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Limit theorems for beta-Jacobi ensembles
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For a B-Jacobi ensemble determined by parameters ai, ar and n, under the restriction that the three pa-
rameters go to infinity with n and a; being of small orders of ap, we obtain some limit theorems about the
eigenvalues. In particular, we derive the asymptotic distributions for the largest and the smallest eigenvalues,
the central limit theorems of the eigenvalues, and the limiting distributions of the empirical distributions of
the eigenvalues.
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1. Introduction

Let B > 0 be a constant and n > 2 be an integer. A beta-Jacobi ensemble, also called in the
literature as the beta-MANOVA ensemble, is a set of random variables (Aq,...,A,) € [0, 1]"
with probability density function

n
fpara @ =5 T i —al? TP —aner, (1.1)

I<i<j<n i=1

where ay, a > g(n — 1) are parameters, p =1 + g(n —1),and

n

cﬁ,al,azzl_[ L'+ B/ (a1 + a2 — (B/2)(n — )))
/ L1+ (/2 )T (a1 = (B/2)(n — NT (a2 — (B/2)(n — )))

j=1

(1.2)

The ensemble has close connections to the multivariate analysis of variance (MANOVA). For
B =1,2 and 4, the function fg(A) in (1.1) is the density function of the eigenvalues of
Y*Y(Y*Y + Z2*Z)~" with a; = Emy and ap = Emy, where Y = Yy, xn and Z = Z,, <, are
independent matrices with m1, m> > n, and the entries of both matrices are independent random
variables with the standard real, complex or quaternion Gaussian distributions. See [9] and [37]
for g =1, 2. Other references about the connections between the Jacobi ensembles and statistics
are [3,7-9,12,20,24,29,30,37].

In statistical mechanics, the model of the log gases can be characterized by the beta-Jacobi
ensembles. A log gas is a system of charged particles on the real line which are subject to a
logarithmic interaction potential and Brownian-like fluctuations. If the palrticlles are containe? in

r+ s+

the interval [0, 1] and are also subject to the external potential ) ;_, (5 - 3) logh; + (55 —

%) log(1 — A;), where r = %al —nand s = %az —n, and B is the inverse of the temperature,
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then it is known that the stationary distribution of the system of charges in the long term is the
Jacobi ensemble as in (1.1), see, for example, [5,19,25,43].

The beta-Jacobi ensembles also have connections to other subjects in mathematics and physics.
See, for instance, the lattice gas theory [24,25], Selberg integrals [26,36,38] and Jack func-
tions [4,32,42].

Now we briefly recall some research on the beta-Jacobi ensembles. Lippert [35] gives a model
to generate the beta-Jacobi ensembles (see also [34] for a similar method used in the construction
of the beta-circular ensembles). In studying the largest principal angles between random sub-
spaces, Absil, Edelman and Koev [1] obtain a formula related to the Jacobi ensembles. Edelman
and Sutton [22] study CS decomposition and singular values about these models. Dumitriu and
Koev [18] derive the exact distributions of the largest eigenvalues for the ensembles. Jiang [30]
derives the bulk and the edge scaling limits for the beta-Jacobi ensembles for 8 = 1 and 2 when p
and ap in (1.1) are of small orders of a>. Johnstone [31] obtains the asymptotic distribution of
the largest eigenvalues for § = 1 and 2 when ay, a; and p in (1.1) are proportional to each other.
Recently, Demni [10] investigates the beta-Jacobi processes.

In this paper, for the beta-Jacobi ensembles, we study the asymptotic distributions of the largest
and smallest eigenvalues, the limiting empirical distributions of the eigenvalues, the law of large
numbers and the central limit theorems for the eigenvalues. Before stating the main results, we
need some notation.

Let 8 > 0 be a fixed constant, n > 2 be an integer, a; and a, be positive variables. The follow-
ing condition will be used later.

n — 00, a; — oo and a» — oo such that

(1.3)
a; =o(yaz), n=o(yay) and ;—'B -y €(0,1].
ai
For two Borel probability measures 1 and v on R¥, recall the metric
duvy= swp || foode- [ fea), (14)
I fllpL<11/RE R¥

where f(x) is a bounded Lipschitz function defined on R* with

1l = sup L =IO 7).

sty =yl e

Then, for a sequence of probability measures {u,;n =0, 1,2, ...} defined on (Rk, B(Rk)), we
know u, converges weakly to w if and only if d(u,, o) — 0 as n — oo, see, for example, [14].
Similarly, we say that a sequence of random variables {Z,; n > 1} taking values in R¥ converges
weakly (or in distribution) to a Borel probability measure y© on R if Ef(Z,) — ka fx)u(dx)
for any bounded and continuous function f(x) defined on R¥. This is also equivalent to that
d(L(Z,), n) — 0 as n — oo, where L(Z,) is the probability distribution of Z,, see also [14].
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For y € (0, 1], let Ymin = (/¥ — 1?2 and Ymax = Wy + 1)2. The Marchenko—Pastur law is
the probability distribution with density function

1 .
fy (x) = M\/(x — Ymin) (Ymax — X), if x € [Vmin> YmaxJs (1.5)

0, otherwise.

