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In this paper, we give variational representations for decay parameters of Markov chains. In continuous-time
cases, the representation involves Donsker—Varadhan’s famous /-functional, from which some dual repre-
sentations are given, which are expected to he useful in estimating the lower and upper bounds of the decay
parameter. As a consequence, dual representations for decay parameters of discrete time Markov chains are
derived. For continuous-time chains with finite states, we also give another form of dual formulas, which
can be regarded as a version of the one for the Perron—Frobenius eigenvalue, with nonnegative matrices re-
placed by Q-matrices of the chains. Connections with quasi-stationarity and quasi-ergodicity of absorbing
Markov chains are discussed. An interpretation for the corresponding variational solutions is given.
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1. Introduction

Let P(t) = {P;j(t),i,j € E,t > 0} be a standard transition functions on a countable state
space E, that is, it has the following properties:

(i) P;j(t) > 0and lim; .o P;;(t) =6;; = P;;(0) Vi, j € E.
(ii) ZjeE Pij(t)<1forallt>0,i€E.
(iii) (Chapman—Kolmogorov equation, or the semigroup property)

Pij(t+s)=)Y Px(s)Pj(t)  foralls,t>0andi,jeE.
keE

P () is said to be conservative or honest if ZjeE P;j(t)=1foralli € E and all ¢ > 0. In this
case, it is well known that there is a Markov chain X = {X,, ¢t > 0} on E, with transition function
P@).

If P(¢) is non-conservative, we add an extra state, say 0, to E, and extend P (¢) to E=EU {0}
so that the extension, still denoted as P (¢), is conservative on E. Then we have a Markov chain
X ={X;,t>0}on E with transition function P(t), and 0 is an absorbing state of X.

TLCorrc:sponcling author.

1350-7265 © 2017 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
http://dx.doi.org/10.3150/16-BEJ804
mailto:jchen@math.tsinghua.edu.cn
mailto:liht0618@163.com
mailto:jiansiqifrank@163.com

Decay parameter of Markov chains 2059

Remark 1.1. (1) In this paper, we specify E tobe {1,2,..., N} with N < oo;
(2) It is well known that if P (¢) is a standard transition function on E, then for eachi € E,

Pii(t) >0, Vvt >0,

and for any i, j € E with i # j, either:

(2a) P;j(t) =0Vt >0, or
(2b) Pij(l‘)>OVI>O,

cf. [7], Theorem 1.3, see also [1]. In this paper we assume (2b) for every pair i # j in E (in this
sense, we may call P (z), or equivalently the chain X, irreducible on E).

Under the above assumptions, a fundamental result proved in [17] is that there exists the limit
1

—A1 = lim —log P;; (1), (1.1)
=00t

which is independent of i and j. If the chain X is transient or null recurrent on E, then for each
pairi, j € E withi # j,
Pij(t) < Cije™"  Vt>0

for some constant C;;. In each of these cases, A1 characterizes the exponential decay rate of the
process, thus is called the decay parameter of P(¢), or equivalently of the chain X. It is of the
same significance as the exponential ergodic rate for an ergodic chain. If the chain X is ergodic
with the unique stationary distribution 7, denote by A} the largest constant for which

| Pit) = 7| gy < Cie™1" W20

for each i € E with some constant C;, where ||u|Ty denote the total variation of the signed
measure (. A is shown to be closely related to the spectral gap of the corresponding generator
of the chain, and has been well studied. To be more precise, let Q be the matrix of transition rates
of the chain (called the Q-matrix, see [1], page 64, for its definition and for more details). If the
chain is conservative, then 0 is a trivial eigenvalue of Q. Let o* be the spectral gap of Q. It is
proved that if the chain is reversible, then

Al=0o",

with equality holds in certain specific cases, see [4], Chapter 9, [5], Chapter 8, [6,9] and the ref-
erences cited therein. To see the significance of A in the non-conservative case, we first focus on
the case of finite E. If we denote by p the Perron—Frobenius eigenvalue of the nonnegative matrix
e?, then it is easy to check that A; = — log p. Furthermore, since Q is a Metzler—Leontief matrix
(cf. [24], page 45), it is shown that A is the principal eigenvalue of —Q: A; is an eigenvalue
of —Q, and any other eigenvalue A satisfies that ReA > Aj. The well-known Perron—Frobenius
theorem gives further significant results:

(i) For the Perron—Frobenius eigenvalue p of a nonnegative (finite) matrix P, there exist the
strictly positive left and right eigenvalues w’ and v which are unique up to constant multiples.
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(i) If P is primitive, then

lim p " P" =wu (1.2)
n—oQ
see [24], Chapter 1. As for the case of infinite E, see Theorem 2.3 in the Section 2.1. It is also
noted that A1 is closely linked to the principal eigenvalue of the generator of the process. To
describe it, define

1 P(t
= lim 2IPOl

t—00 t

(1.3)

where || P(¢)]|, is the norm of the operator P (¢) on Cp(E). Then the spectrum of — Q is contained
in {A : Re A > A*}. From the definition of 1] it can be easily seen that

A > AR (1.4)

In many typical cases, A* is really in the spectrum. In such cases, A* is regarded as the principal
eigenvalue of — Q. The simplest but nontrivial case is the one where E is finite, as we have just
discussed. In this case, the equality holds in (1.4). Another typical case is that when E is an open
set with compact closure in some connected manifold, and P (¢) is the semigroup associated with
a certain elliptic second order differential operator L on E with Dirichlet boundary conditions.
In this case, it is shown in [14] that A* is in the spectrum of —L and represents the decay rate of
P(t). Besides, it is also known that A is relevant to existence of a quasi-stationary distribution
(QSD) of the process (cf. [27] and [20]). Thus computation or estimate of 1| is of great interests.
A classical result is for the Perron—Frobenius eigenvalue p of a nonnegative matrix A = (a; ),
which provides two variational formulas for p in dual form:

TN D) i juj
p = supinf =< = inf sup =L~ (1.5)
u>0 i Xi u>0 ; u;

(cf. [24] or Appendix D in [22]). An extension to the case of an infinite £ will be given in
Section 4, see (4.7). A number of papers had worked on representation for A; in continuous
time cases, some powerful formulas were obtained in certain concrete cases. For example, for a
birth—death process with birth rates {b, } and death rates {d,}, it was proved in [26] that

. bn—ldn
A1 = supinfy b, +d, — — Up+1 (s (1.6)

ueld " Up

where U = {u = (u;, j > 1) :u; >0V > 1} is the set of all strictly positive functions on E. This
variational representation can provide good lower bounds for Aj. [8,9] and [6] provide some other
representations and powerful approximation procedures for Aj.

