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We study the strong approximation of a backward SDE with finite stopping time horizon, namely the first
exit time of a forward SDE from a cylindrical domain. We use the Euler scheme approach of (Stochastic
Process. Appl. 111 (2004) 175-206 and Ann. Appl. Probab. 14 (2004) 459-488). When the domain is
piecewise smooth and under a non-characteristic boundary condition, we show that the associated strong
error is at most of order 1!/4~¢, where h denotes the time step and ¢ is any positive parameter. This rate
corresponds to the strong exit time approximation. It is improved to h1/2=¢ when the exit time can be
exactly simulated or for a weaker form of the approximation error. Importantly, these results are obtained
without uniform ellipticity condition.
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1. Introduction

Let 7 > 0 be a finite time horizon and (€2, F, P) be a stochastic basis supporting a d-dimensional
Brownian motion W. We assume that the filtration F = (F;);<7 generated by W satisfies the
usual assumptions and that Fr = F.

Let (X, Y, Z) be the solution of the decoupled Brownian forward-backward SDE,

t

t
Xi =Xo+/ b(Xs)dS-i-/ o (Xy)dWs, (1.1)
0 0

T T
Y,=g<r,xf)+/ 1s<,f<xs,Ys,zx)ds—/ Z,dw,,  1e0.T],  (12)
t t

where 7 is the first exit time of (¢, X;);<r from a cylindrical domain D = [0, T) x O for some
open piecewise smooth connected set O € R? and b, o, f and g satisfy the usual Lipschitz
continuity assumption.

This kind of system appears in many applications. In particular, it is well known that it is
related to the solution of the semi-linear Cauchy—Dirichlet problem

—Lu— f(-,u, Duoc)=0 on D, u=g ond,D, (1.3)
where L is the (parabolic) Dynkin operator associated with X, that is, for ¢ € C 12,
Ly := 8y + (b, DY) + s TtlaD*y],  a:=o0*,
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and 0,D :=([0,T) x d0) U ({T'} x O) is the parabolic boundary of D. More precisely, if the
solution u of (1.3) is sufficiently smooth, then ¥ = u(-, X) and Z = Duo (-, X). Thus, in the
regular frame, solving (1.2) is essentially equivalent to solving (1.3).

In this paper, we study an Euler scheme type approximation of (1.1)—(1.2) similar to the one
introduced in [5,29]; see also [2,3,24]. We first consider the Euler scheme approximation X
of X on some grid 7 := {t; = ih,i < n} with modulus & := T /n, n € N*. The exit time 7 is
approximated by the first discrete exit time 7 of (¢, X 1 );ex from D. Then, the backward Euler
scheme of (Y, Z) is defined fori =n —1,...,0as

Yli ::E[Yllur] |Fl,'] + lli<fhf()_(tia Y[,‘v Zl,')9 Zt,‘ = hilE[Ylpr] (Wllur] - Wt,‘)|ft,‘]

with the terminal condition Y7 = g(, X;z). Here, g is a suitable extension of the boundary con-
dition to the whole space [0, T'] x R4,

The main purpose of this paper is to provide bounds for the (square of the) discrete-time
approximation error up to a stopping time 8 < T' P-a.s. defined as

6
Err(h)g :=max]E[ sup  Li<gl|Y: — Yz,- |2] +IE|:/0 || Z; — Zd)(t) szt], (1.4)

i<n Lery ]

where ¢ (1) :=sup{s e m:s < t}.

We are interested in two important cases: 8 = T and 6 = t A T. The quantity Err(k)r coin-
cides with the usual strong approximation error computed up to 7. The term Err(#), Az should
really be considered as a weak approximation error since the length of the random time interval
[0, T A 7] cannot be controlled sharply in practice. It essentially provides a bound for Yy — Y,
or, equivalently in terms of (1.3), u(0, X¢) — Yo. We should point out that a precise analysis of
the weak error has been carried out by Gobet and Labart in [15] in the uniformly elliptic case
with O =R

As in [5,23] and [29], who also considered the limit case O = R4 (i.e., Tt =T), the approxi-
mation error can be naturally related to the error due to the approximation of X by X ¢ and the
regularity of the solution (Y, Z) of (1.2) through the quantities

T
RONG :=maxE| sup |V, =¥, | and R(Z)jn:=F f 120 = Zpo | ar .
b<t brelt il 0

where

n Lit1
7y = h_lE[/ Zsds
ti

In the case f =0, Y is a martingale and Y, is the best L2-approximation of ¥; on the time
interval [#;, t;+1] by an J,-measurable random variable. In this case, Doob’s inequalities imply
that E[sup,cp,, ;.. .1 1Y — Y5 11 = E[|Y,,,, — Y, 1*] = cE[sup,, .1 1Y — Y, |] for some universal
constant ¢ > 0.

]—",l:| fori <n. (1.5)

Wit
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Moreover, the definition (1.5) implies that qu is the best approximation in L2([O, TIxQ,dt®
dP) of Z by a process which is constant on each time interval [t;, #;+1). Thus, 72(2)777_[2 <

Elfy 11Z — Zg > dr].

This justifies why R(Y)g2 and R(Z)’?T_[2 should play a crucial role in the convergence rate of
Err(h) to 0 as h — 0.

Bounds for similar quantities have previously been studied in [5,29] in the case © = R? and in
[2,24] in the case of reflected BSDEs. All of these articles use a Malliavin calculus approach to
derive a particular representation of Z. Due to the exit time, these techniques fail in our setting.
We propose a different approach that relies on mixed analytic/probabilistic arguments. Namely,
we first adapt some barrier techniques from the PDE literature (see, e.g., Chapter 14 in [12]
and Section 6.2 below) to provide a bound for the modulus of continuity of # on the boundary,
and then some stochastic flows and martingale arguments to obtain an interior control on this
modulus. Under the standing assumptions of Section 2, we are able to derive that R(Y)g2 +
R(Z);’{2 = O(h) and that u is 1/2-Holder in time and Lipschitz continuous in space.