Our first result is the global behavior of the eigenvalues of the beta-Jacobi ensembles.

Theorem 1 (Empirical law). Let Ay,..., A, be random variables with density function
SB.a1,a,(A) as in (1.1). Set

1 n
M = — Z;f?(az/m,-
=

for n > 2. Assuming (1.3), then d(u,, o) converges to zero in probability, where g has density
¢ fy(cx) withc =2y /B and f,(x) is as in (1.5).

The next result gives the scales of the largest and smallest eigenvalues for the beta-Jacobi
ensembles.

Theorem 2 (Law of large numbers for extreme eigenvalues). Let A1,..., A, be random
variables with density function fga, .a,(A) as in (1.1). Set Apax(n) = max{iy,..., A}, and
Amin(n) = min{Aq, ..., A,}. Assuming (1.3), we have that

az 1+ 73 az (1—y7)?

_.)\max(n)ﬁlg.g\/_ and == .Amin(n)%ﬂ.i‘/—

n 2y n 2y

in probability.
The following is the asymptotic behavior of the “trace” of the beta-Jacobi ensembles.

Theorem 3 (Central limit theorems). Let Ay, ..., A, be random variables with density function
JB,a1,a:(A) as in (1.1). Given integer k > 1, define

n i i—1 . .
'_Z caz, \ 1 i i—1 -
Xz—‘ 1(}’1)\]) n§Or+1<I’)< r )y
]: r=

for i > 1, where c =2y /B and vy is as in (1.3). Assuming (1.3), then (X1, ..., X) converges
weakly to a multivariate normal distribution Ny (j, X) for some u and X given in Theorem 1.5
from [17].

Killip [33] obtains the central limit theorem for Y 7_, I (A; € (a, b)), where a < b are two
constants. Theorem 3 is the central limit theorem for homogenous polynomials of A;’s.
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From the recent results by Ramirez and Rider [40] and Ramirez, Rider and Virdg [39], we
are able to investigate the asymptotic distributions of the smallest and largest eigenvalues for the
beta-Jacobi ensembles next. Look at the operator

2 d 2
Tpq=—ex 1 — —exp| —ax — —
B.a e p[(a + Dx + ﬁb(x)] P {e p[ ax ﬁb(x):|},

where a > —1 and 8 > 0 are constants, and b(x) is a standard Brownian motion on [0, co). With
probability one, when restricted to the positive half-line with Dirichlet conditions at the origin,
7p,q has discrete spectrum comprised of simple eigenvalues 0 < Ag(8,a) < A1(B,a) <--- 1 o0
as stated in Theorem 1 from [40].

For a sequence of pairwise different numbers ay, ..., a,, let a® >a® > ... > g™ be their
order statistics.

Theorem 4 (Limiting distribution of smallest eigenvalues). Lef 1{, ..., A, be random vari-
ables with density function fg a4, .qa,(A) asin (1.1). Let ¢ > 0 be a constant, and 287 'ay —n=c.
If n — 00 and ar — oo such that n = o(/az), then 2B 'nax) - W, ..., A"=%+D) converges

weakly to (Ao(B,¢), A1(B,c), ..., Ar—1(B,c)).
Now look at another random operator

d? 2
= X — —
Ta? U
where b, is a standard Brownian motion on [0, +-00) (), is not the derivative of b, since it is not
differentiable almost everywhere). We use equation (1.6) in the following sense. For A € R and
function ¥ (x) defined on [0, +-00) with ¥(0) =0 and [;°((¥")> + (1 + x)¥?) dx < oo, we say
(¥, A) is an eigenfunction/eigenvalue pair for —Hg if fooo 1//2(x) dx=1and

b, (1.6)

2

Y (x) = —= ¢ ()b + (x + VDY (x)
VB '
holds in the sense of integration-by-parts, that is,

