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The study of non-stationary processes whose local form has controlled properties is a fruitful and important
area of research, both in theory and applications. In (J. Theoret. Probab. 22 (2009) 375–401), a particular
way of constructing such processes was investigated, leading in particular to multifractional multistable
processes, which were built using sums over Poisson processes. We present here a different construction of
these processes, based on the Ferguson–Klass–LePage series representation of stable processes. We con-
sider various particular cases of interest, including multistable Lévy motion, multistable reverse Ornstein–
Uhlenbeck process, log-fractional multistable motion and linear multistable multifractional motion. We
also show that the processes defined here have the same finite dimensional distributions as the correspond-
ing processes built in (J. Theoret. Probab. 22 (2009) 375–401). Finally, we display numerical experiments
showing graphs of synthesized paths of such processes.

Keywords: Ferguson–Klass–LePage series representation; localisable processes; multifractional processes;
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1. Introduction

This work deals with a general method for building stochastic processes for which certain aspects
of the local form are prescribed. We will mainly be interested here in local Hölder regularity and
local intensity of jumps, but our construction allows in principle to control other properties that
could be of interest. Our approach is in the same spirit as the one proposed in [8], but it uses
different methods. In particular, in [8], multistable processes, that is localisable processes which
are locally α-stable, but where the index of stability α varies with time, were constructed using
sums over Poisson processes. We present here an alternative construction of such processes,
based on the Ferguson–Klass–LePage series representation of stable stochastic processes [9,13,
14]. This representation is a powerful tool for the study of various aspects of stable processes,
see, for instance [3,19]. A comprehensive reference for the properties of this representation that
will be needed here is [20].

Stochastic processes where the local Hölder regularity varies with a parameter t are interest-
ing both from a theoretical and practical point of view. A well-known example is multifractional
Brownian motion (m.B.m.), where the Hurst index h of fractional Brownian motion (f.B.m.) [11,
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16] is replaced by a functional parameter h(t), permitting the Hölder exponent to vary in a pre-
scribed manner [1,2,10,17]. This allows in addition local regularity and long range dependence
to be decoupled to give sample paths that are both highly irregular and highly correlated, a useful
feature for instance in terrain or TCP traffic modeling.

However, local regularity, as measured by the Hölder exponent, is not the only local feature
that is useful in theory and applications. Jump characteristics also need to be accounted for,
for example, for studying processes with paths in D(R) (the space of càdlàg functions, that is,
functions which are continuous on the right and have left limits at all t ∈ T ). This has applications
for instance in the modeling of financial or medical data. Stable non-Gaussian processes yield
relevant models in this case, with the stability index α controlling the distribution of jumps.

Just for the same reason why it is interesting to consider stochastic processes whose local
Hölder exponent changes in a controlled manner, tractable models where the “jump intensity” α

is allowed to vary in time are needed, for instance to obtain a more accurate description of some
aspects of the local structure of functions in D(R).

The approach described in this work allows in particular to construct processes where h and
α evolve in time in a prescribed way. Having two functional parameters allows to finely tune
the local properties of these processes. This may prove useful to model two distinct aspects of
financial risk, textured images where both Hölder regularity and the distribution of discontinuities
vary or to describe epileptic episodes in EEG where at time there may be only small jumps and at
other very large ones. That the processes defined below have a varying jump intensity just means
that they are tangent, in a sense to be described shortly, to a stable process with prescribed α. The
varying local Hölder regularity is studied in [12], where an upper bound is given under general
conditions, and an exact value is provided in the case of the multistable Lévy motion.

Let us now recall the definition of a localisable process [5,6]: Y = {Y(t): t ∈ R} is h-
localisable at u if there exists an h ∈ R and a nontrivial limiting process Y ′

u such that

lim
r→0

Y(u + rt) − Y(u)

rh
= Y ′

u(t). (1.1)

(Note Y ′
u will in general vary with u.) When the limit exists, Y ′

u = {Y ′
u(t): t ∈ R} is termed the

local form or tangent process of Y at u (see [2,17] for similar notions). The limit (1.1) may be
taken in several ways. In this work, we will only deal with the case where convergence occurs
in finite dimensional distributions. When convergence takes place in distribution, the process is

called strongly localisable (equality in distribution is denoted
d=).

As mentioned above, a now classical example is m.B.m. Y which “looks like” index-h(u)

f.B.m. close to time u but where h(u) varies, that is

lim
r→0

Y(u + rt) − Y(u)

rh(u)
= Bh(u)(t), (1.2)

where Bh is index-h f.B.m. A generalization of m.B.m., where the Gaussian measure is replaced
by an α-stable one, leads to multifractional stable processes [21].

The h-local form Y ′
u at u, if it exists, must be h-self-similar, that is Y ′

u(rt)
d= rhY ′

u(t) for
r > 0. In addition, as shown in [5,6], under quite general conditions, Y ′

u must also have stationary
increments at almost all (a.a.) u at which there is strong localisability. Thus, typical local forms
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are self-similar with stationary increments (s.s.s.i.), that is, r−h(Y ′
u(u + rt) − Y ′

u(u))
d= Y ′

u(t)

for all u and r > 0. Conversely, all s.s.s.i. processes are localisable. Classes of known s.s.s.i.
processes include f.B.m., linear fractional stable motion and α-stable Lévy motion, see [20].

Similarly to [8], our method for constructing localisable processes is to make use of stochastic
fields {X(t, v), (t, v) ∈ R2}, where the process t �→ X(t, v) is localisable for all v. This field will
allow to control the local form of a ‘diagonal’ process Y = {X(t, t): t ∈ R}. For instance, in the
case of m.B.m., X will be a field of fractional Brownian motions, that is, X(t, v) = Bh(v)(t),
where h is a smooth function of v ranging in [a, b] ⊂ (0,1). This is the approach that was used
originally in [1] for studying m.B.m. From a heuristic point of view, taking the diagonal of such
a stochastic field constructs a new process with local form depending on t by piecing together
known localisable processes. In other words, we shall use random fields {X(t, v): (t, v) ∈ R2}
such that for each v the local form X′

v(·, v) of X(·, v) at v is the desired local form Y ′
v of Y at v.

An easy situation is when, for each v, the process {X(t, v): t ∈ R} is s.s.s.i. It is clear that, in
this approach, the structure of X(·, v) for v in a neighbourhood of u is crucial to determine the
local behaviour of Y near u. A simple way to control this structure is to define the random field
as an integral or sum of functions that depend on t and v with respect to a single underlying
random measure so as to provide the necessary correlations. General criteria that guarantee the
transference of localisability from the X(·, v) to Y = {X(t, t): t ∈ R} were obtained in [8]. We
will use the following theorem.

Theorem 1.1. Let U be an interval with u an interior point. Suppose that for some 0 < h < η

the process {X(t,u), t ∈ U} is h-localisable at u ∈ U with local form X′
u(·, u) and

P
(|X(v, v) − X(v,u)| ≥ |v − u|η)→ 0 (1.3)

as v → u. Then Y = {X(t, t): t ∈ U} is h-localisable at u with Y ′
u(·) = X′

u(·, u).

In the sequel, we consider certain random fields and use Theorem 1.1 to build localisable
processes with interesting properties. As a particular case, we study multifractional multistable
processes, where both the local regularity and intensity of jumps evolve in a controlled way.

The remaining of this article is organized as follows: we first collect some notations in Sec-
tion 2. We then build localisable processes using a series representation that yields the necessary
flexibility required for our purpose. We need to distinguish between the situations where the
underlying space is finite (Section 3), or merely σ -finite (Section 4). In each case, we define
a random field depending on a “kernel” f , and give conditions on f ensuring localisability of
the diagonal process. We then consider in Section 5 some examples: multistable Lévy motion,
multistable reverse Ornstein–Uhlenbeck process, log-fractional multistable motion and linear
multistable multifractional motion. Section 6 is devoted to computing the finite dimensional dis-
tributions of our processes, and proving that they are the same as the ones of the corresponding
processes constructed in [8]. Even though the processes constructed here and the ones from [8]
coincide in law, they provide different representations of multistable processes, just as, in the
stable case, both the Poisson series representation and the classical Ferguson–Klass–LePage rep-
resentation have their own interest. It is also worthwhile to note that the conditions required on
the kernel defining the process are different here and in [8]: we provide a specific example in
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Section 5 where localisability can be proved using the Ferguson–Klass–LePage representation
but not using the Poisson one. Finally, Section 7 displays graphs of certain localisable processes
of interest. Before we proceed, we note that constructing localisable processes using a stochastic
field composed of s.s.s.i. processes is obviously not the only approach that one can think of. See
[7] for an example.

2. Notations

We refer the reader to the first chapters of [20] for basic notions on stable random variables and
processes. In particular, recall that a process {X(t): t ∈ T }, where T is generally a subinterval
of R, is called α-stable (0 < α ≤ 2) if all its finite-dimensional distributions are α-stable. Many
stable processes admit a stochastic integral representation as follows. Write Sα(σ,β,μ) for the
α-stable distribution with scale parameter σ , skewness β and shift-parameter μ; we will assume
throughout that β = 0 and μ = 0. Let (E, E ,m) be a sigma-finite measure space, m 	≡ 0. Taking
m as the control measure, this defines an α-stable random measure M on E such that for A ∈ E
we have M(A) ∼ Sα(m(A)1/α,0,0). It is termed symmetric α-stable, or SαS. Let

Fα ≡ Fα(E, E ,m) = {f : f is measurable and ‖f ‖α < ∞},
where ‖ · ‖α is the quasinorm (or norm if 1 < α ≤ 2) given by

‖f ‖α =
(∫

E

|f (x)|αm(dx)

)1/α

. (2.1)

The stochastic integral of f ∈ Fα(E, E ,m) with respect to M then exists [20], Chapter 3:

I (f ) =
∫

E

f (x)M(dx) ∼ Sα(‖f ‖α,0,0). (2.2)

In particular,

E|I (f )|p =
{

c(α,p)‖f ‖p
α (0 < p < α),

∞ (p ≥ α),
(2.3)

where c(α,p) < ∞, see [20], Property 1.2.17. As said above, we will consider in this work only
the case of symmetric α-stable measures. We believe most results should have a counterpart
in the non-symmetric case, although the proofs would probably have to be significantly more
involved. We use the following notations throughout the paper:

• (�i)i≥1 is a sequence of arrival times of a Poisson process with unit arrival time.
• (Vi)i≥1 is a sequence of i.i.d. random variables with distribution m̂ on a measure space

(E,m). When m(E) < ∞, we always choose m̂ = m/m(E). Otherwise, m̂ is specified and
is equivalent to the measure m in each case.

