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Asymptotically efficient estimation of a scale
parameter in Gaussian time series and
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Mimicking the maximum likelihood estimator, we construct first order Cramer—Rao efficient and explicitly
computable estimators for the scale parameter o2 in the model Zin= on~P Xi+Y,i=1,...,n,>0
with independent, stationary Gaussian processes (X;);en, (Yi)ien, and (X;);en exhibits possibly long-
range dependence. In a second part, closed-form expressions for the asymptotic behavior of the corre-
sponding Fisher information are derived. Our main finding is that depending on the behavior of the spectral
densities at zero, the Fisher information has asymptotically two different scaling regimes, which are sep-
arated by a sharp phase transition. The most prominent example included in our analysis is the Fisher
information for the scaling factor of a high-frequency sample of fractional Brownian motion under additive
noise.

Keywords: efficient estimation; fractional Brownian motion; Fisher information; regular variation; slowly
varying function; spectral density

1. Introduction

Let (X;)ien and (Y;);en be independent Gaussian processes with known distribution. Suppose
that we observe Z :=Z,, := (Z1.n, ..., Zn.n) With

Zin=on"PX;+Y;, i=1,...,nand 8,0 > 0. (1.1

In our framework, the parameter § is assumed to be known. We are interested in the case where
(Xi)ien is stationary and (Y;);en is a noise process. Our theory includes white noise and incre-
ments of white noise as special cases for (¥;);en (cf. Assumption 2). The problem, which we
address in this work, is asymptotically optimal estimation of the scale parameter o2, In order to
understand its asymptotic properties, the key ingredient is knowledge of the Fisher information,
for which closed-form expressions will be derived as well.
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Our study is motivated by estimation of the variance o2 of a fractional Brownian motion (fBM)
(BH)t>0 at time points i /n,i = 1, ..., n, under additive Gaussian white noise (WN), that is,
T p

Vin :zoBi7n+1:£,~, i=1,...,n. (1.2)

Here, H refers to the Hurst index (or self-similarity parameter) and (¢;); is a sequence of i.i.d.
standard normal random variables. This model has attracted a lot of attention, recently (cf. Gloter
and Hoffmann [12,13] and for the special case H = 1/2, cf. Stein [23], Gloter and Jacod [14,15],
as well as Cai et al. [6]). Let us call it the fBM + WN model and note that the increment vector
is of type (1.1) with 8 = H. This shows that models (1.1) and (1.2) coincide, if X; and Y; are
chosen as the increments nH(Bf/'n - B(‘;’_l)/n) and T(&;, — €i_1.n), With &0 , := 0, respectively.

Estimation of o2 (and H) was discussed in slightly more general settings than the fBM + WN
model by Gloter and Hoffmann [12,13]. In these papers, it was proven that for H > % the optimal
rate of convergence for o2 is n~!/##+2) More extensively studied and of particular interest is
the case H = %, due to its applications to high-frequency modeling of stock returns. For this case,
the asymptotic Fisher information is known to be n'28753)~1(1 4 o(1)) (cf. Gloter and Jacod
[14,15], and Cai et al. [6]). This result had a big impact as a benchmark for estimation of the
integrated volatility (cf. Barndorff-Nielsen ef al. [1], Podolskij and Vetter [18], Jacod et al. [16],
and Zhang [25]) as well as for the asymptotic equivalence theorem by Reil3 [20]. The fact that
the multiplicative inverse of the asymptotic Fisher information is linear in t and proportional to
the cube of o is surprising and requires further understanding.

The main contribution of our work to the existing literature is that for 0 < H < 1, the Fisher
information /7, for estimation of o? in the fBM + WN model is given by

152 — pl/CHHD G =BH+D/QH+1) L =2/QH+D | O(nl/(2H+])), (1.3)
where cy is a constant only depending on H (for an explicit expression of cg, cf. Corollary 1).

In general, we focus on the situation, where the Fisher information converges to infinity for
n — 0o, which corresponds to consistent estimation of o2 In view of 1 #X; =0 ,,(n_‘6 ) and
Y; =0, (1), itis not clear at all that there are such situations. In fact, the rate at which the Fisher
information tends to infinity can be rather unexpected. In a first place, one might guess that the
optimal rate of convergence for estimation of the “parameter” o2n~2# is n~!/2 and hence the
Fisher information of o2 should be of the order n!~*# (corresponding to the rate of convergence
n2f=1/ 2). However, this heuristic reasoning is in general not true and better rates can be obtained,
as, for instance, in (1.3). Surprisingly, the asymptotic Fisher information has two different scaling
regimes. In fact we will see that for any pair (X;); and (Y;); there is a positive characteristic ¢
such that (up to sub-polynomial factors) 17, o n' =P if O <4 and I 7y ocn! =P if ¢ > 4. The
latter appears to be the same rate as in our heuristic argument above. Altogether, the different
scaling behavior becomes visible as elbow effect in the convergence rate of o2, As a curious
fact, let us mention that the spectral densities of the processes do not need to be known explicitly
in order to compute the proposed estimator or the asymptotic Fisher information.

It is a classical result that if we observe a sample of a stationary Gaussian process with a
spectral density A (6, -), the asymptotic Fisher information /;} for estimation of a one-dimensional
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parameter 6 is given by (cf. Davies [8] and Dzhaparidze [9] for the general case as well as Fox
and Taqqu [10], Dahlhaus [7], Giraitis and Surgailis [11] for long-range dependent processes)

n

T
I = —/ (39 1og (6, )" d2. + o(n). (1.4)
2n 0

In Theorem 2, we prove that under fairly general conditions on (X;);, a result of the type (1.4)
holds for & = o2 in model (1.1). One should notice that our setting is nonstandard and not covered
within the existing literature. In contrast, due to the factor n~#, we cannot work with a fixed & but
rather have to consider a sequence of spectral densities (4,), with degenerate limit. Furthermore,
we are not in the classical parametric estimation setting, that is, I(’;z may diverge with a rate
which is much slower than n. As, for example, in (1.3), we need therefore to prove (1.4) with an
approximation error which is of smaller order than o(n). This in turn implies that very precise
control on the (large) noise process (Y;); has to be imposed (cf. Assumption 2). Let us also
mention that we cover both cases, long and short-range dependence of (X;);. In particular, this
allows to treat model (1.2) for all H € (0, 1).

The work is organized as follows. In Section 2.1, we construct the estimator and investigate
its theoretical properties. Closed-form expressions for the Fisher information are derived in Sec-
tion 2.2. In particular, we give some heuristic arguments why different scaling regimes appear.
To illustrate the results, some examples are provided in Section 3. Proofs are deferred to the
Appendix and the Supplement [22].

Notation: We write X :=X,, :== (X1,...,X,)), Y=Y, ={1,....Y,) and Z .= Z, .=
(Z1n, .- Zy,n). For two sequence (ag)x and (by )i, we say that ay ~ by iff limy_, o ax /by = 1.
Similar, for two functions g; and gz, we write g1(A) ~ g2(A) (for A | 0) iff limy og1(A)/
&H) =1

2. Main results

Let U = U, be an n-dimensional, centered Gaussian vector with positive definite covariance
matrix Xy, depending on a one-dimensional parameter 6 € R. The log-likelihood function is

L) = —"1og2m) — 1 log(|Zs1) — Lis-1,
2 2 2 70
with | Xy | the determinant of Xy. Let dg 3¢y denote the entrywise derivative of Xy with respect to 6
(which we assume to exist). Since 3 log(|Zg|) = tr(Z, ' 89 Tp) and T, ' = — T, ' (39 Zp) Ty ',
we find for the score function

L(UI0) := 3 L(U|0) = — L tr(Z, 99 Tp) + U T, (99 Zp) Z, U

In distribution, U = 291/ 2& for an n-dimensional standard normal vector £. Together with some

algebra this shows that the Fisher information for 6 is I = Ltr([(3p Yg)E, l]2) (cf. also Porat
and Friedlander [19]). In particular, for model (1.1) we obtain

1", = Lu([n 2 Cov(X) Cov(z)~' ). @1
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To simplify the notation, we will view I(’;z in the following always as a sequence in n.

