

1
<nPPsf, +n / R W) Q) du,
0
which together with (5.24) give (3.19). Hence, it remains to prove Proposition 5.2.

Proof of Proposition 5.2. We proceed as for the proof of Proposition 5.1 with the following
modifications: in the definition of R, (and then also of v defined in (5.7)), «; x is replaced by
a2 X, and in the definition of ¢ given in (5.11), o1 x is also replaced by a2 x. Assuming first that
either v =1/2 or ¢ = n, we note by following the proof of Proposition 5.1, that the bounds (5.8)
and (5.15) are still valid. In addition since u < Rn_l(x) <— x < R, (u),

R (x) Ry
/ () du sx*ﬁﬂ/
0 0

which combined with (5.8) or (5.15) proves the proposition in case where v =1/2 or ¢ = n.
From now on, we assume that v < 1/2 (so that ¢ > 1) and ¢ < n (therefore ax x(q) < v). The
bound (5.16) is still valid and combined with (5.25) gives

1

(x)
RE2w) o) du, (5.25)

n

E{o 1000 <7 s 3201 (3) - B2 25
fenr ;-
' - (5.26)
2 [ R8P 000 d
xI+8/2 |, n :
As in the proof of Proposition 5.1, the first term on the right-hand side can be handled with the

help of the decomposition (5.18). Clearly since a1 x(q) < a2 x(g) < v, the term I (n) in (5.18)
satisfies the inequality (5.19). Therefore taking into account (5.25), it follows that

2n RN )2
oo = g [ RPwewdu (527)

We handle now the term I (n) in the decomposition (5.18). Using again Markov’s inequality, we
get that for any 1 > 2,
n
dt) |
"

1 Q)
hn) < — /
X1\ J-0w)

Note that (172,- (t))icz (resp. (02,-_ 1(2))iez) is a stationary sequence of martingale differences
with respect to the filtration (Ga;)iez (resp. (G2i—1)icz)- By using the Rosenthal inequality of

J
max Z 02,‘ (1)
i=1

2=2j=In/ql|iZ
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Merlevede and Peligrad [22] for martingales (see their Theorem 6), we get

Ui (t
2<2T3§1/q12 2(0)
[n/q] | k 2\ 1|6 1/(26)
< (n/q)l/"||U2(t)||,]+(n/q)1/’7(z pAESTT Eo((Z Um)) ) ) ,
k=1 i=1 n/2

where § = min{1, (n—2)~'}. Since (Uai (1))icz isa stationary sequence of martingale differences
with respect to the filtration (G;);cz,

k 2 k
Eo((Z Uai (r)) ) =Y Eo(U3)).
i=1 i=l

Moreover Eo(Uzzi 1) < IEO(Uzzl. (2)). Therefore

(%))

By stationarity

k k
Z”EO Uzz(f) Uzzi(t))”n/z"'ZE(Uzzi(I))'

i=1

n/2

k
STEUR0) =k|S,0|3
i=1

where
q

S;0 =) (Ix< —Ely<).

i=1

It follows that

J
2B | 2 OO
i=1 n
(/g1 1/(28)
< /'Sy, + /@) 2] S, 0], + (n/q)”"(z WDi,q(r>) :
k=1

where

k
Diy () =) |Eo(U5; (1) —E(U3 )], -

i=1
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We have

Dig(t) <q? Z sup sup “EO((lx’ < ]E(lxég)) (lxjgz —E(ly .,))
i—1 J=t=@2i-Dg+11eR j

- ]E((IXLSt - E(lxgs))(lx’,sz - E(IX}st))) Hn/z

<q22a2 (ig +1).

where we have used the fact that gjs is nondecreasing for the second inequality. Since 8 < 7,
Holder’s inequality gives

k 2/n
Dy g (1) < q*k=P)/m (Zim—laz,x(iq + 1)) :
i=1

Therefore, since 8 > n — 2,

00 i/ njgl 1/28)  \ 7
———— Dy, (1)° dt

., g -prin\ VOO
<ng" Q"W Y Sy > PPy x(ig + 1)

k=1 i=1
[n/q]

<ng" Q") Y PP e x(ig + 1).
i=1

Note that since y < a;;((u) < o x(y) > u and a2 x(q) <,

[n/q] [n/q]
Z P12 1a2X(lq+1)_ Z P2 lf M<a2,x(iQ+l)d”