• (γi)i≥1 is a sequence of i.i.d. random variables with distribution P(γi = 1) = P(γi = −1) =
1/2.

The three sequences (�i)i≥1, (Vi)i≥1, and (γi)i≥1 are always assumed to be independent.
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3. A Ferguson–Klass–LePage series representation of
localisable processes in the finite measure space case

A well-known representation of stable random variables is the Ferguson–Klass–LePage series
one [3,9,13,14,19]. It is well adapted for our purpose since it will allows for easy generalization
to the case of varying α. In this work, we will use the following version of the theorem.

Theorem 3.1 ([20], Theorem 3.10.1). Let (E, E ,m) be a finite measure space where m 	≡ 0,
and M be a symmetric α-stable random measure with α ∈ (0,2) and finite control measure m.
Then, for any f ∈ Fα(E, E ,m),

∫
E

f (x)M(dx)
d= (Cαm(E))1/α

∞∑
i=1

γi�
−1/α
i f (Vi), (3.1)

where Cα = (
∫∞

0 x−α sin(x)dx)−1 (Theorem 3.10.1 in [20] is more general, as it extends to
non-symmetric stable processes, that are not considered here). As mentioned above, a relevant
feature of this representation for us is that the distributions of all random variables appearing
in the sum are independent of α. We will use (3.1) to construct processes with varying α as
described in the following theorem.

Theorem 3.2. Let (E, E ,m) be a finite measure space where m 	≡ 0. Let α be a C1 function
defined on R and ranging in (0,2). Let b be a C1 function defined on R. Let f (t, u, ·) be a family
of functions such that, for all (t, u) ∈ R2, f (t, u, ·) ∈ Fα(u)(E, E ,m). Consider:

X(t,u) = b(u)(m(E))1/α(u)C
1/α(u)

α(u)

∞∑
i=1

γi�
−1/α(u)
i f (t, u,Vi). (3.2)

Assume X(·, u) is localisable at u with exponent h ∈ (0,1) and local form X′
u(·, u) and that there

exists ε > 0 such that:

(C1) v → f (t, v, x) is differentiable on B(u, ε) for any t ∈ B(u, ε) and almost all x ∈ E (the
derivatives of f with respect to v are denoted by f ′

v),
(C2)

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

[|f (t,w,x) log |f (t,w,x)||α(w)
]
m̂(dx) < ∞, (3.3)

(C3)

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

(|f ′
v(t,w,x)|α(w)

)
m̂(dx) < ∞. (3.4)

Then Y(t) ≡ X(t, t) is localisable at u with exponent h and local form Y ′
u(t) = X′

u(t, u).

Proof. First, note that the condition (C2) implies the following condition:
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(C4) There exists ε > 0 such that:

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

(|f (t,w,x)|α(w)
)
m̂(dx) < ∞. (3.5)

Indeed, for all t ∈ B(u, ε), w ∈ B(u, ε) and x ∈ E,

|f (t,w,x)| = |f (t,w,x)|1|f (t,w,x)|<1/e + |f (t,w,x)|1|f (t,w,x)|>e

+ |f (t,w,x)|1|f (t,w,x)|∈[1/e,e]
≤ 2|f (t,w,x)|| log |f (t,w,x)|| + e.

Condition (C4) is then a consequence of the inequality |a + b|δ ≤ max(1,2δ−1)(|a|δ + |b|δ),
valid for all real numbers a, b and all positive δ.

The function w �→ C
1/α(w)

α(w) is C1 since α(w) ranges in (0,2). We shall denote a(w) =
b(w)(m(E))1/α(w)C

1/α(w)

α(w) . The function a is thus also C1. We want to apply Theorem 1.1. With
that in view, we estimate, for v ∈ B(u, ε) (the ball centered at u with radius ε),

X(v, v) − X(v,u) =:
∞∑
i=1

γi

(
�i(v) − �i(u)

)+ ∞∑
i=1

γi

(
�i(v) − �i(u)

)
,

where

�i(w) := �i(v,w) := a(w)i−1/α(w)f (v,w,Vi),

�i(w) := �i(v,w) := a(w)
(
�

−1/α(w)
i − i−1/α(w)

)
f (v,w,Vi).

The reason for introducing the �i and the �i is that the random variables �i are not independent,
which complicates their study. We shall decompose the sum involving the �i into series of
independent random variables which will be dealt with using the three series theorem. The sum
involving the �i will be studied by taking advantage of the fact that, for large enough i, each �i

is “close” to i in some sense.
Let c = infv∈B(u,ε) α(v), d = supv∈B(u,ε) α(v). If infv∈B(u,ε) α(v) = supv∈B(u,ε) α(v), we let

instead c = infv∈B(u,ε) α(v), d = c + δ, for some δ > 0. Note that, in both cases, by decreasing ε

and δ, d − c may be made arbitrarily small.
Thanks to the assumptions on a and f , �i and �i are differentiable almost surely (a.s.):

�′
i (w) = a′(w)i−1/α(w)f (v,w,Vi) + a(w)i−1/α(w)f ′

w(v,w,Vi)

+ a(w)
α′(w)

α(w)2
log(i)i−1/α(w)f (v,w,Vi),

� ′
i (w) = a′(w)

(
�

−1/α(w)
i − i−1/α(w)

)
f (v,w,Vi) + a(w)

(
�

−1/α(w)
i − i−1/α(w)

)
f ′

w(v,w,Vi)

+ a(w)
α′(w)

α(w)2

(
log(�i)�

−1/α(w)
i − log(i)i−1/α(w)

)
f (v,w,Vi).
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Notice that the functions �′
i and � ′

i depend on v. Consider now the function hi :x → �i(x) −
�i(u) − �i(v)−�i(u)

v−u
(x − u) with v 	= u. Note that hi is a random process a.s. C 1 on B(u, ε). Set

wi = minKi , where Ki = {x ∈ [u,v]: h′
i (x) = 0}. The mean value theorem yields that Ki is a

nonempty closed set of R.
Considering the function ki :x → �i(x) − �i(u) − �i(v)−�i(u)

v−u
(x − u), and the set Fi = {x ∈

[u,v]: k′
i (x) = 0}, we define also xi = minFi.

Then there exists a sequence of independent measurable random numbers wi ∈ [u,v] (or
[v,u]) and a sequence of measurable random numbers xi ∈ [u,v] (or [v,u]) such that:

X(v,u) − X(v, v) = (u − v)

∞∑
i=1

(Z1
i + Z2

i + Z3
i ) + (u − v)

∞∑
i=1

(Y 1
i + Y 2

i + Y 3
i ),

where

Z1
i = γia

′(wi)i
−1/α(wi)f (v,wi,Vi),

Z2
i = γia(wi)i

−1/α(wi)f ′
u(v,wi,Vi),

Z3
i = γia(wi)

α′(wi)

α(wi)2
log(i)i−1/α(wi)f (v,wi,Vi),

Y 1
i = γia

′(xi)
(
�

−1/α(xi )
i − i−1/α(xi )

)
f (v, xi,Vi),

Y 2
i = γia(xi)

(
�

−1/α(xi )
i − i−1/α(xi )

)
f ′

u(v, xi,Vi),

Y 3
i = γia(xi)

α′(xi)

α(xi)2

(
log(�i)�

−1/α(xi )
i − log(i)i−1/α(xi )

)
f (v, xi,Vi).

Note that each wi depends on a,f,α,u, v,Vi , but not on γi . This remark will be useful in the
sequel. We establish now a lemma in order to control the series

∑∞
i=1 P(|Z1

i | > λ).

Lemma 3.1. There exists a positive constant K such that for all λ > 0,

∞∑
i=1

P(|Z1
i | > λ) ≤ KE[supw∈B(u,ε) |f (v,w,V1)|α(w)]

min(λc, λd)
.

Proof. Fix λ > 0. We may assume without loss of generality that a′ 	≡ 0, otherwise there is
nothing to prove. One has:

P(|Z1
i | > λ) ≤ P

(
|f (v,wi,Vi)|α(wi) > i

min(λc, λd)

supw∈B(u,ε)[|a′(w)|α(w)]
)

.

Note that, since a′ is bounded on the compact interval [u,v],
K := sup

w∈B(u,ε)

[|a′(w)|α(w)
]
< +∞,
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P(|Z1
i | > λ) ≤ P

(
K sup

w∈B(u,ε)

|f (v,w,V1)|α(w) > i min(λc, λd)
)
.

Thus,

+∞∑
i=1

P(|Z1
i | > λ) ≤

+∞∑
i=1

P
(
K sup

w∈B(u,ε)

|f (v,w,V1)|α(w) > i min(λc, λd)
)

≤ K

min(λc, λd)
E
[

sup
w∈B(u,ε)

|f (v,w,V1)|α(w)
]
.

