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A non-parametric diffusion model with an additive fractional Brownian motion noise is considered in this
work. The drift is a non-parametric function that will be estimated by two methods. On one hand, we
propose a locally linear estimator based on the local approximation of the drift by a linear function. On
the other hand, a Nadaraya—Watson kernel type estimator is studied. In both cases, some non-asymptotic
results are proposed by means of deviation probability bound. The consistency property of the estimators are
obtained under a one sided dissipative Lipschitz condition on the drift that insures the ergodic property for
the stochastic differential equation. Our estimators are first constructed under continuous observations. The
drift function is then estimated with discrete time observations that is of the most importance for practical
applications.
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1. Introduction

The inference problem for diffusion process is now a well understood problem. The inference
based on discretely observed diffusion is very important from a practical point of view and it has
also benefited from numerous studies. With the development of technology, differential equations
driven by noise with memory is increasingly popular in the statistical community as a modelling
device. The subject of this work concerns the non-parametric estimation problem of the drift
coefficient of a fractional diffusion described by the scalar equation

t
X,=x0+/ b(Xy)ds + B[, >0, (1)
0

where xo € R is the initial value of the process X = (X;);>0, and BH = (BZH )s>0 is a fractional
Brownian motion (fBm in short) with Hurst parameter H € (0, 1). This means that BY is a
Gaussian process, centered, starting from 0 and such that E(BH — BH)? = |t — 5|*" . Therefore,
the process B has h-Holder continuous paths for all h € (0, H). If H = 1/2, then B is clearly
a Brownian motion and we refer to [25], Chapter 5, for a survey about the fBm.

Stochastic differential equations driven by fBm have recently carried out a lot of development.
The special case of a constant diffusion coefficient is more specifically treated in [26] where it is
proved that equation (1) has a strong unique solution if we assume the linear growth condition
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[b(x)| < cp(1+|x|) for b when H < 1/2, and Holder continuity of order b € (1 —1/2H, 1) when
H > 1/2. In this paper, we assume that these conditions are true.
If we suppose that the observation process is

1
x,=x0+/ b(Xs)ds +oBF, >0
0

with some unknown diffusion coefficient o, then one may estimate the unknown Hurst parame-
ter H and the diffusion coefficient o via the quadratic variation (see [1,5,14]). This is the reason
why we restrict ourselves to the case 0 = 1 and H known.

Almost all the existing articles relate to the parametric case when one consider the model

t
x,=x0+/ 0b(Xs)ds + B, t>0, )
0

with 6 is the unknown parameter. Let us briefly review the works that have been already done.
When the drift is linear, X is the fractional Ornstein—Uhlenbeck process and the estimation of 6
has attracted a lot of attention. This problem has been first tackled by [15] using a maximum
likelihood procedure. Some least square estimates are proposed in [2,12]. See also [28] for other
methods. When b is not necessary linear, the pioneering work is [32] (see also the extended
electronic version [33]). In this paper, the maximum likelihood estimator of 6 is studied both with
continuous and discrete observations. One may also refer to [3], Chapter 6 and [22], Chapter 6.
A moment matching estimation is done in [27] and let us finally mention that a general discrete
data maximum likelihood is proposed in [4] and a least square method is studied in [23] for the
parametric estimation problem for model described by the equation (2).

To our knowledge, there is only one paper dealing with non-parametric estimation. In [21], the
authors consider the model

t
x,=xo+/ b(Xs)ds +eB!, t>0, (3)
0

and proposed a kernel type estimator of the trend coefficient by := b(x;) where (x5)s>¢ is the
solution of equation (3) when ¢ = 0. The asymptotic behaviour is discussed when ¢ — 0 on a
finite time horizon when H > 1/2.

Our problem is of different nature than the previous ones. We will investigate two procedures
to estimate the unknown function b at a fixed point x € R, that is, b(x). We start with estimators
based on continuous observation of X. Then, using a discretization, we propose estimators based
on discrete time data which are the most important for practical applications. It is difficult to
work directly with the fBm B because it is not a semimartingale. So we use the fundamental
martingale (so called in [15], see also [24]) that will have nicer properties. Then some simple
and classical ideas lead us to the construction of two estimators of b(x). First, we consider that
the drift is a constant function in a neighbourhood of the point x and thus the problem becomes
parametric. The form of the least square estimator in this parametric case is used to propose a
kernel type estimator of Nadaraya—Watson type (see (16) in Definition 1). If the drift is assumed
to be linear in a small vicinity of x, then by similar arguments we define a locally linear estimator
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of the drift function in the point x (see (40) in Definition 2). These local linear smoothers are
known to avoid some undesirable edge effects.

In order to study our these two estimators, we apply the same strategy. We prove some de-
viation probability bounds using non-asymptotic approach. Our probability bounds are stated
conditionally to a random set. This method has been employed in [31] for a diffusion process
with drift and variance given as non-parametric functions of the state variable. So a first step
will consist to mainly focus ourselves on a non-asymptotic approach for which there is no dif-
ference between the ergodic and non-ergodic cases. Similar probability bounds are valid for the
discretization of our estimators.

Then we investigate the consistency. With kernel type estimators, it is clear that it is neces-
sary to impose some conditions which provide that the observed process (X;);>0 returns to any
vicinity of the point x infinitely many times. The ergodicity can guarantee this property in the
classical Brownian case (see [17]). The null recurrence of X can also be invoked when H = 1/2
as in [20]. We refer to [19] for the case of Harris recurrent diffusion. In the fractional case such
ergodic properties, will hold under the assumption that the drift has polynomial growth and sat-
isfies a one-sided dissipative Lipschitz condition (see [8], e.g.). Starting from our conditional
deviation probability bound, we shall prove that the probability of the random event with respect
to which the results are stated converges to 1 under the cited above hypotheses on the drift b.
Thus, the weak consistency (this mean that the convergence holds in probability) is proved for
both estimators, for continuous and discrete observations.

The most important results of our paper are certainly the ones concerning the problem of the
estimation of the unknown value of the drift b in a fixed point x under discrete observations of
the process X. For simplicity, we describe the Nadaraya—Watson estimator. For equally spaced
observation times {#}o<k<n, We denote &, the mesh size defined by &, = tx4| — tx = cn™% with
a positive constant ¢ and a € (0,1). We may also observe that n =1} (up to a multiplicative
constant) with y = 1/(1 —a) > 1. The Nadaraya—Watson estimator of b(x) with the bandwidth A
is defined at time #,, by

Sty — 1) TN (X, — )/ 1) Xy, — Xy
STty — I 2HEN (X, — x) /) (k1 — 16)

ANW
b, () =

where the kernel N is a positive regular function with support in [—1, 4 1]. It is obtained via a
discretization of the continuous version of the estimator (see Definition 1). Some deviation prob-
ability bounds are proved for the continuous and the discrete version of the Nadaraya—Watson
estimator in Theorem 2. If we assume that the drift has polynomial growth of order m and satisfies
a one-sided dissipative Lipschitz, then we obtain ergodic properties for the solution of (1) (see
Proposition 1). This means that there exists a random variable X such that the solution of equa-
tion (1) converges for ¢t — oo to the stationary and ergodic process (X Di=0 = (X (6, (0))=0
where 6; is the appropriate shift operator on the canonical probability space associated to the
fBm. Then we shall prove the consistency of the estimator:

ANW in probability
bt,,,h(x) > b(x)

n—00,h—0
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under the additional assumption that the number of approximation points satisfies n =t} with
y > 14+ mH? (see Remark 2 for a discussion about the dependence between n, m and H) and
another assumption on the non-degeneracy of the stationary solution (see Hypothesis 4).

Similar results are obtained for the locally linear estimator that we do not present in this In-
troduction because it would require further and heavy notation. Nevertheless, the approach is
identical. We first construct a continuous time version of the estimator in Definition 2 and some
deviation probability bounds are obtained in Theorem 7. Then a discrete version is proposed (see
Definition 3) and the consistency is obtained in Theorem 9 which is the other main result of this
work.

The remainder of this paper is structured as follows. In Section 2, we give some notation
and we state our main assumptions. Then we recall the link between B! and the fundamental
martingale for which classical stochastic calculus is available. This allows us to introduce a
new observable process having a semi-martingale decomposition (see (8)). Then we enunciate
the ergodic properties of the solution. The ergodic property under discrete observations as it is
stated in Proposition 1 is new under our assumptions on the discretization procedure. Its proof
is postponed in Appendix B. Section 3 is devoted to the Nadaraya—Watson estimator of the drift
whereas the study of the locally-linear estimator is done in Section 4. In the two sections cited
above, we state deviation probability bounds and consistency of the estimators under continuous
and discrete observations. Some proofs related to the locally-linear estimator are gathered in
Section 5. Finally, we shall make use of a Fernique’s type lemma that is stated and proved in
Appendix A.

2. Preliminaries

We consider a complete probability space (€2, F,P) on which a one dimensional fractional
Brownian motion B is defined. We denote F;, = o(BSH ,s < t) the o-field generated by BY
completed with respect to P.

In a first subsection, we give some notation and we state our assumptions. Then we indicate
how to associate to the observed process an auxiliary semi-martingale which is appropriate for
the statistical analysis. For this, we will resume the notation of [15,24]. Thereafter, the ergodic
properties of the stochastic differential equation (1) will be discussed under ad-hoc assumption
on the drift.