2
VB

Theorem 1.1 from [40] says that, with probability one, for each k > 1, the set of eigenvalues of
—Hpg has well-defined k-largest eigenvalues A. Recall (1.1), set

X 2 X
! — %0 = by ——— by’ d A dy.
V) — P (0) = =y (x) +/0 S 0) y+/0 (v + v () dy

B EERY: @B 'nap'®
mn_(\/ﬁ‘i‘ 2B al) and Gn—(\/ﬁ+\/m)4/3-

Theorem 5 (Limiting distribution of largest eigenvalues). For each k > 1, let Ay be the kth
largest eigenvalue of —Hpg as in (1.6). Let A, ..., A, be random variables with joint density
function fg a,.a,(A) as in (1.1). Assuming (1.3), then an((2a2ﬂ_1)k([) — My)i=1,... k converges
weakly to (A1, ..., Ag).

.....
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Remark 1.1. Dumitriu and Koev [18] derive the exact formulas for the cumulative distribution
functions of the largest and smallest eigenvalue of the beta-Jacobi ensembles as in (1.1) for
fixed parameter B, aj,a; and n. Here we complement their work by proving the asymptotic
distributions in Theorems 4 and 5.

Remark 1.2. In [30], Jiang studies Theorems 1, 2, 3 and 5 for 8 = 1 and 2, which are special
cases of the current theorems. The method used in [30] is the approximation of the entries of
Haar-invariant orthogonal or unitary matrices by independent and identically distributed real or
complex Gaussian random variables.

Remark 1.3. In the above theorems, the assumption that a; = o(,/a2) is important. It is possible
that some of the above theorems may still hold if a; = o(az), see, for example, Theorem 2
from [13] as B = 2 for a conclusion on the circular law. However, Theorems 1 and 5 will no
longer be true if a1 /ax — ¢ € (0, 00). See, for example, [11] in the context of Theorem 1 for any
B >0, or [31] in the context of Theorem 5 as 8 = 1.

In summary, we study the eigenvalues of the beta-Jacobi ensembles in this paper. We obtain the
empirical law and the central limit theorems for the eigenvalues as well as the scales and limiting
distributions of the largest and smallest eigenvalues. These results can be applied to various
statistical, mathematical and physical problems mentioned at the beginning of this section if the
three parameters n, a1 and a, satisfy the restriction (1.3).

The proofs of the above theorems are based on an approximation result. In fact, we approxi-
mate the beta-Jacobi ensembles by the beta-Laguerre ensembles through measuring the variation
distance between the eigenvalues in the two ensembles. Then the known results for the beta-
Laguerre ensemble are used to get those for the beta-Jacobi ensembles.

Let u and v be probability measures on (R™, 8), where m > 1 and B is the Borel o -algebra
on R™. The variation distance || — v| is defined by

e — vl =2 sup |u(A) — v(A)| =/ | f(x) — g ()| dxy -+~ dxy, (1.7)
AeB RrRm

where f(x) and g(x) are the density functions of u and v with respect to the Lebesgue measure,
respectively. For a random variable Z, we use £(Z) to denote its probability distribution. The
following is the tool to obtain the results stated earlier.

Theorem 6. Let u = (i1,..., ) and A = (A1, ..., A,) be random variables with density
Sf.ay () as in (2.1) (taking a = ay) and fg,4,,4,(A) as in (1.1). Assuming (1.3), then || L(2az)) —
L)l — 0.

Finally the outline of this paper is given as follows. In Section 2, some known conclusions and
some results on the beta-Laguerre ensembles are reviewed and proved. They will be used in the
proofs of the main theorems. In Section 3, the proof of Theorem 6 is presented. In Section 4, we
prove Theorems 1-5.
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2. Some auxiliary results on g-Laguerre ensembles

Let 8 > 0 be a constant, n > 2 be an integer, p = 1 + g(n — 1) and parameter a > %(n —1).
A B-Laguerre (Wishart) ensemble is a set of non-negative random variables (A1,...,A,) = A
with probability density function

f.a(X) :cf’a l_[ A — )»j|ﬁ . 1_[)‘?_17 .6*1/22?=1)»i’ 2.1
1<i<j<n i=1
where
Ba _p—na - Fa+p/ . 2.2
‘L jl:[l '+ (8/2)))T (@ — (B/2)(n—j)) @2

One can see [16] for the construction of a matrix to generate eigenvalues with such a distribu-
tion. If X = (x;;) is an m x n matrix with m > n, where x;;’s are independent and identically
distributed random variables with the standard real normal (8 = 1), complex normal (8 = 2)
or quaternion normal (8 = 4) distribution, then fg (1) is the density function of the eigenvalues
A=A1,..., Ay of X*X with a = gm for B =1, 2, or 4. See [23,28,37] for the cases 8 = 1
and 2, and [36] for 8 =4, or (4.5) and (4.6) from [21].