�

Now we come back to the proof of Theorem 3.2. The remainder of the proof is divided into four
steps. The first step will apply the three-series theorem to show that each series

∑∞
i=1 Z

j
i , j =

1,2,3, converges a.s. In the second step, we will prove that
∑∞

i=1 Y
j
i also converges a.s. for

j = 1,2,3. In the third step, we will prove that condition (1.3) is verified by
∑∞

i=1 Z
j
i , j = 1,2,3.

Finally, step four will prove the same thing for
∑∞

i=1 Y
j
i , j = 1,2,3.

First step: almost sure convergence of
∑∞

i=1 Z
j
i , j = 1,2,3.

Consider Z1 =∑∞
i=1 Z1

i . Fix λ > 0. We shall deal successively with the three series involved
the three-series theorem.

First series: S1 =∑∞
i=1 P(|Z1

i | > λ). From Lemma 3.1 and (C4), one gets S1 < +∞.
Second series: Sn

2 =∑n
i=1 E(Z1

i 1{|Z1
i | ≤ λ}). One computes

E(Z1
i 1{|Z1

i | ≤ λ}) = E
(
γia

′(wi)i
−1/α(wi)f (v,wi,Vi)1

{∣∣a′(wi)i
−1/α(wi)f (v,wi,Vi)

∣∣≤ λ
})

= E(γi)E
(
a′(wi)i

−1/α(wi)f (v,wi,Vi)1
{∣∣a′(wi)i

−1/α(wi)f (v,wi,Vi)
∣∣≤ λ

})
= 0,

where we have used that γi is independent of (wi,Vi) and E(γi) = 0. Thus, limn→+∞ Sn
2 = 0.

Third series: The final series we need to consider is S3 =∑∞
i=1 E[(Z1

i 1{|Z1
i | ≤ λ})2]. Choose

λ = 11. Let η be such that d < η < 2.

(Z1
i 1{|Z1

i | ≤ 1})2 ≤ |Z1
i |η1{|Z1

i | ≤ 1},
E[(Z1

i 1{|Z1
i | ≤ 1})2] ≤ E[|Z1

i |η1{|Z1
i | ≤ 1}]

=
∫ +∞

0
P(|Z1

i |η1{|Z1
i | ≤ 1} > x)dx

≤
∫ 1

0
P(|Z1

i |η > x)dx.

1Recall that, in the three series theorem, for the series
∑∞

i=1 Xi to converge a.s., it is necessary that, for all λ > 0, the
three series

∑∞
i=1 P(|Xi | > λ),

∑∞
i=1 E(Xi1(|Xi | ≤ λ)), and

∑∞
i=1 Var(Xi1(|Xi | ≤ λ)) converge, and it is sufficient

that they converge for one λ > 0, see, for example, [18], Theorem 6.1.



A series representation of multistable motions 1107

Now from Lemma 3.1 and (C4), there exists a positive finite constant K ∈ (0,∞) such that

S3 ≤ K

∫ 1

0

dx

min(xc/η, xd/η)
= K

∫ 1

0

dx

xd/η
< +∞.

The case of the Z2 =∑∞
i=1 Z2

i is treated similarly, since the conditions required on (a′, f ) in the
proof above are also satisfied by (a, f ′

u).
Consider finally Z3 =∑∞

i=1 Z3
i . Since the series

∑∞
i=1 γi(�i(v)−�i(u)) converges a.s. (see,

e.g., [15], page 132), the convergence of Z1 and Z2 imply the convergence of Z3.
We have thus shown that the series Z1,Z2 and Z3 are a.s. convergent.
Second step: almost sure convergence of

∑∞
i=1 Y

j
i , j = 1,2,3.

To show that the series
∑∞

i=1 Y
j
i , j = 1,2 converge a.s., we will first prove that it is enough to

show that
∑∞

i=1 Y
j
i 1{1/2≤�i/i≤2}∩{|Y j

i |≤1} converges a.s. for j = 1,2. Indeed, we prove now that∑∞
i=1 P({ 1

2 ≤ �i

i
≤ 2} ∪ {|Y j

i | > 1}) < ∞ for j = 1,2, where T denotes the complementary set
of the set T , and conclude with the Borel Cantelli lemma. The case of

∑+∞
i=1 Y 3

i is then treated as
was the case of

∑+∞
i=1 Z3

i : we know that the series
∑∞

i=1 γi(�i(v) − �i(u)) converges a.s. (see
[15], page 132); the convergence of

∑+∞
i=1 Y 1

i and
∑+∞

i=1 Y 2
i will then entail the one of

∑+∞
i=1 Y 3

i .
Now:

P

({
1

2
≤ �i

i
≤ 2

}
∪ {|Y j

i | > 1}
)

= P

({
1

2
≤ �i

i
≤ 2

}
∪
[
{|Y j

i | > 1} ∩
{

1

2
≤ �i

i
≤ 2

}])

≤ P

(
�i <

i

2

)
+ P(�i > 2i) + P

(
{|Y j

i | > 1} ∩
{

1

2
≤ �i

i
≤ 2

})
.

�i , as a sum of independent and identically distributed exponential random variables with
mean 1, satisfy a Large Deviation Principle with rate function �∗(x) = x − 1 − log(x) for x > 0
and infinity for x ≤ 0 (see [4], page 35), thus

∑
i≥1 P(�i < i

2 ) < +∞ and
∑

i≥1 P(�i > 2i) <

+∞.
Consider now

∑
i≥1 P({|Y j

i | > 1} ∩ { 1
2 ≤ �i

i
≤ 2}), for j = 1,2.

Case j = 1:
Let Bi = { 1

2 ≤ �i

i
≤ 2}.

P

(
{|Y 1

i | > 1} ∩
{

1

2
≤ �i

i
≤ 2

})

= P

({∣∣a′(xi)i
−1/α(xi )f (v, xi,Vi)

∣∣∣∣∣∣
(

�i

i

)−1/α(xi )

− 1

∣∣∣∣> 1

}
∩ Bi

)

≤ P
({(

21/α(xi ) − 1
)∣∣a′(xi)i

−1/α(xi )f (v, xi,Vi)
∣∣> 1

}∩ Bi

)
≤ P
(

sup
w∈B(u,ε)

|f (v,w,V1)|α(w) > Ki
)
,
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where K is a positive constant. Thus
∑

i≥1 P({|Y 1
i | > 1} ∩ { 1

2 ≤ �i

i
≤ 2}) < +∞.

Case j = 2: Since the conditions needed on (a′, f ) in the proof above are satisfied by (a, f ′
u),∑

i≥1 P({|Y 2
i | > 1} ∩ Bi) < +∞.

It remains to prove the a.s. convergence of
∑∞

i=1 Y
j
i 1{1/2≤�i/i≤2}∩{|Y j

i |≤1}, j = 1,2. In that

view, we use the following well-known lemma.

Lemma 3.2. Let {Xk, k ≥ 1} be a sequence of random variables such that
∑+∞

n=1 E|Xn| < +∞,
then

∑+∞
n=1 Xn converges a.s.

Let us show that
∑∞

i=1 E[|Y j
i |1{1/2≤�i/i≤2}∩{|Y j

i |≤1}] < +∞.

E
[|Y j

i |1{1/2≤�i/i≤2}∩{|Y j
i |≤1}

] =
∫ ∞

0
P

(
{1 ≥ |Y j

i | > x} ∩
{

1

2
≤ �i

i
≤ 2

})
dx

≤
∫ 1

0
P

(
{|Y j

i | > x} ∩
{

1

2
≤ �i

i
≤ 2

})
dx.

Let Bi = { 1
2 ≤ �i

i
≤ 2}.

Case j = 1:
Using the finite-increments formula applied to y �→ y−1/α(xi ) on [ 1

2 ,2], one shows that

P({|Y 1
i | > x} ∩ Bi) ≤ P

({∣∣a′(xi)i
−1/α(xi )f (v, xi,Vi)

∣∣∣∣∣∣�i

i
− 1

∣∣∣∣> x
c

21+1/c

}
∩ Bi

)

≤ P

({
|f (v, xi,Vi)|α(xi )

∣∣∣∣�i

i
− 1

∣∣∣∣
α(xi )

> Kcix
α(xi )

}
∩ Bi

)

with Kc := infw∈B(u,ε)[( c

21+1/c |a′(w)| )
α(w)] > 0 by assumptions on a′, α (we may assume again

that a′ 	≡ 0, otherwise there is nothing to prove). Thus, for x ∈ (0,1),

P({|Y 1
i | > x} ∩ Bi) ≤ P

(
sup

w∈B(u,ε)

|f (v,w,V1)|α(w)

∣∣∣∣�i

i
− 1

∣∣∣∣
c

> Kcix
d

)
.

Case d ≥ 1:
Fix ζ ∈ (d,1 + c

2 ) (since α is continuous and d < 2, by decreasing if necessary ε, one may
ensure that d < 1 + c/2). By Markov and Hölder inequalities, and the independence of V1,�i ,

P({|Y 1
i | > x} ∩ Bi) ≤ P

([
sup

w∈B(u,ε)

|f (v,w,V1)|α(w)
]1/ζ

∣∣∣∣�i

i
− 1

∣∣∣∣
c/ζ

> K
1/ζ
c i1/ζ xd/ζ

)

≤ 1

(Kcixd)1/ζ

[
E

∣∣∣∣�i

i
− 1

∣∣∣∣
2]c/2ζ(

sup
v∈B(u,ε)

E
(

sup
w∈B(u,ε)

|f (v,w,V1)|α(w)
))1/ζ

≤ K

xd/ζ

1

i1/ζ+c/2ζ
,
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where we have used that the variance of �i is equal to i, and K does not depend on v thanks to
(C4). Thus, E[|Y 1

i |1{1/2≤�i/i≤2}∩{|Y 1
i |≤1}] ≤ K

i1/ζ+c/2ζ where 1
ζ

+ c
2ζ

> 1.
Case d < 1:

P({|Y 1
i | > x} ∩ Bi) ≤ 1

xdKci
E
(

sup
w∈B(u,ε)

|f (v,w,V1)|α(w)
)

E

∣∣∣∣�i

i
− 1

∣∣∣∣
c

≤ K
1

xd

1

i

(
E

∣∣∣∣�i

i
− 1

∣∣∣∣
2)c/2

≤ K
1

i1+c/2

1

xd
,

thus E[|Y 1
i |1{1/2≤�i/i≤2}∩{|Y 1

i |≤1}] ≤ K

i1+c/2 with 1 + c
2 > 1.