To derive our final error bound on Err(k)g, we must additionally take into consideration the
error coming from the approximation of t by 7. We show that E[| — T|] = O(h'/>7¢) for all
& > (0. Combined with the previous controls on R(Y )gz and R(Z);’_[z, this allows us to show
that Err(h)7 = O(h'/4~¢). Exploiting an additional control on a weaker form of error on 7 — T,
we also derive that Err(h); .z = O(h'/27¢). As a matter of fact, the global error is driven by the
approximation error of the exit time which propagates backward due to the Lipschitz continuity
of u.

Importantly, we do not assume specific non-degeneracies of the diffusion coefficient, but only
a uniform non-characteristic boundary condition and uniform ellipticity close to the corners —
recall that O is piecewise smooth. Using the transformation proposed in [20], these results could
be extended to drivers with quadratic growth (for a bounded boundary condition g). Also, without
major difficulties, our results could be extended to time-dependent domains and coefficients (b,
o and f) under natural assumptions on the time regularity. We restrict our attention here to the
homogeneous cylindrical case for simplicity.

We note that the numerical implementation of the above scheme requires the approximation
of the conditional expectations involved. It can be performed by nonparametric regression tech-
niques (see, e.g., [16] and [22]) or a quantization approach (see, e.g., [1] and [8,9]). In both cases,
the additional error is analyzed in the above papers and can be extended to our framework. We
note that the Malliavin approach of [5] cannot be directly applied here due to the presence of
the exit time. Concerning a direct computable algorithm, we mention the work of Milstein and
Tretyakov [25] who use a simple random walk approximation of Brownian motion. However,
their results require strong smoothness assumptions on the solution of (1.3), as well as a uniform
ellipticity condition.

The rest of the paper is organized as follows. We start with some notation and assumptions
in Section 2. Our main results are presented in Section 3. In Section 4, we provide a first bound
on the error: it involves the error due to the discrete-time approximation of T by 7 and the
regularity of the solution (Y, Z) of (1.2). The discrete approximation of t is specifically studied
in Section 5. Finally, Section 6 is devoted to the analysis of the regularity of (1.3) and (1.2) under
our current assumptions.
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2. Notation and assumptions

Any element x € R?, d > 1, will be identified with a line vector with ith component x’ and
Euclidean norm ||x||. The scalar product on R? is denoted by (x, y). The open ball with cen-
ter x and radius r is denoted by B(x,r), B(x,r) being its closure. Given a non-empty set
A CR? we similarly denote by B(A,r) and B(A,r) the sets {x € R?:d(x, A) < r} and
{x e RY :d(x, A) <r}, where d(x, A) stands for the Euclidean distance of x to A. For a (m x d)-
dimensional matrix M, we denote by M* its transpose and we write M € M? if m = d. For a
smooth function f (¢, x), Df and D? f stand for, respectively, its gradient (as a line vector) and
Hessian matrix with respect to its second component. If it depends on some extra components,
we denote by 0; f (¢, x,y,2), 0x f(t,x, Y, 2), ... its partial gradients.

2.1. Euler scheme approximation of BSDEs

From now on, we assume that the coefficients of (1.1)—(1.2) satisfy the following.

(HL) There is a constant L > 0 such that for all (r,x, y,z,¢/,x",y,7) € ([0, T] x R? x
R x R%)2,

||(b707g1 f)(tv-x9ysz) - (b,O', g, f)(t/v-x/7 y/9Z/)|| S L”([,X, y’z) - (t/v-x/7 y/»Z/)”»
b, 0,8, ), x,y, Dl < L1+ 1I(x,y, 21)-

Under this assumption, it is well known (see, e.g., [27,28]) that we have existence and unique-
ness of a solution (X, Y, Z) in S? x S? x H?, where we denote by S? the set of real-valued
adapted continuous processes § satistying [|§ || s2 := E[sup, .7 |€:111/? < 00, and by H?2, the set
of progressively measurable R?-valued processes ¢ for which || ]|y :=E[ fOT 1&:1%dr'/? < 0.

As usual, we shall approximate the solution of (1.1) by its Euler scheme X associated to a grid

wi={tj=ih,i <n}, h:=T/n, n e N*,

defined by

t

t
X[ = Xp +/ b()_(¢(s))ds +/ O'(X(b(s)) dwy, t>0, 2.1)
0 0

where we recall that ¢ (s) := argmax{¢t;,i <n:t; <s}fors > 0.

Regarding the approximation of (1.2), we adapt the approach of [29] and [5]. First, we ap-
proximate the exit time t by the first exit time of the Euler scheme (¢, X;);c, from D on the
grid 7:

T:=inf{ren:X, ¢ O}AT.

Remark 2.1. Note that one could also approximate t by 7 :=inf{r € [0, T]: X; ¢ O) AT, the
first exit time of the “continuous version” of the Euler scheme (¢, X;):c[0,77], as is done for lin-
ear problems, that is f is independent of (Y, Z) (see, e.g., [14]). However, in the case where O
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is not a half-space, this requires additional local approximations of the boundary by tangent
hyperplanes and will not allow improvement of our strong approximation error (compare Corol-
lary 2.3.2. in [13] with Theorem 3.1 below).

We then define the discrete-time process (Y, Z) on 7 by
1?t,- = E[Yti+1 |F: ]+ 1ti<fhf()_(t,-’ ?t,-’ Zt,-)v 2.2)
Zy = h'BLY, (W, — W) IF ], i<n, (2.3)
with the terminal condition
Y7 =g(7. Xz). 2.4)

Observe that 1?,, 1;>7 = g(7, Xf_)lti_zf and Z,, 1;>7 =0.
One can easily check that (Y, Z;,) € L? for all i < n under (HL). It then follows from the
martingale representation theorem that we can find Z € H? such that

_ _ Liv1
Y., —E[Y,  |F;]1= / Z, dW, foralli < n. 2.5)
t
This allows us to consider a continuous-time extension of ¥ in S defined on [0, '] by
- - T - - - T ~
Y =g(7, X7) + / 1s<ff(X¢(s), Ys(s) Z¢(S)) ds — / Z, dW;. (2.6)
t t

Remark 2.2. Observe that Z=0on ]z, T] and Z=0o0n 1T, T']. For later use, note also that the
1t6 isometry and (2.5) together imply that

_ Liv1
7, =h—1EU sts‘]-',,}, i <n. @7
t

2.2. Assumptions on O, o and g

Our main result holds under some additional assumptions on O, o and g. Without loss of gener-
ality, we can specify them in terms of the constant L which appears in (HL).