[n/q]

2—-1 —B/2 -1 B/2
/O Z B/ lz<q_'azx(u)du<q P /() ( 2,X(u)/\n) du.

i=1

Q(U) nl/n [n/q] 1 1/(23) n
—_ Dy, (t) dt
</—Q(v) ql/n <Z kl+25/r »q

< nq"fl*ﬁ/zQ”(v)/ (ot x () An)ﬁ/zdu.
b 2

Hence,
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Using (5.12) and the fact that u < v <= Q(v) < Q(u), we infer that
00 4 [n/q] 1 1/(28) n .
— 8 n—p/2—1
(f 0w ql/n <Z K 14+28/r Dy 4 (1) ) dt) L nx [) Ry “(w)Qwm)du. (5.28)

On another hand, since

g—1

IS5 @) H; <29 Y [E((Lgyxor=r — EQ gy xoy<) (Lewxp=r — EQgyxp<0))]-
k=0

proceeding as to bound /> (n) in the proof of Proposition 5.1, we infer that

ow p1/2 Z )
</ oo Wnsq(z)uzdz) <n"sl . (5.29)
-0

We prove now that

Q(U) ,
(f » ql/n " 15,0 dr)

(5.30)
'y Lo
<<nx’7—ﬁ/2—1/ RE/ (u)Q(u)du+nx’7/2_1f R () Q(u) du.
0 v
With this aim, assume first that we can prove that
O 12 QW) s/ rH(®) . 02 1/n
/ |S;0]l, dt <q / </ (05 x () A q) du> dt, (5.31)
—0(®) 0 0
then
oW ,
(/ T ||S @ | dr) L A(n) + B(n),
—0®)
where

A(n) =nvg"'Q"(v) and

o) H() P 1/n n
B(n)=nq"/2‘<f (/ (ay k@) A gq)" du) d;) dx.
0 v ’

Using (5.12), the fact that u < v <= Q(v) < Q(u) and that u < R;l(x) =v < x < R, (),
we successively derive

An) < nx" Q) <<nx'7*‘/v O(u)dx <<nx"*/’/2*1/URE/Z(M)Q(u)du. (5.32)
0 0
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On the other hand, since u < H(t) <= t < Q(u), we have

1 Q(v) 1 H() 1 2 n/2s] 1/n n
B(n) < nq" (/0 m(/ (az,x(”) /\C]) Q" (u) du) dt)
v

1
<<n(qQ(v))"/2_1/ (o5 G0) A )" QM2+ () du.
v
Using (5.12), it follows that

1
B(n) < nx"2"! / R () Q) du.

v

This last upper bound together with (5.32) show that to prove (5.30) it suffices to prove (5.31).
To prove this moment inequality, we use Corollary 2 in [6]. Since, for any ¢ € R, |1 Xp<t —
E(IX(/)S,)| <1, this gives

/ o N
|Se O, =< v2an A (r'wnag)" du)

where Y (¢) = lgM(Xo)Sl — E(lgM(Xo)St) and

o
y =) Ly with y () = [Eo(Lgy o= — EQgyoxn=) |-
k=0

Since gp is nondecreasing y (k) < oy x(k) < ap x(k) in such a way that y_l(u) < a;((u).
Moreover, for any ¢ € R,

[y @), =2P(gm(Xo) < 1)P(gm(Xo) > 1) <2F(1)(1 — F (1)),

where F is the distribution function of X¢. All these considerations end the proof of (5.31).
So, overall, we get

v 1
h(n) < x50 4 nx P2 / REZ () Q(u) du + nx—7/*! f R (u)Q ) du.
0 v
With similar arguments, we can prove that
v 1
I3(n) < x7"2sh 4 nx P / REZ W) Q) du + nx—"121 f R (u)Q(u) du.
0 v

Therefore starting from (5.18) and taking into account (5.27), (5.33) and (5.33), it follows that

#2001 - (0 = 1)

fehi

v 1
<<x_”n’7/2s2’n+nx_ﬂ/2_1/ R,f/z(u)Q(u)du+nx—"/2—1/ R (u)Q(u) du,
0 v

which combined with (5.26) ends the proof of Proposition 5.2. (]
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6. Weak convergence of partial sums in L!(m)

Let (S, S, m) be a o-finite measure space such that ]LI(S, S, m) is separable. In what follows,
we shall denote by L1(m) the space LS, S, m).