The case of
∑

i≥1 E[|Y 2
i |1{Bi∩{|Y 2

i |≤1}] is treated similarly, since the conditions required on

(a′, f ) in the proof above are satisfied by (a, f ′
u). For j = 3, we have also

∑
i≥1 E[|Y 3

i | ×
1{Bi∩{|Y 3

i |≤1}] < +∞, because there exists a positive finite constant K ∈ (0,∞) such that for

x ∈ (0,1), P({|Y 3
i | > x} ∩ Bi) ≤ K

xd/η

(log i)d/η

i1/η+c/2η for d ≥ 1 and P({|Y 3
i | > x} ∩ Bi) ≤ K

xd

(log i)d

i1+c/2 for
d < 1.

Thus, for j = 1,2,3,
∑+∞

i=1 Y
j
i converges almost surely. We now move to the last two steps

of the proof: to verify h-localisability, we need to check that for some η such that h < η < 1,
P(|∑∞

i=1 Z
j
i | ≥ |v − u|η−1) and P(|∑∞

i=1 Y
j
i | ≥ |v − u|η−1) tend to 0 when v tends to u, for

j = 1,2,3.
Third step: verification of (1.3) for

∑∞
i=1 Z

j
i , j = 1,2,3.

We need to estimate P(|∑∞
i=1 Z

j
i | ≥ |v − u|η−1). Let η ∈ (0,1) and a ∈ (0,1 − η).

P

(∣∣∣∣∣
∞∑
i=1

Z
j
i

∣∣∣∣∣> |v − u|η−1

)

≤ P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |≤|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)

+ P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |>|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)
.

Since γi is independent from γk , i 	= k and |Zj
i | is independent of γi , Markov inequality yields

P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |≤|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)
≤ 4

|v − u|2(η−1)

∞∑
i=1

E
[|Zj

i |21|Zj
i |≤|v−u|−a

]
.

Let γ ∈ (d,2). For any M > 1, we get:

E
[|Zj

i |21|Zj
i |≤M

]= M2E

[ |Zj
i |2

M2
1|Zj

i |≤M

]
≤ M2

∫ 1

0
P(|Zj

i | > Mx1/γ )dx.
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For j = 1, we use again Lemma 3.1: there exists a positive constant K such that, for any M > 1

∞∑
i=1

E
[|Z1

i |21|Zj
i |≤M

] ≤ M2K

∫ 1

0

dx

min(Mcxc/γ ,Mdxd/γ )

≤ M2−cK

∫ 1

0

dx

min(xc/γ , xd/γ )
.

Thus, there exists a positive constant K such that

∞∑
i=1

E
[|Z1

i |21|Z1
i |≤M

]≤ KM2−c.

The same conclusion holds for j = 2:
∑∞

i=1 E[|Z2
i |21|Z2

i |≤M ] ≤ KM2−c.

For j = 3, fix λ > 0.

P(|Z3
i | > λ) ≤ P

(
|f (v,wi,Vi)|α(wi) > K ′′λα(wi)

i

(log i)α(wi)

)
,

where K ′′ := infw∈B(u,ε)[( α(w)2

|a(w)α′(w)| )
α(w)] > 0 by assumptions on a,α and α′ (we may assume

without loss of generality that aα′ 	≡ 0, otherwise there is nothing to prove). In the sequel, K will
always denote a finite positive constant, that may however change from line to line.

Let gi(x) = x

(logx)α(wi )
for x > 1 and i ∈ N

∗. For x large enough and for all i, gi is strictly

increasing and limx→+∞ gi(x) = +∞. For z large enough (independently of i),

gi

(
2z(log z)α(wi)

) = 2z(log 2z)α(wi)

(log(2z) + α(wi) log log(2z))α(wi)
≥ z.

Let A ∈ R, A > e be such that ∀z ≥ A,∀i ∈ N
∗, g−1

i (z) ≤ 2z(log z)α(wi). A depends only
on α. Let Ui = |f (v,wi,Vi)|α(wi) and i∗ ∈ N, i∗ ≥ 3 depending only on α such that ∀i ≥ i∗,

i

(log i)α(wi )
≥ A. Then:

∀i ≥ i∗,

P(|Z3
i | > λ)

≤ P

(
Ui

K ′′λα(wi)
>

i

(log i)α(wi)

)
(3.6)

≤ P

(
i ≤ KUi

K ′′λα(wi)

∣∣∣∣log

(
Ui

K ′′λα(wi)

)∣∣∣∣
α(wi)

)

≤ P

(
i ≤ K

Ui | logUi |α(wi)

λα(wi)
+ K

Ui

λα(wi)
+ K

| logλ|α(wi)

λα(wi)
Ui

)
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≤ P

(
sup

w∈B(u,ε)

[|f (v,w,V1) log |f (v,w,V1)||α(w)
]≥ Ki min(λc, λd)

)

+ P
(

sup
w∈B(u,ε)

|f (v,w,V1)|α(w) ≥ Ki min(λc, λd)
)

+ P

(
sup

w∈B(u,ε)

|f (v,w,V1)|α(w) ≥ Ki min

((
λ

| logλ|
)c

,

(
λ

| logλ|
)d))

. (3.7)

Finally, with (C4) and (C2), for M > e,

∞∑
i=i∗

∫ 1

0
P(|Z3

i | > Mx1/γ )dx

≤ K

∫ 1

0

1

min(Mcxc/γ ,Mdxd/γ )
dx

+ K

∫ 1

0

1

min(((Mx1/γ )/| logMx1/γ |)c, ((Mx1/γ )/| logMx1/γ |)d)
dx

≤ K
| log(M)|d

Mc
.

We get then

∞∑
i=i∗

E
[|Z3

i |21|Z3
i |≤M

]≤ K| log(M)|dM2−c.

Let M = |v − u|−a . Using previously obtained inequalities, since
∑i∗

i=1 E[|Z3
i |21|Z3

i |≤M ] ≤
i∗M2, we get, for j = 1,2,3:

P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |≤|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)
≤ K|v − u|2(1−η−a)

and

lim
v→u

P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |≤|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)
= 0.

We consider now the second term P(|∑∞
i=1 Z

j
i 1|Zj

i |>|v−u|−a | > |v−u|η−1

2 ). Let ī = inf{n ≥ 1: i ≥
n, |Zj

i | ≤ |v − u|−a}. Since
∑

i≥1 P(|Zj
i | > |v − u|−a) < +∞, the Borel–Cantelli lemma yields
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P(ī = +∞) = 0. As a consequence,

P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |>|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)

=
∞∑

n=1

P

({∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |>|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

}
∩ {ī = n}

)

=
∞∑

n=2

P

({∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |>|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

}
∩ {ī = n}

)

≤
∞∑

n=2

P(ī = n).

For n ≥ 2, P(ī = n) ≤ P(|Zj

n−1| > |v − u|−a).
For j = 1, P(ī = n) ≤ P(supw∈B(u,ε) |f (v,w,V1)|α(w) > |v − u|−acK(n − 1)), and thus

∞∑
n=2

P(ī = n) ≤ K|v − u|acE
(

sup
w∈B(u,ε)

|f (v,w,V1)|α(w)
)

≤ K|v − u|ac sup
t∈B(u,ε)

E
(

sup
w∈B(u,ε)

|f (t,w,V1)|α(w)
)
.

For j = 2,

∞∑
n=2

P(ī = n) ≤ K|v − u|ac sup
t∈B(u,ε)

E
(

sup
w∈B(u,ε)

|f ′
u(t,w,V1)|α(w)

)
,

and for j = 3,

∞∑
n=2

P(ī = n) ≤
i∗−1∑
i=1

P(|Z3
i | > |v − u|−a) +

∞∑
i=i∗

P(|Z3
i | > |v − u|−a).

The first term on the right-hand side is a finite sum and it is bounded from above by K|v − u|ac ,
because there exists a positive constant K such that

P(|Z3
i | > |v − u|−a) ≤ P

(
sup

w∈B(u,ε)

|f (v,w,V1)|α(w) ≥ Ki

(log i)d
|v − u|−ac

)
.

The second term, using previous inequalities estimating P(|Z3
i | > λ) for i ≥ i∗, is bounded from

above by K|v − u|ac| log |v − u||d . Finally,

lim
v→u

P

(∣∣∣∣∣
∞∑
i=1

Z
j
i 1|Zj

i |>|v−u|−a

∣∣∣∣∣> |v − u|η−1

2

)
= 0.



A series representation of multistable motions 1113

Fourth step: verification of (1.3) for
∑∞

i=1 Y
j
i , j = 1,2,3.

We consider now P(|∑∞
i=1 Y

j
i | ≥ |v − u|η−1).

Note that, with Bi = { 1
2 ≤ �i

i
≤ 2}, we have

∑
i≥1 P({|Y 3

i | > 1} ∩ Bi) < +∞. Indeed, for
j = 3 and i > 1,

P({|Y 3
i | > 1} ∩ Bi)

= P

({∣∣∣∣a(xi)
α′(xi)

α(xi)2
log(i)i−1/α(xi )f (v, xi,Vi)

∣∣∣∣
∣∣∣∣ log�i

log i

(
�i

i

)−1/α(xi )

− 1

∣∣∣∣> 1

}
∩ Bi

)
.