2.1. Notation and assumptions

In all the sequel, we use the following notation. If f and g are two functions form R to R, we
write f(¢) > g(z) when there exists a constant K such that f(¢)/g(t) > K. When the ratio of f
and g is constant, we write f(t) < g(¢).

The drift b may satisfy one or several items of the following hypothesis.
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Hypothesis 1.

(a) (Local regularity). For any x, b is locally Holder of order b in the point x: there exists L
such that

b)) —b(y)| < Lly — /|

forany y, y' in a neighbourhood of x.
(b) (Global regularity). The drift term b is continuously differentiable with a polynomial
growth condition on its derivative and on b itself there exists ¢, > 0 and m € N such that

)|+ |6 @)| < ep(1+ IxI™), x eR.

(c) (One-sided dissipative Lipschitz condition). There exists a constant L > 0 such that for

(b)) —b()) x (y=y)<—Lly—=y|>,  y. ) eR

We remark that the one-sided dissipative Lipschitz condition implies that b is Lipschitz with
the same constant L. It has been proved in [23] that there exists a unique solution to equation (1)
under Hypotheses 1(b) and (c).

The kernel function that we shall need satisfies the following usual properties.

Hypothesis 2. The kernel function N is continuously differentiable, non-negative with support
in [—1,1]. Without loss of generality, we may assume that it is bounded by 1.

Hypothesis 2 is supposed to be fulfilled in all the rest of this paper.
We also need the following notation concerning the discretization of the time interval [0, T']:

Hypothesis 3. For a given n € N, a time discretization {ti}o<k<n is considered with equally
spaced observation times €, :=tyy] — ty xn~ % with a € (0,1).

We observe that the number of approximation points n is related to the time horizon of the
discrete observations t,, by n < tY with y=1/(1—a)>1.

We remark that &, < n~*~D/7_ The forthcoming discussions will be held by means of y
instead of a because they lead to more readable expressions.

2.2. Preliminaries on fractional Brownian motion

It is difficult to work directly with the fBm B because it is not a semimartingale. Hence, we
introduce some related processes that will have nicer properties. For this purpose, let wg be the
function defined by

wi (t,5) =cps*H (@t — )27 19, (s), 4)
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where ¢y = (2HT'(3/2 — H)I'(H + 1/2))~". Thanks to [15,24], the process M = (M)~
defined by

t
Ml =/ wy(t,s)dBY Q)
0
is a centered Gaussian process with independent increments. Its variance function is given by

o2y '(3/2—-H) 2-2H ._, 2-2H
EMO)) =sareamra s’

Thus, (MIH )r>0 is a martingale (called the fundamental martingale in [15]). The natural filtration
of the martingale M#! coincides with the natural filtration of the fBm B*. Finally, the process
1 t
B = —/ stl/szf’
JAg2—2H) Jo

is a standard Brownian motion that generates the same filtration as B and M*. The inverse
relationship will also be helpful:

t
ME = (g2 - 2H))1/2/ s12Hqp,. ©6)
0
We introduce the observable process Y = (¥;);>0 defined by

t
Y = xo + / wi (2, ) dX,
0

(N

t t

=xo0+ / wy (1, $)b(Xs)ds + / wy (t,s)dBH.
0 0
By (5) and (6), we have the following alternative expressions:
t
Y, = xo +/ wr (t, )b(X;)ds + MH

° ®)

! t
ZXO+/ wH(t,s)b(Xs)ds+(AH(z—zH))W/ s1/2-H gp. |
0 0

In order to use the martingale M, we remark that

CH 1/2—H _H—1/2 H
t, d = — (t — d M )
wg(t,s)ds (2—2“))»[-1( s) S ( )s
thus if we let
W(t,s) = SLL—— — ) 2H =210, (s)

2 —2H)ry
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we may write
t
Y, =x0+/0 W (t, )b(X)dM™) + M. 9)

The above representations will be the starting point of the construction of our estimators.

2.3. Ergodic properties of the stochastic differential equation

In this subsection, we give details on the ergodic properties of the fractional SDE (1). We use
the results of Section 4 in [8], and we borrow the presentation of [23]. However, we repeat it for
conciseness and we give some precisions.

Without loss of generality, we work on the canonical probability space (€2, F, P) associated
to a fBm BH := (BtH )rer defined on R entirely. This means that B is a zero mean Gaussian
process having the variance function equals to E(|BtH - BSH 1?) = |t — s|*H for any s, 7 € R. The
Wiener space €2 is the topological space Co(R; R) equipped with the compact open topology and
F is the associated Borel o -algebra. The measure P is the distribution of the fBm B which now
corresponds to the evaluation process B,H (w) = w(t) for t € R. The law of the two-sided fBm is
invariant to the shift operators with increment ¢ € R. In other word, the operator 6; defined from
Qto Qbybiw(-) =w(-+1t) — w(:) is such that the shifted process (Bs(6;-))ser is again a fBm.

Moreover for all integrable real valued random variable F it holds

1 T
lim - / F(0;(w)) dt = E(F) P-almost surely. (10)
0

The ergodic properties of (1) will hold under the assumption that the drift b satisfies the poly-
nomial growth condition 1(b) and the one-sided dissipative Lipschitz condition 1(c). Under these
hypotheses, there exists a random variable X with finite moments of any order, and such that

tlirgo|xt(w) - X(0(w)]|=0 (1D)

for P-almost-all w € Q2. Thus the solution of equation (1) converges when ¢ goes to infinity to
a stationary and ergodic process ()_(,),20 defined by X, (0) = X(6;(w)). By [10,11] the law of
(X)) +>0 coincides with the attracting invariant measure for the solution of (1). The next proposi-
tion will be crucial when we will study consistency of our estimators.

Proposition 1. Assume that Hypotheses 1(b) and (c) are true. Consider a continuously differen-
tiable function ¢ such that

e+ |0’ <cp(1+1yIP),  yeR (12)
for some c, >0 and p € N.

(i) We have

T
lim 1 / 9(Xy)ds =E(p(X)) P-a.s. (13)
T—oo T Jy
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(i) Ify > 14+ m>+p)H and y > p+ 1 then

1 t, (71 _
lim —/O {Z‘P(th)l[tk,tu])(s)} ds :E((p(X)) P-a.s., (14)
k=0

n—00 tn
where the observation times are defined in Hypothesis 3.
Let us make the following remarks and comments about the above proposition.

Remark 1. The proof of this result is partially contained in Proposition 2.3 and Lemma 3.1
in [23]. But in our result, we have a condition on the number of approximation points that depends
on H and on the degrees of polynomial growth m and p. We think that it is not possible to get
rid of the fact that n < 1 with y > 1 + max((m2 + p)H, p).

A proof of this result is proposed in Appendix B.

Remark 2. The above result is valid for a wide class of drift function since m € {0, 1,2,...}.
We cover the case of bounded function as well than the case of linear and polynomial growing
functions. Such a remark is valid for the function ¢.

Assume that ¢ is bounded together wit hits derivative (p = 0). The condition on y becomes
y > 1 +m?H and thus the number of approximation points is related to the polynomial growth
order m and to the Hurst parameter H. When m is fixed, we need more points in the time dis-
cretization when H grows. This is intuitively correct since the trajectories becomes more regular
when H increases. Thus, the process is less oscillating and it is necessary to observe more often
the diffusion in order to insure that X visits very often any neighbourhood of any fixed point.

When H is fixed, the number of approximation points is growing with the polynomial growth
coefficients m and p. It is surely related to the speed of convergence of the process X to the
stationary ergodic process X. It is intuitive to think that when we let the drift coefficient behaves
like of polynomial function, the convergence must be slower when the degree is big. To our
knowledge, such investigation has not yet been carried out.

3. The Nadaraya—Watson type estimator

Our first method for estimating the value of the drift b in a fixed point x € R is inspired of
the Nadaraya—Watson kernel regression. We construct this estimator in the following subsection.
Thereafter, some deviation probability bounds are given and finally, the consistency will be stated
under the ergodicity assumption.

3.1. Construction and decomposition of the Nadaraya—Watson estimator

First of all, we assume that the whole trajectory (X;)o</<r is observed between the times 0
and T. We will discuss a discretized version of our estimator in a moment.
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The construction of a Nadaraya—Watson estimator is based on a simple idea. First, we think
that the drift b is a constant function, that is b(x) = 6 for any x. Hence an estimator of 6 is an
estimator of b(x). We denote
t
X! =xo+f 0ds+ B/
0
Similarly to (9), we introduce the observable process Y 0= (Yte),zo

t
y? =x()+/ Wu(t, )0 dMY) + M.
A A

The unknown parameter 6 can be estimated by the least squares method (see, e.g., [18]). The
least squares estimator of € obtained at time ¢ is given by

Jo @ (t,s)dy?
Jo@omt, )2 d(MH),

o) =

We denote
CH

Vig2=2H)’ (15)

oy =

and we remark that
t 2 t
/ (Wu(t,s)) d(MH)S=/ ol (t — )72 ds.
0 0

Thus, we obtain the alternative representation of é(t):

Jo wa(t,s)dy?
f(; af, (t —s)i-2H ds’

o(t) =

In the context of our fractional diffusion (1), the drift b is not constant. Hence, we approximate
it by a constant function 6 in a neighbourhood [x — &, x + k] of the point x. For this purpose, we
consider a kernel function N satisfying Hypothesis 2. The above discussion leads to the following
definition of an estimator of b(x) by means of the observable process Y.

