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This paper develops a framework for the estimation of the functional mean and the functional principal
components when the functions form a random field. More specifically, the data we study consist of curves
X(sg;t),t €10, T], observed at spatial points sy, Sp, ..., Sy. We establish conditions for the sample aver-
age (in space) of the X (s;) to be a consistent estimator of the population mean function, and for the usual
empirical covariance operator to be a consistent estimator of the population covariance operator. These
conditions involve an interplay of the assumptions on an appropriately defined dependence between the
functions X (si) and the assumptions on the spatial distribution of the points si. The rates of convergence
may be the same as for i.i.d. functional samples, but generally depend on the strength of dependence and
appropriately quantified distances between the points s;. We also formulate conditions for the lack of con-
sistency.

Keywords: consistency; estimation; functional data; functional principal components; spatial dependence;
spatial sampling design

1. Introduction

This paper develops aspects of theory for functional data observed at spatial locations. The data
consist of curves X (sg) = {X (sk; 1), € [0, T']}, observed at spatial points sy, S2, ..., Sy. Such
data structures are quite common, but often the spatial dependence and the spatial distribution
of the points s; are not taken into account. A well-known example is the Canadian temperature
and precipitation data used in Ramsay and Silverman [24]. The annual curves are available at
35 locations, some of which are quite close, and so the curves have very similar characteristics,
others are very remote with notably different curves.

There has not been much research on fundamental properties of spatially distributed functional
data. Delicado et al. [6] review recent contributions to the methodology for spatially distributed
functional data. For geostatistical functional data, several exploratory approaches to kriging have
been proposed. Typically fixed basis expansions are used, see Yamanishi and Tanaka [29] and
Bel et al. [1]. A general theoretical framework has to address several problems. The first issue is
the dimensionality of the index space. While in time series analysis, the process is indexed by an
equispaced scalar parameter, we need here a d-dimensional index space. For model building this
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makes a big difference since the dynamics and dependence of the process have to be described
in all directions, and the typical recurrence equations used in time series cannot be employed.
The model building is further complicated by the fact that the index space is often continuous
(geostatistical data). Rather than defining a random field {£(s);s € Rd} via a specific model
equations, dependence conditions are imposed, in terms of the decay of the covariances or using
mixing conditions. Another feature peculiar to random field theory is the design of the sampling
points; the distances between them play a fundamental role. Different asymptotics hold in the
presense of clusters and for sparsely distributed points. At least three types of point distributions
have been considered (Cressie [5]): When the region Ry where the points {s; y;1 <i < N}
are sampled remains bounded, then we are in the so-called infill domain sampling case. Classical
asymptotic results, like the law of large numbers or the central limit theorem will usually fail, see
Lahiri [17]. The other extreme situation is described by the increasing domain sampling. Here a
minimum separation between the sampling points {s; y} € Ry for all i and N is required. This
is of course only possible if diam(Ry) — co. We shall also explore the nearly infill situation
studied by Lahiri [18] and Park et al. [21]. In this case, the domain of the sampling region
becomes unbounded (diam(Ry) — o0), but at the same time the number of sites in any given
subregion tends to infinity, that is, the points become more dense. These issues are also studied
by Zhang [30], Loh [20], Lahiri and Zhu [19], Du et al. [7]. We formalize these concepts in
Section 2. Finally, the interplay of the geostatistical spatial structure and the functional temporal
structure must be cast into a workable framework.

The paper is organized as follows. Section 2 introduces the statistical setting. It also compares
our conditions to those typically assumed for scalar spatial processes. In Sections 3 and 4 we
establish consistency results, respectively, for the functional mean and the covariance operator.
Section 5 explains, by means of general theorems and examples, when the sample principal
components are not consistent. The proofs of the main results are collected in Section 6.

To make this presentation more streamlined, we have outsourced some proofs, further details
and several examples. They are available as supplemental material: Hormann and Kokoszka [14].

2. Preliminaries and assumptions

We assume {X (s),s € Rd} is a random field taking values in L? = L?([0, 1)), that is, each X (s)
is a square integrable function defined on [0, 1]. The value of this function at ¢ € [0, 1] is denoted
by X (s; t). With the usual inner product in L2, the norm of X (s) is

172
IX )] = {fxz(s; t)dt} .

The mean function u(s) = {EX(s; 1), t € [0, 1]} and the covariance operator is then defined for
x e L?by

Cs.s(x) = E[(X(s) — u(s), x) (X (s) — 1u(s))]-

More generally, we define the cross-covariance operators

Cs15(¥) = E[(X (s1) — pu(s1), x) (X (52) — 11(52)) |-
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For the existence of Cs, s, a minimal assumption is that the variables have finite second moments
in the sense that

E[X()|> <oo  Vs. (1)

To think of our observations X (s) as curves in L2 is convenient and motivated this work, but
our propositions in Sections 3, 4 and 5 only require the general assumption that {X (s), s € R?} is
a field taking values in some separable Hilbert space. So particularly our results hold true when
L? is replaced by R”. To to the best of our knowledge, our results are new as well in the vector
case.