(
log�i

log i
(
�i

i
)−1/α(xi ) − 1)(i>1) is bounded on { 1

2 ≤ �i

i
≤ 2}, thus there exists K > 0 such that, for

i ≥ 3,

P

(
{|Y 3

i | > 1} ∩
{

1

2
≤ �i

i
≤ 2

})
≤ P

(
|f (v, xi,Vi)|α(xi ) >

Ki

(log i)α(xi )

)
.

Following the computations done after equation (3.6), we conclude that

∑
i≥1

P

(
|f (v, xi,Vi)|α(xi ) >

Ki

(log i)α(xi )

)
< +∞

and then
∑

i≥1 P({|Y 3
i | > 1} ∩ Bi) < +∞.

Let i0 = inf{n ≥ 1: i ≥ n, |Y j
i | ≤ 1 and 1

2 ≤ �i

i
≤ 2}.

Since
∑

i≥1 P({|Y j
i | > 1} ∪ {�i < i

2 } ∪ {�i > 2i}) < +∞, the Borel–Cantelli lemma yields
P(i0 = +∞) = 0. As a consequence,

P

(∣∣∣∣∣
∞∑
i=1

Y
j
i

∣∣∣∣∣≥ |v − u|η−1

)
=
∑
n≥1

P

({∣∣∣∣∣
∞∑
i=1

Y
j
i

∣∣∣∣∣≥ |v − u|η−1

}
∩ {i0 = n}

)
.

Let bn(v) = P({|∑∞
i=1 Y

j
i | ≥ |v−u|η−1}∩{i0 = n}). Our strategy is the following: we show that,

for each fixed n, bn(v) tends to 0 when v tends to u. Then we prove that there exists a summable
sequence (cn)n such that, for all n and all v, bn(v) ≤ cn. We conclude using the dominated
convergence theorem that

∑
n≥1 bn(v) tends to 0 when v tends to u. For all n ≥ 1,

bn(v) ≤ P

(∣∣∣∣∣
n−1∑
i=1

Y
j
i

∣∣∣∣∣≥ |v − u|η−1

2

)
+ P

(∣∣∣∣∣
∞∑

i=n

Y
j
i 1{|Y j

i |≤1}∩{1/2≤�i/i≤2}

∣∣∣∣∣≥ |v − u|η−1

2

)
.

For n ≥ 2, consider P(|∑n−1
i=1 Y

j
i | ≥ |v−u|η−1

2 ).

P

(∣∣∣∣∣
n−1∑
i=1

Y
j
i

∣∣∣∣∣≥ |v − u|η−1

2

)
≤

n−1∑
i=1

P

(
|Y j

i | ≥ |v − u|η−1

2(n − 1)

)
.
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Let p ∈ (0, c
d
). With K a positive constant depending on n but not on v, we have, for j = 1:

P

(
|Y 1

i | ≥ |v − u|η−1

2(n − 1)

)

≤ P

((
sup

w∈B(u,ε)

|f (v,w,Vi)|α(w)
)p
∣∣∣∣
(

�i

i

)−1/α(xi )

− 1

∣∣∣∣
pα(xi )

≥ K|v − u|pc(η−1)

)
.

We use the following chain of inequalities:

∣∣∣∣
(

�i

i

)−1/α(xi )

− 1

∣∣∣∣
pα(xi )

=
∣∣∣∣
(

�i

i

)−1/α(xi )

− 1

∣∣∣∣
pα(xi )

1�i≥i +
∣∣∣∣
(

�i

i

)−1/α(xi )

− 1

∣∣∣∣
pα(xi )

1�i<i

≤ 1 +
∣∣∣∣
(

�i

i

)−1/c

− 1

∣∣∣∣
pα(xi )

1�i<i

≤ 1 +
∣∣∣∣
(

�i

i

)−1/c

− 1

∣∣∣∣
pc

+
∣∣∣∣
(

�i

i

)−1/c

− 1

∣∣∣∣
pd

,

and obtain

P

(
|Y 1

i | ≥ |v − u|η−1

2(n − 1)

)

≤ P

((
sup

w∈B(u,ε)

|f (v,w,Vi)|α(w)
)p ≥ K

3
|v − u|pc(η−1)

)

+ P

((
sup

w∈B(u,ε)

|f (v,w,Vi)|α(w)
)p
∣∣∣∣
(

�i

i

)−1/c

− 1

∣∣∣∣
pc

≥ K

3
|v − u|pc(η−1)

)

+ P

((
sup

w∈B(u,ε)

|f (v,w,Vi)|α(w)
)p
∣∣∣∣
(

�i

i

)−1/c

− 1

∣∣∣∣
pd

≥ K

3
|v − u|pc(η−1)

)
.

Since p < c
d

< 1, E(|(�i

i
)−1/c −1|pc) < +∞ and E(|(�i

i
)−1/c −1|pd) < +∞ (just compute these

expectations using the density of �i ). By independence of Vi and �i and Markov inequality,

P

(
|Y 1

i | ≥ |v − u|η−1

2(n − 1)

)
≤ K|v − u|pc(1−η)E

((
sup

w∈B(u,ε)

|f (v,w,Vi)|α(w)
)p)

≤ K|v − u|pc(1−η),

and

lim
v→u

P

(
|Y 1

i | ≥ |v − u|η−1

2(n − 1)

)
= 0.
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Since the conditions required on (a′, f ) are also satisfied by (a, f ′
u),

lim
v→u

P

(
|Y 2

i | ≥ |v − u|η−1

2(n − 1)

)
= 0.

We consider now the case j = 3. When i = 1:

P

(
|Y 3

1 | ≥ |v − u|η−1

2(n − 1)

)

= P

(∣∣log(�1)�
−1/α(x1)

1 f (v, x1,V1)
∣∣|a(x1)α

′(x1)| ≥ α(x1)
2

2(n − 1)
|v − u|η−1

)

≤ K|v − u|pc(1−η)E

(( | log(�1)|c + | log(�1)|d
�1

)p)

(K depends on n but not on v). Since p < 1, E((
| log(�1)|c+| log(�1)|d

�1
)p) < +∞, and

lim
v→u

P

(
|Y 3

1 | ≥ |v − u|η−1

2(n − 1)

)
= 0.

For i ≥ 2,

P

(
|Y 3

i | ≥ |v − u|η−1

2(n − 1)

)

= P

(∣∣∣∣ log(�i)

log(i)

(
�i

i

)−1/α(xi )

− 1

∣∣∣∣|f (v, xi,Vi)a(xi)α
′(xi)| ≥ α(xi)

2i1/α(xi )|v − u|η−1

log(i)2(n − 1)

)
.

One has: ∣∣∣∣ log(�i)

log(i)

(
�i

i

)−1/α(xi )

− 1

∣∣∣∣
α(xi )p

≤
∣∣∣∣ log(�i)

log(i)

(
�i

i

)−1/c

− 1

∣∣∣∣
cp

+
∣∣∣∣ log(�i)

log(i)

(
�i

i

)−1/c

− 1

∣∣∣∣
dp

+
∣∣∣∣ log(�i)

log(i)

(
�i

i

)−1/d

− 1

∣∣∣∣
cp

+
∣∣∣∣ log(�i)

log(i)

(
�i

i

)−1/d

− 1

∣∣∣∣
dp

.

Since p ∈ (0, c
d
), the four terms in the right-hand side of the above inequality have finite expec-

tation (use again the density of �i ). Reasoning as in the case of Y 3
1 , one gets:

lim
v→u

P

(
|Y 3

i | ≥ |v − u|η−1

2(n − 1)

)
= 0.
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Finally, we have, for j ∈ {1,2,3},

lim
v→u

P

(∣∣∣∣∣
n−1∑
i=1

Y
j
i

∣∣∣∣∣≥ |v − u|η−1

2

)
= 0.

Let us now consider, for n ≥ 1, P(|∑∞
i=n Y

j
i 1{|Y j

i |≤1}∩{1/2≤�i/i≤2}| ≥ |v−u|η−1

2 ):

P

(∣∣∣∣∣
∞∑

i=n

Y
j
i 1{|Y j

i |≤1}∩{1/2≤�i/i≤2}

∣∣∣∣∣≥ |v − u|η−1

2

)

≤ 2|v − u|1−ηE

[∣∣∣∣∣
∞∑

i=n

Y
j
i 1{|Y j

i |≤1}∩{1/2≤�i/i≤2}

∣∣∣∣∣
]

≤ K|v − u|1−η

(recall that the constants K used in bounding the series E(|Y j
i |1{|Y j

i |≤1}∩{1/2≤�i/i≤2}) do not de-

pend on v). Thus bn(v) → 0 when v → u for each n. In view of using the dominated convergence
theorem, we compute (recall that Bi = { 1

2 ≤ �i

i
≤ 2}):

bn(v) ≤ P({i0 = n}) ≤ P({|Y j

n−1| > 1} ∪ Bn−1)

≤ P({|Y j

n−1| > 1} ∩ Bn−1) + P

(
�n−1

n − 1
<

1

2

)
+ P

(
�n−1

n − 1
> 2

)
.

For j = 1 and d ≥ 1,

P({|Y 1
n−1| > 1} ∩ Bn−1) ≤ K

(n − 1)1/ζ+c/2ζ

(
sup

t∈B(u,ε)

E
(

sup
w∈B(u,ε)

|f (t,w,V1)|α(w)
))1/ζ

and if d < 1,

P({|Y 1
n−1| > 1} ∩ Bn−1) ≤ K

(n − 1)1+c/2

(
sup

t∈B(u,ε)

E
(

sup
w∈B(u,ε)

|f (t,w,V1)|α(w)
))

.