We use the notations of Section 2. Let Yy = {Yy(¢), t € S} be a random variable with values in
LL!(m), such that

/”Yo(t)Hlm(dt) <oo and /Yo(t)m(dt)zo.

Define the stationary sequence Y = (Y¥;)jez by Yi=Ypo T I and let
n
Sp=Y_Yi.
k=1

6.1. Previous results

If Y is a sequence of i.i.d. random variables, Jain [19] proved that n~1/28, satisfies the CLT (.e.,
converges in distribution to an L!(m)-valued Gaussian random variable) if and only if

/ [Yo()]|,m(dr) < oo. (6.1)

Using a general result by de Acosta, Araujo and Giné [4], Dédé [5] proved that the CLT
remains valid under (6.1) for stationary and ergodic martingale differences (meaning that Y is
Fo-measurable and E(Y;|Fg) = 0 almost surely). Starting from a martingale approximation, she
proved then that, if Y is ergodic, the CLT holds as soon as (6.1) holds and

> / | Po(Yi(®)) | ym(dt) < oo, (6.2)

keZ

where Po(Yy (1)) = E(Yr ()| Fo) — E(Yx ()| F-1).

In a recent paper, Cuny [3] has given many new results concerning the behavior of partial sums
of dependent sequences in Banach spaces of cotype 2. Among these results, he showed that, if Y
is ergodic, Yy is Fp-measurable, (6.1) holds and

E(S, | F
Zf I (n3|/20)”2m(dt) < o0, 6.3)

n>0

then the CLT and the weak invariance principle (WIP) hold. By WIP, we mean that the partial
sum process {n_l/ 2 Sinr)» t € [0, 1]} converges in distribution to an LY (m)-valued Wiener process
in the space Dr,, () ([0, 1]) of IL! (m)-valued cadlag functions equipped with the uniform metric.
As usual, an L' (m)-valued Wiener process with covariance operator A is a centered Gaussian
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process W = {W,,t € [0, 1]} such that E(]|W;||
L>(m),

il(m)) < oo for all ¢ € [0, 1] and, for all f, g in

COV(/ f(M)Wz(u)M(du),/g(u)Ws(M)m(du)> = min{s, 1}A(f, g)

(as usual, we identify a function f in IL°°(m) with an element of the dual of LY(m), and A is
then a bounded symmetric bilinear operator from LL.°°(m) x L°°(m) to R).

Note that Cuny [3] also proved that the WIP holds under (6.2), and that the almost sure invari-
ance principle with rate o(+~/n Inlnn) is true if either (6.2) or (6.3) holds.

The condition (6.2) is the L' (m) version of Hannan’s criterion [17], and the condition (6.3) is
the L! (m) version of Maxwell-Woodroofe’s criterion [21]. If Yy is Fp-measurable, both criteria
hold as soon as

21
Z k—I/”E(Yk(t)U-'O) |,m () < oco. (6.4)
k=0 +

As shown in [3], if either (6.2) or (6.3) holds, there exists a stationary and ergodic sequence of
martingale differences (D;);cz with values in L (m), such that, setting M,, = ZZ: 1 D,

max /\Sk(t) — Mi(t)|m(dt)

1<k<n

=o(v/n).
2

In the next subsections, we shall rather look for a martingale approximation in L', in the spirit
of Gordin [15]. Our criterion will not be directly comparable to either (6.2) or (6.3), but its
application to the empirical distribution function of «-dependent sequences will lead to weaker
conditions (see Section 7 for a deeper discussion).

6.2. A central limit theorem in L. (m) for non-adapted sequences

In this section, we give an extension of Gordin’s criterion [15] for the central limit theorem to
L!(m)-valued random variables. For the sake of readability, we denote by E; (-) the conditional
expectation with respect to F; = T " (Fo).