The aim of the present paper is to provide representation for A; for more general chains. The
formula we are going to derive is motivated by the fundamental works of [13] and [14]. It is
proved in [13] that if L is an elliptic second order differential operator L on a compact metric
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space E, and P () is the associated semigroup, then for any continuous function V on E,

—Av = sup [/Vdu—l(u)], (1.7)

neM;(E)

where Ay is the principal eigenvalue of L + V, M (E) is the space of probability measures on E,
and 7 is defined by

. Lu
I(u)=— inf /—du, (1.8)
ueD(L)* u

where D(L) is the domain of L and D(L)" = {u € D(L) : infy u(x) > 0}. A similar formula
is proved in [14] when E is an open set with compact closure in R? (or in a more general
connected manifold without boundary), and L is an elliptic second order differential operator on
E with Dirichlet boundary conditions. The significance of (1.7) is that it generalizes the following
classical variational formula for Ay when L is self-adjoint w.r.t. a measure v on E:

—Ay = sup U Vtdv + (Lf, f)] (1.9)
FEL2).]fl=1

The formula (1.7) involves the functional I which is typically used as the large deviation rate
function for the family {L;, t > 0} of empirical measures of a Markov process {X;, # > 0} on an

arbitrary topological space E:
1 t
L[ = — / (SXv ds,
t Jo ’

where §, is the Dirac measure centered at x. A large deviation principle for {L;} with the rate
function 7 states that

1 1
— inf I(w) <liminf —log P, (L; € A) <limsup —log P;(L; € A) < — inf I(u)
JLEA® t—oo f t—oo I ueA

for every subset A of M;(E) which is Borel measurable with respect to some preassembled
topology on M{(E), A° and A are the interior and closure of A respectively, 7 is the initial
distribution of the process. The above inequalities can be roughly expressed as

P(L, edp) ~e 1, (1.10)

Thus 7 (i) gives the exponential decay rate of the probability that L, being close to an anomalous
state p. Establish of a large deviation principle for {L,} and construction of the rate function
involves the computation of Ay (which is just A; when E is finite and V = 0 as we have pointed
out), see Section 7 in [25] and Section 3.1, Section 6.5 in [10]. For explicit description of a
large deviation principle, its more general theory and applications, see [10-12,25] and the recent
book [22]. Note that the principal eigenvalue Ay in both [13] and [14] is defined in the same way
as the one for A* by (1.3), with P (t) replaced by the Feynman—Kac semigroup P" (¢) determined
by L + V. This definition indicates some connection between Ay and large deviation behavior of
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the associate Markov process. [13] and [14] reveal such a connection in terms of the functional /.
The proofs of the results are purely analytical, no relying on any large deviation result. In [4],
we investigated this problem for Markov chains with countably infinite states from the point of
view of large deviations. We proved the large deviation principle for the empirical processes of
such a chain under some standard tightness condition, and derived some relationships among X1,
Ly, some other parameters and quasi-stationary distributions. In the present paper, we are going
to handle this problem without the aid of large deviation results, providing variational formulas
for A similar to that for Ay (which is A* when V = 0) given in [13] and [14]. We note that A;
may differ from A* in general. The approach we will adopt is different from that of [13] and
[14]: besides a standard truncation argument, we will use suitably tilted transition functions to
obtain some linear representations for the perturbed 7-functional, see Theorem 3.4. The main
variational formula we will prove is that

M= inf I(w. (1.11)
peM, (E)

Similar formula will also be given when the chain is perturbed by some function V, see Theo-
rem 3.8. This variational representation has at least the following features:

(1) If the chain is reversible, then (1.11) admits a more explicit form in terms of the matrix
Q = (gij) of transition rates:

h = Z[«/—u,ql, Vil (1.12)

1
2 ;LEM (E)

(see Section 2.2), which corresponds to (1.9) for a self-adjoint L. For example, for a birth—death
chain with birth rates {b, } and death rates {d,},

inf Y “[wibi + pivrdier — 24/ i i1 bidip1 1% (1.13)

1
A==
2 ueMi(E) l

(2) (1.11) applies to general chains, which will lead to the following “dual” max-min and
min-max variational formulas:

—A1= sup inf/@du:inf sup /@d,u, (1.14)
peml () e ueU yemi (k)

where U is as in (1.6),

(Q”)t—Z%/M/ ZCI[/(M/ ui),

JF#
with ¢; = Zj;éi qij and

M (E) = {MGMI(E) () 2 qipi < 00},

i
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see Corollary 3.3. The dual form is different from that in (1.5) which is not a minimax form.
When E is finite, a version of (1.5) in terms of the Q-matrix is given in Section 4, see (4.10). To
see the significance of (1.14), we note that for nonnegative infinite matrices, dual formulas for
the Perron—Frobenius eigenvalue p of exactly the same form as (1.5) were unknown. A version
was known as in (4.4), for which two sets of functions ¢/ and U, are involved. Applying (1.14),
we give in Section 4 a version of it for p. It is also worth noting that slightly different from (1.8)
for defining the functional 7, the matrix Q in stead of the generator L is used in the integral in
(1.14), with D(L) ™" replaced by U. This makes the dual formula more applicable in deriving both
lower and upper bounds of 1. As a consequence, it follows that