Definition 1. The Nadaraya—Watson estimator of the drift b in a point x with the bandwidth h is
defined at time t by

Jo 2 Jep)(t =)V HSHZI2N (X, — x)/ h) dY;

by () = (16)
o Jr a2t — )1 2HN (X5 — x)/h) ds
with the convention that a/0 := 0. Equivalently, the more classical expression holds
t 2 1-2H
N oy (t—s N({(Xs—x)/h)dX
B oy = o€ = 9! PN — )/ X, -

Jood (6 =)' N ((Xs —x)/hyds
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Using the representation (8) and the fact that N < 1, we notice that the stochastic integral
in (16) is well defined. The integral with respect to the process X in (17) is just an alternative
writing of the one with respect to Y in (16). Moreover, starting from (16) and using (8), (4)
and (15) we may express our estimator as

Jo et =)' 2N ((Xs — x)/h)b(X,)ds
Jo @t —$)'"2HN((X, — x)/h)ds

by (x) =

Joor =)V HN(Xs —x)/h)dBy
Joo(t =)' "2HN((Xg —x)/h)ds

Then we obtain the following decomposition of the error:
DYy () = b(x) + Ecn(X0) + 1% (X)), (18)
where

Joon( =)' N(X; — x)/ h) dBy

xn(Xp) = ’
Ex.n(Xr) JEad (¢ — )I2H N (X, — x)/h) ds

Jo @ =)' N (X, —x)/[b(X,) — b(x)]ds
Jo& =)' 2HN (X, — x)/h) ds ’

ro5(Xp) =

There are two kinds of errors in (18). The first one is a stochastic one (the term &, 5 (X;)). The
second one (r)lfffl (X;)) represents the accuracy of the local approximation of b by a constant
function in a neighbourhood of the point x.

From a practical point of view, the real interest is the case when the observed data are discrete.
So we provide now an effective estimation procedure. We assume that the process (X;)o<;<7 1S
observed at times (fx)o<k<n (see Hypothesis 3). We discretize the expression of l;%\;v(x) given

in (17) by Riemann sums as

Yot — 1) 2HN (X, — )/ W) (X, — X))
120 (tn — 1) ' 2HN (X, = )/ D) (1 — 1)

PNW
b, (x)=

In order to have a decomposition of the error, we consider the simple process (Q%)s>0 defined
by

n—1

_ Xy —x
Q=Y (tn—t)" 2”N( ’kh )1[zk,tk+1><s)-

k=0
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With the help of equations (7) and (8), we may rewrite IQE‘Z (x) as

N 1 n
() = ——— / Q7 dx
tn,/’t é,l Q? dS 0 Ky N

1 Iy n
=— f o dY;
f()n le ds 0 U)H(t,s)

th th n
(/ 0"b(X,)ds + (,\H(z—zH))W/ 9 pen dBS)_
0 0

1
fionds wy(t,s)

Thus, we obtain a similar decomposition than (18)

DY (x) — b(x) = & (XI) + 7198 (X)) + i (X,,) (19)
with
Vit —s)A120ndB,
‘i‘-x,h(Xt,,) = In 2
o o OFds
th n—1 1-2H
loc 0 k:()(tn _tk) N((th _x)/h)(b(xlk) _b(x))l[tk,thr])(s)ds
rx,h(an) = ™ )
o Q5 ds
tra o 2ot — 1) N (X, — %)/ W) (B(Xs) = DXy 10, (5) ds
rx,h(Xt,,) = o .
o QFds

We remark that r}ffl(X 1) represents again the accuracy of the local approximation of b by a

constant function in a neighbourhood of the point x, but only in the discrete times (f)o<k<n. It

is worth to notice that a new term is involved: r;rafl (X,)- It represents the error made when one
proceed to the discretization of the continuous process (X;)s>0.
In the next subsection, we study deviation probability bounds for byw (x) and byy (x).

3.2. Deviation probability

In order to study the error from a probabilistic point of view, we need to introduce for some p > 0
and 8 > 0 the random sets

t X _
A?Ihwz{/ aH(t—s)IZHN(STx>dszptlH+ﬂ} and
0

¢ n—1
n _ X —x _
AZW - {/0 o (tn = tk)l 2HN<II(T)1[U(,U<+1)(S) ds > 'Ot; H+ﬂ]'
k=0

Some properties of the Nadaraya—Watson estimator are stated in the following theorem condi-
tionally on the above events.
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Theorem 2. Under Hypothesis 1(a), when the trajectory is continuously observed, we have for
any ¢ > 0:

P(|NY (x) = b(x)| = Lyh® + ¢, ANY) < 2exp(—p(1 — H)¢?1%F). (20)

We assume that b satisfies Hypotheses 1(b) and (c). There exists tg > 1, cx.p.1 > 0" and a con-
stant cy ,, such that for any t, > 19, the following conditional deviation probability bound holds:

P(‘Z;ZIY;I’(X) —b(x)| = Lh+cxpren+2¢, AFVZ) (21

2 2

pr = H) H(y—1)/(y+1 { (Hy-1 1

SZexp(—Tﬁﬁ +cCH.ytn 04 )/(V+)exp _Ht’g (r=D)/r+D )
H

It is interesting that the above results about the quality of our estimation are non-asymptotic
and do not require any ergodic or mixing properties of the observed process. Clearly the event
AEVZ is completely determined by the observed values of the trajectory of X. It is therefore
alwéys possible to check whether the path belongs or not to this set. If it is not the case, we are
not able to guarantee a reasonable quality for the estimation of b(x).

In the following remark, we discuss the rate of our approximation.

Remark 3.

1. If we choose a time dependent bandwidth /4, such that htb = L;lt_ﬂ/ 2, then the rate of
estimation is of order r—#/2:

P(|NVY (x) — b(x)| = 1712, ANW) < 2exp(—p*(1 — H)tP).

2. In the discrete case, for a fixed 8 > 0, we consider:

e h, atime dependant bandwidth with f,, =< L=, 7/*;

e y=(4H +B)/(4H — B);
o en=ty/n<t, " Vwithy — 1 =28/4H — B) > B/2.

B/2

Then the approximation rate is again of order #, “'~ since (21) implies

2%)
(B0~ b00] = 172, AN, ) <exp(~Cprmf) 411 exo(~ ).

with wq, up > 0.

The stochastic integral that appears in the expression of & ,(X;) is a fractional martingale
(so called in [13]). In order to study the asymptotic behaviour of the Nadaraya—Watson estima-
tors, we need asymptotic properties of this fractional martingale. This will be done thanks to a
straightforward exponential inequality for this kind of stochastic integral. One refers to [30] for
related results on exponential inequalities for fractional martingales.

ISee (32), (29) in the proof for an explicit expression of 7o and ¢y . -
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Lemma 3. We consider K = (K;)s>0, an adapted process such that for a positive function v

u
sup / (t — )" 2 K 2 ds < v(@).
0

O<u<t

Then for any ¢ > 0 it holds that

2
P( Z;) §2exp(—%(t)>. 22)

Proof. For a fixed time #, we consider the true martingale (Z;)qus, defined by

t
/ (t —s)\?2~H K dB,
0

u
z! =/ (t —)V*"HK, dB;.
0
Here ¢ is consider as a fixed parameter for the martingale Z’. It holds that
u
(z"), =f (t =)' 2K )2 ds <v().
0
The classical exponential inequality (see [29], Exercice 3.16, Chapter 4) implies the result. [

Now we can prove Theorem 2.

Proof of Theorem 2. The proof is divided in several steps.
Step 1: Proof of (20). We use the decomposition (18). Obviously we have the following esti-
mation

95| < Leh®. (23)

Thanks to the exponential inequality (22) of Lemma 3 we have for any ¢ > 0

Pl (X0)| = ¢, ANY)
t —
§P</ (t—s)l/ZHN<¥> dB ngz"”ﬂ) (24)
0

<2exp(—p*(1 — H)¢*?P).
By (18), (23) and (24) we obtain
P(|6NY () = ()| = Leh® + ¢, ANV) < P(|6cn(X0)| + |5 (X0)| = Leh® + ¢, ANY)
<P(|gn(X0)| = ¢, AY)
<2exp(—p*(1 — H)¢?1?F),

and (20) is proved.
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Step 2: Proof of (21). We analyse separately the three terms in the decomposition (19). We
begin with &, , (X;,) and we write

P(|&:n(X1,)

In
= P(V ap(t —s)1=120mdB;
0

NW
2 Ca At”’h)

In
2 NW
= 4/ g Qf ds, At,,,h)
0

In
< P(‘/ ap(t—s)"712QrdB| = ;m,!”*ﬂ).
0

We fix t,, and we consider the martingale Z" := (Z')o<,<;, defined by

.
z" =/ ag(t, —)A= 120" dB;.
0

Since 0 < N < 1, the quadratic variation of the martingale Z" satisfies:

r n—1
_ _ X, —x
(z") =o% / (ta — 5)* ‘{Z(rn—nf 4HN2< - )l[zk,tkm(s)}ds
0

k=0

n—=1 .
<oy Y. fo (10 — )2ty — 00> 14, () ds.
k=0

When H > 1/2, it holds (¢, — s)*# =1 < (1, — t;)?"~! for ty < s < tx,1. Hence

n—1 .z
(2, <ab 3 [0 0005
k=0

In
< a%{/ (ta —s)' 72H ds
0

2
o
< H 2—2H .