Theorem 6.1. Assume that, for m almost every t, the series

0

U(t):ZIEO(Yk(t)) and V() =— Z (Yi(t) — Eo(Yi(0))) (6.5)

k=1 k=—00

converge in probability, and let

Do(t) =Y (Eo(Yi()) —E_1(Yk(1)) and My(t)=)_ Do(t)oT".

keZ k=1



2114 J. Dedecker and F. Merlevede

If
f”U(t) + V()| ,m(dr) < oo, (6.6)
then
M, (t
/H— () m(dt) = 0. (6.7)
}’l*)OO 1
If moreover, for m almost every t,
1
C(t) =liminf —E(|S,()|) <oo and /C(t)m(dt) < 00, (6.8)
n— 00 ﬁ
then
/ | Do(0)]| ym(dt) < o0, (6.9)
and for any (s1, ..., sq) in [0, l]d, the random vector n’l/z(S[ml], e S[md])t converges in dis-
tribution in (]L1 (m))d to the Gaussian random vector (Wy,, ..., W), where W is the ILi(m)-

valued Wiener process W with covariance operator A defined by: for any f, g in Loo(m),
A(f,8)= E(/ f(t)g(S)Do(t)Do(S)m(dt)m(dS)>. (6.10)

Proof of Theorem 6.1. We first state the following intermediate result:

Proposition 6.1. Assume that, for m almost every t,
Yo@) =Do(t)+Z(t) —Z(t)o T, (6.11)

where Do(t) is an Fo-measurable integrable random variable such that E(Do(t)|F-1) =0 al-
most surely. Let then M, (t) =Y ;_, Do(t) o Tk, If

/HZ(t)H]m(dt) < 00, (6.12)
then (6.7) holds. If moreover (6.9) holds, then the conclusion of Theorem 6.1 holds.

Before proving Proposition 6.1, let us continue the proof of Theorem 6.1. Note first that, if
(6.5) is satisfied, then (6.11) holds, with

Do(1) =) (Eo(Ye()) —E—1(Ye()) and

keZ
—1

Z(r)—ZE (@) = D (Ye@) —E—1 (Y (0))).

=—00
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Now, if Z(¢) is defined as above, the conditions (6.6) and (6.12) are the same. Hence, it follows
from Proposition 6.1 that (6.7) holds as soon as (6.12) is satisfied. The second part of Theorem 6.1
will follow from Proposition 6.1 if we prove that (6.8) implies (6.9). By (6.6) it follows that

Z(t
lim @ =0 for m-almost every . (6.13)
n—o00 ﬁ
Since S, (1) = M, (t) + Z(t) — Z(t) o T", we infer from (6.13) that, for m almost every ¢,
M, (t S (¢
fiming MO _ g 15Ol (6.14)

n—00 ﬁ n—00 Jn

From (6.14) and (6.8), it follows that, for m almost every ¢,

M, (t
C@) =1iminfM <00

n—o0

Now, applying Theorem 1 and Remark 1.1 in Esseen and Janson [13], we deduce that, for m

almost every ¢,
Dol = 3w,

so that (6.8) implies (6.9). This completes the proof of Theorem 6.1. O

Proof of Proposition 6.1. Since S, (1) = M,(t) + Z(t) — Z(t) o T", it follows that

/‘ Su(t)  Mu(0)
NN

and (6.7) follows from (6.12).
Now, let d be a positive integer, and let f be a separately Lipschitz function from (IL! (m))¢
to R. This means that there exists non-negative constants ci, ..., ¢g such that

2
1m(dz) < E/HZ(I)Hlm(dt),

d
|fG1 ) = fOn sy | ) e /|x,-(t) — yi(@)|m(d1).
i=1

For such a f and any (s, ..., sq) in [0, 1]‘1, we get that

Stnsi] Stnsa1 \ ) _ Mins)) Mins)
E(r (T 22)) -2 (- 25))
d
) S[ns,v](t) _ M[ns,-](t)
f;/ H NN

and it follows from (6.7) that

: Snsi] Stnsal |\ _ Mins ) Minsa1 \\| _
(5 S0) (e B0

m(dr),
1
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Now, when (6.9) holds, Cuny [3] proved that the process {n’l/ 2M[m],t € [0, 1]} converges in

distribution in the space Dr,, 4,)([0, 1]) to an Ly (m)-valued Wiener process W, with covariance
operator A given by (6.10). Together with (6.15), this completes the proof of Proposition 6.1. [J

6.3. An invariance principle in L1 (i) for adapted sequences
In this subsection, we assume that the random variable Y is Fp-measurable.