2.1. An asymptotically Cramer-Rao efficient estimator

In this section, we construct an explicitly computable estimator which mimics the MLE. Further-
more, we prove that the mean squared error (MSE) of this estimator is first order optimal (cf.
Theorem 1). All the results in this section work under fairly general conditions. In fact, we only
require that Cov(X) and Cov(Y) are known and positive definite for all n as well as divergence
of the Fisher information. In particular, we neither have to impose stationarity on (X;); or (¥;);
nor do we assume that Cov(X) and Cov(Y) have the same set of eigenvectors.

The construction will be done in several steps. First, we can find n x n matrices A and D such
that Cov(Y) = A’A, D' D = id, (the identity), and D diagonalizes (A~!)" Cov(X)A~!. Hence,
A := (A" D) Cov(X)(A~! D) is diagonal and the diagonal entries are denoted by A1, ..., A,.
The maximum likelihood equation in the transformed model (Z) ,, ..., Zn.)' = (A"'D)'Z
motivates to consider the oracle estimator

A2 -1 S anT2(Z2 —EZ2,)
6}ozracle = (21;12) : Z i + (Zlnz) ! Z l = M 22)
o (02n=2Px; +1)? o (02n=2B); 4+ 1)2

i=1 i=1

To verify the equality, one should note that by rewriting (2.1)

Igz = li er‘“ﬁ :

2 P (021,028 +1)2
Observe that the oracle estimator (2.2) is unbiased and attains the Cramer—Rao bound since
Var(?fozmcle) = ;‘2)_1. Oracle estimators depend on the unknown quantities itself, and are thus
not computable. Below, we derive a simple construction for a statistical estimator which mimics
b\ozracle and is asymptotically sharp. Similar as in [6], we use a sample splitting technique. First,
we take a small part of the data in the transformed model, which are used for a preliminary
estimate, say &2, of o2. In a second step, we plug &2 into (2.2). Discarding all indices, which
were already used for G2 gives an estimator, which as we show has asymptotically the same
properties as ’a\ozracle. This implies then the first order Cramer—Rao efficiency.

The next lemma ensures that sample splitting can be done.

Lemma 1. Foru >0and B C {1, ...,n}, let

1 A%n_4ﬁ

IMB == Z —_—.
=28 2
2 = (uiin +1)
Then there is a sequence of index sets (A,), with A, C{l,...,n} such that
An
A 1

I =00 and —0 as n — oo.

i
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Proof. Note that 0 < ¢;, = )»l.zn"‘ﬁ (n’zﬂ)»,- + 1)’2 < 1. Consider the partial sums S; =
ZLI c¢i.n and observe that Sg41 — Sk <1 as well as §, = 11" — 0. Therefore, we can find
k*(n), s.t. /I < Sgrny < /11 + 1. The result follows with A, = {1, ..., k*(n)}. O

Throughout this section, let (A,), be as in the previous lemma and pick a sequence (6;);,
satisfying 8§, <1, §, — 0, and BﬁllA” — 00. A possible choice is §, = (IIA")_l/g. Observe that

vi=QIM) T Y S —e e T

i€A, i€A,

rin P (Z}, —EZ2)
(n=2Bx; + 1)2

has expectation o> and variance bounded by (c* v 1)(1 lA ")~ Now, we define the preliminary

estimator 2, as the truncated version of V/,

2= (Vv s (2.3)
This allows us to construct the final estimator 2 for o2, Let AS ={1,...,n}\ A, and set

o anB(Z2 — 1) o an~2(Z2 —EZ?)
a2= )Y S =t (20) T Y T T (2.4
o (©2n=2Pr; +1)2 o (G2n2B); +1)2

i€AS €Ay

One should note the similarity to the oracle Egracle as introduced in (2.2). As the following the-
orem shows, 8,% has in fact the same asymptotic MSE as the oracle, implying Cramer—Rao effi-

ciency.

Theorem 1. Suppose that the Fisher information diverges and Cov(Y) is positive definite. The
. /\2 . . .

estimator o, defined in (2.4) attains the Cramer—Rao bound asymptotically over every compact

set, not containing zero, that is, for 0 < omin < Omax < 00,

lim  sup 1", -MSE(G,;)=1.

n—>oo
0 €[0min,Omax]

2.2. Closed-form expressions for the Fisher information

So far we have seen that there are estimators which are asymptotically Cramer—Rao efficient.
However, in order to get some understanding of the asymptotics, we need to study the behavior
of the Fisher information. In this section, we derive explicit closed-form expressions.

To state the results, some definitions, in particular from regular variation theory, are unavoid-
able. For the notion of quasi-monotone and slowly varying functions see the monograph [3].
A positive sequence (r;); is called O-regularly varying if for any A > 1,

. apy — I
0< lim M< lim M<o<>
n—00 er n—oo rl’l
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with [ -] the Gauss bracket. For real sequences (a;) j, O-regularly varying quasi-monotonicity is
equivalent to the existence of a positive, nondecreasing, and O-regularly varying sequence (r;)
such that the sequence (a;/r;); is decreasing. We say that a sequence (a;); is general monotone
if there are finite constants C, Jy, such that for any positive integer J > Jy, Z?i}l lajy1—ajl <
Clay|. The class of general monotone sequences will be denoted by GM. It was introduced and
studied recently by Belov [2] and Tikhonov [24]. To simplify some arguments, we have relaxed
the original definition slightly by introducing Jy (this does not cause any trouble and all results
on GM sequences can be transferred with obvious changes). The class GM is fairly general in
the sense that it includes all well-known generalizations of monotone sequences, such as quasi-
monotonicity, regularly quasi-monotonicity, O-regularly-quasi-monotonicity and sequences of
rest bounded variation.

In order to deal with boundary problems (cf. the second example in Section 3), we assume that
(X;); is only approximately stationary in the following sense.

Assumption 1 (Assumptions on X). Suppose that there is a stationary process (X}); and a
process (R;); such that in distribution

X,-:X;—i—Ri foralli e N

and (le)i and (R;); have the following properties.
(i) There is a positive and quasi-monotone slowly varying function £ : (0, o0) — R™T, satisfy-
ing
£(xL" (x))
£(x)
such that for an index a € (—1/2,1/2),

-1, x — oo forallk € R (2.5)

yi 1= Cov(X|, X, y) ~sign(—a)k™2*71e(k)  ask — oo. (2.6)

(i) WithX) :=(X!,...,X}),Ry:=(Ry,..., Ry) and || - ||2 the Frobenius norm, we have the
uniform bound

sup|Cov(X],. Ry)||, + [Cov(R,) ||, < oo. 2.7)
n

Throughout the following, we interpret the autocovariance (yx)rez as a sequence on Z via
Yk = V—k. An example for a (quasi-)monotone slowly varying £ is the logarithm log(l + -).
However, (2.5) does not hold for every slowly varying function. A stronger condition, which
implies (2.5) is

L(ar
lim (@) —1)log(x)=0 forana > 1
A—0\ LX)

(cf. Theorem 1 in [4]). As a consequence (2.5) holds whenever lim;, _, »c £(1) € (0, 00). Moreover,
if it is true for £ then also for £#, u > 0.
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The n x n matrix A denotes the backward difference operator, that is,

1
-1 1
A= . . . (2.8)
-1 1
For a vector v = (v1, ..., )", Av = (V] — vy, V2 — Vl,..., Uy — Un_1)" with vg:= 0 is the
backwards difference process. Furthermore, the transposed matrix A’ is the negative forward
difference operator A’v = —(vy — V1, V3 — V2, ..., Upy1 — Uy)’ With v, 41 := 0. We assume that

for a nonnegative integer K, the process Y is generated by taking the Kth finite difference of a
white noise process (alternating between forward and backward differences).