Our goal is to estimate the unknown mean curves and the principal components (FPC’s). FPC’s
are intimately connected with covariance operators, as we will describe in some detail in the
next section, and likewise estimation of FPC’s is based on estimation of covariance operators.
Thereby, we are estimating across space and not across time. A minimal requirement for this to
make sense is then that all locations share a common mean curve and that the covariance operator
is the same for all locations, respectively:

pu(s)=mp and Css=C. @

Although (2) is apparently necessary and would also be quite natural if we were in time series
context, it may be not realistic in some spatial data situations. Let us briefly sketch how our
methods can still be useful by employing a spatio-temporal framework. In this case we suppose
to have for each location s a functional time series {X;(s),i = 1,2, ...}. To avoid confusion
between the time parameter i (i = 1,2,3,...) and the “intraday time” parameter ¢ (¢ € [0, 1]),
we will employ for this paragraph the notation X; (s; ). We then assume the following model

Xi(s;t) =a(s; ) +ui(t) +Yi(s; 1), i=1,2,3,...,

where {Y;(s; t),t € [0, 1]} are curves at spatial locations which satisfy (2) with © =0 and where
for each fixed s the functional time series {X;(s; -),i = 1,2, 3, ...} is stationary and weakly de-
pendent (e.g., as assumed in Hérmann and Kokoszka [13]). The random curves {u; (¢), ¢ € [0, 1]}
are zero mean curves and form a certain “basis level” shared by all curves {X;(s; ), t € [0, 1]}
across space at time i. In our setup, the problem of interest is to determine for a given day i
the curve {u;(¢), t € [0, 1]}. We might think of daily temperature curves measured across some
region. The curve {u;(t), t € [0, 1]} amounts to a general deviation from normal on day i which
persists over the whole region (e.g., on a hot day, it is not unlikely that all stations will show
curves above average). Due to geographical differences the mean curves «/(s; t) might be differ-
ent at different locations, but they can be estimated individually by &(s; t) = % Zf‘il Xi(s; 1),
when we have a sample of M days. So we can assume that we can detrended our data and then
work with new observations X l’ (s;t) = ui(t) + Y;i(s; t), to which our theory applies, when now
i is fixed.
Besides (2), we don’t impose any further stationarity assumption on the field { X (s)}.
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2.1. Functional principal components

Functional principal components play a fundamental role in functional data analysis, much
greater than the usual multivariate principal components. This is mostly due to the fact that
the Karhunen—Loeve expansion allows to represent functional data in a concise way. This prop-
erty has been extensively used and studied in various settings. To name only a few illustrative
references, we cite Hall and Hosseini-Nasab [12], Reiss and Ogden [25], Gabrys and Kokoszka
[10], Benko et al. [2], Paul and Peng [22], Jiang and Wang [16] and Gabrys et al. [9]. Depend-
ing on the structure of the data, theoretical analyses emphasize various aspects of the estimation
process, with smoothing in i.i.d. samples having being particularly carefully studied. This paper
focuses on the spatial dependence and distribution of the curves, which has received no attention
so far.

Suppose X1, Xp,..., Xy are mean zero identically distributed elements of L? such that
E|X||* < co. The eigenfunctions of the covariance operator of X; are the functional princi-
pal components, denoted vi. Up to a sign, they are estimated by the empirical FPC’s (EFPC’s),
denoted vy, and defined as the eigenfunctions of the empirical covariance operator

N
—~ 1
CN(X)ZNZ(me)Xn, xeLz»

n=1

The distance between v and 0y is determined by the distance between C and C . This fol-
lows from Lemma 1. Due to its importance in the exposition that follows, we provide a precise
statement. An analog of Lemma 1 has often been used for i.i.d. functions under more restrictive
assumptions. To state Lemma 1, consider two compact operators C and K with singular value
decompositions

C =) rjlxv))fj, K@ =) yjlx,u)g;. 3)

j=1 j=1

Recall that a linear operator K in a separable Hilbert space H is said to be Hilbert—Schmidt, if
for some orthonormal basis {e;} of H

IKIZ =) _IK (el <oo.

i>1

Then || - ||s defines a norm on the space of all operators satisfying this condition. The norm is
independent of the choice of the basis. This space is again a Hilbert space with the inner product

(K1, K2)s =Y _(Ki(en). Ka(e))).
i>1
Set

v-:éjvj, Ejzsign((uj,vj)).
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Lemma 1. Suppose C,K € L are two compact operators with singular value decomposi-
tions (3). If C is symmetric, f; = v; in (3), and its eigenvalues satisfy

A >Ay> > hg > Ad+1, )
then
24/2 _
||uj—v;-||57||K—C||£, l<j=p,

J
where a1 =M1 — Ay and oj =min(Aj 1 — Aj,Aj; —Aj1+1),2< j < p.

Lemma 1 can be proven using Corollary 1.6 on page 99 of Gohberg et al. [11] and following
the lines of the proof of Lemma 4.3 of Bosq [4].

If the functional observations X, k =1, 2, ..., are independent, then
limsup NE||Cy — C||% < 0. 5)
N—oo

Consequently, for such functional observations, under (4),

m];clxdEHékﬁk —wl?=0Wh.

1<k<

Hormann and Kokoszka [13] showed that (5) continues to hold for weakly dependent time
series, in particular for m-dependent X. It is not difficult to show that if spatially distributed
functions are such that X (s) is independent of X (s') if the distance between s and s’ is greater
than m, then (5) need not hold. It is even possible that EFPC’s v} do not converge at all. See
Section 5.

2.2. Dependence assumptions

To develop an estimation framework, we impose conditions on the decay of the cross—
covariances E[(X (s;) — u, X (s2) — )], as the distance between s; and s, increases. We shall
use the distance function defined by the Euclidian norm in R4, denoted lls1 — s2]|2, but other
distance functions can be used as well.

Assumption 1. The spatial process {X (s), s € R¢} satisfies (1) and (2). In addition,
[E(X(s1) — p, X(s2) — )| < h(|Is1 —s22), (6)
where h:[0, 00) — [0, 00) with h(x) \( 0, as x — oo.