1,
=5 _ogm

For the second case when H < 1/2, the inequality #, — s > t, — tyy1 =1, — 1y — A (valid for
tx <5 < tx41) implies that

(tn — 1)~ < (1, — s)“”(l +

Therefore, we obtain
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By Lemma 3, we conclude that

P(|&: 1 (X1,)

201 _ 2
p(1—-H)¢ 2/5). 25)

>0 AL ) < 23XP(—T%

o7

Now we study the error term r)lcoz (X;,) from (19). The drift b is Lipschitz by Hypothesis 1(c).
So we have

% (X4,)| < Lh. (26)

The last term r;rz?l (X,) is more difficult to handle. At first, we write

traj
|rx,h (Xln )

o Yoty — ) TPHN (X, — )/ RLIXs — Xy M1y, (5) ds

- In

o QFds

By equation (1),

S
XS—X,kz/ b(X,)dr + BE — BH
1,

I
k

and when | X;, — x| < h we may write for f; <s < f341:
N
| Xy = X 5/ {[6X2) =b(Xe)| + [b(Xy) = b)| + [b()|} + [ BT — B!
3

)
<& {Lh+cp(1+IxI™)} +L/ X, — X, |dr + &P ||B”||0Jmh,
Tk
where we have denoted for 0 < h < H:
BH — BH
8]y, = sup B—nrl

0<r,s<t, s — r|h

When ¢, is small, the Gronwall inequality implies that for any #; <s§ < fx41:

Xy — Xy | < en{Lh+cp(1+1xI™)} + &) “BHHO,tn,h' 7
Therefore,
P Zeunin L0187, .
with

cxonr =L{Lh +cp(1+41x|™)}. (29)
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Now we are able to end the proof of (21). Starting from the decomposition (19), using the
estimations (25), (26) and (28), we obtain

P([B7)% (1) = b()| = Lh + Capen + 8. A7)

< P& (Xo)| + 2% (X,)| + |5 (X0,
<P(|&n(X,,)

= P(|§x h(th

1—H
SzeXp<_p (16a2 i 2ﬁ>+P<”BH”°’" 2L§ ")
H

>Lh+ Cx.nLén +, A?WZ)

+ Lh+ Cxpren + Le) ”BH ”0 ZLh+Conren+¢, A’ h) 30)

> /2, AN) +P(Le) ||BH||0tn >¢/2)

We treat the last term in the right-hand side of the above inequality. We need a Fernique’s type
lemma for the exponential moment of the Holder norm of the trajectories of the fBm B*. Such
aresult is stated in Lemma 10 in the Appendix A. Chebyshev’s exponential inequality yields

P15l 2 55 ) =o0( -3 017 1y, )

_ 128H? , c
n

€29}

s

where we have used (59) from Lemma 10. We recall that &,, < n~= =D/ where n is the number
of approximation points satisfying n =1, with y > 0. We may write (31) as

P15l = 55)

I 1 256 H2L 1—
<cmp(1+47 h)exp(—it,?(y )<1 T (2H=9) 5=y

If we choose h such that H > > 2H/(y + 1), then 2H — hh — yh < 0. For simplicity, we fix

H H Hy+3)
o=+ —— = .
2 y+1 20y +1D)

When 1, is large, more precisely:

4608\ 2/H =)
I, =17 = T Vv 1, (32)

we have

(1 256H*L 2(H bo)s ho(1 y)) l
ch3

[\
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and (31) yields

H ¢ H—bo £ botr=1)
P(HB %WMOEZLJO>52W£M% em( o ). (33)
n

With y > 1 we have
Hy —Dy+3) _2H(y -1
2(y +1) - oy+1

We report (33) in (30) and we deduce (21).
The proof of Theorem 2 is now complete. |

bo(y =) =

In the end, we get rid of the conditional result in the next subsection.

3.3. Consistency of the Nadaraya—Watson estimators

We start the investigation of the consistency of our estimators by the following proposition that
is anecdotal but interesting in itself.
The strong consistency of bNW (x) is naturally related to the almost-sure convergence to 0 of

Ex.n(X;) (see the decomposmon (18)). If H = 1/2, by the strong law of large numbers for mar-
X,k —Xx

tingales, this convergence will holds as soon as fo N?( ) ds = +o0 almost-surely. When
H < 1/2, such a condition will also ensure us the convergence of the fractional stochastic term

Ex.n(Xy).

Proposition 4. Under the Hypothesis 1(a), when H < 1/2 and

o0 X _
/ N2< - x)ds:—}—oo P-a.s. (34)
0

then the Nadaraya—Watson estimator is strongly consistent:

P-a.s.

(x) —h>b(x). (35)

Of course when the bandwidth is time dependent with lim;_ . h; = 0, we have
lim;_s oo by,f:’ (x) = b(x) almost-surely. The proof Proposition 4 is based on the following frac-
tional version of the integral Toeplitz lemma.

Lemma 5. Let o > 0. Let (x;);>0 be a continuous real function such that lim;_, o X; = x and let
(Yt)r>0 be a measurable, positive and bounded function. Then it holds that

fé (t — )2 (fg vy dr)xg ds .
Jot =)= (fg yrdryds 1=

provided that 1im;_, oo fot Vs ds = 4-00.
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Proof. Let ¢ > 0 and A be such that |x; — x| < & for s > A. We denote C4 = sup,_4 |xs — x|.

By Fubini’s theorem

' t s
/ (t —s5)%yds :a/ (t—s)"‘_1</ Yy dr) ds,
0 0 0

and we write for t > A

Jo@ =)' (fy yrdr)xsds x’ _ St =) (g e dr)lxs — x| ds
fot(t — )2~ 1(fy yrdr)ds fol(t — )2~ 1(fy yrdr)ds

fOA (t =) 1(fy vrdr)ds

<e+C

Another application of Fubini’s theorem implies that

S e = dsyyedr [ vl =0 = (¢ = A)*1dr
fot(frt(t —s)e=lds)y,dr fot(t — )%y, dr
- fOA (t —r)%y,.dr
- fot (t —r)y,dr
Ata(sul)szo [¥s1)
N Ot/z(t —r)*y,.dr
Ata(supsz() lys])
1 fot/z vy dr

4 fot(t — )2 1(fy vrdr)ds ’

(36)

and the last term tends to 0 as t — co. We report this convergence in (36) and we obtain the

result.
Now we prove (35).
Proof of equation (35). By (18) and (23), we have
5NN () = b(0)| < Leh® + |&n(X))].

Leta =1/2 — H > 0. By the stochastic Fubini theorem,

! w [ Xs—x
/O(l‘—s) N( . )dBS
fremor () w(F5)on)
=o | (t—y) N dB, | ds
0 0 h

O
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and we write & ,(X;) =T/, (X;) x TZ, (X;) with

t N N
T} (X)) = (a / (t—s)*! ( / N2((X, —x)/h)dr) (( / N((X, —x)/h) dBr)
0 0 0
/(/XNZ((X, —x)/h)dr)) ds)
0
t Ky
/(/ aH(z—s)“—‘</ Nz((Xr—x)/h)dr> ds)
0 0

Jot —)*N2((Xy — x)/h)ds
Jit — )2 N((Xs —x)/ ) ds

and

T2 (X)) =

Since [, N 2(%) ds = +o00 almost-surely,

Jo N((Xr —x)/h)dB, as,
Jo N2((X, —x)/h)dr =00

and the generalized Toeplitz Lemma 5 yields that lim;_, o Txl’ »(X1) = 0 almost-surely. Now we
prove that the second term sz »(X7) is bounded when 7 is large. Since the kernel function N
satisfies 0 < N2 < N, we have

fé(f —$)*N((Xs —x)/h)ds
Ji(t — )N (X5 —x)/h)ds

_ o =P N (X =)/ ) )2y N((X = x)/ ) ds)! /2
- Jo & =) N((Xs —x)/h)ds

‘sz,h(xf)‘ =

’

where we have used the Cauchy—Schwarz inequality. For ¢ big enough in such a way that
fot_l N(%) ds > 2, we may write

Jo N((Xy —x)/ ) ds

SN = )22 N (X — x)/ ) ds

72, (X)|* <

3 SN =)/ ds + [ N((Xs —x)/h)ds
- JiT N (X — 0/ ) ds

<1-|-1
= 7

Therefore, lim;_, o &x,1 (X;) = 0 almost-surely and the proof is completed. O
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Remark 4. Let M@ = (M,(“) )r>0 with @ = 1/2 — H > 0 be the fractional martingale (as so
called in [13]) defined by M,(“) = fot (t— s)“N(%) dB;. We have seen in the previous proof
that (34) insures us that the fractional martingale M (@ satisfies the strong law of large numbers:

M,(a) P-as.
———— —0.
< M@ >; 100

with a “fractional bracket” defined by < M® »,= fé (t — s)™N 2(%)ds. This is to our
knowledge the first result of asymptotic behaviour for fractional martingales. Unfortunately the
technics we employed to prove this convergence are not adapted to prove a similar result for a
fractional martingale with o < 0. See also [30] for further discussions on this topic.