The same conclusion holds for j = 2. The case j = 3 is treated in a similar way (with an addi-
tional “log” term). �

4. A Ferguson–Klass–LePage representation of localisable
processes in the σ -finite measure space case

When the space E has infinite measure, one cannot use the representation above. This is a draw-
back, because many applications deal with processes defined on the real line, that is, E = R and
m is Lebesgue measure. In the σ -finite case, one may perform a change of measure that allows
to reduce to the finite case (see [20], Proposition 3.11.3). Section 5 contains specific examples
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of changes of measure. In terms of localisability, this translates into adding a natural condition
involving the kernel and the change of measure.

Theorem 4.1. Let (E, E ,m) be a σ -finite measure space. Let r: E → R+ be such that m̂(dx) =
1

r(x)
m(dx) is a probability measure. Let α be a C1 function defined on R and ranging in (0,2).

Let b be a C1 function defined on R. Let f (t, u, ·) be a family of functions such that, for all
(t, u) ∈ R2, f (t, u, ·) ∈ Fα(u)(E, E ,m). Consider the following random field:

X(t,u) = b(u)C
1/α(u)

α(u)

∞∑
i=1

γi�
−1/α(u)
i r(Vi)

1/α(u)f (t, u,Vi). (4.1)

Assume X(·, u) is localisable at u with exponent h ∈ (0,1) and local form X′
u(t, u) and that

there exists ε > 0 such that:

(Cs1) v → f (t, v, x) is differentiable on B(u, ε) for any t ∈ B(u, ε) and almost all x ∈ E (the
derivatives of f with respect to v are denoted by f ′

v),
(Cs2)

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

[|f (t,w,x) log |f (t,w,x)||α(w)
]
m(dx) < ∞, (4.2)

(Cs3)

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

(|f ′
u(t,w,x)|α(w)

)
m(dx) < ∞, (4.3)

(Cs4)

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

[|f (t,w,x) log(r(x))|α(w)
]
m(dx) < ∞. (4.4)

Then Y(t) ≡ X(t, t) is localisable at u with exponent h and local form Y ′
u(t) = X′

u(t, u).

Remark: from (4.1), it may seem as though the process Y depends on the particular change of
measure used, for example, the choice of r . However, this is not case: see Proposition 6.1.

Proof of Theorem 4.1. We apply Theorem 3.2 with g(t,w,x) = r(x)1/α(w)f (t,w,x) on
(E, E , m̂).

• By (Cs1), the family of functions v → f (t, v, x) is differentiable ∀(v, t) in a neighbourhood
of u and a.a. x in E thus v → g(t, v, x) is differentiable and (C1) holds.

• Choose ε > 0 such that (Cs2) and (Cs4) hold.∫
R

sup
w∈B(u,ε)

[|g(t,w,x) log |g(t,w,x)||α(w)
]

m̂(dx)

=
∫

R
sup

w∈B(u,ε)

[∣∣f (t,w,x) log
∣∣r(x)1/α(w)f (t,w,x)

∣∣∣∣α(w)]
m(dx).



1118 R. Le Guével and J. Lévy Véhel

Expanding the logarithm above and using the inequality |a + b|δ ≤ max(1,2δ−1)(|a|δ +
|b|δ), valid for all real numbers a, b and all positive δ, one sees that (C2) holds.

• Choose ε > 0 such that (Cs3) and (Cs4) hold.

g′
u(t,w,x) = r(x)1/α(w)

(
f ′

u(t,w,x) − α′(w)

α2(w)
log(r(x))f (t,w,x)

)

and ∫
R

sup
w∈B(u,ε)

(|g′
u(t,w,x)|α(w)

)
m̂(dx)

=
∫

R
sup

w∈B(u,ε)

[∣∣∣∣f ′
u(t,w,x) − α′(w)

α2(w)
log(r(x))f (t,w,x)

∣∣∣∣
α(w)]

m(dx).

The inequality |a + b|δ ≤ max(1,2δ−1)(|a|δ + |b|δ) shows that (C3) holds. �

5. Examples of localisable processes

In this section, we apply the results above and obtain some localisable processes of interest, in
particular “multistable versions” of several classical processes. Similar multistable extensions
were considered in [8], to which the interested reader might refer for comparison. We first recall
some definitions. In the sequel, M will denote a symmetric α-stable (0 < α < 2) random measure
on R with control measure the Lebesgue measure L. We write

Lα(t) :=
∫ t

0
M(dz)

for α-stable Lévy motion. The log-fractional stable motion is defined as

�α(t) =
∫ ∞

−∞
(
log(|t − x|) − log(|x|))M(dx) (t ∈ R).

This process is well defined only for α ∈ (1,2] (the integrand does not belong to Fα for α ≤ 1).
Both Lévy motion and log-fractional stable motion are 1/α-self-similar with stationary incre-
ments. The following process is called linear fractional α-stable motion:

Lα,H,b+,b−(t) =
∫ ∞

−∞
fα,H (b+, b−, t, x)M(dx),

where t ∈ R, H ∈ (0,1), b+, b− ∈ R, and

fα,H (b+, b−, t, x) = b+((t − x)
H−1/α
+ − (−x)

H−1/α
+

)+ b−((t − x)
H−1/α
− − (−x)

H−1/α
−

)
.
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Lα,H,b+,b− is an s.s.s.i. process. If b+ = b− = 1, this process is called well-balanced linear
fractional α-stable motion, denoted Lα,H . The reverse Ornstein–Uhlenbeck process is:

Y(t) =
∫ ∞

t

exp
(−λ(x − t)

)
M(dx) (t ∈ R, λ > 0).

The localisability of Lévy motion, log-fractional stable motion and linear fractional α-stable mo-
tion stems from the fact that they are s.s.s.i. The localisability of the reverse Ornstein–Uhlenbeck
process is proved in [7]. We now define multistable versions of these processes.

Theorem 5.1 (Symmetric multistable Lévy motion, compact case). Let α : [0, T ] → (1,2)

and b : [0, T ] → (0,+∞) be continuously differentiable. Let m̂(dx) be the uniform distribution
on [0, T ]. Define

Y(t) = b(t)C
1/α(t)

α(t) T 1/α(t)
+∞∑
i=1

γi�
−1/α(t)
i 1[0,t](Vi) (t ∈ [0, T ]). (5.1)

Then Y is 1/α(u)-localisable at any u ∈ (0, T ), with local form Y ′
u = b(u)Lα(u).

The proof is a simple application of Theorem 3.2, and is omitted.

Theorem 5.2 (Symmetric multistable Lévy motion, noncompact case). Let α : R → (1,2)

and b : R → (0,+∞) be continuously differentiable. Let m̂(dx) =∑+∞
j=1 2−j 1[j−1,j [(x)dx on

R. Define

Y(t) = b(t)C
1/α(t)

α(t)

+∞∑
i=1

+∞∑
j=1

γi�
−1/α(t)
i 2j/α(t)1[0,t]∩[j−1,j [(Vi) (t ∈ R+). (5.2)

Then Y is 1/α(u)-localisable at any u ∈ R+, with local form Y ′
u = b(u)Lα(u).

Again, the proof is a straightforward application of Theorem 4.1 with m(dx) = dx, r(x) =∑∞
j=1 2j 1[j−1,j [(x), f (t, u, x) = 1[0,t](x), and is omitted.

Theorem 5.3 (Log-fractional multistable motion). Let α : R → (1,2) and b : R → (0,+∞) be
continuously differentiable. Let m̂(dx) = 3

π2

∑+∞
j=1 j−21[−j,−j+1[∪[j−1,j [(x)dx on R. Define

Y(t) = b(t)C
1/α(t)

α(t)

+∞∑
i=1

+∞∑
j=1

γi�
−1/α(t)
i (log |t − Vi | − log |Vi |)

(5.3)

× π2/α(t)

31/α(t)
j2/α(t)1[−j,−j+1[∪[j−1,j [(Vi) (t ∈ R).

Then Y is 1/α(u)-localisable at any u ∈ R, with Y ′
u = b(u)�α(u).
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Proof. We apply Theorem 4.1 with m(dx) = dx, r(x) = π2

3

∑∞
j=1 j21[−j,−j+1[∪[j−1,j [(x),

f (t, u, x) = log(|t − x|) − log(|x|) and the random field

X(t,u) = b(u)C
1/α(u)

α(u)

∞∑
i,j=1

γi�
−1/α(u)
i (log |t − Vi | − log |Vi |)

× π2/α(u)

31/α(u)
j2/α(u)1[−j,−j+1[∪[j−1,j [(Vi).

X(·, u) is the symmetrical α(u)-Log-fractional motion. It is 1
α(u)

-localisable with local form
X′

u(·, u) = b(u)�α(u) [20]. The remaining of the proof is easy and is left to the reader. �

Theorem 5.4 (Linear multistable multifractional motion). Let b : R → (0,+∞), α : R →
(0,2) and h : R → (0,1) be continuously differentiable.

Let m̂(dx) = 3
π2

∑+∞
j=1 j−21[−j,−j+1[∪[j−1,j [(x)dx on R. Define for t ∈ R

Y(t) = b(t)C
1/α(t)

α(t)

+∞∑
i,j=1

γi�
−1/α(t)
i

(|t − Vi |h(t)−1/α(t) − |Vi |h(t)−1/α(t)
)

(5.4)

×
(

π2j2

3

)1/α(t)

1[−j,−j+1[∪[j−1,j [(Vi).

The process Y is h(u)-localisable at all u ∈ R, with Y ′
u = b(u)Lα(u),h(u) (the well balanced linear

fractional stable motion).