We first assume that the domain O is a finite intersection of smooth domains with compact
boundaries:

(D1) We have O := ), O', where m € N* and O° is a C% domain of R? for each
1 < ¢ < m. Moreover, O has a compact boundary, sup{||x||:x € 8(’)@} < L, for each
1<tl<m.

It follows from Appendix 14.6 of [12] that there is a function d which coincides with the alge-
braic distance to 9O, in particular, O := {x € R?:d(x) > 0}, and is C? outside a neighborhood
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B(C, L™ 1) of the set of corners

m
C:= ﬂ a0t N Ok,
O#k=1

We also assume that the domain satisfies a uniform exterior sphere condition as well as a
uniform truncated interior cone condition:

(D2) For all x € 30, there exist y(x) € O°, r(x) € [L~!, L] and §(x) € B(0, 1) such that

B(y(x),r@)NO={x} and
' €BGx, L7 (x' —=x,8(x)) = (1 = L™ H|lx' = x[l} c O.

In view of (D1), these last assumptions are actually automatically satisfied outside a neighbor-
hood of the set of corners (see, e.g., Appendix 14.6 of [12]).

In order to ensure that the associated first boundary value problem is well posed in the (uncon-
strained) viscosity sense, we shall also assume that

a:=00"
satisfies a non-characteristic boundary condition outside the set of corners C and a uniform ellip-
ticity condition on a neighborhood of C:

(C) We have
inf{n(x)a(x)n(x)*:x € 9O\ B(C, L™} > L™!,  where n(x) := Dd(x),
and
infEa(x)E*:£ € 9B(0,1),x e ONBEC, L™} =L~

In particular, it guarantees that the process X is non-adherent to the boundary.

Observe that n coincides with the inner normal unit on dO outside the set of corners. By abuse
of notation, we write n(x) for Dd(x) whenever this quantity is well defined, even if x ¢ 0.

Importantly, we do not assume that o is non-degenerate in the whole domain.

Finally, we assume that g is sufficiently smooth:

(Hg) g Ch2([0,T] x RY) and ||3,g]| + || Dgll + |ID*gll < L on [0, T] x R.

Clearly, this smoothness assumption could be imposed only on a neighborhood of dO. Since
it is compact and Y depends on g only on O, we can always construct a suitable extension of g
on R? which satisfies the above condition. Actually, one could assume only that g is Lipschitz in
(t, x) and has a Lipschitz continuous derivative in x. With this slightly weaker condition, all our
arguments would remain valid after possibly replacing g by a sequence of regularized versions
and then passing to the limit; see Section 6.4 for similar kinds of arguments.
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3. Main results

We first provide a general control on the quantities in (1.4) in terms of R(Y )gz, R(Z);T{2 and

|t — 7|. We should mention that this type of result is now rather standard when O = R? (see,
e.g., [5]) and requires only the Lipschitz continuity assumptions of (HL).

Proposition 3.1. Assume that (HL) and (Hg) hold. There then exist Cp > 0 and a positive
random variable &1, satisfying E[(§1)P] < Cf forall p > 2 such that

Err(h)3 < Cp, (h + RN + R, +E[§L|r — T+ 1i-, / ||Zs||2dsD 3.1)

and

Err(h)?; <Err(h)7, .z < CL(h+ R +R(2) ) + E[EIEL|T — || Fr, ae]]

TAT = THNT — (3.2)
T 2
+eu | [iziolr ) |
T
where T is the next time after T in the grid w: v :=inf{t e w: v <t}.
The proof will be provided in Section 4 below. Note that we shall control Err(h)% Az through

the slightly stronger term Err(h)ir Az> see (3.2). This will allow us to work with stopping times
with values in the grid &, which will be technically easier; see Remark 4.2 below.

In order to provide a convergence rate for Err(h)zT and Err(h)% A7» 1t Temains to control the
quantities R(Y )22 , R(Z )’;{2 and the terms involving the difference between t and 7.

The error due to the approximation of t by 7 is controlled by the following estimate that ex-
tends to the non-uniformly elliptic case previous results obtained in [13]; see its Corollary 2.3.2.

The proof of this theorem is provided in Section 5 below.

Theorem 3.1. Assume that b and o satisfy (HL) and that (D1) and (C) hold. Then, for ¢ € (0, 1)
and each positive random variable & satisfying E[(§)P] < C f for all p > 1, there exists C; >0
such that

E[E[&|t — T[|Fr, ae]?] < CLR'E
In particular, for each € € (0, 1/2), there exists Ci > O such that
Ellz — 7] < C A1/~

In [13], the last bound is derived under a uniform ellipticity condition on o and cannot be
exploited in our setting — recall that we only assume (C). Up to the ¢ term, it cannot be improved.
Indeed, in the special case of a uniformly elliptic diffusion in a smooth bounded domain, it has
been shown in [17] that E[t — 7] = Ch'/? + o(hl/z) for some C > 0; see Theorem 2.3 of this
reference.



1124 B. Bouchard and S. Menozzi

Our next result concerns the regularity of (Y, Z) and is an extension to our framework of
similar results obtained in [3,5,23] and [2] in different contexts.

Theorem 3.2. Let the conditions (HL), (D1), (D2), (C) and (Hg) hold. Then

R(Y)gz + R(Z)’;_ﬂ <CpLh. (3.3)
Moreover, for all stopping times 0, ¥ satisfying 0 <9 <T P-a.s., we have
B[ sup 1Y =Vl <EEflo 0171, p=1, (34
O<s<?®
and
B
E[/ IIZsllpdS‘fe} <E[§] |9 — 6|l F), p=12, (3.5
0

where éf is a positive random variable which satisfies IE[|§£7 |9] < oo for all g > 1.