Now we will work under the one-sided dissipative Lipschitz condition that ensures the ergodic
properties of the observation process X. Before stating the main result of this paper, we make the
following non-degeneracy assumption of the stationary solution.

Hypothesis 4. The law of X is non-degenerate in a neighbourhood of x: for any small bandwidth

h it holds
X —x
E[N(_ﬂ -0,
h

Remark 5. It seems important to understand when the law of the stationary solution is non-
degenerate. This will be certainly the subject of future works. It is obviously true if the distri-
bution of X has full support. Nevertheless, the above hypothesis is satisfied in the case of the
ergodic fractional Ornstein—Uhlenbeck process.

Theorem 6. We assume that Hypotheses 1(b) and (c) hold true.
When the whole trajectory is observed, the Nadaraya—Watson estimator is consistent:

almost-surely when H < 1/2;
(37

in probability when H > 1/2.

Its discretized version is also consistent when we assume that the number of approximation points
satisfies n < t) withy > 1+m>H:
~ in probability
b (x) —————> b(x). (38)

n—00,h—0

We observe that the number of approximation points depends on the regularity of b in the
above result. This has already been discussed in Remark 2.

Proof of Theorem 6. In the following arguments, we will make use of Proposition 1 with ¢ = N
or ¢ = N2. Obviously, (12) is satisfied with p = 0.
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Step 1: Proof of (37). When H < 1/2, by (13) we obtain

t Jo h t—>00 h

By Cauchy—Schwarz inequality and Hypothesis 4

(5= O (5)]) o

and (34) is satisfied. Thereby (37) is a consequence of (35) from Proposition 4.
Now H > 1/2 and let ¢ > 0. We use the probability deviation bound (20) with ¢ = t~#/2, For
t large enough and small 4, we have

P(|NY (x) — b(x)| > &) < P(|B}) (x) — b(x)| = Lh® +17P/)
(6N () — b(x)| = LAY +17F72, ANV) 4 p(2) ANY)
<2exp(—p*(1 = H)iP) + P(Q\ ATY).

The consistency (37) will be proved as soon as
NW ' 120 [ Xs =X 1-H
P(Q\Ath)=P</ ag(t—s)~ N(—)dsg,ot ﬂg)—)O. (39)
' 0 h t—00,h—0

{—s)l=2H > 41-2H

t X. —
Q\A?’,‘l’vg{/o N( Sh x)dsg%t’”ﬂ}

t _
{l/ N(Xs x>ds§itH+ﬁ_l}:=At,h~
t Jo h af
By the ergodic result (13),

1 (' (X, — . X —
—/N ST Vs PSRl N VY=o
t Jo h t—00 h

thus 1 4, , tends to 0 almost-surely when we choose 8 such that H + 8 — 1 < 0. This implies (39)
and (37) is proved.

Step 2: Consistency under discrete observations. When H > 1/2, the proof is identical to the
above one. We use the probability deviation bound (21) instead of (20) and the discrete ergodic
property (14) is invoked in place of (13).

When H < 1/2, we use the deviation bound (21) and it remains to prove that

Since (

N

n—1
o _ X, — X _
P(Q\Ai{?’,{):r({ 3t — 1) 2HN<”‘T) < i H+ﬂ) o
k=0
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Let m be such that #,,—1 < % <t,. Since s — (t, — s)' 2/ is a decreasing function, (#, —

)21 > (1, — l”)l —2H (”’)l —2H for k <m — 1 and we deduce

1! Xy —x
/0 > (= tk)‘”’N( - )1[,k,,k+l>(s)ds
k=0

1-2H m 1
1, X, —x
> < ") / ( tkh )1[tk,tk+1)(s) ds
0 k=0
1-2H [n/szl _
’ Xy —x
= (§> \/(‘) Z N< kh >1[tk,tk+])(s) ds

k=0

1=2H pp,2m—1 X- —
tn 174 X
= (5) /(; Z N< h > [k, tk+1)(s) ds,

k=0

where fy = t; for k <m — 1 and £, = t,/2. We notice that the mesh size of this new time
discretization is less that ¢;,. The observation times are no more equally spaced but it is easy to
convince ourselves that it does not affect the results of Proposition 1. Thereby

1-2H ,n/szl X- —
In i —* P 1-H+
Q\ A < {(E) /0 > N<T>1[fk,fk+1>(s)ds S "}

k=0

P om—1
1 /fm g <X
. N
and accordingly of the inequality (14) from Proposition 1, we may conclude as in the first
step. (]

[ Ap = \H+p-1
h >1[fk,fk+l)(s)dsga(tm) B }

4. The locally linear estimate

We follow the same structure than Section 3. Nevertheless, since the notation become more
heavy, we distinguish the case of continuous observations from the discrete one.

4.1. Heuristic approach

The idea is similar to the one used Section 3 and also follows the one developed in [31]. At first
we discuss the case of a linear drift coefficient b of the form by, g, (z) = 69 +61(z — x)/ h. Hence,
b depends on two parameters 6y and 61 (h > 0 is fixed). Since bg, g, (x) = 6y, an estimator of 6
is an estimator of the value of the drift at the point x. We denote

t
X?:xo+/ by, (X0)ds + B
0
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Similarly to (9), we introduce the observable process Y 0= (Yle),zo defined by

t
Y19 =Xx0 + _/(; W (1, S)b90,01 (X?) d<MH>s + MIH

! 6
:xo—i—/ p3x<60>d<MH>X+MlH’
0 1

with p = (ps)s>0 is the process with values in R? defined by

1
:Os:lDH(taS)((XQ_x)/h>a

and for a matrix A, AT denotes its transpose. Intuitively, the values 8y and 6; can be estimated
by the least squares method (see, e.g., [18]). If the 2 x 2-matrix

t
Hz=/0 pspy d(M™)

is not singular, the least squares estimator of (6, 0T obtained at time 7 is given by

~ (B _l/f 0

With the constant oy defined in (15), we may write

n,:fot(wy(t,s)f(( 1 (X0 —x)/h >d<MH>S

X0 —x)/h (X0 —x)* /2

N 1—2H< 1 (Xf—x)/h)d
= [0 o et )

and we obtain the following expression of éo (1):

t t X9 —
"’;2(;;) A II)H(t,S)dYXe — mi(t) II)H(t,s)(ATx)dYSQ,

3@ Jo
where for i € {0, 1, 2}:
t X0 _ i
m;(t) :/ oc,zv_l(t — s)l_ZH(‘YTx) ds
0

8(1) = mo(t)ma(t) — mi().

In the context of the fractional diffusion (1), the drift b is not linear. Hence, we approximate it
by a linear function 6y + 61(z — x)/h in a neighbourhood [x — &, x 4+ k] of the point x. For

bo(t) =

and
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this purpose, we use a kernel function N that satisfies Hypothesis 2. The above discussion is the
starting point of the construction of a locally linear estimator of » under continuous observations.

4.2. Observations based on the whole trajectory

4.2.1. Construction and decomposition of the error
We give the following definition of a locally linear estimator of b(x) by means of the observable

processes Y and X.

Definition 2. The locally linear estimators at time t of b(x) with the kernel N and a bandwidth
h is defined by

t _
B (x) = de((tt)) 0 u?H(t,s)N(Xsh x)dYs

_Vl(t) g, t Xs—x N Xs—x ay

() owH(’s)< h ) ( h > ‘Y

_ ! va(t) vi(t) ( Xy —x 5 1—2H (Xs—x>

_/o [d(t) o) ( h >]“H("S) N{——)dX. @D

where for j =0, 1,2:

() — ) _ 1—2H(Xs—x>j (Xs—x>
Vj(t)_/OotH(t s) T N W ds, @2)

d(@) = vo)va(t) — (Vi(@®))*

(40)

The alternative expression (41) is obtained thanks to the definition of the process Y given in (7)
and the relation

wH(t,s)ti)H(t,s):a%,(t—s)l_zH fort > s.

Moreover, the representation (8), the facts that N < 1 and that for all z € R, |zN(2)| < 1, we
notice that the stochastic integrals in (40) are well defined. Moreover, we remark that d(¢) > 0
by the Cauchy—Schwarz inequality.

In order to understand what kind of quantities will appear in the deviation probability bound,
we write a decomposition of the error l;y 5 (x) — b(x). Using (8) and (40), we rewrite l;}l 5 (X) as

A t [ X. —
by () = \;2(([)) | ap(t— S)l/z_HN<STx> dB;

_Vl(t) ! _ n1/2—-H Xs—x Xy —x
a@ J Y ( h )N( h )dBS

! VZ(t)_Vl(t) Xy —x 2 -2H (Xs—x>
+/0[d(t) d(t)( h )}“H(f )TN )h(X) ds.
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Now we consider the local error functions 8, , defined by
8x.n(2) =b(2) — (b(x) +b'(x) x (z — x)).