If {e;} is an orthonormal basis (ONB) of L2, then it can be easily seen that (6) is equivalent to

Y (Csps(e).ej)| < hllsi —s2l2).- )

izl
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For any such ONB a Fourier expansion of X (s) yields
o0
X0 =p+Y &)e;r), seR’rel0,1], ®)
j=1
where £;(s) = (X (s) — u, e;). Using the relation
(Csy.s5(e)), ej) = E[§(s1)€(s2)],

the more specifical assumption

[E[E;(sDEj(s)]l < ¢ (lIst —s2ll2), &)
on the scalar fields, gives (6), if

Z¢j(IIS1 —s2ll2) < h(lls1 — s2(2). (10

Jj=1

Examples 1 and 2 consider typical spatial covariance functions, and show when condition (10)
holds with a function 4 as in Assumption 1.

Example 1. Suppose that the fields {§;(s),s € Rd}, J =1, are zero mean, strictly stationary and
o-mixing. That is

sup |P(A)P(B) — P(AN B)| = «;(h),
(A.B)€o (§;(5) x0 () (s+h))

with oj(h) — 0 if |[h||; — oo. Let oz}(h) = sup{e;(h): ||h|2 = h}. Then ajf(h) = sup{a}(x):
x > h}\ 0 as h — oo. Using stationarity and the main result in Rio [26] it follows that

E[§;(sD)&j(s2)]l = |E[§;(0)&(s2 —sp)]]

20 (s2—51)
2 / Q7 (u) du
0

2o (ls2—s1ll2)
<2 f Q?(u)du
0

=:¢;(lls2 —stll2),

where Q;(u) =inf{t: P(|§;(0)| > t) < u} is the quantile function of |&;(0)|. Note that o, (h) <
1/4 for any h, and thus ¢;(x) < 2[01 Q?(u)du = 2E[5]2(0)]. If Yo Egj?(()) < 00, then (6)
holds with A(x) = ijl ¢ (x). (Note that |2 (x)]| \ O follows from a"; (x) ¢ 0 and the monotone
convergence theorem.)

We note that ¢-mixing is one of the classical assumptions in random field literature to establish
limit theorems. It is in fact a much stronger assumption than ours and it is suitable if one needs
more delicate results, like a central limit theorem (see, e.g., Bolthausen [3]) or uniform laws of

A
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large numbers, see Jenish and Prucha [15]. Besides the restriction to scalar observations, many
papers restrict to the so-called “purely increasing domain sampling,” an assumption that we are
going to further relax in the following.

Example 2. Suppose (9) holds, and set h(x) =) i1 ¢;j(x).If each ¢; is a powered exponential

covariance function defined by
x\?
¢j(x)= a%exp{—(—) }
' Pj

Then # satisfies the conditions of Assumption 1 if

Zof<oo and supp; < o0. (11)
=1 jzl
Condition (11) is also sufficient if all ¢; are in the Matérn class, see Stein [27], with the same v,
that is,

¢ (x) =07x"Ky(x/p;),

because the modified Bessel function K, decays monotonically and approximately exponentially
fast; numerical calculations show that K, (s) practically vanishes if s > v. Condition (11) is
clearly sufficient for spherical ¢; defined (for d = 3) by

¢j(x)= J 2,0j 210;, ’ =Pj

0, x> pj

because ¢; is decreasing on [0, p;].

Assumption 1 is appropriate when studying estimation of the mean function. For the estimation
of the covariance operator, we need to impose a different assumption. Recall that if z and y are
elements in some Hilbert space H with norm || - || g, the operator z ® y, is defined by z ® y(x) =
(z,x)y. In the following assumption, we suppose that the mean of the functional field is zero.
This is justified by notational convenience and because we deal with the consistent estimation of
the mean function separately.

Assumption 2. The spatial process {X (s),s € R} satisfies (2) with ;n = 0 and has 4 moments,
that is, E(X(s),x) =0, Vx € L? and E|X(s)||* < oo. In addition,

[E{X(s1) ® X(s1) — C, X(52) ® X(s2) — C)s| < H(lls1 —s22), (12)
where H : [0, 00) — [0, oo0) with H(x) \( 0, as x — o0.

Assumption 2 cannot be verified using only conditions on the covariances of the scalar fields
&; in (8) because these covariances do not specify the 4th order structure of the model. This can
be done if the random field is Gaussian or if additional structure is imposed. We discuss this As-
sumption 2 in more detail in supplemental material (Hérmann and Kokoszka, [14], Section S.2).
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2.3. Spatial distribution of the sampling points

As already noted, for spatial processes assumptions on the distribution of the sampling points are
as important as those on the covariance structure. To formalize the different sampling schemes
introduced in Section 1, we propose the following measure of “minimal dispersion” of some
point cloud G:

1,(5,8)=|{ye&: [Is—yll2 <p}|/IS] and 1,(8)=sup{l,(s,&),se S},

where |&| denotes the number of elements of &. The quantity /,(&) is the maximal fraction of
G-points in a ball of radius p centered at an element of &. Notice that 1/|&] < 1,(6) < 1. We
call p = 1,(6) the intensity function of &.

Definition 1. For a sampling scheme Gy = {s; y; 1 <i < Sy}, Sy — 00, we consider the fol-
lowing conditions:

(i) thereis a p > 0 such that limsupy _, ., 1,(Gy) > 0;
(ii) for some sequence py — oo we have I,, (&) — 0;
(iii) for any fixed p > 0 we have Sy 1,(Gy) — 0.

We call a deterministic sampling scheme Gy = {s; ;1 <i < Sy}

Type A: if (i) holds;

Type B: if (ii) and (iii) hold,

Type C: if (ii) holds, but there is a p > 0 such that limsupy_, ., SN 1, (G y) < 00.
If the sampling scheme is stochastic we call it Type A, B or C if relations (i), (ii) and (iii) hold
with 1,(Gy) replaced by E1,(Gy).

Type A sampling is related to purely infill domain sampling which corresponds to /,(Gy) =
1 for all N > 1, provided p is large enough. However, in contrast to the purely infill domain
sampling, it still allows for a non-degenerate asymptotic theory for sparse enough subsamples
(in the sense of Type B or C).