Theorem 6.2. Assume that, for m-almost every t, the series U(t) defined in (6.5) converges in
probability. Assume also that, for m-almost every t, the series

Z Yo(HEo(Yi (1)) (6.16)
k=0
converge in LY, and let
L(t) = sup Z Yo()Eo (Y ()| - 6.17)
=29 k=0 1

If moreover [ ||U (1) im(dt) < oo and

/,/L(r)m(dt) < 00, (6.18)

then {n_1/2S[m], t € [0, 11} converges in distribution in the space Dy, ) ([0, 11) to an Ly (m)-
valued Wiener process W, with covariance operator A defined by (6.10).

As an immediate consequence of Theorem 6.2, the following corollary holds.

Corollary 6.1. Assume that

/ Z”max{l,

k=0

Yo)|}|Eo(Ye(®)|[|,m(dr) < oo. (6.19)

Then the conclusion of Theorem 6.2 holds.

Remark 6.3. Under the assumptions of Theorem 6.2, we shall prove that the sequence

2
T, = 1(lm]flx / |Sk(t)|m(dt)) (6.20)

n

is uniformly integrable (see Lemma 6.1 below). By standard arguments, this implies the follow-
ing extension of Theorem 6.2: let ¥ be any continuous function from (D, () ([0, 11), || - lls0) to
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R such that |y (x)| < C(1 + ||x ||C2>o) for some positive constant C. Then

lim E<¢<%)> =E(y(W)).

n—oo

In particular

2
lim E(7,) =E<<max /|W,(s)|m(ds)> )
n—oo tel0,1]

Proof of Theorem 6.2. Note first that, in this adapted case, all the conditions of Theorem 6.1
are satisfied. Indeed, since for m almost every ¢ the series (6.16) converge in !, it follows that
the series Y _po Cov(Yo(?), Yk(7)) converge, and then

lim M=Var(Yo(z))+2§:Cov(Yo(z) Yi(1))
- , .

n—o0
k=1

Now, by definition of L(z),

Var(Yo(1)) +2 ) Cov(Yo(t), Ya (1)) < 2L(1).
k=1

Hence, the condition (6.8) follows from (6.18) and the fact that

C(t) < | Var(Yo(n)) +2)  Cov(Yo(t), Ya(1) < v2L().

k=1

So, the conclusion of Theorem 6.1 holds with the covariance function defined by (6.10).
As usual it remains to prove the tightness, which reduces through Ascoli’s theorem to: for any
e>0,

1
lim lim sup —]P’( max ]/|Sk(t)|m(dt) > ﬁg) =0.

=0 n—soo 1<k=[né

But this follows straightforwardly from Lemma 6.1 below by applying Markov inequality at
order 2. The proof of Theorem 6.2 is complete. t

Lemma 6.1. Assume that, for m-almost every t, the series defined in (6.16) converges in L.
Assume moreover that the function L defined in (6.17) satisfies (6.18). Then the sequence (T},),>1
defined in (6.20) is uniformly integrable.

Proof. We first note that, for any positive random variable V,

2 2
E((lmlflx /|Sk(t)|m(dt)) v) §E<</«/V1mkax |Sk(t)|m(dt)> >

= ([ 17 s o] an)
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Taking V =17, ~ », we obtain that

E(Tu17,-u) < %( / | (lréll?;(n‘sk(f)DlTpMHzm(df)>2- (621)

Applying Inequality (3.12) in [9] with A = 0, we get that

< 16nL(1). 6.22)

Yi(t) ZEk(mn)‘
i=k 1

2 n
msolf,s 103

Using (6.18), (6.21), (6.22) and the reverse Fatou lemma, we infer that

hm limsup E(T,17,~m) =

M—00 p—soo

as soon as, for m-almost every ¢,

lim limsup
M—00 p—soo

1
ﬁ<lm]?x }Sk(t)\)lTPM H —0. (6.23)
<k=<n 2

It remains to prove (6.23). In fact this follows quite easily from Proposition 1 in [9]. Indeed,
since for m-almost every ¢, the series defined in (6.16) converges in L!, it follows from this
proposition that the sequence

! (max |Sk(t)|>

1<k<n

is uniformly integrable for m-almost every 7. Hence, (6.23) holds as soon as

11m limsupP(T,, > M) = (6.24)

M—00 p—soo

Now, applying (6.21) and (6.22),

P(T, > M) < E(T) (/,/L(z m(dt))

and (6.24) follows. This completes the proof of Lemma 6.1. ]