By the definitions of the functions v; it holds that
! t 1) (X5 — X5 —
/ 2 i@ (Xem x| gy (K20 k0 s
o Ld® d() h h

_ Tva@® vi® (Xs=x\] 5 1oomy(Xs—X
_b(x)+/o[d(t) d(t)( h )}“”(I Y N( h >8x”’(x“)ds'

Now for j =0, 1 we denote

X —x\/ X. —
vj(t,s>=aH<r—s)‘/2”< . x) N( — x>,

—x\/ —
ﬁj(t,5)=(¥%{(l‘—5)l_2H<¥> N(X“h x)

and (V;),>0 is the process with values in R%*2 defined by

V, = (VO(I) Vl(’)) ) (43)
vi(t)  va(t)

Thus, we have again the expression
byl (x) =b(x) + &} (X)) +ri% (X)), (44)

where 5; 5 (X) and r)lcofl (X;) are the first components of the following two dimensional vectors

t
Een (X)) = (V)™ / (”0(”” ) dB.
0

Ul(t,s)

o
RI% (X,) = (V)] /0 (”"“’ ”) S0 4 (Xy)ds.

vi(t,s)
loc

The interpretation of é):’ n(X1) and r % (X;) and is the same one than in the Nadaraya—Watson
procedure. It is important to notice that when H = 1/2 we obtain the same decomposition of
b}{h(x) — b(x) as the one in [31], equation (5.3).

4.2.2. Deviation probability and consistency

In view of the term r)lc‘fZ(X ¢) in (44), the accuracy of the locally linear estimate will be expressed

thanks to the quality of the approximation of b by a linear function. Under Hypothesis 1(a) it is
natural to introduce in the neighbourhood [x — &, x 4 &] of the point x the quantity

Acp= sup |b(2)— (b(x)+b(x) x (z—x)|.

lz—x|<h
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In order to study the error from a probabilistic point of view (see 5):, »(X1) in (44)), we make

the following comments. If the kernel function N satisfies N> = N and if H = 1/2, the process
V = (V;)s>0 defined in (43) is the quadratic variation process of the two-dimensional martingale

M = (MI)ZZO defined by
! 1 X, —x
M, =/ X,—x |N dB,.
0 h

h

If we investigate the strong consistency of our estimator we shall use a strong law of large num-
bers for multivariate martingales (see [6,16,18,34]). Therefore, the strong consistency is a con-
sequence of asymptotic properties as ¢ goes to infinity of the eigenvalues of the matrix V;. In
the fractional framework, this kind of asymptotic has not yet been studied. Nevertheless, the
eigenvalues of V; play a crucial role in the following.

Thus, we introduce for some p > 0 and 8 > 0 the random set

Al = (@) = pr' TP,

where A, (¢) is the smallest eigenvalue of the matrix V;. The properties of 1311 A
restricted to the event Ail 5- The consistency is proved under Hypotheses 1(b) and (¢) insuring the
ergodicity of (1) and under the following non-degeneracy condition on the law of the stationary

solution.

(x) are first studied

Hypothesis 5. The law of X is (strongly) non-degenerate in a neighbourhood of x: for any small

bandwidth h it holds:
E X—x 2N X—x 0
> 0.
h h

Notice that we use the terminology “strongly non-degenerate” because Hypothesis 5 implies
Hypothesis 4.

Theorem 7. Let x be fixed.
(1) If b satisfies Hypothesis 1(a), then for any ¢ > 0, we have

Al _ 1-H-B 1 _d- H)p> , 28
P(|b) ), (x) = b(x)| = cp 1 Ax it + ¢, ALy) S4exp S (45)
H

with ¢ 5 = ~/2¢2, /(pAp)-
(i) When we assume Hypotheses 1(b) and (c) and Hypothesis 5, the fractional diffusion is
then ergodic and we have the consistency of the locally linear estimator:

in probability
=

bl (x) b(x).

t—00,h—0
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The proof of this result is postponed in Section 5.
If we consider that { = B2 (45) implies that

Al 1—H—B | .—B/2 4l (1— H)p? 8
P(|b6) ), (x) = b(x)| = cp 1 Ax it +17P2 AL <4exp a2 )
H

The quality of the approximation of b by a linear function is measured by Ay j in a vicinity of x.
Under Hypothesis 1(a), we have Ay, <2L,h. Assume also that b is twice differentiable in a
neighbourhood of x with second derivative bounded by L,, then A, ; < L. h? /2. Now we are
able to choose a time dependent bandwidth /,. Clearly if h? < L 't#~178/2 (remind that the
symbol < means that the ratio of the functions are bounded), we obtain that the rate of estimation
is of order r—#/2:

- 1 — H)p?
P(|b}],h(x) — b(x)| > Ep,Hfﬁﬂ, A?,h) < 43XP<—(272)plﬂ),
CH

where ¢, g = cp,n/2 + 1 and of course 8 has been chosen such that 8 <2(H —1).

Since b is unknown, we have no reason to have information about L, . As usual in such a non-
parametric context, we have two choices. On the one hand, we can restrict our problem to a class
of drift function b satisfying the above hypotheses with constants L, such that L, € (Lmin,Lmax)-
On the other hand, an adaptive (data-driven) choice of the bandwidth may be considered (see [31]
and the references therein). Unfortunately, the analysis of the error given in Theorem 2 seems to
be not adapted to this powerful method of bandwidth’s choice.

To continue the comparison with the work of Spokoiny (see [31]), we may relate our random
set and the one that appears in [31]. Indeed, very simple calculations allow us to write the exact
expression of the smallest eigenvalue of the matrix V; as

dom () = 1 (vo (1) +v2(0) — ((vo(1) +va(0))? — 4d(1)'/?). (46)

The above expression employs analogous quantities that the one appearing in the random set A,
(see [31], page 819). Despite these analogies, it is not easy to compare the two events. Moreover,
the discussion about the accuracy of the approximation and the “stochastic error” is different
from the one made in [31]. This is due to the fact that the stochastic error is hidden in the random
set Ail ,» Whereas it appears explicitly as a “conditional variance” in the work of Spokoiny.

Now we give an effective way to estimate the drift when we consider discrete observations.

4.3. Discrete observations

We consider the discretization of the quantities that are defined in (42). For j =0, 1,2,

n

t, n—1 j
_ X, —x Xy —x
v'}-(rn)=/0 > oy (tn — )" ”’(”T> N( - )1[,k,tk+l>(s>ds,
k=1

A" (1) = VAtV (1) — (V1 (1))
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and we denote V! the matrix
V' — <V8(tn) Vrll(tn)>
fn V’11 (tn) VS (tn)

Considering (41), we propose the following estimator of b(x) based on discrete observations.
Definition 3. The discretized locally linear estimator at time t, with a bandwidth h is
n—1

A vi(ty)  Vi(ty) ( Xy —x _ Xy —x
bg’h(X)ZZ[d’z’(tn)_d’l‘(tn)( x )}“é(”’_”‘)l 2HN<%T)(X’W‘X”)'

k=1

As in (19), We will decompose l;}i ;, (X) into a sum of three terms:

b () = b(x) = Ex n(Xy,) + 1% (X,,) + 1 (Xy,). 7
For this purpose, we consider the simple process

n—1

n vo(tn)  Vi(ta) ( Xy —x B X, —x
Ts = Z[di(tn) - d'll(tn)( tkh >i|0l%1(ln - lk)l 2HN( tkh >l[tk,tk+])(s).

k=1

Since l;gh (x)= (;” T]'dX,, we use (7) and (8) to write that

. "
b}}%h(x)zfo — s gy,

wH(tn»S)
n In Tn
:/ b(XS)T;’ds+(AH(Z—ZH))l/Z/ s gl2-Hypg
0 0o wHg(,s)

n In
=/ b(XX)TS"ds+a;11f T" (1, —s)? 12 dBy.
0 0

As in the case of continuous observations,

ty
Evn(Xy) =ay' / T (t, — 5)1~1/2 dBy
0

is the first component of the two dimensional random vector

4 0
- -1 [ (i, s)
.:;hz(V;;) / < ] " > dB;,
0 w (ta, s)

where for j =0, 1:

n—1

. _ _ X, —x\’ Xy —x
1ty 8) = (ty — )™ ‘/ZI;aH(rn—tk)‘ ”’(’kT) N( ”‘h )1[,k,,k+])(s>.
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The last two terms in (47) come from the equality:

1,

th n n
/ T!'b(X,)ds = / T] (b(X) — b(Xy,)) ds +/ T] (b(Xy) — b(x))ds
0 0 0

traj

= rx,h(th) + r)l((jz(th)

Easy but tedious computations yield that r;r??l (X,), respectively, r)lco‘;l (X,), is the first component

of
; 0
~ 1 " (@it 8)
Rj;fg (X)) = (V1) /O < ra) ds,

wt}aj (tn, 5)
respectively,
1, 0
—1 n w; (t ’ S)
R}COE () = (VZ') /0 <ZU1;)C (tn s) ) @
loc V7>

where we have denoted for j =0, 1:

n—1 i
. X, — J X, —
@it $) = Y opty —n&“”’( k x) N( lk x)(b(Xs) — DX D)) g (),

P h h
n—1 1
; _ X, —x\ (X, —x
Dot ) =)oty — 1) 2”( - )N( - )«sx,h(x,k)l[tk,,km(s).
k=1

Remark 6. As it has been already noticed in Nadaraya—Watson’s type estimation procedure (see
Section 3.1), three terms appear in the decomposition (47). Each of them have a precise meaning:

o the first term, &, , (X/), is a “stochastic error term”;
° r)lcoz (Xy,)) represents again the accuracy of the local approximation of b by a constant func-
tion in a neighbourhood of the point x in the discrete times (fx)o<k<n;

° r;“}i (Xy,) is the error due to the discretization of the continuous process (Xy)s>0.