A brief reflection shows that assumptions (i) and (ii) are mutually exclusive. Combining (ii)
and (iii) implies that the points intensify (at least at certain spots) excluding the purely increasing
domain sampling. Hence, the Type B sampling corresponds to the nearly infill domain sampling.
If only (ii) holds, but (iii) does not (Type C sampling) then the sampling scheme corresponds to
purely increasing domain sampling.

Our conditions are more general than those proposed so far. We treat below two special cases
which are closely related to those considered by Lahiri [18]. The points are assumed to be on a
grid of an increasing size, or to have a density. We show how our more general assumptions look
in these special cases, and provide additional intuition behind the sampling designs formulated
in Definition 1. They also set a framework for some results of Sections 3 and 4.

2.4. Non-random regular design

Let Z(8) be alattice in R4 with increments §; in the ith direction. Let 8o = min{dy, ..., 84}, A4 =
H?:l 8; and let Ry = oy Rg, where R is some bounded Riemann measurable Borel-set in RY
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containing the origin. A set is Riemann measurable if its indicator function is Riemann integrable.
This condition excludes highly irregular sets Ry. The scaling parameters oy > 0 are assumed to
be non-decreasing and will be specified below in Lemma 2. We assume without loss of generality
that Vol(Rg) = 1, hence Vol(Ry) = a%. Typical examples are Ry = {x € R?: |x|| < z1.4}, with
21,4 equal to the radius of the d-dimensional sphere with volume 1, or Ro =[—1/2,1/ 214, The
sampling points Gy are defined as {sy n,1 <k < Sy} = Z(nn8) N Ry, where ny is chosen
such that the sample size Sy ~ N. We remark that we only introduce Sy as it is generally not
possible by the just described construction to define iy such, that we would get exactly N points
on the grid to fall in Ry. It is intuitively clear that Vol(Ry) ~ r)% A?Sy, suggesting

oON

= 7 (13)

NN
A formal proof that ny in (13) assures Sy ~ N is given in Section S.3 of the supplemental
material.
The following lemma, whose proof is also given in the supplemental material relates the non-
random regular design to Definition 1. We write ay > by if limsupby /ay < co.

Lemma 2. In the above described design, the following pairs of statements are equivalent:

(1) ay remains bounded < Type A sampling;
(i) ay — oo and ay = o(N?) & Type B sampling;
(iii) ay > N4 & Type C sampling.

2.5. Randomized design

Let {sx, ] <k < N} be i.i.d. random vectors with a density f(s) which has support on a Borel
set Ry C R? containing the origin and satisfying Vol(Rg) = 1. Again we assume Riemann mea-
surability for Ry to exclude highly irregular sets. For the sake of simplicity, we shall assume that
on Ry the density is bounded away from zero, so that we have 0 < f; <infyeg, f(x). The point
set {Sk,n, 1 <k < N}isdefined by sy y =ansi fork=1,..., N.For fixed N, this is equivalent
to: {sx.n, 1 <k < N}isani.i.d. sequence on Ry = oy Ro with density a;,df(a;,ls).

We cannot expect to obtain a full analogue of Lemma 2 in the randomized setup. For Type C
sampling, the problem is much more delicate, and a closer study shows that it is related to the os-
cillation behavior of multivariate empirical processes. While Stute [28] gives almost sure upper
bounds, we would need here sharp results on the moments of the modulus of continuity of multi-
variate empirical process. Such results exist, see Einmahl and Ruymgaart [8], but are connected
to technical assumptions on the bandwidth for the modulus (here determined by o) which are
not satisfied in our setup. Hence, a detailed treatment would go beyond the scope of this paper.
We thus state here the following lemma whose proof is given in the supplemental material.

Lemma 3. In the above described sampling scheme the following statements hold:

(i) oy remains bounded = Type A sampling;
(i) oy — oo and ay =o(N/4) = Type B sampling.
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3. Consistency of the sample mean function

We start with a general setup, and show that the rates can be improved in special cases. The
proofs of the main results, Propositions 1, 2, 3, are collected in Section 6.
For independent or weakly dependent functional observations Xy,

|
— ) Xp—nu
P2

Proposition 1 shows that for general functional spatial processes, the rate of consistency may
be much slower than O(N~1); it is the maximum of h(py) and 1oy (&) with py from (ii)
of Definition 1. Intuitively, the sample mean is consistent if there is a sequence of increasing
balls which contain a fraction of points which tends to zero, and the decay of the correlations
compensates for the increasing radius of these balls.

2

E =0(N"h. (14)

Proposition 1. Let Assumption 1 hold, and assume that Gy defines a non-random design of
Type A, B or C. Then for any py > 0,

2

E <h(pn) +h0) I,y (Sy). 5)

1 N
5 2 X6 —u
k=1

Hence, under the Type B or Type C non-random sampling, with pyn as in (i1) of Definition 1, the
sample mean is consistent.

Example 3. Assume that N points {sx y, 1 <k < N} are on a regular grid in ay[—1/2, I/Z]d.
Then, as we have seen in Section 2.4, 1,(Sy) is proportional to (o /aN)d .

For example, if h(x) =1/(1 + x)2, then choosing py = ozi,/(dﬂ) we obtain that
—2d/(d+2 _
h(on) +h(O) 1,y (Sx) K ay /TP v N1,

(Recall that 1, (Gy) > N71)

In Hérmann and Kokoszka [14], Section S.4, we show that bound (15) is optimal, in the sense
that under the assumptions of Proposition 1 it is always possible to find an example where the
rate in (15) is precise and cannot be improved. This of course doesn’t mean that the obtained rate
is uniformly optimal. If we impose a more regular sampling design, we can get better rates.