The next lemma follows from Theorem 1.5 in [17].

Lemma 2.1. Let A = (Aq, ..., A,) be random variables with the density function as in (2.1). If
n— 00,a— oo and nf/2a) — y <1, then

i—1

1 n ) i 1 . .
@) — Z)Ji converges to <é) Z 1 <;> <l - 1) y" in probability;
n ~ r

j=1 Y r=0

i—1

. L (BY Ui (i=1)., )
(ii) ;Z)\j_<_)nzr+l(r)< - )y convergestoN(ui,ai)

j=1 Y r=0

in distribution for any integer i > 1, where u; and aiz are constants depending on y, B and i
only.

Lemma 2.2. Let Ay, ..., Ay, be random variables with the density as in (2.1). Assume n/(2a) —
y € (0,11, and let Ymin = (/Y — D2 and Ymax = (V¥ + D2. Ler Un be the empirical dis-
tribution of Y; :== Ajy/(mB) for i = 1,2,...,n. Then w, converges weakly to the distribu-
tion Wweo with density f,(x) as in (1.5) almost surely. Moreover, liminfy, oo Ymax () > ¥max
a.s. and limsup,_, o Ymin(n) < Ymin a.s., where Ymax(n) = max{Yi,..., Y} and Ynin(n) =
min{Yy,...,Y,}.
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Proof. The first part of the above lemma is obtained in [15]. Now we prove the second part. For
any integer k > 1, it is easy to see

o] 1/k 1 0 1/k
Ymax (n) = ( / v dun(y)) and — > ( / y s (y)> :
0 Yin (1) 0

Since u, converges weakly to [, almost surely, by the Fatou lemma,

n—

Ymax 1/k
limianmax(n)z< f yk fy(y)dy) a.s. and
o0
V%

min
liminf

1 Ymax « 1/k
> - d 8.
n—o00 Ymin(n) B </ymm Y f)/ (y) y> .

for any integer k > 1. Letting k — oo, we have

liminf Yimax (1) > Ymax a.s. and limsup Yumin(7) < ¥min a.s. 0
n—od n—od

By following the proof in [41], we have a result below on the g-Laguerre ensembles. It is also
reported in Theorem 10.2.2 from [15] without proof.

Lemma 2.3. Let A = (Ay, ..., Ay) be random variables with the density function as in (2.1). Set
Amax(®) = max{ry, ..., Ay} and Agin = min{Aq, ..., Ay} If n —> 00,a — oo and nf/(2a) —
y € (0, 1], then

Amax (1) _1\2 Amin (1) . _1\2
— —>,6(1+,/y ) a.s. and 7—>,B(1 y ) a.s.

n
asn— oQ.

3. The proof of Theorem 6

First, we give the outline of the proof of Theorem 6. Recalling fg 4,,4,() in (1.1), we see the
part I—[l’»‘=1 (I — X;)®~F appeared in the expression of fg 4, 4, (A). The basic idea is to make (1 —
Ai)27P ~ e~ (@=P)i after rescaling A; so that it is small enough. Then the beta-Jacobi ensemble
is asymptotically the beta-Laguerre ensemble. Concretely, to show that || £L(2a2A) — L(u)|| — O,
we write

|£@ari) — L) = E|Ky - Lu(u) — 1], 3.1)
where K, is a constant depending on n,aj,az, and L,(u1, ..., 4y) is a function of random
variables (1, ..., i, whose joint density function is the beta-Laguerre ensemble as in (2.1) (in

this step we actually make a measure transformation in evaluating the integral). We then analyze
the constant K, very precisely, and study random variable L, by using the known results on the
beta-Laguerre ensemble. Eventually we obtain from the two subtle estimates that K, - L, (u) — 1
in probability, which concludes (3.1) by a uniform integrability property of K, L.
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Now we start to prove Theorem 6 by developing several lemmas according to the outline given
above.