. (Qu)i . uj }
—A1 = inf su = inf su E == —q; 1.15
1 — iP — ip|:/¢i qij " qi ( )

Ui

which can be regarded as a generalization of (1.6) to general chains. When applied to a birth—
death chain with birth rates {b, } and death rates {d,,}, it follows that

—d,

Un Up

A1 =sup inf{bn +d, — by

Up+1 Up—1 }
ueld "

(1.16)

which is another version of (1.6);

(3) The functional / has been found to be important in analyzing long-term behaviors of
a Markov process. It connects many important concepts. Besides its close relationship with the
principal eigenvalue of the generator as described above, (1.10) also indicates its connection with
stationary distributions and ergodicity of the Markov process. Indeed, it is known that 7 () =0
iff w is stationary for the process (cf. [25], Corollary 7.26). Thus, if the stationary distribution
is unique and the large deviation (1.10) is verified, then L, will converge to this unique station-
ary, see [11-13] and [14]. Equation (1.11) allows one to explore the power of [ to derive con-
sequences concerning decay rates and quasi-ergodic behaviors of the (sub-)Markov processes
under consideration. For example, we give in Section 3 necessary and sufficient condition for
I(m) = infepm, gy I (0) = A1 for some (and then unique) m € M;(E). These conditions con-
cern the A1-positivity of P(¢) and the A1 invariant measures and vectors, and such a minimizer m
is a certain quasi-stationary distribution of the process, which differs from the classical ones that
have been extensively studied for long time as surveyed in [20]. We will call such distribution m
a quasi-ergodic distribution, since we will show in Sections 3 and 4 that it is closely related to the
quasi-ergodic behavior of the time average of the process, more precisely, m is the quasi-limit
of {L;,t > 0}, see Theorem 3.6 and (3.15). We also prove that if 7 (v) = 0 for some v € M (E),
then the process is conservative.

We point out that variational formulas like the ones studied in this paper can be found in many
other settings. Besides the classical ones given in (1.5) for the Perron—Frobenius eigenvalue of a
nonnegative matrix, [14] also derived a dual form (a kind different from (1.5)) for the principal
eigenvalue Ay described previously in this section. Similar variational formulas appear in even
more complicated situations. For example, in the context of particles in a random medium, [18]
and [19] derived a variational formula for the effective Hamiltonian used in describing the solu-
tion to certain HJB equations. For random walks in a random environment, [21] and [23] provide
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variational formulas for the limiting quenched free energy. In [16], variational formulas are de-
rived for the limiting time constant of last-passage percolation and for the limiting free energy of
directed polymers both evolving in certain random media. When the configuration space is finite,
[16] explained the connection of the variational formulas with the Perron—Frobenius theorem in
more details.

The next section contains some preliminaries for the decay parameter A; and the functional /.
The derivation of the variational formulas in terms of the functional / are given in Section 3.
Existence and an interpretation of the corresponding variational solution are also provided. In
Section 4 we study the connections of the problems considered in Section 3 with related ones for
discrete time chains in two directions. In one direction, we apply the results obtained in Section 3
to give dual variational formulas for the Perron—Frobenius type eigenvalues of nonnegative infi-
nite matrices (see (4.7)). The dual form is different from the classical one in the Perron—Frobenius
theory (see (1.5)). In the other direction, for finite Markov chains in continuous-time, we also give
a second form of dual formulas for A1, see (4.10), which can be regarded as a version of (1.5)
for the Perron—Frobenius eigenvalue, with nonnegative matrices replaced by Q-matrices of the
chains.

2. Preliminaries

2.1. The decay parameter

Recall that we are considering an irreducible (sub-)Markov transition function P(#) on a count-
able state space E which we specify tobe {1,2,..., N} with N < oco. X is the associated Markov
chain on E. The decay parameter A is defined by (1.1) whose existence is established in [17]. It
is easy to check that

o
A =inf{oe >0 Z/ Pii(t)e* dt = OO} 2.1)
0

P(?) (or X) is classified as A -recurrent or A -transient depending on whether fooo Pii(H)eM dt =
o0 or < 0o. Aj-recurrent chains are further divided into Aj-positive or Aq-null, depending on
whether lim,_, o, * P; i (t) > 0 or = 0, respectively (cf. [1], Section 5.2).

Remark 2.1. (1) If P(t) is honest and positively recurrent, then A1 = 0. Thus in this case, O-
positivity is the usual positivity. On the other hand, if the chain is null-recurrent or transient, it is

also possible that A; = 0. Examples can be easily constructed by applying the fact that

A1 <infg;,
1
where g; = Zj#i gij (see Theorem 1.9 in [1], page 164).
(2) If A1 > 0, then the chain is transient. In this situation, the chain can be honest. The follow-

ing example can be found in [1]. Let Q be defined on the state space E = Z by

qi,i+1 = PC,s qgii = —¢, qi,i-1=4(¢,
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where 0 < p < 1,4 =1 — p, and ¢ > 0. Then the process is irreducible and the decay parameter
isA; =(1—-2,/pq)c. Thusif p # % A1 > 0.

(3) From the irreducibility assumption (2b) made in Remark 1.1 and (1.2), it is easy to see that
any irreducible finite chain (i.e., when N < 00) is Aj-positive. This can also be checked directly.

Concerning A1, we summarize some relevant definitions and known results as follows, which
can be regarded as extension of the Perron—Frobenius theorem in the case of countably infinite
states. more details can be found in [1,24,28] and [29].