Proposition 2. Assume the sampling design of Section 2.4. Let Assumption 1 hold with h such
that x?='h(x) is monotone on [b, 00), b > 0. Then under Type B sampling

2
E

=L
— X —
Sy kE_l (Sk,N) — 1
- (16)

1 KO[N
< —d{d(3A)d/ x¥ 1 h(x)dx +o(1)  sup xd‘h(x)}
oy 0 x€[0,Kay]
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for some large enough constant K which is independent of N. Under Type C sampling 1 /a% in
(16) is replaced by O(N~").

The technical assumptions on /z pose no practical problem, they are satisfied for all important
examples, see Example 2. A common situation is that xd_lh(x) is increasing on [0, b] and de-
creasing thereafter. We recall again that Sy ~ N and that Sy = N usually cannot be achieved
due to the construction of the sampling design.

Our next example shows that under nearly infill domain sampling the rate of consistency may
be much slower than for the i.i.d. case, if the size of the domain does not increase fast enough.

Example 4. Suppose the functional spatial process has representation (8), and (9) holds with
the covariance functions ¢; as in Example 2 (powered exponential, Matérn or spherical). Define
h(x)=>" j=1 ¢;(x), and assume that condition (11) holds. Assumption 1 is then satisfied and

o
/ xdﬁlh(x)dx <oo and supxdﬁlh(x) < 00. (17)
0 xeR

Therefore, for the sampling design of Section 2.4,

2
_ O(ot;,d vNTh, under Type B sampling,

E =
{ ON~h, under Type C sampling.

(18)

1
— > X(sen) —
SNk—l (Sk,N) — 14

The next example shows that formula (18) is far from universal, and that the rate of consistency
may be even slower if the covariances decay slower than exponential.

Example 5. Consider the general setting of Example 4, but assume that each covariance function
¢; has the quadratic rational form

J J 0j '
2

Condition (11) implies that A (x) = ijl ¢ (x) satisfies Assumption 1, but now Az (x) ~x~~, as
x — 00. Because of this rate, condition (17) holds only for d = 1 (and so for this dimension (18)
also holds). If d > 2, (17) fails, and to find the rate of the consistency, we must use (16) directly.
We focus only on Type B sampling, and assume implicitly that the rate is slower than N~!. We
assume (11) throughout this example.

Ifd=2,
Kay Kay 2y-1
/ xd_lh(x)dxzz%zf x{l—l—(i) } dx
0 7 0 Pj
Koy
=Za}p§.o</ x_ldx)zO(lnaN)

- 1
J
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and similarly sup,cj0 gy x4 h(x) =0().
If d > 3, the leading term is

KD[N
/ xI T h(x) dx = 0@ ).
0

We summarize these calculations as

Sy 2 [owyh, ifd =1,

1 N, )
E|l =Y X | =1 0@y i@y, ifd=2
N =1 O(ay?), ifd >3

for Type B sampling scheme (provided the rate is slower than N~!).

The last example shows that for very persistent spatial dependence, the rate of consistency can
be essentially arbitrarily slow.

Example 6. Assume that h(x) decays only at a logarithmic rate, i (x) = {log(x Vv e)}_l. Then,
for any d > 1, the left-hand side in (16) is < (logay) ™.

We now turn to the case of the random design.

Proposition 3. Assume the random sampling design of Section 2.5. If the sequence {Sx N} is
independent of the process X, and if Assumption 1 holds, then we have for any ey > 0

2
h
< 6h(0) sup F2()e% + hlaven) + %

SERy

E

1 N
= 2 XEw) —
k=1

Choosing ey such that ey — 0 and ayen — 00, it follows that under Type B or Type C sam-
pling, the sample mean is consistent.

The bound in Proposition 3 can be easily applied to any specific random sampling design
and any model for the functions ¢; in (8). It nicely shows that what matters for the rate of
consistency is the interplay between the rate of growth of the sampling domain and the rate of
decay of dependence.

Let us explain in slightly more detail a Type C sampling situation. Here, typically we have
ay = N4, Then taking ey = aN~?1ogN, a > 0, we see that the rate of consistency is
h(alogN) v N~!. For typical covariance functions ¢ i, like powered exponential, Matérn or
spherical, h(alog N) decays faster than N~!. In such cases, the rate of consistency is, up to
some logarithmic factor, the same as for an i.i.d. sample. For ease of reference, we formulate the
following corollary, which can be used in practical applications.

Corollary 1. Assume the random sampling design of Section 2.5 with the sequence {sx, N} inde-
pendent the process X. Suppose that X (s) has representation (8) and that (9) holds with the ¢ ;
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in one of the families specified in Example 2. If Condition (11) holds, and ay > NY/? then (14)
holds up to some multiplicative logarithmic factor.

4. Consistency of the empirical covariance operator

In Section 3, we found the rates of consistency for the functional sample mean. We now turn to
the rates for the sample covariance operator. Assuming the functional observations have mean
zero, the natural estimator of the covariance operator C is the sample covariance operator given
by

N
Py 1
Cnv=o ;X(sk) ® X (s1).

In general, the sample covariance operator is defined by
N

| i _
fy= N};(X(Sk) — Xn) ® (X(s0) — Xn),

where

_ 1 &
Xy = ﬁl;X(Sk).

Both operators are implemented in statistical software packages, for example in the popular R
package FDA and in a similar MATLAB package, see Ramsay et al. [23]. The operator [y is
used to compute the EFPC’s for centered data, while Cy for data without centering.