Lemma 3.1. Let n > 2. Let i = (1, ..., kp) and A = (A1, ..., Ay) be random variables with
density functions fg q, (1) as in (2.1) (taking a = ay) and fg 4, ,a,(A) in (1.1), respectively. Then

|£@azk) — LG40 | = E|Kn - L) — 1

and E(K, - L,,()) = 1, where the expectation is taken under the density function in (2.1), and

PR 11[1 @ +a=- @20 42
T Ly T@—(8/2)0) '
" n wi \2°P
Ln(u) =e1/? Dz i H(l _ z) . 1(112;2(” Wi < 2a2). (3.3)
i=1 ==
Proof. It is enough to show
|£@azi) — L(w) | = /[0 K a0 =11 fpan ) di (3.4)
,00)"

First, since p = E(n — 1)+ 1,wehaven(n —1)B/2+n(a; — p) +n = nay. It is easy to see that
the density function of 6 :=2as X is

8B,a1,a,(0)
bar.a 1 \"@e=Dp/2+n(a—p)+n p n a—p 0, \2 7P
= DY 0, —0; . 9»]_ 1—
CJ (2612) l_[ | i /| 1_[ i ( 2a2)

I<i<j<n i=1

= o L " 1_[
J 2ap

I<i<j<n

n 6. \ 2P
6 —0;1f-TTe 71— =
16; — 6,1 11 0

for 0 <6; <2ap and 1 <i <n, and is equal to zero, otherwise. Therefore,

|£Qark) — LG = /[0 g0~ fpa (0] dn

Bl /[‘0,00)"

Now, review fg 4, (1) as in (2.1) to see that

B.ay,a n —
gﬂ,al,az(ﬂ) _ ) 1,42 <L)na1 . 1_[<1 B Wi >az P ' eZ7=1 /2
I () ci’“l 2ap Pl 2ay

3.5)
8B.a1,a» (w) 1

fﬁ,al ()

‘  fB.a; () du.
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for 0 < u; <2as,i =1,2,...,n, and is zero, otherwise. It is easy to check that

?( L) e () " D +a — B/ — )

o \2a; 2w D@ = (B/2) (1= j)

ne

ey 1:[1 L@ tar = B/20) _

% e — @

Thus, gg.a;,a, (W) /f,a; (W) = K;, - Ly (n), which together with (3.4) and (3.5) yields the first
conclusion. Finally,

8B.ay,a (n) )

a d = ar.a d :1
fﬂ,dl (n) fﬂ’ I(M) H /gﬁ’ 1» 2(/1«) " .

E(Ky - Ln(w)) =

Lemma 3.2. Let h(x) = xlogx for x > 0. For a fixed constant B > 0, an integer n > 1 and
variables a1 > 0 and ay > 0, set b = %al and by = %az. Ifn — 00,a1 — oo and ay — o0 ina

way that a1 = o(/a2) and n = o(/az), then

n

by —
Y {hbr+br—i+1)—hby—i+ 1D} =nb (1 +loghy + 127”) +o(l).
2

i=1
Proof. Note that 4'(x) = 1 4 logx, h”(x) = 1/x and h® (x) = —1/x%. Given xo > 0, for any
Ax > —xg, by the Taylor expansion,
/ 1 /" 2 1 3) 3
h(xo + Ax) — h(xo) = h'(x0) Ax + Eh (x0)(Ax)~ + gh (&)(Ax)

1

65_2(“)3’

1
= (1 +logxo)Ax + — (Ax)% —
2x0

where £ is between xo and xo + Ax. Now take xo = b, —i + 1 and Ax = by, we have that

hbi+by—i+1)—h(by—i+1)

3.6)
bi (1 +log(b '+1))+b% Lo b
= (0] — _— —_
: S 2 by—i+1 b2
uniformly for all 1 <i < n. Obviously,
_ i—1 i—1 n?
log(by —i +1)=1logby +log{ | — —— | =logh — —— +O = 3.7
by by b3

uniformly over all 1 <i <n as

n — o0, by — oo and b, — oo such that b = 0(\/b>2) and n= 0(\/l72). (3.9)
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Now,

b? 1 b? b} 1 1
2 by—i+1 2 2 \by—i+1 b
b by i—1
T 20y 2 babr—i+ 1)

b7 ‘o nb?
~ 2by b3

uniformly for all 1 <i <n as (3.8) holds. Therefore, by (3.6) and (3.7),

h(by +by—i+1)—h(by —i+1)
bi(i — 1) N b? +O<b$+n2b1+nb12>

by 2by b3

=b) + b1loghy —

uniformly for all 1 <i <n as (3.8) holds. Thus,

n

D {hbr+by—i+1) —h(by —i + 1)}
i=1

b —1 bt b3 +n’by + nb?
:nb1+nb110gb2—M+n 1+n-0(#)