6.4. An invariance principle in LL; (m) for the empirical
distribution function

In this subsection, S = R, and m is a o-finite measure on R equipped with the Borel o-field.
As in Section 2, let Xy be an JFy-measurable and integrable real-valued random variable with
distribution function F'. Define the stationary sequence X = (X;);cz by X; = Xgo T, and denote
by Fx, |7, the conditional distribution function of X given Fy.
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The random variable Yy is then defined by Yy (t) =1x,<; — F'(¢), in such a way that
n
k=1

where F,, is the empirical distribution function of {X1, ..., X, }. Note that Yy is a L!(m)-valued
random variable as soon as E(| Xy|) < co.

Theorem 6.4. Assume that

/ > | Fx7 @) — F@)|| m(dt) < oc. (6.25)

k=0
Then {n_l/ZS[ns], s €10, 11} converges in distribution in the space Dy, ([0, 11) to an L1 (m)-
valued Wiener process W . Moreover the explicit form of the covariance operator of W is obtained

via equation (6.10) of Theorem 6.1 by taking Y (t) =1x,<; — F(1).

When applied to o-dependent sequences as defined in Section 2, Theorem 6.4 yields the fol-
lowing result.

Proposition 6.2. Let B(t) = F(¢t)(1 — F(t)). The condition

/ Y " min{a; x (k). B(1) }m(dr) < o0 (6.26)

k=0

implies the condition (6.25), and hence the conclusion of Theorem 6.4. Moreover, the covariance
operator A of W can be expressed as follows: for any f, g in Lo (m),

Alf. 8) = ZE<// F®gs)(Ixo= — F(0) (1xss — F(S))M(dt)m(dS))~ (6.27)

keZ

Proofs of Theorem 6.4 and Proposition 6.2. Theorem 6.4 is a direct consequence of Corol-
lary 6.1 applied to the random variables Yy (t) = 1x,<; — F(t). More precisely, since |Yo(2)| <1,
the criterion (6.19) is exactly the criterion (6.25).

It remains to prove Proposition 6.2. We first quote that condition (6.26) implies (6.25): this
follows easily from (5.2) and (5.4). It remains to prove that the covariance operator A given
in (6.10) can be expressed as in (6.27). As usual, we identify a function f in .°°(m) with an
element of the dual of L' (m), and we write

f(Yk)=/f(t)Yk(t)M(dt)~
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By Remark 6.3, we know that, for any f in L>°(m),

1
Jim B((£(50)°) =E((f(W0)’) = ACf. ). (6.28)
Now, if we can prove that, for any f, g in L.°°(m),
> |Cov(f (Yo), g(Y1))| < o, (6.29)
keZ

then the series

A(f,8) =) Cov(f(Y0),g(Yx))

keZ

is well defined, and
1 _
Jim ~E((£(50)°) = AU ). (6.30)

From (6.28) and (6.30), we infer that, for any f in L>°(m), A(f, f) = A(f, f). Applying this
equality to f, g, and f + g it follows that, for any f, g in L°°(m),

A(fv g) = 1_\(](’ g),

which is the desired result. To prove (6.29), we first note that

|Cov(f(Y0), e(Y0)| < I flloollglloo // |(xg<: = F(0))Eo(1x,<s — F(5)) || ;m(dr)m(ds).

Now

|(1xo<: — F())Eo(1x,<s — F(s))|, <minf{oy x(k),2B(1),2B(s)}.

Hence

> 1Axp<t — FO)Eo(1x,<s — F)) |

k=0

< 2J > " min{o; x (k). B(t)}J > “min{o; x (k). B(s)}.

k=0 k=0

This implies that

keZ k=0

~ 2
> | Cov( £ (¥o). g(Y))| < z||f||oo||g||oo< / J > min{a; x (k). B(r)}m(dz)> ,

and (6.29) follows from (6.26). This completes the proof of Proposition 6.2. ]
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7. Quantile conditions

As a consequence of the results by Dédé [5] or Cuny [3] (see the condition (6.4) of Section 6.1)
we know that the conclusion of Theorem 6.4 holds as soon as

o0

1
> ﬁ/” Fx, 7@ — F(O)| ,m(dt) < co. (7.1)

Moreover, it follows from [3] that the condition (7.1) also implies the strong invariance principle.
Let B(¢) = F(t)(1 — F(t)). As quoted by Dédé (2009), the condition (7.1) is implied by