The next result establishes the probability deviation bound for the discrete locally linear esti-
mator of b(x).

Theorem 8. We assume that b is Lipschitz with Lipschitz’s constant L. There exists uy, uy > 0
such that for any t, large enough, we have the conditional deviation probability bound:

P(|B) () = ()| = cpm Aty 1P ergut) TP g, ANY)

2 2
p~(1 - H)t ¢
§4exp<—Wt3ﬁ + cpt) exp —Et}llz ;

(48)

where we have set:
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- A%,ll,h ={A0 () = pt27H+ﬂ} with B a positive real number such that 1 — B <y H;

— Ay (tn) denotes the smallest eigenvalue of the matrix Vy ;

— ¢1 >0depends on p, L, x, h and H;

— ¢ > 0depends on p, H and L.

The proof of this result is done in Section 5.

All the constants in (48) are known explicitly. The interested reader shall find them in the
proof. The next theorem is one of the most important result of this work since it sets convergence
of the discretized estimator toward the unknown value b(x).

Theorem 9. Assume that Hypotheses 1(b), (¢) and Hypothesis 5 hold. If moreover the number of
approximation points satisfies n < Y with y > max(l + (m2 +2)H; 3), then the locally linear
estimator of b(x) is consistent:

~ in probability
b p(x) ——

b(x).

t,—>00,h—0

Proof. Since we apply Proposition 1 with z > z2N (z) that satisfies (12) with p = 2, the condi-
tion on y is justified. Then we just have to use (48) with 1 —y H < 8 <1 — H and we argue as
in the proof of (38) form Theorem 6. (]

5. Proofs

5.1. Proof of Theorem 7

We split its proof into separate steps. The starting point is the decomposition (44). We treat each
term of l;}}l 5 (x) — b(x) separately.

We recall some basic facts from linear algebra. We denote for a vector z = (z, Z2)T € R?,
Izlloo = |21 V |z2| and ||z]|» its Euclidian norm. For any > 0, 0 < A, (f) < Aps(¢) are the eigen-
values of the symmetric matrix V;. For y = (yl,yz)T € R2, we denote z = (z1,22)T = (Vt)’ly

and it holds
Iyi]? val? \'? s bl [yl
1#lec = lizl2 (Am(r)z Toer) =YV o Vo “

5.1.1. Proof of Theorem 7(1)

We study rjlcofl (X7). Since forany real z, 0 < N(z) < 1 and 2N (z) < N(z2), we have the inequality
va(t) < vo(t). By the Cauchy—Schwarz inequality, we obtain

‘ X, — X, —
‘/ ot%l(t—s)l_H{( - x)zv( - x)sx,h(xs)ds
0

)1/2

< A h(VoVa ()7 < Arnvo(t),
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and thus

t
f 51 (2, )80 (Xy) ds| < Aravoo). (50)
0
The relation (49) yields
[n%5 (X0 < | Ren(X0)] o
S ﬁ<| ot )8en (X ds| 1 fy m(r,s)ax,h(xadﬂ)
o (©) T ()

vo(t)  vo(?)
= ﬁA*’h(xmm v wm)

and consequently

vo(t)
Am (1)

Since vo(t) < (c%, Jam)t> 2 we deduce the following bound on the random set Ail n

%5 (X0)| < V24

[ (X0)| < cpaDent' 7P (51)

with cp g = «/Ec%]/(,o)»H).
For the analysis of é)}’ 4 (X1), we consider ¢ > 0 and by (49) we may write

P(E],(X)| = ¢. A}))

=P8 XDl 2 ¢ AL

P(|f0’ vt $)dBy| | fo vi(t,s)dBy| i Ai‘,h)

<
B A (1) Ay (1)
- T I, 2SIV AL)-

Since Ay (t) > Ay (2) > ,atl_HJ”6 on the random set .Ail’h, it follows that:

t
P(l&], (X0 =¢. ALy §P<' /0 vo(t, 5)dBy| > f/—‘;r””ﬂ)

t
+ P( / v1(t,s)dBg
0

For j =0,1, |(¥)/’ N (%ﬂ < 1. Then we may apply the exponential inequality (22) and
we obtain

(52)

- ﬁtl—ﬂw)_
V2

1—H)p?
P(l&) (X0 = ¢, ALy s4exp<—%<2t2f‘). (53)
H
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Thanks to the decomposition (44) and the bounds (51) and (53), we deduce that
P}, 0) —b)| = cpmBept'H P 4, AL)
<P(Jg} , (XD + % X)) = cpmAaptTHF 4o, AN
<P(l&;,(X0| = ¢, AL)

1— H)p?
205%{

and the proof of (45) is now completed.

5.1.2. Proof of Theorem 7(ii)

We follow the same arguments that the ones used in the proof of Theorem 6. With 8 <1 — H,
we need to show that

P(Q\ A} =P(hu(t) < pt'H1P) — 0. (54)

11— 00
Since 0 < N < 1 and z?N(z) < N(z) for any real z, A, (t) > v2(¢) by (46). Thus,

P(2\ A},) < P(va(t) < pt' 1)

' —+\2 _
et ()
0

When H > 1/2, (t — s)'72H > t172H and consequently

2
{/Za%(t—s)l_w(xs_x> N(Xs_x>ds§/0tl_H+ﬂ}
0 h h
2
1t Jo h h _06%_1

Since Hypothesis 5 holds, we may apply Proposition 1. So (54) is true and the result is proved
for H > 1/2. When H < 1/2, we use (r — s)' 72H > (t — %)1_2H = (%)1_211 and we write

t 2
{/ a%{(t_s)]2H(Xs_x> N(Xs_x)dssptlﬂﬂfi}
0 h h
t/2 . 2 _ H+p—1
L [ (a2 (1)
t/2 Jo h h 011211 2

The concluding arguments are unchanged.
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5.2. Proof of Theorem 8

We treat separately each term of the decomposition (47). Repeating the arguments that led us
to (52) yields that on Ag h

P(|&n(X,,)

In
>, Al ) < P(‘/O 10 (2., 5) dBg

+r(

We follow the arguments that led us to (25). We fix t, and for j =0, 1, we consider the martin-
gales Z"J := (Z;"')o<r<;, defined by

> PS 1-H+p
— ﬁ n

oy PS 1 _H+p
uw(ty,s)dBg| > —t,~ )
/0 n s ﬁn

. r )
Z:?’j :/ /’L](tms)st-
0

Since |(¥)1 N (%)l < 1, the quadratic variations of the martingales AR satisfy

t

2
(Zn,j>r < lzi‘f;{ 2-2H

Then by Lemma 3 we obtain that

2 2
p-(1—H)
P(|&en (X, = ¢ AL L) S4exP<—72§t3’3). (55)
Bary;
Now we deal with r;r?, (X;,) and r)lcoz (X4,). For j =0, 1 we have a discrete version of (50)
t .
’/O wlf)c(tnv s)ds| < Ax,hvg(l‘rz)
Arguing as in the proof of (51),
[P (X)) < o Aenty P (56)

on the random set Ag , (werecall that ¢, iy = \/Ec%, /(pAg)). We use (27) and we obtain simi-
larly,

< (consen+ LeD B ]y, WG

t ,
’/ wéaj(tn,s) ds
0
with ¢ . = L{Lh + c5(1 + |x|™)}. Finally on the set A} , it holds

traj

|rx,h(th)

< (cren + 28] ||BH||0’tmh)t,{_H_ﬂ (57)
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with ¢; = cp gy p, L and ¢ = ¢, g L. Like in the proof of (21) (see Section 3.2), we combine
the inequalities (55), (56) and (57) and we deduce:

P(|B“ h(x) - b(x)| > Cp,HAx,ht,l_H_ﬂ + Clsntyl_H_ﬁ +¢, Ag%)

In,

2 2 (58)
p~(1—H)~ , H c
S4CXP(_72tnﬂ +P([B Ho,zn,hzw .
16, 2coe,ty
By Lemma 10, we have
4
P( BY > 7)
” ||0,tn,h 2C28,?f,}_H_ﬁ
- ¢ —D+H-1 256H%cH ey B H 41—
<cmp(1+1! h)exp(—z—czt,?(y D+ +ﬁ(1_§7b2,3(H ), —by—D—H+1-p

—1)+H- 256H?cy _ _
ScH,,,(lJr;fh)exp(_szztr?(y D+H Hﬁ(l_;ibzzt" hly+D+H+1 ,3))'

With 8 < 1 — y H one may choose h such that

1—-H— 1+H—
max( 'B, + 'B)<h<H.
y—1 y+1

When 1, is large enough, we obtain

H ¢ H- § hy—-D+H-1+p
P(UB Ho,tn,him>52mm bexp(—Efn )
n‘n

We report the above estimation in (58) and the proof is complete when we set u; = H — b and
u=h(y—-D+H-1+8.