In addition, the unique continuous viscosity solution u of (1.3), in the class of continuous
solutions with polynomial growth, is uniformly 1/2-Hélder continuous in time and Lipschitz
continuous in space, that is,

lut, x) —u(@’ x| <Cr(t —t'|"?+|x —=x'|)  forall t,x)and (',x") € D. (3.6)

The proof is provided in Section 6 below. The bound (3.5) can be interpreted as a weak bound
on the gradient, whenever it is well defined, of the viscosity solution of (1.3). It implies that Y is
1/2-Holder continuous in L2-norm. This result is rather standard under our Lipschitz continuity
assumption in the case where O = RY, that is, T = T, but seems to be new in our context and
under our assumptions. The bound R(Z);’_[2 < Cph can be seen as a weak regularity result on
this gradient. It would be straightforward if one could show that Duo is uniformly 1/2-Holder
in time and Lipschitz in space, which is not true in general.

Combining the above estimates, we finally obtain our main result, which provides an upper
bound for the convergence rate of Err(h) (and thus for Err(h)? ) and Err(h)zT.

2 — —
TLAT TAT

Theorem 3.3. Let the conditions (HL), (D1), (D2), (C) and (Hg) hold. Then, for each ¢ € (0, %),
there exists C§ > 0 such that

Err(h)? .. <C¢h'™ and Err(h)} < CSh'/>e,

T4AT
This extends the results of [2,3,29] which obtained similar bounds in different contexts.

Remark 3.1. When t can be exactly simulated, we can replace T by t in the scheme (2.2)—(2.3).
In this case, the two last terms in the right-hand sides of (3.1) and (3.2) cancel and we retrieve
the convergence rate of the case O = R4 (see, e.g., [5]).

Remark 3.2. Note that the Lipschitz continuity assumption with respect to the x variable on g
and f is only used to control at the right order the error term coming from the approximation
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of X by X in g and f. If one is only interested in the convergence of Err(/)7, this assumption
can be weakened. Indeed, if we only assume that

(HL’I): b, o satisfy (HL), sup{|f(-,y,2)|, (y,2) e R x ]Rd} and g have polynomial growth
and f (x, -) is uniformly Lipschitz continuous, uniformly in x € R,

a weak version of (3.1) can still be established up to an obvious modification of the proof of
Proposition 4.2 below. Namely, there exists C > 0 and a positive random variable £ satisfying

E[(€)P] < C} for all p > 2 for which

T
Err(h)} < c(h +]E[ / ¥, - Y¢<s>|2ds] +R(ZD),
0

T T
+E[$|f—f|+f 1f<r/ IIZSIIZdSD (3.7)
0 7

T
- S 2
+CE|:|8(T’ X,)—g(r, Xf)|2+/(; |f(XSa Yy, Zs)_f(X¢>(S)a Yy, Zs)| ds]-

The terms E[fOT [Ys — Yp(s) |2 ds] and R(Z)’?T_[2 are easily seen to go 0 with % (see, e.g., the proof
of Proposition 2.1 in [3] for details). As for the other terms in the first line, it suffices to appeal to
Theorem 3.1, which implies that E[&|t — T|] — 0 and that T — 7 in probability under (D1) and
(C). Note that the last assertion implies that E[fOT li<r [{ 1 Zs]I*ds] — O and X; — X7 — O'in
probability. Hence, under the additional continuity assumption

(HL)): g and f(-,y,z) are continuous for any (y,z) € R x R?, we deduce that the two last
terms in the second line also go to 0.

4. Euler scheme approximation error: proof of Proposition 3.1

In this section, we provide the proof of Proposition 3.1. We first recall some standard controls on
X, (Y, Z) and X which hold under (HL).

From now on, C Z denotes a generic constant whose value may change from line to line, but
which depends only on Xg, L and some extra parameter n (we simply write Cp if it depends
only on X¢o and L). Similarly, SZ denotes a generic non-negative random variable such that
E[|§Z P1<C Z’p forall p > 1 (we simply write &/, if it does not depend on the extra parameter 7).

Proposition 4.1. Let (HL) hold. Fix p > 2. Let 9 be a stopping time with values in [0, T]. Then,
T 5 p/2
E[ sup [[Y:I” + (f I1Z: dt) ‘fﬂi| <Cr+[X5[7)
1€[¥,T] o

and

B[ sup (X017 +1%,17)| 5o | <&/
te[9,T]
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Moreover,

maxE[ sup (1X; = X, I” + 1% = X, 17|+ B[ sup 1%, = X,117] = P2,

i<n ey 1] +€[0,T]
[P’I:supH)_(t —)_(q)(,)” >r] §CLr_4h, r>0,
t<T
and, if 0 is a stopping time with values in [0, T such that ¥ <6 <9¥ 4+ h P-a.s., then
EllXo — Xol1” + | Xo — X9 |7 |Fp] <& hP/>.

Remark 4.1. For later use, observe that the Lipschitz continuity assumptions (HL) ensure that

_ T r/2
]E|: sup ||Y,||P+(/ ||z,||2dt) ‘fﬁ] <oo  forall p>2.
te[9,T] 4

In order to avoid the repetition of similar arguments depending on whether we consider Err(h)g
with § =T or 6 = 1 A T, we first state an abstract version of Proposition 3.1 for some stopping

time 6 with values in 7.

Proposition 4.2. Assume that b, o and f satisfy (HL). For all stopping times 6 with values in 7,
we then have

Err(h); < Cy. (h +E[Ys — YoI"1+ R(YNE + R(2)]

(EVTING
+E|:/: (€L+lf<rl|zs”2)ds:|>-
7

ATAO

Let us first make the following remark which will be of important use below.