2b) 2b b3

by —n bin b? +n2b, +nb%
=nbi|1+1logh —_ of 2 ]
n 1( +logby + 2, >+ +n < b%

The conclusion follows since the last two terms are all of order o(1) by (3.8). O

Lemma 3.3. Let K, be as in (3.2). Assuming (1.3), we then have

1— Zp3
K, =exp{%+o(l)}. 3.9)
Bary
Proof. We claim that it suffices to prove
—(B/2
2an

under assumption (3.8). If this is true, under the condition that n8/(2a;) — y < 1, it is easy to
check that

nay(a; — (B/2n) _ Bnty(ty —1) (1 —y)p*n?
2ay - 8ay T 8ary?

+o(1)
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as (3.8) holds, where 1, := 2a1/(Bn) — y~!. Thus, (3.9) is obtained.
Now we prove (3.10). Set o = g, b= %al and by = %az. It is easy to see that

© _( 1 )”“”1 L T(a(by+by—i+1))
" \aby ' T(a(by—i+ 1))

Recall the Stirling formula:
1 1 1
logl'(z) =zlogz —z — s logz +logv2r + — + O —
2 12z X

as x = Re(z) —» +o0, where I'(z) = f t*~le=! dr with Re(z) > 0, see, for example, page 368
from [27] or (37) on page 204 from [2]. It follows that

log K, (3.11)
= —anbj log(aby)

n
+ ) falbi+by—i+ Dloga(bi +by —i+1)
i=1

(3.12)
—aby—i+ Dloga(by —i+ 1)}
1< bi+by—i+1 1
—anby— =) log————+0 3.13
anot 2;05; by —i+1 + <b2—n> 313)

as (3.8) holds.

Now, write (ax)log(ax) = (eloga)x + a(xlogx) and set h(x) = xlogx for x > 0. Calcu-
lating the difference between the two terms in the sum of (3.12), we know that the whole sum
in (3.12) is identical to

n
a(logaynby +a Y (h(b1+by—i+1)—h(by—i+1))
i=1

b1 —
=a(loga)nby + anby 1-n +o(1) (3.14)
2b;
by
=anb| + (anby) log(aby) + anby - T +o(1)

by Lemma 3.2. From the fact that log(1 4+ x) < x for any x > 0, we have

n n
b1+b2 i+1 by nb;
0<Y 1 =Y log( 1
<Z° i+l ZOg( +b2—z~|—1) by —n
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for any by > n. Thus, the sum of the three terms in (3.13) is equal to —anb; + O("h' ) as (3.8)
holds. Combining this and (3.11)-(3.14), we get

log K, = anb - bT Fo(l) = "al(alz_—a(ﬁ/z)”) +o(l)
2

as (3.8) holds. This gives (3.10). O

In the proofs next, we use op (1) to denote a random variable that approaches zero in proba-
bility.

Lemma 3.4. Let u = (1, ..., Un) be a random variable with the density function as in (2.1)
with a = ay. Let L, (1t) be as in (3.3). If (1.3) holds, then

{ (1—y)B%n?
expy —————

Sy } La(p) — 1

in probability as n — o0.

Proof. From (3.3), we see that

" n S\ 2P
L () = /2 izt H(l _ M ) -I(maX Mi < 2a2).

. 2a; 1<i<n
i=1

By Lemma 2.3, since 2ﬂ — vy € (0, 1] by (1.3),

T B B4y~ (3.15)

in probability as n — oco. Since n = o(,/az), choose §, = (n,/az)l/z, then §,/n — oo and
8n//az — 0 as taking the limit as in (1.3). Therefore, to prove the lemma, it is enough to show

{(l—y)ﬂ“
eXpy———5—

} L) =1 (3.16)
8ary?

in probability as n — oo, where

~ n " i “@=r
Ln(u):e(lmz”m.l‘[( “l> -I(max msa,,). (3.17)

. 2a2 1<i<n
1=

This is because, for any two sequences random variables {£,; n > 1} and {n,;n > 1}, if &, — 1
in probability and P (&, # n,) — 0 as n — oo, then 1, — 1 in probability as n — co. Rewrite

Ly(w) =exp{ Zu, +(ar — p)Zlog(l - —)}



1040 T. Jiang

on 2, := {maxj<;j<, i <38,}. Noticing log(l —x) = —x — (x2/2) +0(x3) as x — 0,

1 < 1 &
Zlog( 202>_ 2_a2 ——gzlul—i-O( Z,ul> (3.18)