Assumption 2. Given a nonnegative integer K and © > 0, assume that Y is an n-dimensional,
centered Gaussian random vector with covariance matrix T>(AAHK or T2(ATA)K.

Assumption 2 imposes in fact a very serious restriction, but seems to be somehow unavoidable
in order to prove the statement (cf. also the discussion in the Introduction). Our results could
be worked out under more general boundary conditions of the difference operator, of course.
It is indeed sufficient that Cov(Y) can be perfectly diagonalized by a discrete sine or cosine
transform. However, since the assumption above is somehow the most natural one and allows to
treat the fBM + WN model, we will restrict ourselves to it for sake of simplicity.

Let throughout the paper f =Y 2 ¥k cos(k-) denote the spectral density of (X Dien. Al-
though X and Y are stationary only up to boundary values, we will refer occasionally to

f, 4K 2 5in2K <§> and  h, =o’n" 2P f 4+ 452 5in?K (§> (2.9)

as the spectral density of the processes X, Y, and Z, respectively. Because of the imposed inde-
pendence of (X;); and (Y;);, h, is the sum of the spectral densities of X and Y.
Define

{nl—ﬂ/(K—a) (E(nﬂ/(K—a)))l/(ZK—ZOl) 4146, if K — o %,
Iy =

n! =4 log(n)€2(n), ifK —o=1.

(2.10)

Now, we are ready to state the main results of the paper. Surprisingly, it turns out that the rates
depend on K and « only through their (inverted) difference, that is, the problem is characterized
by

1
K—a

Q=

Theorem 2. Work in model (1.1) under Assumptions 1 and 2 and suppose that K — o >
max{8, (4o + 1)B, 1/4}. Further assume that either:

1. a €(0,1/2), ()i is O-regularly varying quasi-monotone, and y ¢z vk =0, or
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2. a €(—1/4,0) and (yx)r € GM, or

3. a € (=1/2,—1/4] and there exists a constant C1, such that for any p € N, |yp11 — yp| <

Cilyplp~t.

Then, the Fisher information of o> based on n observations is given by

. nl—4/3 b4 fz()»)
Ih=— A %dk(1+0(1))+0(r,,). 2.11)

If the condition K — a > max{B, (4o + 1)B, 1/4} is replaced by the weaker assumption K — o >
max{f, (4a + 1)B}, imposing additionally log(n)ﬁz(n) — 00 in the critical case K — o =1/4,
then (2.11) holds as well, provided there exists a constant c ¢, such that

|FO) = f| <epd® 2 h—pul  forall0<r<p<m. (2.12)

Let

2-00

/2
8sin(Qm/2) '

C,a):= (2 sign(—a)["(—2«) cos(rcot))

Theorem 3. Under the assumptions of Theorem 2, the asymptotic Fisher information is explicitly
given by

1", ~n' =0 (0(n%F)) 2604 0C(0,0)  if O <4 (2.13)
and
W= a4 ) .
2~ 5 /O F20da= 2—741(-2_:00 vE o ifO >4 (2.14)

For £ =|logP ()|, p > —1/2,
_ g @prt
1", ~ n' =% (logn)**'¢ 4W if O =4. (2.15)
Corollary 1. In the fBM + WN model (1.2) with H € (0, 1), it holds that

2
2H +1

<4

<>:

and the asymptotic Fisher information for o2 is given by (1.3) with

H sin/CHED (YT 2H + 1)/ CH+D
CH = (H + 1)2sin(x/CH + 1))

El

where I' () denotes the Gamma function.
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Proofs of the statements are deferred to the Appendix. Let us conclude the section by some
comments on Theorems 2 and 3.

First, observe that (2.11) is of the type (1.4) for = 2. The surprising fact is that one can
compute the integral fon 2/ h%(k) dX obtaining expressions which for ¢ < 4 do not depend
on f anymore. Let us shortly explain this. Suppose that Assumption 1 holds with £ = 1. By
classical results, we can conclude that for A | 0, f(X) ~ Cy2% and h,, A) ~ Cyoin=28)2 4
204K with C, = 2sign(—a)T'(—2a) cos(ma). Next, observe that for small A, f2(1)/h2(1) ~
n*? whereas for large values the integrand behaves like A=K Now, O < 4 is equivalent to
4o — 4K < —1 and in this case the integral will be determined in first order by f2(1)/ hfl (A) for
small A. Therefore, one expects that f and /4, can be replaced by their corresponding small value
approximations C4A%* and C,o2n~2#72% 4 12)4K  respectively, and

o2 n
A -
{12((1)) d)hmo’4n4ﬂ/ (1+C071<7721:2n2‘9)»21<72°‘) 2 da.
0 n 0

The r.h.s. can be explicitly solved and does not depend on f. In contrast to that, for ¢ > 4, the
Fisher information depends also asymptotically on the whole spectrum (0, w]. This is why we
need the additional assumption (2.12) which controls the continuity of f globally.

The phase transition for ¢ = 4 does not only affect the asymptotic constant but also leads
to an elbow phenomenon in the rate of convergence for estimation of o2, If {) < 4 the optimal
rate (neglecting sub-polynomial factors in the following) is n®P/2=1/2 whereas for ¢ > 4, it is
n?#=1/2_ The latter only depends on f. Typically, if in an estimation problem an elbow effect
occurs there are different sources of errors which cannot be balanced and therefore the best
attainable rate is given by the maximum of the single error rates. However, in our situation the
optimal rate turns out to be the minimum, more precisely it is min(n#/2=1/2 n26=1/2)

Let us also shortly remark on the dependence of the asymptotic Fisher information on the
scaling coefficient 0. Write p = /4 and 6 = 0. Choosing Q,(t, «, ) appropriately, we find
that the Fisher information for 6 observing U ~ N'(07, Q) if p <1land U ~N(0, Q) if p > 1
coincides in first order with (2.13)—(2.15) (standardizing X such that Z;?O:foo ykz =1lifp>1).
Hence, in an asymptotic sense our original statistical estimation problem is related to a Gaussian
shift model where we want to estimate the pth power (p < 1) of the mean value.

Our results also cover the case o € (—1/2, —1/4) for which the autocovariance function is not
(square) summable. In fact, the proof turns out to be very subtle and requires quite restrictive con-
ditions. In particular, we have to impose an assumption on the increments of the autocovariance
which is much stronger than GM.