Definition 2.2. For a given A > 0, a collection of strictly positive numbers, &« = {«;,i € E}, is
called a \-subinvariant measure for P(t), if

Za, Pji(t) <e Ma (2.2)
j€E

forallt >0andalli € E. «a is called A-invariant if equality holds in (2.2) for alli € E. A col-
lection B = {B;,i € E} of strictly positive numbers is called a ,-subinvariant vector for P(t),

if
Y P <eMBi (23)

JjeE
forallt >0andalli € E. B is called A-invariant if equality holds for all i € E.

Theorem 2.3. (1) Nonnegative numbers x = {x;,i € E} satisfying (2.2) or (2.3) are either all
zero, or all strictly positive.
(2) For A > 0, there exists a A-subinvariant measure and a Ah-subinvariant vector iff . < \1.
(3) If P(t) is Li-recurrent, then the Ai-subinvariant measure and the \i-subinvariant vector
are both unique up to constant multiples, and in fact are both \1-invariant. Furthermore, P(t) is
A1-positive if and only if the Ay -invariant measure {«;,i € E} and )1-invariant vector {f;,i € E}
are strictly positive and satisfy

> i < +oo. (2.4)
keE
Moreover, in this case,
. o;Bi
lim M P (1) = — 21— (2.5)
e D S
Remark 2.4. From the above theorem, we see that
M= sup{r :3x €Y as acolumn, s.t. P(H)x <e "'x,Vt> 0}
(2.6)

=sup{r:3Iy el asarow,s.t. yP(1) <e 'y, Vi > 0}.

A1 can also be regarded as an eigenvalues of the Q-matrix Q. This can be seen from the fol-
lowing proposition (see Proposition 2.13 in [1], page 88). We recall that the minimal Q-function
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for a given Q-matrix Q is the minimal nonnegative solution to the corresponding backward (or
forward) Kolmogorov equation, see Section 2 of [1] or Section 2.2 of [7] for details.

Proposition 2.5. Let Q be a Q-matrix and P;j(t) be the minimal Q-function. {x;,i € E} (resp.
{yi,i € E}) is a non-negative column (resp. row) and c is a real number. Then the following
statements are equivalent:

(1) P(t)x <ex (resp. yP(t) < e'y);
(2) Ox <cx (resp. yQ <cy).

Remark 2.6. From this proposition, it follows that if an irreducible transition function P;;(t)
associated with the matrix Q is minimal, then the decay parameter A1 of P;;(¢) satisfies

A= sup{r : 3 positive column {x;,i € E}, s.t. Qx < —rx}
2.7)
= sup{r : 3 positive row {y;,i € E}, s.t. yO < —ry}.

Therefore, for every irreducible Q-matrix Q, we can define a parameter by (2.7). For conve-
nience, we also call it the decay parameter of Q. In particular, if P;;(¢) is Aq-recurrent, then —21
is an eigenvalue of Q. Furthermore, if E is finite, then Q is an irreducible ML-matrix and —A
is the principal eigenvalue of Q as we have pointed out in Section 1.

2.2. Donsker—Varadhan’s I-functional

We recall the definition (1.8) of Donsker—Varadhan’s /-functional for a (sub-)Markov process X
with transition function P (¢) and generator L. It is easy to see from its definition that / is convex
and lower semi-continuous, see also Section 7 of [25]. Furthermore, if P(¢) is conservative, then
I () = 0 iff w is invariant for P(¢) as we have pointed out in Section 1. To explore further the
power of I, we first note that on D(L)™, Lu = Qu with Qu being defined as in Section 1, that is,

(Qu)i =Y qijuj—u). i€E.
J#i

Thus,

I(w)=— inf /@d,u.
ueD(L)*+ u
Though the domain, D(L) is generally not known explicitly, the following lemma makes it pos-
sible to avoid the use of D(L).

Lemma 2.7. Let E be a Polish space, { P(t),t > 0} be a Markov semigroup (which may be non-
conservative) on Cp(E) with generator L. I is defined by (1.8). For each h > 0 and u € M (E),
we define

Ii(w) = — inf+/log Pyu . (2.8)

uel,) u
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where, as defined in Section 1, U is the set of all strictly positive functions on E, and U, = {u €
U:0 <infrepu(x) <sup, g u(x) < oo}. Then for each u € M1(E) and h > 0, we have

1
In(w) <hI(w) and 1(p)= hl_i)r{)l+ }—llh OF 2.9

Proof. Such a result is proved in [12] for every compact metric space E, see Lemma 3.1 in that
paper. If we notice that in (1.8), each u € D(L)™ has a strictly positive lower bound, and that L
is the (strong) generator of {P(z), ¢ > 0}, it can be seen that the proof of Lemma 3.1 of [12] is
valid in the present situation. We provide the necessary details as follows. On the one hand, for
ueD(L)T and u € M| (E), define

CD(t):/ log Ptu du.
E u

Since d P(t)u/dt = LP(t)u = P(t)Lu, we see that

do(r) _/ LP(t)u
dt  Jg P(Hu

du > —1I(u).

Now since ®(0) = 0, it follows for any & > 0 that

h h
o= [ PO i - [ 1e0ar=-ho.
0 t 0

The inequality in (2.9) then follows which further implies that

. 1
limsup — I () < I(u).
h—0+ h

On the other hand, since each u € D(L)™ is bounded away from 0 and

. P(Wu—u
lim ——— =Lu
h—0 h
in Cp(E), so P(h)u =u + hLu + o(h) with o(h) uniform in E. Thus

P(h L L
log L™ =log|:1 I Miat +0(h)} =h== 4 o(h),
u u u

which implies that

1 1
L= —— [ 1
7 h(“)_ h/E og

From this, we obtain

P(h)u

Lu
dﬂ:_/ ——du+o(l).
E U

1
liminf — 1, > I (),
Zrﬂ(ﬂ W n(u) =1 ()

completing the proof of the equality in (2.9). (]
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Since we are considering Markov chains on countable state spaces, there is another way to
avoid the use of D(L). We need to make the following modification of /:

. Qu q
—inf | =du, € M (E),
J(w) = u]eZ/{/ L dne e MiE) (2.10)
+o00, otherwise,

where as defined in Section 1, M?(E) ={neM(E):ulg)=>,qini <oo}. As we will show
in Theorem 3.2 in the next section, the infimum of J over M1 (E) is the same as that of /, which
is exactly Aj.