Proof. We apply Theorem 4.1 with m(dx) = dx, r(x) = π2

3

∑∞
j=1 j21[−j,−j+1[∪[j−1,j [(x),

f (t, u, x) = |t − x|h(u)−1/α(u) − |x|h(u)−1/α(u) and the random field

X(t,u) = b(u)C
1/α(u)

α(u)

(
π2j2

3

)1/α(u)

×
∞∑

i,j=1

γi�
−1/α(u)
i

(|t − Vi |h(u)−1/α(u) − |Vi |h(u)−1/α(u)
)
1[−j,−j+1[∪[j−1,j [(Vi).

X(·, u) is the (α(u),h(u))-well balanced linear fractional stable motion and it is 1
α(u)

-localisable
with local form X′

u(·, u) = b(u)Lα(u),h(u) [8]. (Cs1) is easy.

• (Cs3) First, we note (Cs5) the following condition:
There exists ε > 0 such that:

sup
t∈B(u,ε)

∫
E

sup
w∈B(u,ε)

(|f (t,w,x)|α(w)
)
m(dx) < ∞. (5.5)
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In [8], it is shown that, given u ∈ R, one may choose ε > 0 small enough and numbers
a, b,h−, h+ with 0 < a < α(w) < b < 2, 0 < h− < h(w) < h+ < 1 and 1

a
− 1

b
< h− <

h+ < 1 − ( 1
a

− 1
b
) such that, for all t and w in U := (u − ε,u + ε):

|f (t,w,x)|, |f ′
u(t,w,x)| ≤ k1(t, x) (x ∈ R), (5.6)

where

k1(t, x) =

⎧⎪⎨
⎪⎩

c1 max{1, |t − x|h−−1/a + |x|h−−1/a}
(
|x| ≤ 1 + 2 max

t∈U
|t |
)
,

c2|x|h+−1/b−1
(
|x| > 1 + 2 max

t∈U
|t |
) (5.7)

for appropriately chosen constants c1 and c2. The conditions on a, b,h−, h+ entail that
supt∈U ‖k1(t, ·)‖a,b < ∞, where

‖k1(t, ·)‖a,b =
(∫

R
|k1(t, x)|a dx

)1/a

+
(∫

R
|k1(t, x)|b dx

)1/b

, (5.8)

and (Cs5) holds for k1. (Cs3) is obtained with (5.6).
• (Cs2) One computes:

|f (t,w,x) log(|f (t,w,x)|)|α(w)

≤ |f (t,w,x)|α(w) + |f (t,w,x) log(|f (t,w,x)|)|α(w)1{|f (t,w,x)|>e}

+ |f (t,w,x) log(|f (t,w,x)|)|α(w)1{|f (t,w,x)|<1/e}.

Since |f (t,w,x)| ≤ k1(t, x), one gets

|f (t,w,x) log(|f (t,w,x)|)|1{|f (t,w,x)|>e} ≤ k1(t, x) log(k1(t, x))1{|f (t,w,x)|>e}

≤ |k1(t, x) log(k1(t, x))|,
|f (t,w,x) log(|f (t,w,x)|)|α(w)1{|f (t,w,x)|>e} ≤ |k1(t, x) log(k1(t, x))|α(w).

Fix η > 0 such that 1 < η < a + a
b

− ah+ and λ > 0 such that 1
η

< λ < 1. Then:

|f (t,w,x) log(|f (t,w,x)|)|α(w)1{|f (t,w,x)|<1/e} ≤ K|f (t,w,x)|λα(w) ≤ K|k1(t, x)|λα(w)

and thus, since |k1|λ satisfies (Cs5) and k1 satisfies (Cs2), (Cs2) holds for f .
• (Cs4) For j large enough (j > j∗),

|f (t,w,x) log(r(x))|α(w) ≤ K1|k1(t, x)|α(w)

+ K2

+∞∑
j=j∗

|f (t,w,x)|α(w)(log(j))d1[−j,−j+1[∪[j−1,j [(x).
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Also

|f (t,w,x)|α(w)1[−j,−j+1[∪[j−1,j [(x) ≤ K3
1

|x|a(1+1/b−h+)
1[−j,−j+1[∪[j−1,j [(x).

Thus,

|f (t,w,x) log(r(x))|α(w) ≤ K1|k1(t, x)|α(w)

+ K4

+∞∑
j=j∗

(log(j))d

|x|a(1+1/b−h+)
1[−j,−j+1[∪[j−1,j [(x).

To conclude, note that∫
R

(log(j))d

|x|a(1+1/b−h+)
1[−j,−j+1[∪[j−1,j [(x)dx = 2(log(j))d

∫ j

j−1

dx

|x|a(1+1/b−h+)

∼ 2
(log(j))d

ja(1+1/b−h+) �

Theorem 5.5 (Multistable reverse Ornstein–Uhlenbeck process). Let λ > 0, α : R → (1,2)

and b : R → (0,+∞) be continuously differentiable.
Let m̂(dx) =∑+∞

j=1 2−j−11[−j,−j+1[∪[j−1,j [(x)dx on R. Define

Y(t) = b(t)C
1/α(t)

α(t)

+∞∑
i=1

+∞∑
j=1

γi�
−1/α(t)
i 2(j+1)/α(t)

(5.9)
× e−λ(Vi−t)1[t,+∞)∩([−j,−j+1)∪[j−1,j))(Vi) (t ∈ R).

Then Y is 1/α(u)-localisable at any u ∈ R, with local form Y ′
u = b(u)Lα(u).

The proof is similar to previous ones and is omitted.
We provide now an example of a process whose kernel f does not satisfy the criteria of

Theorem 5.2 in [8] for localisability. Thus, it is not possible to prove that the process associated
to f through the Poisson sum representation is localisable. Indeed, as is readily verified, f is such
that, for all open set U ⊂ (0,1/e), all t ∈ U and all increasing function α, ‖f (t, u, ·)‖c,d = +∞
(recall (5.8)) where c = infv∈U α(v), d = supv∈U α(v). However, it is possible to prove that
the process defined by f in the Ferguson–Klass–LePage representation is localisable thanks to
Theorem 3.2.

Theorem 5.6. Let U = (0, 1
2e ), α :U → R, α(t) = 1 + t . Let m̂(dx) be the uniform distribution

on U . Define

Y(t) = C
1/α(t)

α(t)

1

(2e)1/α(t)

+∞∑
i=1

γi�
−1/α(t)
i

1

V
1/α(t)
i | lnVi |4/α(t)

1[0,t](Vi) (t ∈ U). (5.10)

Then Y is 1/α(u)-localisable at any u ∈ U , with local form Y ′
u = 1

u1/α(u)| lnu|4/α(u) Lα(u).
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Proof. Apply Theorem 4.1 with m(dx) = dx, f (t, u, x) = 1
x1/α(u)| lnx|4/α(u) 1[0,t](x) and

X(t,u) = C
1/α(u)

α(u)

1

(2e)1/α(u)

∞∑
i=1

γi�
−1/α(u)
i

1

V
1/α(u)
i | lnVi |4/α(u)

1[0,t](Vi).

The computation of the characteristic function of X(·, u) (as in Section 6) allows to verify that
X(·, u) is 1

α(u)
-localisable with local form X′

u(·, u) = 1
u1/α(u)| lnu|4/α(u) Lα(u). �

6. Finite dimensional distributions

In this section, we compute the finite dimensional distributions of the family of processes defined
in Theorem 4.1, and compare the results with the ones in [8].

Proposition 6.1. With notations as above, let {X(t,u), t, u ∈ R} be as in (4.1) and Y(t) ≡
X(t, t). The finite dimensional distributions of the process Y are equal to

E
(
ei
∑m

j=1 θj Y (tj )
)= exp

(
−2
∫

E

∫ +∞

0
sin2

(
m∑

j=1

θj b(tj )
C

1/α(tj )

α(tj )

2y1/α(tj )
f (tj , tj , x)

)
dym(dx)

)

for m ∈ N, θ = (θ1, . . . , θm) ∈ Rm, t = (t1, . . . , tm) ∈ Rm.

Proof. Let m ∈ N and write φt (θ) = E(ei
∑m

j=1 θj Y (tj )
). We proceed as in [20], Theorem 1.4.2.

Let {Ui}i∈N be an i.i.d. sequence of uniform random variables on (0,1), independent of the
sequences {γi} and {Vi}, and g(t, u, x) = b(u)C

1/α(u)

α(u) r(x)1/α(u)f (t, u, x). For all n ∈ N,

m∑
j=1

θjn
−1/α(tj )

n∑
k=1

γkU
−1/α(tj )

k g(tj , tj ,Vk)

(6.1)
d=

m∑
j=1

θj

(
�n+1

n

)1/α(tj ) n∑
k=1

γk�
−1/α(tj )

k g(tj , tj ,Vk).

The right-hand side of (6.1) converges a.s. to
∑m

j=1 θjY (tj ) when n tends to infinity and thus

φt (θ) = lim
n→+∞ E

(
ei
∑m

j=1 θj n
−1/α(tj )∑n

k=1 γkU
−1/α(tj )

k g(tj ,tj ,Vk)
)
.

Set φn
t (θ) = E(ei

∑m
j=1 θj n

−1/α(tj )∑n
k=1 γkU

−1/α(tj )

k g(tj ,tj ,Vk)). This function may be written as:

φn
t (θ) = E

(
n∏

k=1

eiγk

∑m
j=1 θj n

−1/α(tj )
U

−1/α(tj )

k g(tj ,tj ,Vk)

)

= (E(eiγ1
∑m

j=1 θj n
−1/α(tj )

U
−1/α(tj )

1 g(tj ,tj ,V1)
))n

,
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since all the sequences {γk}, {Uk}, {Vk} are i.i.d. We compute now the expectation using condi-
tioning and independence of the sequences {γk}, {Uk} and {Vk}.