211

on £2,. Now, on €2, again,

1 5 1)’ ( Sn )3 no1
=Y u =< = S — =0 3.19
ag — Hi = a% Va2 Ja  ay ) )

as taking the limit in (1.3). Recall p =1+ g(n — 1). We have from (3.18) and (3.19) that, on £2,,,

(az—p)Zlog< 2’“;2)
_a-p( p* <\ (@—p)pn’
B e

2an

a—p( Bn’ p*n*(az — p) 8\ n
‘8—< “*V”Z“t) W(”V”O((m)'ﬁ)

i=1

by (1.3). From Lemma 2.1, as n — oo,

1 n P ﬂ l n ﬁ

—zzﬂi = 5 ‘Z“i —~n= N(0,07); (3.20)
n i=1 14 n i=1 Y

1 2 P B 1 p?

i = (g2 ) =S54y

i=l1 (3.21)
— Z“z 2(1 +y)n= N(0,07),

. . P .
where o1, 02 are constants depending on y only, the notation “—” means “converges in proba-
bility to” and “=" means “converges weakly to”. Now, write (a2 — p)/2a> = (1/2) — p/2as,

then
2 n
a—p Bn
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by (3.20) and (1.3). Also, under the same condition, (a; — p)nz/ag = 0(n?/ar) = o(1). It follows
from (3.21) that

a—p( p*n’ =~
- —50+py)+ E ;
Sag ( y? ( v) i

i=1

_ 2 2
:—M( P vy + 22/%)—)0

8a;y P

in probability as taking the limit in (1.3). In summary, combining all the computations above,

—Zuz +(az—p)210g(1 - —)

_pn® (@ —p)pn® _ p’n’(ay—p)

(I+y)+op(D)

2y 2ayy Sa% 2
2 2.3 2 3
n n
=P P sy + Pyt op()
2ay  8ayy 8a2 asy

on 2,. Now, since p =1+ %(n —1),n//a; — 0, we see that

2 2.3 2.3
bron” _ B oy and PP 140y >0
2apy  dary 2

asy

by (1.3). Thus, on €2,,,

= Zm + (a2 — p)Zlog(l - —)

2.3 2.3 2.3
n (y—1
_p pn s(1+y)+op (1)_i+ op(l)
4ary Sazy 8ayy?
as taking the limit in (1.3). By reviewing (3.17), we conclude (3.16). (I

The following is a variant of the Scheffé Lemma, see, for example, Corollary 4.2.4 from [6].

Lemma 3.5. Let {X,;;n > 1} be a sequence of non-negative random variables. If X,, — 1 in
probability and EX,, — 1 as n — oo, then E|X,, — 1| = 0 as n — o0.

Proof of Theorem 6. It is known from Lemma 3.1 that

|£@azh) — LG | = E[Kn - Lu(0) — 1]
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with E(K,, - L,(w)) =1 forall n > 2, where u has density fg 4, (1) as in (2.1). By Lemmas 3.3
and 3.4,

(1—y)p*n?
8ary?

(1—y)B%n?

+0(1)} and exp{ Sayy?

K,,:exp{ }~L,,(,u)—> 1

in probability as taking the limit in (1.3). These imply that K,, - L, (i) — 1 in probability as
taking the same limit. Then the desired conclusion follows from Lemma 3.5. ]

4. The proofs of Theorems 1-5

After proved Theorem 6 in Section 3, we now are ready to use it to prove Theorems 1-5 stated
in Section 1.

Proof of Theorem 1. Set
1 n
= Y Starymi
i=1
for (A7, ..., )‘;;) € [0, +00)". Then, recall the definition of d in (1.4), by the triangle inequality,

|d(,LLn, ©o) — d(vn, /'L())| < d(fn, vn)

Z azk f(n_lazké))

n
||f”BL<1 i—1

§a—2-max|

n 1<i<n

where the Lipschitz inequality | f(x) — f(y)| < |x — y| is used in the last step. This says that
d(in, o), as a function of (A1, ..., A,), is continuous for each n > 2. Thus, for any ¢ > 0, there
exists a (non-random) Borel set A C R” such that {d(u,, no) >} ={(A1,...,Ay) € A}. Then,
by the definition of the variation norm in (1.7) we see that

P(d(pn, o) = €) < P(d(py, o) = &) + [ £2a20) — L(w) | 4.1
for any ¢ > 0, where u, = (1/n) 2?21 du;/ny and w = (U1, ..., uy) has density fg 4, (u) as
in (2.1) with @ = a; and n8/2a; — y € (0, 1]. By Lemma 2.2, with probability one,