Remark 2.8. 1t should be noted that if the matrix Q is stable, that is, g; < oo Vi € E, then Qu/u
is well defined for every u € U since

u); u;j
—(Q )l = E Clij_J —(g; > —0Q, VieE.
ui s /s uj
Jii#i

Furthermore, for u € M f (E), the integral f % du is also well defined for u € U since

/Q—du Zuqu]¥—u(q)> —00.
i#]

Thus J is well defined, and it is easily seen that / < J. Theorem 8.8 of [7] shows that for
e M{(E), I(w)=Jw).

The following proposition is an easy consequence of definition (2.10).

Proposition 2.9. If E| C E; are two countable sets, Q) and QP are two Q-matrices defined

on E1 and E;, respectively, such that, ql(Jl) = qu)for alli, j € Ey. Let JY and J® be defined

as (2.10), corresponding to QW and Q?, respectively. Then if u € Mi(E1) N My (E»), that is,
if W(Ex \ E1) =0, we have

TP ) < IV ). (2.11)

Proof. Given u € M{(E{)NM;(E;) with /,L(q(z)) < 00, since u(q(z)) = M(q(l)) by the assump-
tion, we have that

IEE Z > /qu(z)zj.— (@)

eU(E:
ue(E2) -icE| jeEy:j#i -

. 214 i
- [T T o)
uell(E2) —icE jeE 1 j#£i ! -

== [T e e = 10w,

uet(Ey) -icE| jeE | j#i - O
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Remark 2.10. Summarizing the above discussion, we assume in this paper that the Q-matrix
under consideration is stable, and the corresponding transition function is the minimal one.

3. The main results

Now we start presenting the main results of this article. Our first new observation is that conser-
vativeness is necessary for the existence of a probability measure w satisfying 7 (u) =0

Proposition 3.1. Let P(t) be an irreducible (sub-)Markov transition function. If there exists
some L € M1 (E) such that I () =0, then P (t) is conservative and [ is its stationary distribu-
tion.

Proof. Fix an & > 0. By adding an additional state 0, we define £ = E U {0} and let

~ 1 0
”m‘<mm mm)

where p(h) is chosen so that P(h) is conservative. Let Ih and I, be defined as in (2.8) for
P(h) and P(h) respectively. Then, viewing i € M (E) as a probability measure on E supported
on E, it is easy to check that Ih (n) < Ip(w). Thus, if I(u) =0 for some u € M{(E), then by
Lemma 2.7 we see that fh (n) = 0. Therefore, as we have pointed out in Section 1, it follows
from Corollary 7.26 in [25], page 142, that

WPy =Py = p. 3.1)

A standard argument then shows that P (h) is conservative: Write (3.1) in its components as
follows:

ZMiPij(h)=Mj- (3.2)

The irreducibility of P (¢) implies that y; > O for every j. Then summing over j in (3.2) we get
the desired conclusion. (]

The next theorem gives the fundamental variational representation for A; in terms of / and J.

Theorem 3.2. For any irreducible transition function on E,

inf I(w)y=Xi;= inf J(w). 3.3)
weM,(E) HEM|(E)

Recall the definition of J, we have the following corollary to the above theorem, which is
more applicable in estimating A;.
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Corollary 3.3. For any irreducible transition function on E,

—A1 = sup inf/@du (3.4
/.LEM?(E)”GM u

= inf sup f—du 1nf sup — (Qu )]

(3.5)
“euueM;’(E) ueld jeg Uj

Proof. The first equality follows from Theorem 3.2 and the definition of J. The third one follows

easily from the fact that
up /_ dit— sup @0
peM!(E) JeE uj

Thus we only need to prove the second equality. To this end, we note that on the one hand, it is
trivial that the lhs < rhs. On the other hand, by Theorem 2.3 and Remark 2.4, there exists a u € U
such that

(QJ/‘):’ <AL
i
Thus
A Qu
—A1 > sup —dpL > 1nf sup —du,
pem{ gy M U em (k)
which is precisely what we need. O

We now start preparing to prove Theorem 3.2. Since

inf I(w)< inf Jw)= inf J(w),
HEM|(E) o HEM(E) o neMi(E) a

we only need to prove the following two inequalities:

inf  I(u)>A; and inf  J(w) <Ap. (3.6)
wEM,(E) neM(E)

The proof of the first inequality involves studying a series of transition functions tilted with
respect to the original one. For the proof of the second inequality, a truncation and approximation
procedure is used.

The approach by properly tilting transition functions is a typical technique in the study of large
deviations. It is also a standard approach in the study of recurrence of Markov and sub-Markov
processes, and is often known as h-transformation. For example, it was used in [17] to study
decay rates of Markov chains (see also [1]). By using such an approach here, we obtain a linear
relationship among the corresponding / functionals, which may be of independent interests. To
define the tilted transition functions, let 8 = {B;,i € E} be a (positive) A-subinvariant vector.
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Then for each 0 <6 < XAy, B is also a #-subinvariant vector, thus we can define a tilted (sub-
Markov) transition function { P? (r), t > 0} as follows:

o1
P (1)B;
P =TuO8 ez (3.7
Bi
The Q-matrix QY of this new transition function is given by
Bi .
C]?j:ﬁ_{(%’j‘FeSij), i,j€E. (3-8)
1

Let k‘f and 1Y be the corresponding decay parameter and / functional, respectively. Then we
have:

Theorem 3.4. With the above notations,
1=1-09. (3.9)
Proof. Let / {f be defined as in (2.8) for P?(h). Then by Lemma 2.7, it suffices to prove that
1) =1, —6h. (3.10)

To this end, we note that it is easy to check that

P , P? (h)u
Iy (n) =— 1nf+ log ” du

ueldy

= — inf /log%du—eh.