ZW/\/mln a1 x(k), B(t)}m(dt). (7.2)
k=0

The conditions (6.26) of Proposition 6.2 and the condition (7.2) are not easy to compare. How-
ever, if either m has finite mass or X is bounded, then (6.26) is equivalent to

o
> e x(k) < o0 (7.3)
k=1
and (7.2) is equivalent to
o0
k
Z 0!1,2( ) - oo (7.4)

Hence, in that case, the condition (6.26) is weaker than the condition (7.2), and is in fact equiv-
alent to the minimal condition to get the central limit theorem for partial sums of stationary
«-dependent sequences of bounded random variables.

We shall now focus on the case where m = A is the Lebesgue measure on R. In that case, the
condition (7.2) is equivalent to

Zm i \/min{al,x(k),H(z)}dt, (15)
k=0

and the condition (6.26) is equivalent to (3.1). We shall see that the condition (3.1) is always
weaker than the condition (7.5). The first step is to express (3.1) and (7.5) in terms of the quantile
function of Xy, as done in [11] for the invariance principle of stationary «-mixing sequences.
More precisely, we shall compare the three following conditions:

1
/ a_l(u)Qz(u) du < 00, (7.6)
0

1 —1
f o« WOW 1, <o, 1.7

0 /[y e (x)dx
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f¢wwwwd
0 Ju

00, (7.8)

where for simplicity we denote by a~! the function “f%{ defined in (3.15). The condition (7.6)

has been introduced by Doukhan, Massart and Rio [11], but in that paper the function ! is de-
fined with the o-mixing coefficients of Rosenblatt [24]. These authors showed that (7.6) implies
the functional central limit theorem for the Donsker line

[nt]
1
{ﬁ Y (X —EXp).1 €0, ”}’
k=1

and that it is optimal in a precise sense. The optimality of this condition has been further dis-
cussed in a paper by Bradley [2]. The fact that, for ergodic sequences, this functional central
limit theorem remains true with the much weaker coefficients o x(k) is a consequence of a
result by Dedecker and Rio [9].

Concerning these three quantile conditions, our first result is Proposition 7.1 below.
Proposition 7.1. The following equivalences hold:

1. The condition (7.6) is equivalent to
00 o
/ t(Z min{a; x (k), H(t)}) dt < . (7.9)
0

k=0

2. The condition (7.7) is equivalent to (3.1).
3. The condition (7.8) is equivalent to (7.5).

The hierarchy of these quantile conditions is given in Proposition 7.2 below.
Proposition 7.2. The following implications hold: (7.8) = (7.7) = (7.6).

Remark 7.1. At this point, it should be noticed that these three conditions are in fact very close.
Indeed, by a simple application of Cauchy—Schwarz inequality, for any b > 1/2,

Ja T @ 0w
7.6
o= ff|1+1n(u>|b

and the condition on right-hand side is a slight reinforcement of (7.8).

u < oo

Proof of Proposition 7.1. Assume that ), a1 x(k) < co. Then the function S defined on R*
by -

S(@t) = Zmin{al,x(k), H(t)} (7.10)

k=0

is finite and non-increasing.
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Proof of Item 1. By a simple change of variables, we see that the condition (7.9) is equivalent

to

/OOS(ﬁ)dz < 00.
0

Since

% ol HO
S(¢)=Z/ 1u§min{a],x(k),H(:)}du=/ o (u)du,
0 0
k=0

it follows that

00 oo 1
fo S(ﬁ)d::/o (fo a—l(u)1u<Hmdu> dt
1 00
=/0 a_l(u)</0 1t§Q2(u) dt) dl/l

1
= / o Nu) Q% (u) du,
0

which concludes the proof of Item 1.
Proof of Item 2. Starting from (7.11), it follows that

00 S 00 H(r)
/ > “min{oy x (k). H(t)} dt =f f a~l(u)dudt.
0 =0 0 0

Let

Gy(x) = //()xal(u)du.

) o0 oo prl
/ Zmin{al’x(k), H(l)}dl = [ / lvfGa(H(t)) dvdt
0 \r=o o Jo

1 poo
=/0/0 Licoy'wy a4V

1
:/ Q0G, ' (v)dv.
0

From (7.12), we infer that

Making the change of variables u = G;l (v), the result follows.