Appendix A: A Fernique’s type lemma

The exponential moments of the Holder norm of the trajectories of a fBm are classical results
from the theory of Gaussian processes (see [7], e.g.). Nevertheless we are interested in the large
time behaviour of this moment. So we prove in this Appendix the following Fernique’s type
lemma in which we give precision on the time dependence of the estimation.

Lemma 10. Let T > 0,0 <bh < H < 1. We denote

H B |B/ — B[
”B ”O’T’h_ogssl,ltpST |I—S|b
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Then for any T > To = (h/(8H))Y/H =Y there exists a constant CH,p such that

2
Blexp(| 871, )] = cu (1470 exp (T2 ) 59

The explicit form of cy p is given in (64).

Proof of Lemma 10. We denote [z] the integer part of a non-negative real z. First, we prove
that

|BY — BH | <tpp.rlt —s1%, (60)

where & .7 is a positive random variable such that for any p > pg :=[2/(H — b)]

H P
E(5) 7)< (1%) TPH=D (p — 1. (61)

The double factorial of a positive integer p is defined by

k
, (2k)!
Qk — D' = ]‘[(21 —1)= Tk
i=1
k
Qi) = ]‘[(21') = 2Kk,
i=1
We remark that when p < pg, we obtain easily that
H\’
E(&f 1) < (16F> TPH=D pon, (62)

In order to prove (60) and (61), we proceed as follows. With ¥ (u) = u?/(H=b) anq pu) = ut
in Lemma 1.1 of [9], the Garsia—Rodemich—Rumsey inequality reads

[t—s] 4% (H-h)/2
|BtH—BSH‘§8/ <—2) HuH_ldu,
0 u

where the random variable D is

Tr B — BIPY
’D:/O /(; s P dr ds.

We have

j1=s]
|B — BH| < 8(4@)<H—‘7>/2f Hu"'du
0

H
< 8F(4©)(H_h)/2|t—s|h.
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We denote &p p, 7 = 8%(4@)“1’”)/2. By Jensen’s inequality, for p > 2/(H — b) it holds

H T |BH BH|2/<H4;) p(H=h)/2
(H=h)/2°7 s
Bleinn.r) = (84 > </ / |1 — s[H/H=b) dtds)

< 16E pr(H—b)/ / E(|Bf — BH|?P) dtds
a b o Jo |t — s|?PH T2
H\?

where Z is a Gaussian random variable with zero mean and unit variance. Since

— 1 . .
E(|Z|p)={«/2/7r(p nn, when p is odd;

(p—D!, when p is even,

we deduce (60) and (61).
What remains to be shown can be tediously deduced from Theorem 1.3.2 in [7]. We can also
make the following direct computations. Using (60), (61) and (62), we have

E(exp(”BH HO,T,(;)) < E(exp(ép,6,7))

xRk p
B

!
= P
p
" 2 CH, Z (P - 1)”
p=0 =po+1
o0
(p—D!
< pollexp(ch,p,7) + ZCZ % ra—
-0 p:
p=0
where we have denoted cy 7 = 16(H/h)TH =Y. We notice that
1/(2k)!, when p = 2k;
(p—l)!!/p!:{ /(') P
1/2k 4+ D, when p =2k + 1.

Since (2k + 1)!! > [5_, 2k = 2¥k!, we obtain

0 2k oo 2k+1

H.b,T H.n,T
(e (15 Ly ) = poespienr) + 3 kT + 3 i
2

2 k
Capr\ 1
. — (63
2 )k! (63)

k 00
b1\ |
<PO”eXP(CHhT)+Z< b )E-FCHJ),TZ(
: k=0

< pollexp(cp,p,7) + (A +cup1) GXP(C%J,;,,T/Z)-
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With
|: 2 ] n 16H (64)
CHYy= |71 —,
)
the lemma is proved because when TH-H > h/(8H), chp,1 < c%]’b’T/Z. O

We remark that if 7 do not satisfy the condition 7 > /(8 H), then one may replace (59)
by (63).

Remark 7. Thanks to (60) and (61), we have obtained the following estimation for the moments
of the Holder norm of the trajectories of the fBm:

p
E(|B"§7.) < (16%) TP H=D (p — 1t (65)
forany p > po:=1[2/(H — h)].

Appendix B: Proof of Proposition 1

Step 1: Proof of (13). We use the inequality

1 [T _
s 57/0 lo(X)) — o(X(6))|dt

1 (7 _
‘—/ ¢(Xy)dr —E(p(X))
(66)

| _
+’?f 9(X () dt —E(p(X))|.
0

Since ¢ has polynomial growth and X has moment of any order, ¢(X) is an integrable random
variable and (10) implies that the second term in the right-hand side of (66) tends to 0 almost-
surely. Now we treat the first one. The inequalities

lo(X0) — (X 6))] < co(1+1X: P + |X @) )| X: — X 61|
< cop(1+ X — X@)[" +2|X60)|)| X, — X(6)]
imply that

1 T _ T )
?/ |¢(Xl)_¢(X(QT))|dt5%?p/ |Xt—X(91)|p+ldt
O | (67)

T
+ 2 [V 100 |x, - X))o
0

By (11), | X; — X(6,)|P*! tends to 0 almost-surely and an integral version of the Toeplitz lemma
implies that the first term in the right-hand side of (67) tends to O almost-surely. For the second
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one, by the Cauchy—Schwarz inequality,

1 T _ ) B 2 1 T _ 2 1 T _ )
<?/ | X6 |X,—X(9,)|dt) < (?/ 1 X6 dt) x (?/ | X — X (6| dt)
0 0 0

and thus it tends to 0 by the same arguments that we employed before. The proof of (13) is
complete.
Step 2: Proof of (14). First, we write

1 Iy n—1 ~
_/ {Z‘P(th)lltk,tkﬂ)(s)}ds—E((P(X)) Slnl‘i_ly%
th Jo k=0
with
I n—1
== {Zko(xtk)—¢<Xs)|1[,k,,k+1>(s)}ds and
n k=0
R v
I = t_/o so(Xs)ds—E(w(X))‘.
n

By (13), lim;,— In2 = 0 almost-surely. We estimate I,f as follows. First, of all we write:

—1
R
Inl S f_wf {Z(l + |th|p + |Xs|p)|th - Xsll[tk,tk+])(s)} dS
n JO
k=0
(68)
c t, (11
<(1+ sup |Xu|p)/ 371Xy = XL (5) § ds.
In 0<u<ty 0 i
Since b satisfies the polynomial growth condition, it holds for #; <s < #;41 that
N
Xy — Xy | < / |b(X,)|du+|Bf — B[]
173
s
gcbf (141X, ™) du + ||BH||O’M|S—zk|h (69)
Tk

< cb(l + ( sup |Xu|)m)8” + HBHHO,tn,hS’?‘

O<u<t,

Under the one-sided dissipative Lipschitz condition, Proposition 1 in [8] establishes that

H m
sup 1Xul = o (14 Ixvol + (sup [BL])7)

0<u<t, O0<u<t,

< ep(1+ Ixol + [ B, o om),
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with 0 < h < H that will be fixed later. We report the above inequality in (69):

| Xs —Xlk|<cbe€n+Cb||BH“0t bln 8n+||BH||0tn te <8 < tpy1- (70)

b"’

Using (70) in (68), we deduce that there exist a constant C that depends on b, ¢ and x( such that

2
Iy < C(L+[BYE, o18") x (en + | B2, o1 "o+ 18" |, p8)

< Clo+ 187 g o0+ 1B 85 260+ |87 15 P 0

The almost-sure convergence of /! to 0 will follow from a Borel-Cantelli argument. Indeed for

any 1 > 0 and for an integer ¢ that will be chosen later, it holds that

C
P(n|=n) = (e +e BB [, )+ (BTG )

g )

and by (65) (see Remark 7 in Appendix A) we obtain

_ 2 2 _
P(’I,H Zﬁ) < (8 +£l?q :{(H b>+t’?qugbtg(p+l)(H b)+t’fl)q(m +p)sZt,'f(m +p)(H h))

_ 2
(8 +8bq g(H b)+83bt’g(p+l)H qh—i—sgt,‘,’(m +p)H)'

3|(’} = |0

Since 1} =nand &, =n~" =D/ wehave Y, P(I}| > ) < %(51 + 85+ S3 + S4) with

1
1= Z ndr—D/y’

n>1

1
2= Z nay—H)/y’

n>1

1
83 = Z: ety —winmyy  2nd

n>

1

Sy = .

4 anwv(m%p)m/y
n>1

It is supposed that y > 1 + (m? 4+ p) H. We choose § close to H in such a way that hy — H > 0.
Moreover, since y > p + 1, one may choose h such that it satisfies additionally y H > yfh >
(p + 1)H. Now it is clear that we may find an integer ¢ in such a way that the three above sums
converge. The Borel-Cantelli lemma yields that I,} converges to 0 almost-surely.
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