+
ueldy

Forevery u Z/{;' , there exists constants 0 < ¢] < ¢2, such that ¢; < u; < ¢p, foralli € E. Define

u®™ = (% vV (uB)) An forn > 1, then u™ e Z/{;' and u™ — up point-wise. Thus from the fact
that

PB<ep
coordinate-wise, we obtain
P(R)u™) o P(h)((1/n v (uB)) An)
W T (v ) An
P(h)(1/n+ (up)) An
<log
(I/nv uB)) An
(1/n+cre”"B) An
<log
(I/nv(c1B) An

< log(l + C—2€_0h),
1

log
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where the last inequality can be directly verified by considering the following cases
1 1
1 api=—; ) —<api<n and (3) cifizn
n n

respectively. It then follows from Fatou’s lemma that

_/logwduf—limsup/]()g&du<_ inf /log (h)u du.

uf t—00 ueld;”

Thus 7] (1) < In(1) —
To prove the reversed inequality, note that

In(u) = — inf /log P(h)ud
u

uEZ/{b
o PO (k) (u/B)

and that
(PIB™"), =D Phmp; =p7"e" Y Pijh) < g
JEE jeE

An argument similar to the previous one gives that I, (1) <1 ,? (1) + 6h, completing the proof. [J

As will be seen soon, the first inequality in (3.6) follows from (3.9). To prove the second
inequality in (3.6), we need a truncation and approximation procedure. Let (E,) be an increasing
sequence of finite subsets of E, such that

@cElcEzc-~-§E=UEn.

The E,-truncated Q-matrix Q, = (ql.(;)),»yjeE is defined by

n?

(n) ..
9;j =4dij i,j € Eny.
Associated with the matrix (ql.(]'.l)) i, jeEy,» there is a unique (and hence minimal) transition function

Pi(.”) (t). If it is irreducible, we denote its decay parameter denoted by Ag"). The following lemma
will be used in the proof of Theorem 3.2.

Lemma 3.5 ([3], Section 3, Lemma 1 and Section 4, Lemma 2). There exists an increasing
sequence (Ey) of finite subsets of E, such that the transition function Pl-(jn) (t) associated with the

matrix (ql.(]'.l))i,jegn is irreducible, and A = lim, _, o |, )»Y').

Now we can prove Theorem 3.2.
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Proof of Theorem 3.2. First, applying Theorem 3.4 we see that for any u € M (E)
I() =2 =1 () =0,
this implies that

inf  1() > A
weM (E)

To prove the second inequality in (3.6), we note that the truncated chain P (r) is )»E")-positive.

.. . . . (n) . . . .
This implies that the kﬁ")—tllted chain P"*1" (z) is conservative and ergodic. Thus, still denote by
I the I-functional for P without confusion, there is a unique u(”) € M (E,) such that

(n)
pey (g (1) (™) + 2 1

Now from Proposition 2.9, it follows that

inf Jw)< inf Jw< inf JPw= inf 1™u=2i".
pueM (E) weM; (Ey) peM; (Ey) weM; (Ey)

Letting n — oo and applying Lemma 3.5 we conclude that

inf J(u) <Ay,
HEM|(E)

which is the desired assertion. O

Theorem 3.4 can be further applied to study when and where the infimum in (3.3) is attained.
To see this, let « = («1, @2, ...) and B = (B, B2, ...) be the A-subinvariant measure and vector,
respectively. Denote o = (o1 81, 2282, .. .).

Theorem 3.6. With the above notation, the following assertions are equivalent:

(a) P(t) is Aq-positive.

(b) «, B are unique and ’1-invariant, and af is summable.

(¢) The infimum inf,ep, gy I (1) = Ay s attained at some w € M1(E), which is unique and
given by the normalized af.

Proof. The equivalence between assertions (a) and (b) is given by Theorem 2.3. To prove that
they are equivalent to assertion (c), we note that if P(¢) is Aj-positive, then PM (1) is conser-
vative and positively recurrent, with the normalized o8, denoted by w, as its unique stationary
distribution. Thus /! (1) = 0. From this and (3.9), assertion (c) follows. On the other hand, if
assertion (c) holds, then (3.9) implies that I*! () = 0 with 1 being the normalized «f. From
Proposition 3.1, we see that P*! is conservative with y as its stationary distribution. This implies
that P1(¢) is positively recurrent, or equivalently, P (¢) is A-positive. (I

According to this theorem, the infimum of 7 (u) over M (E) is attained at some m € M| (E)
iff P(t) is A-positive. The latter is equivalent to the ergodicity of the tilted chain P*1(¢) and m
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is its unique stationary distribution. In the following, we give an interpretation of m from the per-
spective of quasi-stationarity of the chain P(¢) itself. The motivation comes from the following
consideration: If we define I; = I — A1, then it is nonnegative and lower semi-continuous. The
fact that 7 (i) = 0 iff w is stationary for P(¢) leads to our study of the zeros of 1. Our investi-
gation shows that a zero m of I is different from the classical and well studied quasi-stationary
distribution. We may call such a zero m a “fractional quasi-ergodic” or simply “quasi-ergodic
distribution” of P(¢). To explain this more explicitly, let X = {X;, > 0} be the Markov chain
on E = {0} U E with E = N as described in the beginning of Section 1. Let {P;,i € E} be the
corresponding Markov family. We assume that X is irreducible on E and that O is an absorbing
state of it. Denote by

T =inf{t > 0: X; =0}

the absorption time. Suppose that P;(t > ) > 0,Vi € E, t > 0, and absorbing is certain, meaning
that foralli € E,

Pi(t <o0)=1.