We first derive the rates of consistency for Cy assuming EX(s) = 0. Then we turn to the
operator I'y. The proofs are obtained by applying the technique developed for the estimation
of the functional mean. It is a general approach based on the estimation of the second moments
of an appropriate norm (between estimator and estimand) so that the conditions in Definition 1
can come into play. It is broadly applicable to all statistics obtained by simple averaging of
quantities defined at single spatial location. The proofs are thus similar to those presented in the
simplest case in Section 6, but the notation becomes more cumbersome because of the increased
complexity of the objects to be averaged. To conserve space, these proofs are not included.

We begin by observing that

E|Cy—Cll3=E(Cy—C,Cy —C)s
1 N N
=72 E(XE0®@X(s0) = C, X(50) ® X(s0) = C)s.

k=1¢=1

It follows that under Assumption 2

N N
~ 1
ENCy = Clig = 45 2 ) Hllse —sel). (19)
k=1¢=1
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Relation (19) is used as the starting point of all proofs, cf. the proof of Proposition 1 in Section 3.
Modifying the proofs of Section 3, we arrive at the following results.

Proposition 4. Let Assumption 2 hold, and assume that Gy defines a non-random design of
Type A, B or C. Then for any py > 0

E|Cy —Cl% < H(pn) + H(0)1,, (S ).

Hence under the Type B or Type C non-random sampling, with py as in (ii) of Definition 1, the
empirical covariance operator is consistent.

Proposition 5. Assume the sampling design of Section 2.4. Let Assumption 2 hold, with some
function H such that x¢~'H (x) is monotone on [b, 00), b > 0. Then under Type B sampling

~ 2 _ L a (5N a d-1
E|ICy —Clig = —143A) x7"Hx)dx +o(1) sup x“""H(x)
oy 0 x€[0,Kan]
for some large enough constant K which is independent of N . Under Type C sampling, the factor
1/01% is replaced by O(N ™).
Proposition 6. Assume the random sampling design of Section 2.5. If the sequence {Sk N} is
independent of the process X and if Assumption 2 holds, then we have for any ey > 0,
=~ 2 20 ad H(0)
E||Cy —C|I* <6H(0) sup f~(s)ely + H(anen) + ——.

seRo N

It follows that under Type B or Type C sampling the sample covariance operator is consistent.

Introducing the (unobservable) operator

N
- 1
Py= ;(X(sk) — 1) ® (X (sx) — ),
we see that
Ty —Ty=&y— 1) ® Xy — ).
Therefore,

E|l'y - Cli5 <2EITy = Cllg +2E1(Xn — ) ® (Xn — )]
The bounds in Propositions 4, 5 and 6 apply to E||I'y — C ||i«. Observe that
E|l(Xy —1)® Xy —wls = EN Xy — ull*.

If X (s) are bounded variables, that is, sup,cjo 171X (s;7)| < B < 00 as., then Xy — pnl* <
4B%| Xy — pl*. Tt follows that under Assumption 1 we obtain the same order of magni-
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tude for the bounds of E||)_( ~ — w||* as we have obtained in Propositions 1, 2 and 3 for
E|Xy — ;L||2 In general E|| Xy — p||* can neither be bounded in terms of E|| Xy — w||* nor
with E ||C N — ClI% - To bound fourth order moments, conditions on the covariance between the
variables Zy ¢ := (X (Sk,ny) — u, X(s¢,ny) — u) and Z; j for all 1 <i, j, k,£ < N are unavoid-
able. However, a simpler general approach is to require higher order moments of || X (s)||. More
precisely, we notice that for any p > 1, by the Holder inequality,

E|Xy — pul* < (EIXy — ulHVP(ENXy — ul|@p=2/=D)P=0/P,
Thus as long as E|| X (s)[|“7~2/(P~1 < 0o, we conclude that, by stationarity,
E|Xy — pul* < M(p)(E|Xy — ulH?,

where M (p) depends on the distribution of X (s) and on p, but not on N. It is now evident how
the results of Section 3 can be used to obtain bounds for E || I'y—C ||§. We state in Proposition 7
the version for the general non-random design. The special cases follow, and the random designs
are treated analogously. It follows that if Assumptions 1 and 2 hold, then E ||f N—C ||f,; — 0,

under Type B or C sampling, provided E || X (s)[*T% < oo.

Proposition 7. Let Assumptions 1 and 2 hold and assume that for some § > 0 we have
E|IX(s)||*T < co. Assume further that Sy defines a non-random design of Type A, B or C.
Then for any py > 0 we have

E|Ty — Cl% <2{H(pn) + H(O0) 1, (SN)} + 2K (8){h(pn) +h(0) I,y (S3) /D (20)
where K (§) depends only on §.

If X (s1) is a.s. bounded by some finite constant B, then we can formally let § in (20) go to 0o,
with K (00) = 4B2.
5. Inconsistent empirical functional principal components
We define X* = (X(0),-)X(0). Observe that X*(X(0)) = || X(0)||2X (0). Thus, || X(0)|?> =

Z?’;l 5]2 (0) is an eigenvalue of X*. Note also that for x € L2,

X*(x)(t) = (/ X(0; u)x(u) du>X(0; 1) = / c*(t,u)x(u)du,

where
c(t,u)=X0;)X(0; u).
Since

Ef/(c*(t, u)?drdu = E||X(0)]* < oo,

the operator X* is Hilbert—Schmidt almost surely.
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Proposition 8. Suppose representation (8) holds with stationary mean zero Gaussian processes
&; such that

E[§;(s)§j(s+)]=Arjpj(h), h =],
where each p; is a continuous correlation function, and ) jhj < 00. Assume the processes &

and &; are independent if i # j. If Gy ={s1,82,...,Sn} C RY with sy — 0, then

lim E||Cy — X*||3=0. 1)
N—o0

Proposition 8 is proven in Section 6. Since the eigenvalues of X* are random they cannot be
close to any of the A ;. The eigenfunctions of Cy are also close to random functions in L2, and
do not converge to the FPC’s e;.