Remark 4.2. Let 9 <6 P-a.s. be two stopping times with values in 7 and H be some adapted
1

process in S2. Then, recalling that #;, | — #; = h, it follows from (2.7) and Jensen’s inequality
that
2] _ 2 +1 _q litl 2
E|:‘/1; Hp(s) H Zy(s) ” de| = ZE[/ 1y<i <0 Hy, E|:/’l / Z,du .7:;1] dsi|
i<n ! li

tit1 1 Lit1 ’
EZEU oot [ 120 duds}

i<n li

0
< E[/ H¢(s)||Zs||2dS:|~
9
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By definition of 7 (see (1.5)), the same inequality holds with (2, Z) or (2 - Z,Z-2)
in place of (Z, 7). This remark will allow us to control |z — Z¢|| through ||Z — Z|| and
1z — Z¢|| (see (4.3) below), which is a key argument in the proof of Proposition 4.2. Ob-
serve that the above inequality does not apply if ¢ and 6 do not take values in 7. This ex-
plains why it is easier to work with 7, instead of t, that is, work on Err(h)? instead

T4AT
of Err(h)?, ..
Proof of Proposition 4.2. We adapt the arguments used in the proof of Theorem 3.1 in [5] to
our setting. By applying It6’s lemma to (Y — Y)2 on[t NGO, tiy1 AB]fort et tiy1] andi <n,
we first deduce from (1.2) and (2.6) that

1i+1A0

A?,ZH_] = IE:|:|Yt/\9 - 1?tA0|2 +/
t

I1Zs — Zs ||2ds}
NG

lit1 N0

= E[|Y;, 00 — Yt,-+m9|2] +E[2/
t

i\

(Y5 = Y) (Li<r £ (O5) — Lz £ (Opis))) ds]’

where the mart_ingale terms _cancel due to Proposition 4.1 and Remark 4.1, and where ©® :=
(X,Y,Z) and ® := (X, Y, Z). Using the inequality 2ab < a? + b2, we then deduce that for
o > 0 to be chosen later,

tip1 N0

A?,IH-] = IE:[|Yti-¢-|/\9 - ?li+1A9|2] + QE[/
t

NG

Yy — Ys|2ds}

lit1A8

tit1 A0 -
+za1E[/ L (£©0) — £(Bpo)) s+ [
t

NO tNO

1f§s<f(f(®s))2ds}

N0

ti+1N\0
+2(¥_1E|:f 1r§s<f(f(®s))2d5:|~
t

Recall from Remark 2.2 that Z =0 on ]z, T']. Since Y; = g(t, X;) on {r > t}, we then deduce
from (HL) and Proposition 4.1 that

ti41N0

Ate,tm = ]E[|Yti+1A9 - I?fi+1/\9|2] + aE[/ I¥s - Y5|2ds:|
17\

| r _ 5 li+1N\0

+ Cra™ 'E| h|Y;no — Yi n0l +/

L t

\C

¥ — Y¢(s>|2d5]
4.1)

l,‘+]/\9 ~ ~ —
+Cra™'E / , (412 = Zoo I + | Zoor = Zoo ) ds}
I

[ plivind 5
+CL05_1E f (SLerffsfr\/f +1f§s<r||Zs|| )ds]
tAO
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It then follows from Gronwall’s lemma that

E[|Y; 7o — Yirol*]
< (1+ C¢MENYy;, 00 — Yigy i n01*]

r tip1N0

+(Cra" + CEME| h Yy pg — Ty pal? +/
L t

N0

Yy — Yo | ds} (4.2)

Cra' + comE| weh Zo — Zoo |12+ [ Zo ) — Zois |F) d
+(Cra™ +Cph) t (h+ 125 = Zo) |” + | Zow) — Zoo||7) ds

e

[ [liviNG
+(Cra™' + C¢ME / (Erlni<s<ovi + Lics <o 1 Zs]1%) ds]
t

v\

Substituting (4.2) into (4.1) applied with ¢ = t;, using Remark 4.2, taking o > O sufficiently large,
depending on the constants Cy,, and & small leads to

Ag

ity

< (1+CLWEYs, 00 — Yiyy nol?]

liy1 A0 ) ~ 2
+ CLEU (h+[Ys = Yoo |+ [ Ze = Zgo| )ds}
1

,'/\9

1i+1/0
+ CLE[ f Eloniosmrvt + Licsel1Z2) ds]
1,

i N0

This implies that

6
Ae = maXEHYti/\G - Yt,-/\9|2] +E[/ ”Zs - Zs||2d5i|
I<n 0
< CL(E[Ys — Yol’1+h + R(O)% + R(Z)],)
0
+cLE[sL|fA6—m0|+f 1f<s<f||zs||2ds}.
0

We conclude the proof by again using Remark 4.2 to obtain

0 5 2
el [ 12~ ZooI’]
0
o - 2 r 5 2
<ci(e] [0 -z lPas ]+ [Nz -2 Pa]) @

0 . T )
<Cy <E[/O 1Zs — ZS||2ds] HEUO 1Zs — Zy ) ||2ds]>

which implies the required result, by the definition of Err(h)(% in (1.4). O
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The above result implies the first estimate of Proposition 3.1.

Proof of (3.1) of Proposition 3.1. It suffices to apply Proposition 4.2 for 6 = T and observe that
the Lipschitz continuity of g implies that

Ellg(t, X¢) — (%, X)I*]

_ T™VvT T™v7T 2
< cLE[w — TP+ 11X: — Xz > + ‘/ b(Xs>ds+/ o (Xy) dW; ]
TAT TAT

AT

where |t — 7|2 < T|t — 7|, E[|| X7 — Xz[*] < Ch by Proposition 4.1 and

"

by Doob’s inequality, (HL) and Proposition 4.1 again. (]

VT ™VvT 2
[ vooas [ omoaw, }SE[SLlr—fI]

AT TAT

In order to prove (3.2) of Proposition 3.1, we need the following easy lemma whose proof is
standard see [4] for details.