Let A1 be the decay parameter of P(¢) = {P;;(¢),t > 0} on E. To see the connection between the
decay rate and the quasi-stationarity of X, we impose the following two hypotheses:

(H1) X is Aq-positive.

(H2) The Aj-invariant measure o = {o;,i € E} given in Theorem 2.3 is finite, that is,
> jer @ < 00.

According to Theorem 2.3, under these two hypotheses, we can normalize o and the A;-
invariant vector 8 so that ZjeE o = ZjeE a;B;i = 1. Denote m; = o; B;.

The relationship among A1, «, 8 and the quasi-stationary distribution are summarized in the
following, see [1,15] and [2] for details.

Proposition 3.7. Under assumptions (H1) and (H2), we have:
(a) VieE,

lim e Pi(t > 1) = Bi, (3.11)
—>0o0

and so lim;_, o, % log Pi(t > t) = —A1.
(b) « is the unique quasi-stationary distribution (QSD) of X characterized by

Py(Xy=jlt>1)=uqj, forall j € Eandt > 0.
Furthermore, o is the unique Yaglom limit defined by

lim Pi(X;=jlt >0 =aj, forallicE. (3.12)
—00

According to Theorems 2.3 and 3.6, under (H1) and (H2),

A= inf I(p)=1(m).
HEM | (E)
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By definition, m is clearly different from «, it is known to be the unique doubly limiting quasi-
stationary distribution of X, thatis, Vi, j € E,

lim lim P;(X;=jlt >t+s)=mj. (3.13)

§—>00 —>00

A substantially new difference between the interpretations of « and m is that m is the unique
“fractional” Yaglom limit of X, that is, Vg € (0, 1),

lim P(Xg=jlt>n=m;,  VieE. (3.14)
—00 ’

Proof of this assertion for more general processes can be found in [5]. But since in the present
case, a direct proof is simpler, we outline it as follows: from the Markov property and (3.11),

Ei[Px,,(t >0 —q)t); Xyt = J, T > qt]
lim Py(Xg = j|t > 1) = lim ——— > A=) Xy =/ 7 >4
t—00 1—00 Pi(t >1)

. EileMPi(t> (1 —q)1); Xgi = j, T > qi]
lim

=00 eMPi(T > 1)
_Ei[eM B Xg = j, T > qt]
= lim
t—00 ,31-

. A .
Jim P (Xgy = j) =mj,

where Pl.k1 is used for the tilted process P*!(¢), and we have used in the last equality the fact that

under (H1), P*1(¢) is ergodic with the unique stationary distribution .
Comparing this assertion with the those in Proposition 3.7, we see a phase transition in the
conditional limit

lim Pi(Xy = jlt > 1)
11— 00

when g varies from0 <g < 1tog =1.
A simple but non-trivial consequence of (3.12) is that Vi € E, f € By(E),

lim El[% /lf(XS)ds)t - z} = m(f). (3.15)
—00 0

This is the reason that we call m a “quasi-ergodic measure” of X . The above limit can be extended
to the following higher moment cases:

1 (! "
lim Ei|:<—/ f(Xst)
t—00 t Jo
forany n > 1.

Finite Markov chains are trivial examples for which both (H1) and (H2) are satisfied. To give
a simple but non-trivial example, we consider birth—death processes. This is a typical family of
Markov chains which has been extensively studied from various aspects, including the quasi-

eot =]
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stationary behavior. Here we only consider the linear birth—death process with birth and death
rates given by

b, =nb, n=>0, d, =nd, n>1,

where b,d > 0. 0 is the only absorbing state, and £ = N is a transient irreducible class with
decay parameter A1 = |b — d|. The chain is always Aj-positive for b # d. However, the A;-
invariant measure 7 is summable, and hence (H1) and (H2) are fulfilled, if and only if b < d.

The above approach can be generalized to give variational representation for the decay pa-
rameter of the Q-matrix with a potential. To describe this explicitly, let O = (g;;) be a standard
QO-matrixon E,and V € C,(E). Let Q4+ V = (qi‘;)i,jeg, with qi‘]/. =gqij +0;jV(@). 0+ Visa
“quasi” Q-matrix in the sense that for some constant C,

day=C Vi
J
which determine a “minimal” quasi-transition function P V)= (Pi}/ (1)) with
Z Pi}’ () <€t i
J
If Q is conservative, regular and X = {X;, t > 0} is the Markov chain constructed from Q, then
PV (t) is the Feynman—Kac semigroup given by
PY()g(i) = Ei[g(Xpeh VX&) o e Cy(E)

and Pi}/ (1) = P,V 8;(i). Let A1 (V) be defined as in (2.7) for O+ V, and [ the /-functional defined
for Q.

Theorem 3.8. With the above notations,

—A1 (V)= sup {de,u—I(;L)}. (3.16)

HEM | (E)
Remark. When E is finite, the above assertion follows from the Perron—Frobenius theorem.

Proof of Theorem 3.8. Let V < C. Define Q' = Q + V — C, then Q' is a standard Q-matrix
and Q"+ C = Q + V. Let 1| be the decay parameter of Q" and I be the /-functional for Q’.
Then by Theorem 3.2,

A =— inf I
U7 ek W)

’
= sup { inf /Qu(x)du(x)}
weM,(E) ueD(L)t u

= sup {/Vdu—[(u)}—c.
HEM(E)
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On the other hand, according to Remark 2.6,

Ay = sup{r : 3 positive {x;,i € E}, s.t. Q'x < —rx}
= sup{r : 3 positive {x;,i € E}, s.t. (Q+V)x <—(r — C)x}
=MV)+C.