In the critical case ¢ =4 an additional log-factor appears in the rate of convergence. In The-
orem 3, we have restricted ourselves to the (most important) case where £ is a power of the
logarithm, which allows to evaluate the asymptotic Fisher information in closed form. However,
from the proof one can follow a slightly more general version, namely that under the assumptions
of Theorem 2 (in particular log(n)Zz(n) — 00) and with g, := n=Pe2(n*h),

n 1ap_—a [' a1\
Iy =n'""%7 fﬂ : T(l—ko(l))—i—o(nqnlog(n)).

Theorems 2 and 3 are derived for all @ € (—1/2, 1/2), o # 0. The case o = 0 is indeed special
since as @ — 0, |C (¢, a)| — o0o. However, in the fBM + WN model (1.2) (recall that H = 1/2 —
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«) this phenomenon does not play a role because of £(1) = const. = H|2H — 1|, which converges
to zero (fast enough) as H — 1/2. This explains why cg is continuous for all H € (0, 1), whereas
in general o — C({, ) is not.

Besides the classical case H = 1/2, which was mentioned already in the Introduction, one
can easily simplify the asymptotic Fisher information in the fBM + WN model (1.2) for H €
{1/4,3/4}. Indeed, as a consequence of Corollary 1, we obtain for the multiplicative inverse
(which is the asymptotic variance of our estimator)

27
NI
H=1/2: (I,’,lz)_] ~8c3tn~!/2,

H=1/4 (I%)"'~ o834 323 x10.640 %3143 723,

-1 25V54+4/5 16/5_4/5, —2/5 16/5_4/5, —2/5
7\/537/5 1/50 ™7°n ~ 8.120 7°n .
T

Finally, one should notice that the elbow effect observed in Gloter and Jacod [14] does not relate
to our results. In fact they have studied the fBM 4+ WN model for H = 1/2 (i.e., BM + WN),
where the variance of the noise is allowed to depend on n. With the notation of model (1.1), the
change in the rate appears as 8 | 0. In particular, they also discuss the case § < 0 in which
the classical n~1/2-rate can be achieved. In our framework, B < 0 corresponds to estimation of
the scaling parameter of (Y;);.

H=3/4 (I%)

3. Examples

In the Introduction, we have already discussed the main example of estimating the scale param-
eter of fractional Brownian motion under Gaussian measurement noise. The solution is given in
(1.3) (cf. also Corollary 1). In order to provide some further illustration of the derived results, we
discuss two estimation problems for which the Fisher information can be explicitly computed.

Large measurement error: Let (X;); denote a stationary process with long-range dependence.
More precisely, assume that for constants A, C, and self-similarity parameter H € (1/2, 1), the
autocovariance satisfies yx ~ Ak*" =2, |yes1 — x| < Cyx/k and for H € (1/2,3/4), additionally
Y o kz = 1. Suppose that we observe the scaled process (X;); under large noise, that is,

Z,;,,:aXi—i—tnﬂs,», i=1,....,n,0<B8<H—-1/2.

Now, with the notation of Theorem 3, « = 1/2 — H and ) =2/(2H — 1). In particular {) > 4 for
H € (1/2,3/4) and ¢ < 4 for H € (3/4, 1). Therefore, an elbow effect occurs at H = 3/4 and
the Fisher information is determined in first order by

o nl=4p He 13
o2 2_[4 ) 2’4 )

n'=*flog(n) e 3

1:2 ~ 48 4

4
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1;2 ~ pQH=1-28)/QH-1)  —(8H—6)/(2H—1)

L—2/CQH-1) QAT (2H — 1)sin(tH))/@H=D . 3 1
(2H — 1)2sin(n/Q2H — 1)) € <Z’ :

Integrated fractional Brownian motion: Suppose that we are interested in efficient estimation

of o2 given observations (Vi ,, ..., Va.n),

1
vl,,,za/ Bds+re,  i=1,....n.e <N 1), He(1/4),

/n

and (BH), is a fBM, which is independent of the WN. With A as in (2.8), X; := f | BH ds —
va(l 9 B ds,and e = (1, ..., &,), consider

D 11—
AAI(Vl,n,-.., nn)t ( ! HXi)i:

and note that (X;);>2 is stationary. By defining R; appropriately, it is straightforward to verify
Assumption 1. In particular, we find that (2.7) is bounded by <n*”~! <1 and y, ~ HQH —
1k*=2_ Therefore, ¢ = H(1 —2H), 0« =1/2 — H, K =2 and =1 + H imply

and the Fisher information is given by

2H+3
W/ QH3) —8H+10)/@H+3) ~2/eH+3) H + Dsin/ I ) 2H + 1)V

17~ (2H + 3)*sin(n/(2H + 3))

Appendix: Proofs

A.l. Proof of Theorem 1

Lemma A.1. Let 52 be as defined in (2.3). Given 0 < g <& < 00, there exists an N = N (g, )
such that for all n > N and for all n > 0,

sup P(|82 —02| > (If‘")_l/zmax(l,ﬁz)n) §2e1/4_’7/*/§.

o€lo,o]

Proof. Since §,, — 0, we can choose N such that foralln > N, §, < gz and 8;1 > 2. Then, for
o?e [o,a], |32 — 02| <|V-— 02|. Letay, as, ... be a sequence of i.i.d. X12 random variables. By
Proposition 6 in Rohde and Diimbgen [21] (similar statements have been derived also elsewhere,
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for another reference see, for instance, Johnstone [17], p. 74), for a vector (u;);ca, of real-valued

numbers
7

Note that in distribution, V — o2 = Yic A, Milai —1) with

D iy — 1)

€A,

> ﬁnuuzn) < 2el/4n/V8,

_ain 0?0 4+ 1)
(n=282; 4+ 1)?

wi=(21{")

Application of the exponential inequality above together with |[u|> < (21 IA "y~1/2 max (o2, 1)

yields the result. ]

Proof of Theorem 1. Due to the independence of (Z-),-E A, and (Z),-E Ac, the estimator 52 s
unbiased. In addition, using Lemma 1, the theorem is proved once we have established that

~ Al _
|Var(G?) — E(I;) ™"

@: sup =o(l) and
o€lo,o] (1:2)_1
AC AC
(L)~ =)™
II): sup G — _152 =o(1).
o€lo,T] (Igz)

In the following, we make frequently use of the following observation. For any set B C

{1,...,n},
2 2
min(l, (3> )15 <18 5max<l, <3> )15.
u u
(D: Writing E[-] = E[E[-|(Z; n)iea, 1.

~ A\ —1 A\ =2 An=% (o2 -5?) -~ _
|Var(5?) — E(1;) I=Z‘E[(2%z) 2. Gy (07 + ) 2’5+2)”

i€Ag
o2
# 1))

SIS VYL S LY
(G2n=2P 4 1)4 — 54 @ (G2an=2 4 1) — G2 7

i€Ag i€Ay

1

B 2
< 21E[(21§‘;) = - 1‘(3 +

where we used the inequalities
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Therefore

2 ¢
%—IHZ sup /P[|02—52‘2521§2”t]dt

o0€lo,o]

sup E[(IEAE)_I

o€lo,o]

5/ sup P[|02—52|28n1f‘5t]dt.

o0€lo,o]

Application of Lemma A.1 together with fooo exp(—At)dr = A7 yields

. 2 c
sup E[(l;z")l % - IH S (5,2,1{"1)71/2(11%)71'

o€lo,o]

Similar,

02

2 .
A ]: sup /P[;az_aﬂzaz(zgg)‘/zﬁ]dt
o

o€lo,o]