1
— Z Buiy/mp) converges weakly to Lo (4.2)
n—

with density f, (x) asin (1.5). Write u;/(2n) = (uiy/nB)c~!, where ¢ =2y /B. Then, by (4.2),
with probability one, u,, converges weakly to o, where po has density function ¢ - f, (cx).
Equivalently, d (i, tto) — 0 almost surely. This, (4.1) and Theorem 6 prove the theorem. (|
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Proof of Theorem 2. First, Apax(n) and Ayin(n) are continuous functions of Ay, ..., A, for any
n > 1. Then
1+ /7)°
P( a_z)tmax(n) - il —ﬁ) > 5)
n 2y

4.3
B+ /7)? “
2y

1
<P (‘  Hnan (1) — > e) +[£@az0) = LGw|

for any & > 0, where p = (1,..., uy) has density fg 4 (n) as in (2.1) with a = a; and

nB/2a; — y € (0, 1]. From Lemma 2.3, we know pimax(n)/(2n) — (1 + ,/y—1)2/2 =B+
JY )2/(2y) in probability. This together with (4.3) and Theorem 6 yields the desired conclusion.
By the same argument, (az/n)Amin(n) converges to S(1 — ﬁ)z /(2y) in probability. O

Proof of Theorem 3. Evidently,
|P((X1,....XK) € A) — P((Y1,.... Y1) € A)| < | LQazh) — L(w) ||

for any Borel set A € R¥, where

n i i—1 . .
y 1 i i—1\ ,
-2(m) X () ()

for i > 1 (since ¢ =2y /B), and u = (w1, ..., u,) has density fg, (u) as in (2.1) with a =
ay and nB/2a; — y € (0, 1]. The conclusion then follows from this, Theorem 1.5 in [17] and
Theorem 6. O

Proof of Theorem 4. The assumption that 28 'a; —n = ¢ and n = o(y/az) imply that
nB/2a; — 1 and a1 = o(,/az). Thus, Theorem 6 holds.

Let (01, ...,0y) have density fg 4, asin (2.1) with a = a;. Noticing, “BA;” and “a” in Theo-
rem 1 from [40] correspond to “6;” and “c” here, respectively. By Theorem 1 from [40], for fixed
integer k > 1,

<%9("), e %9("_1‘“)) converges weakly to (Ao(B, ¢), ..., Ak—1(B, )

as n — oo. By Theorem 6,
P(Qazh1, ..., 2a2h,) € By) — P((61,...,6,) € By) > 0

for any Borel set B, C R” for n > 1. From the Weyl perturbation theorem, we know that A
is a continuous function of (Aq, ..., A,) for any 1 <i <n. Combining the above two limits, we
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obtain

2 2
<%A("), e, %A(”_Hl)) converges weakly to (Ao(,B, o), ..., N—1(B, c))

as n — oo and a» — oo with n = o(,/az). The proof is complete. ]

Proof of Theorem 5. Recalling (2.1), let

. A2 . @)l
mn_(ﬁ+ 28 a) and Gn_(\/ﬁ+m)4/3. “4.4)

Let (61, ..., 6,) have density fg, asin (2.1). Noticing, “BA;” in Theorem 1.4 from [39] corre-
sponds to “6;” here; “«” in Theorem 1.4 from [39] is equal to Zﬂ’la, and g(n —-D+1=p,
and the kth lowest eigenvalue of Hg is the (n — k + 1)th largest eigenvalue of —Hg. Then by
Theorem 1.4 from [39],

o®
On <— — ﬁ1n> converges weakly to (A, ..., Ax) 4.5)
I=1,....k

=1,...,

as n — oo and a — oo such that n/a converges to a non-zero, finite constant. In other words,

10}
P<&n<__”;ln) GA)—>P((A1,...,Ak)€A)
/3 I=1,....k

,,,,,

for any Borel set A C R¥. By Theorem 6, assuming (1.3) and a = a;,
P(Qazri, ..., 2ah,) € By) — P((61,...,6,) € By) = 0

for any Borel set B, C R”" for n > 1. The Weyl perturbation theorem says that g(x) := x?), the

[th largest one in {x, ..., x;;}, is a continuous function of (x, ..., x,) € R" forany 1 <[/ <m.
Replacing a by a; in (4.4), the above two assertions conclude that
2a2A(1)
o —my, converges weakly to (A1, ..., Ag).
B I=1,...k O
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