We now present a very specific example that illustrates Proposition 8.

Example 7. Suppose
X(s:0) =g1()e1(t) + VAt (s)ea(t), (22)

where the ¢ and ¢; are i.i.d. processes on the line, and 0 < A < 1. Assume that the processes {1
and ¢, are Gaussian with mean zero and covariances E[{;(s)j(s + h)] = exp{—hz},j =1,2.
Thus, each Z; := ¢;(0) is standard normal. Rearranging the terms, we obtain

X*(x) = (Z3(x, e1) + VAZ1Z2(x, e2))er + (VAZ1 Za(x, e1) + A Z3(x, e2))en.

The matrix
z: VAZiZ,
VAZ1Z, 223

has only one positive eigenvalue Z% + kZ% = || X (0)||>. A normalized eigenfunction associated
with it is

fi= XO _ (23 +22317V2(Z1e1 + VA Z2e2). (23)
X O
Denote by 9; a normalized eigenfunction corresponding to the largest eigenvalue of Cy. By
Lemma 1, 0; is close in probability to sign({(01, f)) f. It is thus not close to sign({01, e1))e;.
Ten simulated 9; are shown in Figure 1. To compute each 01, we simulated curves X (s,,) given
by (22) with with e|(r) = +/2sin(2nt), ea(r) = v/2cos(2mt), A = 0.5. We set s, =n~', n =
1,2,...,N,N = 100. The random vectors [£;(s1), {;(s2), . ..,g“j(sN)]T were generated using
the R function rmvnorm which uses the singular value decomposition to simulate Gaussian
vectors with predetermined covariances (in our case, Cov(Z;(sk), £ (s¢)) = exp{— k=t — e~ ).
The EFPC 0; is a linear combination of e; and e with random weights. As formula (23)
suggests, the function e is likely to receive a larger weight. The weights, and so the simulated
1, cluster because both Z; and Z; are standard normal.

We now state a general result showing that Type A sampling generally leads to inconsistent
estimators if the spatial dependence does not vanish.
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Figure 1. Ten simulated EFPC’s 0 for process (22) with A = 0.5 and e;(¢) = V2sin(2nr),
ey(t) = V2 cos(2mt) (N = 100). The dotted line is the population eigenfunction.

Proposition 9. Assume that E(X (s1) — w, X (s2) — ) = b(|s1 — s2ll2) > 0, where b(x) is non-
increasing. Then under Type A sampling the sample mean X y is not a consistent estimator of [i.
Similarly, if EX(s) =0 and

E(X(s1) @ X(s1) — C, X(s2) ® X(52) — C)s = B(lls1 —s2[[2) > 0, (24)

where B(x) is nonincreasing, then under Type A sampling the sample covariance Cy is not a
consistent estimator of C.

We illustrate Proposition 9 with a further example that complements Proposition 8 in a sense
that in Proposition 8 the functional model was complex, but the spatial distribution of the si
simple. In Example 8, we allow a general Type A distribution, but consider the simple model (22).

Example 8. We focus on condition (24) for the FPC’s. For the general model (8), the left-hand
side of (24) is equal to

Kk(s1,82) = Z Cov(§;(s1)&j(s1), & (s2)8(s2)).
i,j>1
If the processes & satisfy the assumptions of Proposition 8, then, by Lemma 4,

3/2 3/2
- (Ai/ ri +Aj/ ri)/i A,

Cov (& (51)8;(51), & (528 (52)) = Ari + 2 2rj + gy S
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where r; = pi(lls1 — s2[)-
To calculate «(s1, $2) in a simple case, corresponding to (22), suppose

A =1, A=A, O<Ai<l, Ai =0, i>2 and p;=p2=0p. 25)
Then,

k(s1,82) = fM)plst —s2),
where
FO) =B =2vV2) A+ 23 +2[1+x+ 22— (1L + 251+ 072

The function f increases from about 0.17 at A = 0 to about 0.69 at A = 1.

We have verified that if the functional random field (8) satisfies the assumptions of Proposi-
tion 8 and (25), then Cl is an inconsistent estimator of C under Type A sampling, whenever
p(h) is a nonincreasing function of .

6. Proofs of the results of Sections 3, 4 and 5
We will use the following well-known lemma.

Lemma 4. Suppose X and Y are jointly normal mean zero random variables such that EX* =
02, EY?=v% E[XY]= pov. Then

COV(XZ, Yz) = 2,02021)2.
Proof of Proposition 1. By Assumption 1, we have

2
E

1 N
= 2 X =
k=1

E(X(sk,N) — . X(S¢,N) — 1)

-
™M=
M=

x~
Il
—_
~
I
—_

h(llsg,n —Se,nll2)

I
=-
M=
Mz

~
Il
o~
I

N N
1
< +3 2 2 (o) Hlisew = sella = v} +hO sy —senlla < pyl)
k=1 £=1
<h(pn)+h(0)],,(Cn). 0

The following lemma is a simple calculus problem and will be used in the proof of Proposi-
tion 2.
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Lemma 5. Assume that f is a nonnegative function which is monotone on [0, b] and on [b, 00).
Then

Lok L/N 2
,(:Z()f<ﬁ>ﬁ§/0 f(X)dX-i-N sup | f(x)].

x€[0,L/N]