5/ sup P[lo? — 52| = 8, (1{") > Vi) dr

o€lo,o]

sup ]E|:(IEA2’2)]

o€lo,o]

and because of [ exp(—A+/1)dt =2A72,

e o2 2 _ o _
sup ]E|:(15A2") lﬁ—l‘ i|§(8,2111A") l(llAn) g

o€lo,o]

By definition S%I IA" — oo. Since for sufficiently large n, by Lemma 1,
17 < max(1,0~4) 17 <2max(1,0 )", (A1)
it follows that

Var(@?) — B2 ;
up |Var(c©) (02) | 74 sup |Var(b~2)_E(I;n)fwzo(]).

o€lo,T] (1:;2)_1 ~ o€lo,o]

(II): From Taylor expansion, we find that for positive x, y, |x=2 — y~2| < 2(min(x, y)) 3|x —
y|. Therefore, we can bound

Aq Ag —4B,2 1 1
') -1 =— % _
o2 52 T ) 2N ((a2n—2ﬂx,- +1)2 (3212 +1)2

i€Ag
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by
. —6653
AC A€ n A3 2 ~2
I no__ I~n < — l o° —
A = 2 G s 1y |
= 2max(072, 572)132’6’/\52 |02 — &'ZI
_ 0 AS ~
<(o ot 1)s, 21(72 o’ — O’2|.
Thus,
sup B - (1) 7' < 8;2f sup P(lo? =52 > 1)dt S (521) ' > 0.
o€lo,o] o€lo,o]
Using (A.1), the convergence in (II) follows and this completes the proof of Theorem 1. ]

A.2. Notation and remarks for the results in Section 2.2

Let us first give some notation. Whenever it is clear from the context, we omit the index n. In
particular, we suppress the index n of the spectral density h, = h and the estimator Enz =352,
Inequalities for Hermitian matrices should be understand in the sense of partial Loewner order-
ing. The matrix norms || - ||2 and || - || denote the Frobenius and spectral norm, respectively.

Furthermore, we write A and Vv for the minimum/maximum and

(A.2)

The last definition occurs frequently in connection with finite-dimensional approximations due
to the transformation property of the discrete cosine transform. Let | -| be the Gauss bracket. As
in (2.10), we denote by (r;,), the rate at which the Fisher information tends to infinity (this still
needs to be proved, of course). For technical reasons, however, it will be chosen in the following
as an integer sequence, that is,

Lnl—ﬂ/(K—a)(Z(nﬁ/(K—a)))l/(zK—Za) +n1—4ﬂJ’ if O #4,
|n!=*F log(n)¢*(n) |, if O =4.

Ty =

This definition will be used at many places throughout the proofs. In particular, one should keep
in mind that u,, = O(r,/n) and as a direct consequence of (2.5).

Lemma A.2. If ¢ is as in Assumption 1 and ) < 4, then

LY

'n

L(nP/(K—a)) — 1
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The projection of a function on {cos(k-):0 < k < n} is denoted by S,, that is, if g =
> e o 8k cos(k-) with gx = g, then

n
Sng = Z grcos(k-).
k=—n
We write T, (g) for the n x n Toeplitz matrix corresponding to g, that is,
T,(g) = (gli—jDi,j=1,....n- (A3)

In particular, Cov(X') = T,,(f), with f as in (2.9). Let DCTg be the discrete cosine transform

et = (e (-3)0=3) 1))
= —=cos||i—= - =
8 1 )\ 7 2) 1))

“(Eell-2])

.....

(which is DCT-VIII in the notation of [5]). Note that DCTg = DCT’;g is orthonormal. Further
introduce the matrix D, (g) as

Dy (g) :=DCTs - diag(g(u1), g(u2), - .., g(un)) - DCTg . (A4)

Asymptotically, the eigenvalues of D, (g) and T, (g) are ‘close’, provided the symbol g is suffi-
ciently smooth (cf. Lemma C.4). - ~ ~

If Cov(Y) = t2(A'A)X, consider the observation vector Z = (Zj , ..., Zn,») Which is ob-
tained by the invertible transformation Z; ,, = Z,_; ,. These observations satisfy our assumptions
with Cov(Y) = t2(AA")X . Therefore, without loss of generality, we can and will consider only
the first case of Assumption 2, that is, Cov(Y) = IZ(AA’)K. By Lemma C.2, DCTg diagonalizes
A’ A and hence also Cov(Y) = t2(A’A)X. The eigenvalues of Cov(Y) are explicitly given by
4Krzsin2K(ui%), i=1,...,n.

For the subsequent proofs, the following three elementary inequalities turn out to be very
useful. Firstly, from (2.6) and Potter’s bound (cf., e.g., Bingham ez al. [3]) it follows that for any
& > 0 there exists a ko such that for any k > ko

%k—za—l—&“ E %k—za—lg(k) E )/k E 2k_20[_1£(k) S 4k—201—1+8. (AS)
Moreover, we can find a constant Cy such that y; < Cik~ 22—+ forallk =1,2,.... Secondly,
if (1) ~Cn=28222¢(1/1), then, for every & > 0 we can find a § > 0, such that for all A € (0, 8],

1 1 1 1

7€ ate < ECAW(X) <f()< 2cx2“e<x> <d4cpe, (A.6)

Additionally, under the assumptions of Theorem 2, we know that f is bounded on [§, t] for
every 8 > 0 (cf. Lemma C.6) and therefore the upper bound f (1) < 4CA%*~¢ can be extended to
all A € (0, ] by enlarging the constant appropriately. Finally, for all A € (0, ], we have

o2n 2 £ (1) + 4 K222K <h() <o?n P () + 1222K, (A7)
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A.3. Proof of Theorem 2

The proof of the main theorem builds in a very neat way upon an elementary analytical ob-
servation (cf. Lemma A.3) which leads in a second step to a trace approximation for positive
semidefinite matrices (cf. Lemma A.4). This approximation result does not require any assump-
tion on the behavior of the smallest or largest eigenvalue. Together with a rather standard but
slightly technical Riemann approximation argument, we can then deduce a generalized version
of Theorem 2.

Lemma A.3. Let (x;)n, On)n, (@n)n, (wp)n be positive sequences such that | /X, — /Yn| =
O(gn) and w, — 0. Then, x, = y,(1 + o(1)) + O(g2w,).

Proof. Set a, = max(xy, yn) and by = min(x,, yn). We obtain (an/bn)'/? — 1 = O(gnby /%)
implying a, /b, =1 + O(q,,b,fl/2 + q,%b;l) and a, = b, + O(q,,b,l,/2 + q,%). Since Zq,,b,l/2 <
bu/wn + g2, and w, — 00, we find a, = b, (1 + o(1)) + O(g2wy). O

Let A be an n x n matrix. For convenience, we introduce the notation

Lemma A4. Let A1, Ay, B be (sequences of) positive semidefinite, n X n matrices and suppose
that Ay is invertible. If (wy,), is a positive sequence tending to infinity, then, for n — 0o,

(A1B) = (A2B)(1 +0(1)) + O((B(A1 — A2))wy).

Furthermore, if B < AT, then

(A1B) = (A2B) (1 +0(1)) + O((id, =AY > AT  A)*)w,).

Proof. By Cauchy—Schwarz,

|(A1B) — (A,B)| = |tr(B(A1 — A2) BA1) + tr(BA, B(A) — Ap)))|

< | B'2(A1 — AnB"2|, (A1 B)?)* + r((A2B)%) 7).