Combining the above equalities, we get the desired assertion. ]

4. Connections with discrete-time chains

In this section, we make some remarks on applying the results obtained in the last section to
discrete-time Markov chains, and the other way round. Let P = (P;;); jee be an irreducible,
nonnegative matrix satisfying

Z Pj<c VieE

JjEE
for some constant c. P"* = (Pl.’J’.) denote the nth power of P. The convergence parameter of P is
defined by

o
R=inf{s >0:) Pis"=o0p.
n=0
It is known (Corollary 4 of [28]) that

R = sup{r : 3 positive column {u;,i € E}, s.t. r Pu < u}
“.1)
= sup{r : 3 positive row {y;,i € E}, s.t.ryP < y}.

Thus p = 1/R is the Perron-Frobenius eigenvalue of P when E is finite, and (1.5) gives a dual
form of variational representations of p. If E is infinite, from (4.1) it is easy to check that

| (Pu);
— = inf sup .
ueld jcg Ui

4.2)

Furthermore, the proof of Lemma 2, the argument in page 376 and Theorem 5.2 of [28] also
show that
1 Pu);
— = sup inf ( u)l, (4.3)
R ey, icE u;

where « is any fixed R-subinvariant measure, and

L{aﬁ{u EU:Zujocj <oo}.

J
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Combining it with (4.2) we get the following “dual” formula for 1/R:

1 Pu); Pu);
— = inf sup (Pu); = sup inf ﬂ 4.4)
R uellicp ui uelly '€ Ui

which can be regarded as a generalization of (1.5) to the case where E is infinite. We will discuss
the connection between the variational formulas for 1/R and those for A in two directions.

First, we can apply the results obtained in Section 3 to give a second form of “dual” represen-
tations of 1/R. In doing this, we will give a connection between R and an associate continuous-
time version of R. To be precise, define a standard Q-matrix Q = (g;;) by

1 .
qz‘j=EPij—5ij, i,j€eE.
Its decay parameter A is defined by (2.7). Notice that

P=cQ+cl,

where 1 is the identically 1 function on E. Then by Theorem 3.2 we get that

c(l—=Ap)=c sup [1+inf/@d,u]
neM; (E) ueld u

1
=c sup [1nf f Mdu} 4.5)
neM; (E) ueld u
= sup inf / il du.
peM(E)ued
From (2.7) and (4.1), we see that
1—=xp) ! or A 1 ! (4.6)
c(l — =— =1—-—. .
VTR ! R

Combining this with (4.2) and (4.5), we have proved the following theorem.

Theorem 4.1. Let P be a nonnegative and irreducible matrix satisfying
Y Pj<c VieE
JjEE

for some c, and R be the corresponding decay parameter. Then

1 .
— = sup inf / —du 1nf sup (Pu); = inf sup
weM; (E)ued UicE Ui ueU yeM; (E)

2w, 4.7)
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As another consequence of (4.6), consider a continuous-time Markov chain P(¢) with the
QO-matrix Q = (g;;) and its embedded discrete time chain P = (P;;), that is,

‘Iu

Pij =— +3;;.
If we define a Q-matrix Q = (g;;) by
= _ 4ij
l./ - A 2
l
then
P=0+1.

Thus if we denote by A; and R the decay parameters of Q and P, respectively, then from (4.6)
we see that

- 1
M=1——. 4.8
1 R (4.8)

On the other hand, if we denote by J the modified I-functional corresponding to Q (see defini-
tion (2.10)), and notice that M f (E) = M| (E), then it follows from Theorem 3.2 that

A =— sup 1nf/@dy,=— sup inf @d,u. (4.9)
peM(Eyued ) U peME)ued ] qu

Thus, if we denote by A the decay parameter of Q, then since Qu < —Aju for some u € U, we
immediately get that

_ -1
%= (supgi) .
i
Furthermore, for 1 € M{ (E), we can define 114 € M} (E) by

gdup

M=y

Then it follows from (4.9) that

a<— sup inf/—duq
MeMlq(E)ueu

-1
=— sup inf/——§ 1nfq> A
MEM?(E)MEM u /’L(CI) l

Combining these with (4.8) we obtain that

. 1 1
111_1f61i(1 - E) <M= Sl;PQi(l - E)’
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recovering a known result (Proposition 3.2 in [1], page 186).
Going the other way round, we next apply (4.4) to derive its continuous-time version for |
when E is finite.

Proposition 4.2. Let E be finite, P(t) be an irreducible Markov transition function on E with
O-matrix Q = (g;j). Then

. (Qu); . (Qu)i
— sup inf =X\ = — inf sup .
ueld i u; ueld u;

(4.10)

Proof. To prove the first equality, for any & > 0, denote by R(h) the convergence parameter
of the discrete time chain with transition matrix P (h), then R(h) = e, If & is the (unique)
Ai-invariant measure, then

Uy =U
since E is finite. Thus, we see from (4.4) (which is just (1.5) in the present case) that
P(h)u); P(h)u);
— sup inf( (Mu); . inf( (Mu);

ueld ! U; 14 Uu;

—ah

e 4.11)

for each u € U. Since

log =log[1 +n +o(h)} — 12 o)

u u
with o(h) uniform in E, it follows from (4.11) that for each u € U,

[(Q;)i —i—o(l)} Zinf[—(Qb't)i —l—o(l)]

uj

—A1 = sup inf
ueld !

with o(1) uniform in E. Thus by letting # — 0+, we obtain that
(Qu)i

—A1 > inf ,
i u;

and hence
—Al > supinf@.
ueld i Uj

On the other hand, if 8 is the A;-invariant vector, then

0B (Qu);

—A1 =—— <supinf
ueld ! uj

The first equality in (4.10) follows from the above two inequalities. The second equality is given
in Corollary 3.3. It can also be proved in the similar way as above when E is finite. (]

The above arguments can be generalized to some specific cases when E is infinite.
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