E
(
eiγ1

∑m
j=1 θj n

−1/α(tj )
U

−1/α(tj )

1 g(tj ,tj ,V1)
) = E

(
E
(
eiγ1

∑m
j=1 θj n

−1/α(tj )
U

−1/α(tj )

1 g(tj ,tj ,V1)|U1,V1
))

= E

(
cos

(
m∑

j=1

θjn
−1/α(tj )U

−1/α(tj )

1 g(tj , tj ,V1)

))

= E

(
1

n

∫ n

0
cos

(
m∑

j=1

θjy
−1/α(tj )g(tj , tj ,V1)

)
dy

)

= 1 − 2

n

∫ n

0
E

(
sin2

(
m∑

j=1

θj

2
y−1/α(tj )g(tj , tj ,V1)

))
dy.

The function sin2 is positive and thus, when n tends to +∞,

∫ n

0
E

(
sin2

(
m∑

j=1

θj

2
y−1/α(tj )g(tj , tj ,V1)

))
dy

→
∫ +∞

0
E

(
sin2

(
m∑

j=1

θj

2
y−1/α(tj )g(tj , tj ,V1)

))
dy.

To conclude, note that

E

(
sin2

(
m∑

j=1

θj

2
y−1/α(tj )g(tj , tj ,V1)

))
=
∫

E

sin2

(
m∑

j=1

θj

2
y−1/α(tj )g(tj , tj , x)

)
m̂(dx).

�

Comparing with Proposition 8.2, Theorems 9.3, 9.4, 9.5 and 9.6 in [8], it is easy to prove the
following corollary.

Corollary 6.1. The linear multistable multifractional motion, multistable Lévy motion, log-
fractional multistable motion and multistable reverse Ornstein–Uhlenbeck process defined in
Section 5 have the same finite dimensional distributions as the corresponding processes of [8].

7. Numerical experiments

We display in this section graphs of synthesized paths of some of the processes defined above.
The idea is to picture how multistability translates on the behaviour of trajectories, and, in the
case of linear multistable multifractional motion, to visualize the effect of both a varying H and
a varying α, these two parameters corresponding to two different notions of irregularity. The syn-
thesis method is described in [7], pages 17–18. Theoretical results concerning the convergence of
this method will be presented elsewhere. The graphs on the first line of Figure 1 ((a) and (b)) dis-
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Figure 1. Paths of multistable processes. First line: Levy multistable motions with sine (a) and linear (b)
α function. Second line: (c) α function for the process in (a), (d) α function for the process in (b). Third
line: (e) multistable Ornstein–Uhlenbeck process with α function displayed in (c), and (f) linear multistable
multifractional motion with increasing α and H functions. Fourth line: (g) linear multistable multifractional
motion with increasing α function and decreasing H function, and zoom on the second part of the process
in (f). Last line: α and H functions for the process in (g) (left), and in (f) (right).
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play multistable Lévy motions, with respectively α increasing linearly from 1.02 to 1.98 (shown
in (c)) and α a sine function ranging in the same interval (shown in (d)). The graph (e) displays
an Ornstein–Uhlenbeck multistable process with same sine α function. A linear multistable mul-
tifractional motion with linearly increasing α and H functions is shown in (f). H increases from
0.2 to 0.8 and α from 1.41 to 1.98 (these functions are displayed on the right part of the bottom
line). The graph in (g) is a linear multistable multifractional motion with linearly increasing α

and linearly decreasing H . H decreases from 0.8 to 0.2 and α increases from 1.41 to 1.98 (these
functions are displayed on the left part of the bottom line). Finally, a zoom on the second half
of the process in (f) is shown, that allows to appreciate how the graph becomes smoother as H

increases. In all the graphs, one sees how the variations of α translate in terms of the “intensity”
of jumps. Additionally, in the case of linear multistable multifractional motions, the interplay
between the smoothness governed by H and the jumps tuned by α indicate that such processes
may prove useful in applications.

Acknowledgement

We thank the anonymous referee for many comments and corrections that allowed us to signifi-
cantly improve our paper.

References

[1] Ayache, A. and Levy Vehel, J. (2000). The generalized multifractional Brownian motion. Stat. Infer-
ence Stoch. Process. 3 7–18. MR1819282

[2] Benassi, A., Jaffard, S. and Roux, D. (1997). Elliptic Gaussian random processes. Rev. Mat. Iberoam.
13 19–90. MR1462329

[3] Bentkus, V., Juozulynas, A. and Paulauskas, V. (2001). Lévy–LePage series representation of stable
vectors: Convergence in variation. J. Theoret. Probab. 14 949–978. MR1860083

[4] Dembo, A. and Zeitouni, O. (1998). Large Deviations Techniques and Applications, 2nd ed. Applica-
tions of Mathematics (New York) 38. New York: Springer. MR1619036

[5] Falconer, K.J. (2002). Tangent fields and the local structure of random fields. J. Theoret. Probab. 15
731–750. MR1922445

[6] Falconer, K.J. (2003). The local structure of random processes. J. London Math. Soc. (2) 67 657–672.
MR1967698

[7] Falconer, K.J., Le Guével, R. and Lévy Véhel, J. (2009). Localisable moving average stable and
multistable processes. Stochastic Models 25 648–672.

[8] Falconer, K.J. and Lévy Véhel, J. (2008). Multifractional, multistable, and other processes with pre-
scribed local form, J. Theoret. Probab., DOI 10.1007/s10959-008-0147-9.

[9] Ferguson, T.S. and Klass, M.J. (1972). A representation of independent increment processes without
Gaussian components. Ann. Math. Statist. 43 1634–1643. MR0373022

[10] Herbin, E. (2006). From N parameter fractional Brownian motions to N parameter multifractional
Brownian motions. Rocky Mountain J. Math. 36 1249–1284. MR2274895

[11] Kolmogoroff, A.N. (1940). Wienersche Spiralen und einige andere interessante Kurven im
Hilbertschen Raum. C. R. (Doklady) Acad. Sci. URSS (N.S.) 26 115–118. MR0003441

[12] Le Guével, R. and Lévy Véhel, J. (2008). Incremental moments and Hölder exponents of multifrac-
tional multistable processes. Preprint. Available at http://arxiv.org/abs/0807.0764.

http://www.ams.org/mathscinet-getitem?mr=1819282
http://www.ams.org/mathscinet-getitem?mr=1462329
http://www.ams.org/mathscinet-getitem?mr=1860083
http://www.ams.org/mathscinet-getitem?mr=1619036
http://www.ams.org/mathscinet-getitem?mr=1922445
http://www.ams.org/mathscinet-getitem?mr=1967698
http://dx.doi.org/10.1007/s10959-008-0147-9
http://www.ams.org/mathscinet-getitem?mr=0373022
http://www.ams.org/mathscinet-getitem?mr=2274895
http://www.ams.org/mathscinet-getitem?mr=0003441
http://arxiv.org/abs/0807.0764


A series representation of multistable motions 1127

[13] Le Page, R. (1980). Multidimensionely divisible variables and processes. I. Stable case. Technical
Report 292, Dept. Statistics, Stanford Univ.

[14] Le Page, R. (1981). Multidimensional infinitely divisible variables and processes. II. In Probability
in Banach Spaces, III (Medford, MA, 1980). Lecture Notes in Math. 860 279–284. Berlin: Springer.
MR0647969

[15] Ledoux, M. and Talagrand, M. (1996). Probability in Banach Spaces. Berlin: Springer.
[16] Mandelbrot, B.B. and Van Ness, J.W. (1968). Fractional Brownian motions, fractional noises and

applications. SIAM Rev. 10 422–437. MR0242239
[17] Peltier, R.F. and Lévy Véhel, J. (1995). Multifractional Brownian motion: Definition and preliminary

results. Rapport de Recherche de L’INRIA, 2645. Available at http://hal.inria.fr/docs/00/07/40/45/
PDF/RR-2645.pdf.

[18] Petrov, V.V. (1995). Limit Theorems of Probability Theory: Sequences of Independent Random Vari-
ables. Oxford Studies in Probability 4. New York: Oxford Univ. Press. MR1353441

[19] Rosiński, J. (1990). On series representations of infinitely divisible random vectors. Ann. Probab. 18
405–430. MR1043955

[20] Samorodnitsky, G. and Taqqu, M.S. (1994). Stable Non-Gaussian Random Processes: Stochastic Mod-
els With Infinite Variance. Stochastic Modeling. New York: Chapman & Hall. MR1280932

[21] Stoev, S. and Taqqu, M.S. (2004). Stochastic properties of the linear multifractional stable motion.
Adv. in Appl. Probab. 36 1085–1115. MR2119856

Received January 2010 and revised March 2011

http://www.ams.org/mathscinet-getitem?mr=0647969
http://www.ams.org/mathscinet-getitem?mr=0242239
http://hal.inria.fr/docs/00/07/40/45/PDF/RR-2645.pdf
http://www.ams.org/mathscinet-getitem?mr=1353441
http://www.ams.org/mathscinet-getitem?mr=1043955
http://www.ams.org/mathscinet-getitem?mr=1280932
http://www.ams.org/mathscinet-getitem?mr=2119856
http://hal.inria.fr/docs/00/07/40/45/PDF/RR-2645.pdf

	Introduction
	Notations
	A Ferguson-Klass-LePage series representation of localisable processes in the finite measure space case
	A Ferguson-Klass-LePage representation of localisable processes in the sigma-finite measure space case
	Examples of localisable processes
	Finite dimensional distributions
	Numerical experiments
	Acknowledgement
	References