For the last inequality we have rewritten tr(B(A; — A)BA1) and tr(BA>2B(A1 — Aj)) as
tr(BY2(A| — A2)BY/2. BY/2ABY/?) and tr(B'/2(A| — A2) BY/2 . BY/2A,B'/2). Since (B(A; —
A)) =|BY/2(A| — A») B1/2|3, the result follows with Lemma A.3.

To prove the second claim, write

B'2(A; — A2)B"> = B2 A (id, —A[ 4,47 "?) A B
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and note that due to A}/ZBA}/2 <id,,

. —1/2 /2y . 1/2 ,—1 4172

(B(A| — A2)) < (id, —A] ' ?A2A7 %) = (id, —AY AT AY?). O
In the case o > 0 the multiplicative inverse of the spectral density & has a singularity at zero.

In order to deal with this, we introduce the regularized spectral density %, which is defined as

follows: let (p,) be a sequence of positive integers satisfying p, < r,,. Then, we define

~ o RV h(u,), A=<up,,

h() := {h(k), else,

with u,, as in (A.2). Replacing & by f, define in the same way f We will prove a generalized
version of Theorem 2 for a generic sequence (p,),. In a second step, the different versions of the
main theorem are deduced and p, will be chosen according to the specific setting. Heuristically,
we may interpret this spectral regularization as adding an asymptotically noninformative (i.e.,
sufficiently small) WN process to our observation vector. This induces some stability, which
becomes important in the bounds for the inverse covariance matrices.

Theorem 4. Work under Assumptions 1 and 2 in model (1.1). Suppose that @ € (—1/2,1/2) and
K—a>pBvVv1/4.1f

(1) (Y=o is in GM, f is bounded on any interval [§, ] with § > 0 and there exists a
positive, quasi-monotone slowly varying function £, such that

F(R) ~ 2sign(—a)[(—2a) cos(ma) 222 L(1/2),

(i) n 442426 57 (i y (Ui ) 2 = 0(r), for some & > 0,
(iii) (D' (W) (Du(Sn f) — Tu(f))) + sup; 0.0 A 2 (1) = 0(ran).

Then, the asymptotic Fisher information of o2 is

) nl—48 pm fz()»)
I =~ A=y dA(1+o(1)) + o(ry). (A.8)

If the condition K — a > B Vv 1/4 is replaced by the weaker assumption K — « > B, imposing
additionally log(n)ﬂz(n) — 00 in the critical case K — o = 1/4, then (A.8) holds, provided there
exists a constant ¢ y such that

f) = f] <emn a2 n—ul  forall0<r<p<m. (A.9)

Remark 1. Later on we will see that the different parts of Theorem 2 follow from Theorem 4.
If (X}); has long-memory, condition (iii) turns out to be quite difficult to verify. Although it
would be easier (and more standard) to formulate the condition with respect to squared Frobe-
nius norms, let us shortly explain, why the use of the (-) notation is essential. By definition,
(A) =tr(A?) for an n x n, square matrix A, which in turn can be upper bounded by the squared
Frobenius norm of A (cf. Lemma C.1(i)). This is even an identity if A is symmetric but can
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be very rough in general. To see this consider (A); j =1/i. Then (A) = log? n but the squared
Frobenius norm is of order n which is much worse. Since these phenomenons occur in some
cases, condition (iii) is stated for squared traces.

Proof of Theorem 4. Recall the explicit expression for the Fisher information in (2.1). The proof
is subdivided into three steps, namely

SYNER R Y 0D
(Du(HDy ) =2 | 5

(T.(H)D; () = (Du (YD ()1 + 0(1)) + 0(ran*?),
21", = (0P T, (f) Cov(Z)™") = (n 2T, (£) Dy ' ()(1 + 0(1)) + o(ry),

d)»(l +0(1)) +0(rnn4ﬁ),

which are denoted by (I), (II) and (III), respectively.
(D: By the trivial bound fon fz(k)/hz(k) dr = 0(n*f) = o(r,n*?), we can replace the nor-
malization factor n/m by (2n + 1)/(2m). Thus, using (A.4), it is sufficient to show that

i?(u»_znﬂ T fA0)
h2(u;) 2 Jo h2(h)

i=1 !

dr| = o(r,n*?). (A.10)

Now, let us treat the cases K —a > 1/4 Vv  and 8 < K — o < 1/4, separately.
If K —a > 1/4 Vv B holds: Using assumption (i) and r, < n, we can find integer sequences
(r;F) and (r;) such that p, K 1,7 K1y K r;f < nand (g, + (r;)~Hr = o(r,) with

CA%e(1/1) 120928)
gni=qn(ry) = sup |———— L 1+ |1 - . (A.11)
0zt FO) 1/
I=p=<2
Since ozn_zﬂf < h and ozn_zﬁfg E, it follows that
"n 7 u— £2
1 n )\.
Z { (i) = 0(r,,n4’3) and n fz( ) dr = o(r”n4ﬁ)
= h2(ui) o M)
and together with Proposition C.1, we see that in (A.10) the sum over i =1,...,r, and i =
J’_
-

..., n as well as the integral over (0, “r;] U [u,y-f, 1] are of order o(r,,) and thus negligible.
Thus, we have proved (I), once we have verified that

da

e 20, U4+ £2
Z f (ul)_Zn—i—l/ o 2D =o(rnn4ﬂ). (A.12)

h2(u;) 2n h2())

i=r, + n
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To see this, write

da

2w mal R 20
2 R2u;) 21 S, h2(n)

i=r, +1
i ) &)
" .
< su T — (A.13)
= el B i) hA (&)
i=r, +1
rt _ B
= e Z sup " Zﬁf(”i) n= f(&) )
B 02 . Eieluj—1,u;i] h(ul) h(gl '
i=r, +1

Fixie{r, +1,...,rF andleta; = o?n =28 f(u;), ay = o> n 2P £ (&), by = 4K % sin®K (u; /2),
by = 4K ¢25in?8 (& /2), ¢ = h(u;), co = h(&). Since 0 <a; <c1 =a; +by and 0 < ar < ¢p =
ar + by, we find

a_l_a_zflal—azlJrlbl—bzl. (A14)
4] 2 c1Vae
Thus, for sufficiently large n,
2 W2 1 g2 1
la; —az| < (a1 +ax)gn +0°Cn~ 14 W) (| -
l
< QBa; +ax)gqn + GzCn_zﬁZ( )
i (A.15)
< (Bay +az)q, + UZCn 2’3£<§—)§2"‘ !

\—1
< Bai +a2)gn +6(r;)  ax.

On the other hand, we find |b; — by| < 38%4K 12 5in?K~1 (%) <8K (r;)~'by, and therefore

aj

C1

2| <dg, + (6+8K)(ry) .

Due to (g, + (r;)~rm = o(r,), we see by (A.13) that (A.12) is bounded by o(r,n*#). This
completes the proof for part (I) if K —a > 1/4 Vv B.