(7.11)

(7.12)
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Proof of Item 3. Note first that

00 oo 1
/O \/min{al,x(k),H(t)}dtzfo (/0 1u2§a1‘x(,()1u2§mt)du>dz (7.13)

1
= /0 0(1),2q, to dt. (7.14)

Now u? <« 1.x(k) ifand only if k < o~ ' (u?). Hence, there exists two positive constants A and B
such that

1

A,/a‘l(uz) < Z Loy ) < B,/a_l(uz).

o VK '

Finally

00 00 1
];%/O \/min{al,x(k),H(t)}dmoo iff A,/a*l(uz)Q(uz)du<w.

Making the change of variables v = 2, the result follows.

1

Proof of Proposition 7.2. Since the function o™ is non-increasing, one has

u
/ a_l(x)dx > uoz_l(u),
0
which proves that (7.8) implies (7.7).
It remains to prove that (7.7) implies (7.6). By Proposition 7.1, it is equivalent to prove

that (3.1) implies (7.9). If (3.1) holds, then the function S defined on R* by (7.10) is finite
and non-increasing. Hence, using again (3.1),

t 00
t S(l)§2/ VS(@s)ds <C, WithC:Z/ VS(s)ds.
1/2 0

Consequently ¢S(¢) < C+/S(¢), proving that (3.1) implies (7.9). O

7.1. Sufficient conditions

In this subsection, we give some simple conditions on o x(k) and H under which (7.7) (and
hence (3.1)) is satisfied.

Proposition 7.3. The following conditions imply (7.7):
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1.

(o1 x (k))(P=2/2p=1))

p
E(IXol”) <oco  forsome p>2, and Z D) < 00.
k>0
2.
k) (P—2)/2p)
H(t)= O(t_p) for some p >2, and Z (1x(k)) < 00.
k>0 \/E
3.
= (a=1)/Qa) 1
/ (H(t)) dt <oo and o)x(k)= O(k—a> for some a > 1.
0
4.

00 1 —(a—1)/2 |
In{14+—— d d k=0 ——— 1.
/(; (n( + H(t))) t<oo and oayx(k) <k(ln(k))“> for some a >

5

/oo‘/H(t)|ln(H(t))|dt <oo and ayx(k)=0(a*)  forsomea <1.
0

Proof of Proposition 7.3. Proof of Item 1. Since (7.8) implies (7.7), it suffices to prove that
Item 1 implies (7.8). Applying Cauchy—Schwarz, we obtain that

/<1 \/(XT(M)Q(M) < (/1 Q(u)pdu>1/.l’</l(a—l(u))p/(z(P—l))du)(l’—l)/l"
0 Vu ~\Jo 0 u

Since E(| X¢|?) < oo, the first integral on right hand is finite. It remains to prove that

fl <a—l(u))ﬁ/(2(P—1))
du < oo.
0 u

By definition of o™, this is equivalent to

o x(6)
ka/a(p—l))/ PP gy < oo
= a1 x (k+1)

The last condition means exactly that

ka/(Z(p—l))((al X(k))(p—Z)/(Z(p—l)) _ (m.x(k + 1))(17—2)/(2(/7—1))) < o0,
k>0

which is equivalent to the condition of Item 1.
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Proof of Item 2. Again, it suffices to prove that Item 2 implies (7.8). Now, the condition H (t) =
O(t™P) is equivalent to Q(u) = O (u~Y/P). Hence, the condition (7.8) holds as soon as
[} e

1/p+1/2 du < 00.

By definition of !, the last condition means exactly that

>V ((e1x®) PP (o xk+ 1) PP <o,

k>0

which is equivalent to the condition of Item 2.

Proofs of Item 3, 4 and 5. For the proof of these points, we start from condition (3.1) which is
equivalent to (7.7). Since we can control the behavior of o1 x(k), we can give upper bounds for
the function S defined by (7.10).

If oy x (k) = O (%) for some a > 1, then S(1) = O ((H (1))@~ V/4).

If o1 x (k) = O(W) for some a > 1, then

1 —(a=1)/2
S(Z):O((ln(lﬁ—m)) )

If a x (k) = O(a*) for some a < 1, then S(t) = O (H (t)|In(H (1))]).
Item 3, 4 and 5 follow from these upper bounds and condition (3.1). (]
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