Lemma 4.1. Let (HL) hold. Then,

max (|7, | + vl Zy)) <& and ¥ ls2 + 1 Zsll3e + 12l < Cu. (4.4)

Proof of (3.2) of Proposition 3.1. Applying Proposition 4.2 to 6 := 7+ A T and recalling Re-
mark 2.2 leads to

Err(h)7, oz < CL(h+EllYr, ar — Yoo nz P14+ RONG + R(2)]p).
It remains to show that

E[|Ye, a7 — Yo, a2 1] ws)

c 2
<CL (h +E[EBIEL|T — 7| Fe e ] + E[1f<r]E|:/: I1Zs ds|7f] })

Since f is L-Lipschitz continuous under (HL), we can find an R?-valued adapted process x
which is bounded by L and satisfies

F(Xo): Vo505 Zos)) = F(Xp5)> Yos), 0) + (Xp5)> Zo(s)) (4.6)

on [0, T']. Set

t
H; = 5(/ 1r+§s<fX¢(s) dWs), t<T,
0

where & stands for the usual Doléans—Dade exponential martingale, and define Q ~ P by
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dQ/dP = Hy. It follows from Girsanov’s theorem that
wl=w — /0 1o, <5<t Xp(s)ds

is a Q-Brownian motion. Now, observe that, by (4.6) and (2.6),

T

T
Yt=g(T,X1)+/ f(Xs, Yy, Zs)ds_/ ststv
INT INT

T T

7, =g(f,5ff>+/

INT AT

In view of (4.6)—(4.8), it then suffices to show that

E[E%g(%, X7) — (v, X)|Fe,nz)?] < Co(h +E[ElEL|T — 7| Fr, a2 1)),

7 _ _ 129

E|:lr+<fEQ |:/ F(Xg()s Yo(s), 0) ds‘fq <E[E[£ (T — T+ h)|»7:r+/\f]2]7
‘L'+ .

- -
E|:1r+<fEQ |:/ (Xp5)» Zg(s) — Zs>ds‘ft+ <Cph,
T+ =

]E|:1f<r+EQ |:/_ S (X5, ¥, Zs)dS’ff = CL(h +E[E[$L|t - f||fr+/\f]2])

. 2
+ CLE|:1f<r]E|:/_ I1Zs I d5|~7:f:| }

(F(Xp6)2 Vo052 Zo(s)) — Lo, <s(Xp(s) Zs)) ds —/ Z dwl.

4.7)

(4.8)

4.9)

(4.10)

“.11)

(4.12)

We start with the first term. By using (HL), applying It6’s lemma to (g(¢, X;));>0 between T
and t, using Proposition 4.1 and the bound on x, as well as standard estimates (recall (Hg) and

Proposition 4.1), we easily check that on {t4 > T} C {t > 7},

[EC[g(r, Xo) — g%, X2)| F¢]|

< CL|| Xz — Xz|| + ‘E@ [ / (Lepzs<rltpwo™. De)+ Lg)(s. X, ds ff}
< CrlX: — Xz || + El&L |ty — ]| Fz].
Similarly, on {ry < T},
[E%g(vs. Xoy) = g(F. X0)|Fe, 1| < CullXey — Koy |+ ElSL |ty — 71 Fe. ],
We then conclude the proof of (4.9) by appealing to (HL) and Proposition 4.1 to obtain
E[|Xr, — Xr, > + 11Xz = Xz 1+ Ellg(r+, Xz,) — g(r. Xo)IP] < Cih;

recall that0 <ty — 7 <h.
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The second term (4.10) is controlled by appealing to (HL), Lemma 4.1 and Proposition 4.1;

recall that T4 — v < h. Concerning the third term (4.11), we observe that {t+ < s} ={t < ¢(s)} €
Foes) and {T > s} ={T > ¢ (s)} € Fp(s). It then follows from (2.7) that on {7 < 7},

T - ~
]EQ |:f <X¢(S)’ Z¢‘(S) - Zs>ds

T+

T
:E[/ Hs(Xq)(S)a Zq&(s) - Zs)ds‘fr+:|
=

T | ds)+h _ B
:E[/ H¢>(x)<X¢>(x)»h_ / Z,du — Zs>dS’.7:T+i|
T4 @ (s)

f —_ ~
+EU (Hs = Ho)) x> Zo ) = Zx)ds‘fu}

T+

fr+/\f:|

and, since T and 74 take values in 7,
T | d(s)+h .
f H¢<S)<X¢(S),h_ / Z, du —ZS>dS=0.
T+ d)(S)

On the other hand, the Cauchy—Schwarz inequality and the boundedness of x imply that

f —_ ~
‘E[/ (Hs = Hp(5))(Xp5)s Zg(s) — Zs)ds me}
T+
7 , 1/2 T - 1/2
<CtL E[/ (Hy — Hy(s)) dS’quf} E[/ |Zgs) — Zs|, ds‘fnrAf]
T4+ T+
1/2

<g&n'?

‘E —_ ~
| [ 1200~ 2 a7
T+

Recalling Lemma 4.1 and combining the above inequalities leads to (4.11).
The last term (4.12) is easily controlled by using (HL), Remark 2.2 and Proposition 4.1. [

5. Exit time approximation error: proof of Theorem 3.1

In this section, we provide the proof of Theorem 3.1. We start with a partial argument which
essentially allows us to reduce to the case where m = 1, that is, O has no corners, by working
separately on the exit times of the different domains O,

r_f =inf{t e r:3s <t s.t. ngé(’)(}/\T and 7° :=inf{ten:)_(,¢(’)e}/\T.

Below, we shall prove the following Proposition.
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Proposition 5.1. Assume that (HL), (D1) and (C) hold. Then, for each ¢ > 0,

¢ _ =t 2 1-
IE[IE[|r+ -7 ”fziAff] ] <Cjh~* V1 <{<m. (5.1)
This implies the statements of Theorem 3.1.

Proof of Theorem 3.1. Since 7, = ming<,, t{ and T = ming<,, T, we have
+ {<m T4 <

m
Ellrs — Tl Feonel < D ElT) = T0F Ay, ot o+ Lempeay,).
=1

which, combined with (5.1), leads to
E[Ellr — T||Frons ] < CoR'™° (5.2)

since |t — 7| < h. This leads to the second assertion of Theorem 3.1. On the other hand, given
a positive random variable & satisfying E[£7] < Cf for all p > 1, we deduce from Holder’s
inequality that

El|t — 7| Feonel® < EEE[IT — 7101 Fo 070 < EETXEllr — 2| Foy0r 202
and
E[ER[E |t — 7||Fr, 1] < CLE[BI|T — 71| Fr, e 2] 7
In view of (5.2), this leads to the first assertion of Theorem 3.1, after possibly changing ¢. ]

The rest of this section is devoted to the proof of (5.1) for some fixed £. We first provide an a
priori control on the difference between ‘L’f_ and 7°. We use the standard idea of introducing a test
function on which we can apply Itd’s lemma between Ti and 7¢ so that the Lebesgue integral
term provides an upper bound for the difference between these two times; see, for example,
Lemma 3.1, Chapter 3 in [10] for an application to the construction of upper bounds for the
moments of the first exit time of a uniformly elliptic diffusion from a bounded domain.