If B < K —«a < 1/4: The proof is very similar to the one for the first case. Note that the
assumptions imply r,n* >n, K =0, and « € [—1/4, —B). Similar as above we see that it
is sufficient to prove (A.12) for ;7 =n and any sequence r, = o(r,). We may assume that
r,, — oo. Since by (A.9), f and h are continuous, we can apply the mean value theorem, that is,
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for any i there is a & € (u;_1, u;] with

fRE)  2n41 [ f2(00)
R2E)  2n S, B2

da (A.16)

and

da

~ ) 2l 1200
2 iy " o 0 H2()

i=ry +1

(i) f(Ei))‘f(ui)—f(éi)
= (h(uiﬁh@i) har) v hGE)

(A.17)

=rn

Pick an integer sequence w, such that w, = o(n) and for some & > 0, n~4+¢ wﬁ“’s’l =o(1).
Let gn(wy,) be as in (A.11) with r,| replaced by wj,. Note that since u,, — 0, the sequence
(qn(wp)), tends to zero. As in (A.15), we find for sufficiently large n and foralli =7, , ..., wy,

| ) = FED] < BF @)+ fE))gn(wn) +207nCn g7 ° (A.18)

For large indices, we use the estimate (A.9), that is, |f(u;) — f(&)] < Cfnn’léiz"‘*z for
i =w, +1,...,n. Split the sum in (A.17) into anr,,_+l + iy, 41 It is easy to bound the

i=
second sum, using the definition of (w,),, which in turn implies that n ! Z;l:w" 4 51.4‘"*2*6 <
pl—date wﬁ“‘l_s = o(n). Similar, computing the sum Z;U_"r,Jr > over the second term in (A.18)
yields for small &, n =1 """ gha—1-2¢ < pdet2e wﬁ"‘_% = o(n). For the first term in (A.18),

i=ry +1°1
we see that (A.17) can be further bounded by a multiple of g, (w,) (3"}, F2ui) ) h2(ui) + 2n +
DHEen)! fon f 2(n) / h2(0) dr). Putting all estimates together, we have derived

da .
) T 2w, ) )y moy $Tem
i=r, + n

i fru) 241 20 dk' I W )

This finishes the proof of part (I).

To prove (II) and (IIT) it will not be necessary to distinguish whether K —a > 1/4or K —a <
1/4.

(II): In Lemma A4, set Ay =T,,(f), A2 = D, (f) and B = Dn’1 (h). We have to show that

(B(A1 — A2)) = (D, ' (W) (T, (f) — Du())) = o(ran*?). (A.19)

First, note that due to (A.4), azn’zﬂf < azn’zﬂff 71, and p, < ry,

~ - Pn N Ty ))2 48
(D' (D) - D)) =3 (“(f%(ujf; P 2P o),

j=1
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By assumption (yx)r € GM and « € (—1/2,1/2). Therefore, we can use the estimate from
Lemma C.3(i) together with (A.5), that is, there exists a constant C1, such that

1 > 1 1
@) = Sy f ()| < Cl—(lynl + ) —"”") < 22 forallx e [—, n),
X n

k by
k=n+1

where the second inequality holds for sufficiently large n and ¢ small. With (A.4) and assumption
(ii) this yields

(D (1) (D (S f) = Da(£))) = o(run*P). (A.20)

Decompose T;,(f) — Du(f) = (Tu(f) = Du(Sn £)) + (Du(Su f) = Du(£)) + (D (f) = Du ().
Now by Lemma C.1, (iv) and assumption gii), (A.19) follows.

(IT): Set A = Cov(Z)~!, Ay = D' (h) and B = o>n~?# Cov(X) and apply Lemma A .4.
Since B < Cov(Z) = Al_1 it is sufficient to show

(id, —AY2 AT AY?) = (id, =D, '* () Cov(Z) Dy 2 (1)) = o(ry). (A21)

By the perfect diagonalization property of Cov(Y) (cf. the remarks in Section A.2), we have
Cov(Y) = D, (h —o*n~2P f) and

Cov(Z) = 0*n~*#[Cov(R) + Cov(X', R) 4 Cov(R, X')]
+02n (T, (f) = Du(f)) + Du(h).
Together with Lemma C.1(iv),

(id, —D; "> (R Cov(Z) D, > ()

< (idy — Dy (R~ '1))

+n~*% sup B2(0)] Cov(R) + Cov(X/, R) + Cov(R, X) |3 (A22)
A€(0,m]

+n =D @) (Do f) = Da($0 1))
+n (D7 () (Da(S0 ) = Tu()))

For the first term note that because of (A.4)and0<1—nh /i[ <1,

Pn . 2
(idy — Dy (R~ '1)) = Z(l - h(”’)> = 0(ry).

“\ hw)

The other three terms on the r.h.s. of (A.22) can be seen to be of order o(r,,) as well, by Assump-
tion 1, assumption (iii), (A.20), and assumption (iii) again. Therefore, (A.21) holds and the proof
is completed. (]
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Proof of Theorem 2, part 1. We check the conditions of Theorem 4. Note that the special case,
that is, K — o < 1/4 implies together with K —« > § that K =0 and o € [-1/4, —B). Hence,
this case only plays a role in parts 2 and 3 (in the latter only if K =0 and o = —1/4). All the
derived estimates will work for both situations and thus, in the following, we do not distinguish
between these two cases explicitly.

Let p, = pl=Go) A=/ (K—a)+d ry for some § > 0. Such a § always exists thanks to the
assumption K — « > (4a + 1)B. This assures that

(on /1) "7 = 0(rp) for ¢ small enough. (A.23)

(1): By [24], (¥%)x € GM. The second part follows from Lemma C.6.
(i1): Making use of inequalities (A.6) and (A.7),

n

p—4B—da—2+2e Z (Mi,n E(”iﬁn)) N

i=1
4f—da—22 |:§n: nin 2004-¢ 28 2 i n do+2e4+2 48 Zn: n 4K+2
izt N\ Pn izpnt1 N izl N

S n4g (pn)74a72e + n4(K7“7’3)+28r;4K71 — 0(;,”)’

if ¢ is chosen small enough.
(iii): By Lemma C.1(iii) and (i), Lemma C.4, and T,,(f) = T,,(S, f),

(D Y (Du(Su ) = Tu())) < | Dy B2 (Da(Su f) = Tu(1))
2

< | D7 @2, | Pa(Sa ) = TP

—4a—2¢
: (p_> n* = o(ran*?),
n

if § and & are chosen appropriately. By the same arguments sup, ¢ (o x) ﬁ_z()») = o(r,n*?) and
this completes the proof of the claim. (|

Proof of Theorem 2, part 2. Let p, = 1, that s, E(ui) = h(u;). The proof of this part is similar
to the one for (i). Again, we check the conditions of Theorem 4:

(1): This follows from Lemma C.6.

(ii): Splitting the sum Y /| =>"" +>°7 ., we find for small &, by inequalities (A.6)
and (A.7),

n
B —de—2+2¢ Z(ui,nrl(ui,n)YZ <n* 4 n4(1<7a7,3)+2gr;41<71 —0(ry).

i=1
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(iii): Observe that by (A.6) and (A.7), h(x) > n—2KP/(K—a=¢/2) Together with Lemma C.4,

(D' B (Du(Su f) = Tu(H))+ sup A2 < sup K2G) (| Du(Suf) = Tu (|5 + 1)
re(0,m] +€(0,m]

< KB/ (K—a=e/2)—dat2e 0(r,,n4’3). 0

Proof of Theorem 2, part 3. We apply Theorem 4 with f (u;) = f(u;) and Z(ui) = h(u;), that
is, pp = 1.
(1): This follows from Lemmas C.5 and C.6.
For the following parts we make frequently use of the inequalities (A.5)—(A.7) and the subse-
quent comments.
(i1): Since u,, — 0, we find, if n is sufficiently large,

n

n I'n
1 1
< 2+4/3+4a+28 —1 4o 2+4K —1-4K
> 2~Z T+ ). T Sn R
— uih(u;) f(u) u;
i=1 "1 i=rp+1

Therefore,

n

—4f—da— 1 - _4p— -

n 46 —4a 2-‘1—282 <n4sr 1 4a+n 48 4a+4K+28r 1 4K=0(rn)
zh(u )2 ~ n n

for ¢ sufficiently small.