Proof of Proposition 2. By Assumption 1,

1 SN N
E S—ZX(sk,m—u — ZZh(HskN—smnz)
N =1 SN S

Let a= (aj,...,aq) and b = (by,...,bg) be two elements on Z(§). We define d(a,b) =
minj <;<4 v; (a, b), where v; (a, b) is the number of edges between a; and b;. For any two points
sk.v and s i, we have

d(si.n,sen)=m  fromsomem € {0,..., KN4}, (26)

where K depends on diam(Rp). It is easy to see that the number of points on the grid having
distance m from a given point is less than 2d (2m + D4, m > 0. Hence, the number of pairs for
which (26) holds is < 2d(2m + 1)~ N. On the other hand, if d(sx v, S¢,x) = m, then ||sy.y —
Se.Nll2 = mdony. Let us assume without loss of generality that 6o = 1. Noting that there is no
loss of generality if we assume that x‘s’]h(x) is also monotone on [0, b], we obtain by Lemma 5
for large enough N and K < K’ < K”

Sy S,
]zvzzh(”SkN_SZnHZ)
k=1

N
=1
K'N1/d d—1
) 2h(0)
2 M)+ ——

Z

_ /l/dl _
3N\ =17 1 2K(0)
<24 = D R =Ny )=+
= (nN) (N ”N> (N "N)N+ N

m=0
3 d—1 K//Nl/d 1
< 2d<—) ( / (N0~ (N ) de
NN 0
2 2h(0
+ — sup xd_lh(x)) + L
N xe[0,K"ay/A] N
3AYd K"an/A
= ( (3 / xd_lh(x) dx
aly 0
4d(3A)4-1 h(O)

-1
- sup h(x) + ——
a% INVA cl0.k7an /Al
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By Lemma 2, Type B sampling implies ay — 0o and ay = o(N/¢). This shows (16). Under
Type C sampling 1 /a}j\, <« 1/N. The proof is finished. (]

Proof of Proposition 3. This time we have

N N N
1
E N;X(skm—u N—ZZEh(Hsk,N—se,an)

k=1 (=1

2

a,—vzﬁ’/ / h(lls — vll2) f(@y's) f @y r)dsdr+ﬁ
Ry JRy

=/ / B s — rlla) £8) £ 00 dsdr + 2.
Ro Y Ro N
Furthermore, for any ey > 0,
/fh(OéNIIS—l‘llz)f(S)f(r)dsdr
Ry YRy
Sh(O)/ / SO Sf@I{lls—rl2 <en}dsdr+ h(aney)
Ry Y Ro

Sh(O)SquZ(S)X/ / I{lls —rl2 < en}dsdr+ h(anen).
Ro J Ry

SERy

Now for fixed r it is not difficult to show that fRo H{||s—rl <en}ds < 687\/. (The constant 6
could be replaced with ?/2/T'(d/2 + 1)). O

Proof of Proposition 8. Observe that

ICy — X*I1% = //{

2
[X (sn; 1) X (Sn;u) — X (0; 1) X (0; u)]} dr du.

n=1

Therefore,
ICy = XI5 <211 (N) +21(N),
where
1Y ?
I{(N) = //{ﬁnZ_;X(sn; t)(X(sn; u) — X(0; u))] dr du
and

2
L(N) = //{ ZX(O 1) (X (a3 1) — X (0; t))} dt du.

n=1
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We will show that E1j(N) — 0. The argument for I;(N) is the same. Observe that

1 N
I(N) = +5 > //X(Sk;t)(X(Sk;u)—X(O; 1)) X (s¢; 1) (X (se; ) — X (0; 1)) dr du

k=1

1 N
= > fX(sk;t)X(sut)dt/(X(sk;u) — X(0; ) (X (se5 u) — X (0; w)) du.

k,t=1

Thus,

PN 2412 2412
en = s Y {B([xeanxeana) | e( [rwrwad) |
k=1

where
Yi(u) = X (sg; u) — X(0; u).

We first deal with the integration over ¢:

2
E(/ X (s )X (s¢3 1) dt) < Efx2<sk; ) dl/XZ(Sz; 1 dr = E[IX (s) 121X (se)1I*]

<{EIXOIMVYHENX s0lI*Y? = EIIX (0)]1*.

2y1/2
{E(/ Yk(u)Yg(u)du> }

4 I/ZL N 5 2y1/4 5 2y1/4

<{EIXOI2 5 D21 E( | Y du E\ | i) du

‘We thus see that

1
ENN) < (EIXOIF =5 3

k.l

N
=1

k=1
42| 1 . 2 24T
— (EIXO)]*) [ﬁ;{E(/Yk(u)du> } } _
Consequently, to complete the verification of (21), it suffices to show that
_ 1 Y R 24 1/4
Nh_I)nOON];{E</Yk(u)du> } =0.

The above relation will follow from

2
Jim E< f Ykz(u)du> =0. 27
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To verify (27), first notice that, by the orthonormality of the e,

o]

/Y,f(u)du = (50 — £®)".

j=1

Therefore, by the independence of the processes &,

2 00
E(/ y,3<u)du> =3 E( 0 — &)
j=1

+ Y E(&i(s0) — 5(0) E(&(s1) — £(0)”.
i#]

The covariance structure was specified so that
2
E(&j(sp) —&;(0)" =2;(1— pj(lIskID).
so the normality yields

2 00
E(/ Y,f(u)du) <12) 33 (1= pj(lisel)?

j=1

+4{ix,,~(1—p,»<nskn))} .

j=1

The right-hand side tends to zero by the Dominated Convergence theorem. This establishes (27),
and completes the proof of (21). O

Proof of Proposition 9. We only check inconsistency of the sample mean. In view of the proof
of Proposition 1, we have now the lower bound

1 X 2 NN
E|~ ;X(sk,m —u| =5 1; ;mnsm —senll)
> b(p)I;(SN),
which is by assumption bounded away from zero for N — oo. |
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Supplementary Material

Supplement to “Consistency of the mean and the principal components of spatially dis-
tributed functional data” (DOI: 10.3150/12-BEJ418SUPP; .pdf). We provide additional ex-
amples, some remarks concerning Assumption 2 and the regular sampling design as well as a
remark on the sharpness of our bounds.
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