To this end, we introduce the family of test functions

Fo:=d?/y, 1<t<m,

for some y > 0 to be fixed below. Here, d; is a C*(R?) function which coincides with the
algebraic distance to d0* on a neighborhood of O and such that

Ol :={xeR%:dy(x) >0} and 90°:={x eR?:dy(x)=0}.

The existence of such a map is guaranteed by the smoothness assumption (D1) (see, e.g., [12]).
Observe that after possibly changing L and considering a suitable extension of dy outside a
neighbourhood of the compact boundary 30, we can assume that

ldell + I Ddell + | D*dell <L onRY. (5.3)
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Observe that

1
LF; = ;[(Z(b, ne) + TI'[aDZd[])dg + Tr[a(ng)*ng]], 5.4
where ny := Dd, coincides with the unit inward normal for x € d©O¢; recall (D1).
In view of (HL), (D1), (5.3) and (C), there is some C;, > 0 such that, foreach 1 < £ <m,

1
LFy> —(=Crdy+nea(ng)*)>1 and nea(my)*>L"'/2  onB@OOYr) (5.5
14

if we choose r > 0 and y > 0 small enough, but depending only on L. For later use, also observe
that, after possibly changing r, one can actually choose it such that

ne(x)a(y)ng(x)*>L""/2  forallx,y e BO' r)st ||x — y|| <r. (5.6)
We now fix r, y > 0 such that (5.5) and (5.6) hold, and define the sets

Api=1{X, € BOO" 1), ¥s e[t 1{]),  Bei={lde(X, )| <h'/>7"),

A= {X; € BQO" r), Vs e[t}, 7"},  Bei={lde(Xz0)| <h'/*7)

for some 1 € (0, 1/4) to be chosen later. Observe that Ay (resp. Ay) is well defined on {f’Z < ri}
(resp. {tﬁ <7,

We can now provide our first control on |r£ — 7¢|. Recall that &; (&L if it does not depend on
some extra parameter ¢) denotes a positive random variable whose value may change from line
to line, but satisfies E[léf P11 < Ci‘p forall p > 1.

Lemma 5.1. Assume that (HL) and (D1) hold. Then, for each ¢ € (0, 1),
Eflcf — f‘f||frwz] <& {h'2+ (1 - TH'2P(AN BZ)C|ffe]1—81{d>fz}
+(T =) PPLUA N BO I F 1™ ooy

foreach 1 <t <m.

Proof. 1. We first work on the event {rﬁ > 7). It follows from (5.5) and Itd’s lemma that

a8
Elt! — 7 Fp] < E[lmw /_z LF(X,)ds ffz] + (T = THP[(A¢ N B¢ | Fxe]
T

.[@ .[l
=< E[IA[(WB[ </:Z+ £Fl(Xs)dS + /:ZJr DFg(XS)O'(XS)dWS) ‘ffi}
T T

ff(’:|

£
L3S
- E[IAKOBZ [@ DFy(X)o(Xs)dWs
T
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+(T = THPI(A¢ N B | Fit]
<y 'E[(df (X,0) — di (Xz0))La,np, | Fee]

l
L2t
+ E[lmmm)f L DFy(Xs)o (Xs)dW;
T

ff£i|

where, by the Holder and Burkholder-Davis—Gundy inequalities, the Lipschitz continuity of o
and DF; (see (HL) and (5.3)) and Proposition 4.1,

+ (T — T9P[(A¢ N B¢ | Fel,

¢
L3
E[I(AIHBZ)C [@ DFy(Xs)o (Xs)dW;
T

ffe} <& (T —TH'PP(Ac N B | Fz]' ™
for all & € (0, 1). We now recall that |dp (err)| < h'Y/27" on By, which implies that
E[(d7 (X 0) = df (X)) 1a,08,| Fee ] < ELd7 (X )Vanp, | Fee] <1720,
In view of the above inequalities, this provides the required estimate on the event set {1’_fr > 7t}

since n < 1/4.
2. We now work on the event {r_f < 7). By Proposition 4.1,

AN _ _ _
E|:1A_lﬁ[3( /z |£Xew Fy(Xy) — L% Fo(X)| ds frﬁ] <& h!/?
L2

with the notation £YF; := & F; + (b(y), DFy) + 3 Trla(y)D?F], so that L5 F(Xy) =
LF;(X,). Arguing as above, it follows that, on {7¢ > ‘L’f_},
—¢ ¢ 1/2 -1 2,y 2,y
Ble" -y |F el < &Lh 4y 'E[(df (Xz0) — d (th_))lAeﬂBz'frf_]

7]

=

T
+E|:1(Aeﬁl§z)“ [{ DFZ(X‘Y)U(qu(S))dWV
T+

+ (T = T)PI(A N Bo) | F ]
<& h'? 4y TP gL (T — <) PPUA N By I F 1 O

It remains to control the different terms that appear in the upper bound of Lemma 5.1.
For notational convenience, we now introduce the sets (recall that 0 < n < 1/4)

Eg:={de(Xz) <h'?7) and Eg:={de(X,) <h'?™),  1<t<m.