(iii): It is straightforward to bound sup; ¢ h=2(%) by a multiple of n
o(r,n*?), which immediately implies that the second term has the right order. However, to show
the same rate for the first term turns out to be the most difficult part of the proof. Let us shortly
remark on that. The crucial point is that although we have good control on the spectral density 4,
this gives no direct link to entries of the inverse of D, (k). In contrast to the proofs above, esti-
mating (D, (h)(Dn(Suf) — T(f))) by (sup, 1/h())[Dn(Saf) — Tu(f)|3 is too rough (cf.
also Remark 1). Therefore, we look for a new function, say g, with the properties that 1/(gh)
behaves like a constant for small A and D,, (S, g) is explicitly known. It turns out that g = f1/24«
is a good choice, where f1/24 denotes the spectral density of a fractional Gaussian noise pro-
cess with Hurst index 1/2 + « < 1/4, cf. Lemma C.7 for details. Furthermore, 1,21, denotes
the corresponding autocovariance function. From (A.6) and (A.7), we obtain

4KB/(K—a—e/2) _

— <n?PtE (A.24)
Ae[l/rz ) f1/2+a()¥)h()h)

Define
L:= (D, (1f140) (Dn(f1/240) — Du(Sn f1/24)) (Du(Su £) — Tu (1)),

2= ((Du(Sn f1/240) — T (f17240)) (Du(Sn ) — Tu())),
I = (T, (f1/240) (D (Su ) = Tu()))
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and note that by Lemma C.1(iii),

LD ) (Du(Su f) = Tu()) <1+ | Dy ' (hf1 e | 2, (T +TID)

(A.25)
<1+ a2 (11 4 100).
In the following we will bound the terms I, I and III, separately.
(I): By (ii) and (iv) of Lemma C.7, we know (71,244 (k))x € GM and that fi,2,, behaves
like a multiple of 272 for A J 0. Using Lemma C.3(i) and (A.24),

A =S A > k
sup [ f1/240(X) = Sp f1/24a(M)] < p2B+ite IF1 2 ()] + Z [r1/24a (k)]
rell/n,m) h()‘)fl/2+a()\)

5 n25+2a+e.

k=n+1

Thus, with (A.4) and Lemma C.1(iii),

I< || D,,_l(hfl/2+a)(Dn (f1/2+a) - Drz(Snf1/2+ot)) ”io(Dn (Snf) = Tn (f))

< pAetaB

(II): By Lemma C.7(i), and the boundedness of the sequence (r1/214(k))x, we see that there
exists a constant Cy, such that forall k € N, |r1/244 (k)| < Cok2e—1, Using Lemma C.2 and (A.5),

€i,j = |[(Dn(Snf1/2+oz) - Tn(Snfl/2+a))(Dn(Snf) - Tn(f))]i’j|

n
<CoCr Y (li+KP T + 202 —k—i*7)
k=1

x (l] +k|—20{—1+5/ + |2I’l _|_2 _J _ k|_2a_l+5,).
Define F(i, j) := > }_;li +k?*71j + k|72*~1. It is well known that if (ax)x and (by)k
are nonnegative sequences which are monotone increasing and decreasing, respectively, then
ZZ:] arby < ZZ:I akbn+1—k- Thus,
eij < cacr(zn)a'(F(i,j) +Flin+1—)D+Fn+1—i, j)+Fn+1—in+1-j)).

20

From the monotonicity of x > x~ “land x — x2 L forx > 0,

n 00 1
F(l, J) S j—2a—1 Z |l +k|2a—1 S J-—Za—l / x2a—1 d.x — j—2a—li2a'
P i 2|

This allows to bound ¢; je; ; by a multiple of n?¢(min(i,n+ 1 —i)min(j,n +1— j))~!. Hence,
o< sz=1 eijeji S n% 10g2 n.
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(IID): First let us introduce the projection IT = II, defined for an n x n matrix A =
(@i, j)i,j=1,..n by (ITA); j :==a; j if i + j <n + 1 and zero otherwise. Further let £ denote

the n x n matrix (E); j :=1if i + j =n + 1 and zero otherwise. In particular E? =id,. Note
that by Lemma C.1(v),

(Ta(f1240) (D (Sn £) — Tu()))
< 2T (f1/24) (D (Su ) = Tu())) + 2T (f1/210) (idy =T (Du (S ) — Tu())),

where by a slight abuse of language id,, denotes here the identity operator on the space of n x n
matrices. To bound the first term, we decompose

2i—1

(Tu (F1724)TH(Du(Su ) = Ta()));; = D rij2ali = B asjmt = vinj-1]
k=1

2i—1

+ Vitj-1 Z r1/2+a(i —k)
k=1

n+1—j

+ Z 11240 — k) Vit j-1
k=2i

with the convention ZZ;;’ =— %i:nJer if 2 > n+1— j. By assumption |y, — ¥pl| <
ZII’;” [Yor1 — vl Snfqp~2*~1. Hence, uniformly in i, j,
2i—1
|A1G, ] Sn® Y min(li — kP, 1) 72072 Snfitettj2e2, (A.26)
k=1
If 2j < i, we can split the sum 22i_1 = yli/2l +225—1 Then, the first part of |A1(i, j)|
J <L p k=1 = 2ik=1 k=li/2]+1 ’ p 1,7
can be bounded also by
Li/2] Li/2]
D el = Oy jo1 = Vi St Y k4 j =D Snfi!
k=1 k=1

and the second part is by the same arguments as in (A.26) (j can now be replaced by i + j) of
the order nfiZe+! (i+j— 1)’2""2 <nfi~l, Together, this shows that

&:2a+1 ;—2a-2 if2i>i
A< j , if2j >1,
[ArG J)|N{n€i1, if2) <i.
With Lemma C.7(i) and telescoping, Zi’:_ll rip+a(i — k) =%+ — (i — 1)2**! and therefore,

|AaG, ] SntG+j— D72 1%,
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The last term of the expansion can be simply bounded by

n
A3 D SnfG+j— D72 Y i =k Snfl 4 j— D7
k=2i

In particular, the bounds for A> (i, j) and A3(i, j) are uniformly in i, j as well. Hence, by ele-
mentary computations

‘(Tn(fl/ZJra)(Dn(Snf) - Tn(f))>|

< DAV D) + A2l ) + A3 DIALGL D) + A2y i) + A3 (G, D] Sn*F log?n.
)
Finally, note that ET,,(f1/244) E = T, (f1/24¢) and E((id, —ID[D, (S, f) — T, (f)DE is a ma-
trix with entries —y;4 ; for i + j < n and zero otherwise. Therefore, we have by rewriting

(T2 (f1/240) (dy =T (D (Sn ) = Tu())) = (Tu (f1/24e) E[(dn —=TD) (Dy (S, f) = Tu ()| E)

the same structure as above (up to an index shift by one) and all arguments apply. This shows
that IIT < n%¢ log® n.
The estimates in (I), (I), and (IIT) show that the r.h.s. of (A.25) can be upper bounded by
n*+48 1og? n, and hence assumption (iii) of Theorem 4 follows by choosing ¢ sufficiently small.
Since we have verified the assumptions of Theorem 4, part 3 of Theorem 2 follows. (|
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