Remark 5.1. Observe that

PIE; N{7" < t{ < PIE{ N{T" < TH < Pl{de(Xz0) — de(Xze) = K20 (78 < T
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since dg()_(fz) <Oon {tf < T} Using (5.3), Chebyshev’s inequality and Proposition 4.1, we
then deduce that, for each ¢ € (0, 1), there exists C i > 0 such that

PIESN{T¢ <t} < Ccsnl—e.
Similarly, if ¢ denotes the first exit time of (¢, X =0 from [0, T') x O!, then we have
PEG N (7" > )] < P[{de(X ) — de(X ) = 5h 27 0 {dp(X ) < 50127 0 {2 < TY]
+P[{de(X 1) — de(X,0) > 3h2 M) N {ry < T}
<Cih'™,

where the last inequality follows from Chebyshev’s inequality, Proposition 4.1 and the fact
that rf — 7% < h. Note that the term d@(Xrﬁ ) — d¢(X,¢) could be controlled by Bernstein-
type inequalities in order to avoid the explosion of the constant with &. However, to the
best of our knowledge, such inequalities are not available in the existing literature for the
term dg(X o ) —dg(X o ) and Chebyshev’s inequality remains the most natural tool to apply
here.

Combining the above remark with the next two technical lemmas allows us to control the
right-hand side terms in the upper bound of Lemma 5.1. Thus, the statement of Proposition 5.1
is a direct consequence of Lemma 5.1 combined with Remark 5.1, Lemmas 5.2 and 5.3 below,
applied for 7 sufficiently small.

Lemma 5.2. Assume that (HL), (D1) and (C) hold. Then, for each ¢ € (0, 1),

PLAG | Fee g, ot oty + PLAGIF 0 1 e oy <ELRUZPE70 e <me (5.7)

r$>f
Lemma 5.3. Assume that (HL), (D1) and (C) hold. Then, for each ¢ € (0, 1),

PLAe N B{IFee gyt ey + PLAC N BYIF 115

rt <7t}

i (5.8)
p1/2=m(1-e)

&

<§ -
B L,/T—#m‘
+

Proof of Lemma 5.2. 1. We first prove the bound for the first term. Let V be defined by V; :=
d¢(Xzey,) fort > 0 and let 9 be the first time when V reaches y € R. Using Ay = Aj; N ({90 >

P U {99 < 97}), we deduce that on {tf > TN E,,

Vi <m.

P[A| Fze] < P[0 > O | Frel +IP[[ sup |de(Xy)| > r] n{zt < T}|]—‘fz],

se[r‘,rf_]
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where, by (5.3), Chebyshev’s inequality and Proposition 4.1, on {tﬁ >t c{rf > 7Y,

P{ sup |d@(xs)|zr}m{rf<r};ffz]5r—2ﬂ«:[ sup |dg(Xs)—de(XTz)|2‘.7:fe:|

SE[‘[Z,‘Ei] se[t‘f,ti]
<é&Lh;

recall that Ti — % < h. It remains to provide a suitable bound for P90 > V" |Fze]. From now
on, we assume, without loss of generality, that

2R12N <, (5.9)

Set ¢ := 9% A ®". Thanks to (C) and (HL), we can define Q ~ P by the density

H=Eupy (— /0 PR (nw)(&)((wan}f)(xs))—l£dz(xs)dws).

Let
@ A |
W= W+ e o 1, / L o) (X (nean}) (X)) Ldp(X,) ds
T
be the Brownian motion associated to Q by Girsanov’s theorem. We have
RSN
Ving = Vo + / ne(Xs)o (X;)dW2  on Ep.

t
Set

=14

T+t
Api= L e (X et )0 (Xongee ) | ds.
2

By the Dambis—Dubins—Schwarz theorem (see Theorem 4.6, Chapter 3 in [19]), there exists a
one-dimensional (Q-Brownian motion Z such that

Vino =Vo+Za,,,  onE;n{tl >z ={Vo<h/* 1t > 7.
This implies that
QIo° = 0" | Feel <h'>/r  on E Nzt > 7Y
(see, e.g., Exercise 8.13, Chapter 2.8 in [19]). We conclude by using Holder’s inequality
and (5.3).

2. The bound for the second term in (5.7) is derived similarly. We now write

Vii=de(Xpey,), 120
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As above, we denote by ¥ the first time when V reaches y € R and observe that, by (5.9),

PLAG|F ] < PO~ > 0717+ IP[ sup  |dp(Xy) — do(Xz0)| > h1/2—"|f4],

se[F,704h]
where 7 := rf oyt and, by (5.3), Chebyshev’s inequality and Proposition 4.1,
Pl sup  |de(Xy) — de(Xs0)| > hl/z‘”]]-"rz] <¢&Mh.
sel!, 74+ "
1/2—n

In order to bound the term IP’[l?‘h
ciently small,

> 97 |}—ffr ], we observe that (5.6) implies that, for & suffi-

[ne(X)o (X)) = L7"2/V2  on Eents elxf, 0 B0 {]|Xs = Xp0) | <7},

where 6¢ := inf{r > rf :X; ¢ B(dOY, r)} A T. Moreover, it follows from Proposition 4.1 that
P[sup| X, = Ko | > 7] = Cor*h.
s<T

Up to obvious modifications, this allows us to reproduce the arguments of step 1 on the event
set Ey. |

Proof of Lemma 5.3. We only prove the bound for the first term. The second one can be derived
from similar arguments (see step 2 in the proof of Lemma 5.2). We use the notation of the proof
of Lemma 5.2. We first observe that, on E; N {t¢ > ¢},

P[A¢ N B | Fae]l < PLA N {90 > (T — £9}| Fzel

+P[(rE <TI0 sup 1de(X,) — de(X,0)| = hP7| |

¢
sefrf, 7]

sPlacn| min za, =027+ eln,
tel0,T—7¢]

where the second inequality follows from Chebyshev’s inequality, (HL) and Proposition 4.1;
recall that rf — % < h. Using Holder’s inequality, we then observe that

P[Am{ min ZA,>—h1/2"7}\]-}z]
tel0,T—7¢]

3 . 12— I1—e
<go[an| min 7y >-n[F] T
1€[0,T—7¢]

Since, by (5.6),

Ap_ze > (T —tH2L)™" AN’ > T -tHn{zt <tfycAn(z <t =T},



1138 B. Bouchard and S. Menozzi
we deduce from Chapter 2 of [19] that, on E; N {f‘Z < rf},

QAN min  Zp, > —h'/F7HEL | <Q min Z, > —h'/2 1 F,
t T T
1€[0,T—7¢] 1e[0,(T—72L)~1]

< Cp(T —7H~12pl/2=,

We conclude by combining the above estimates. |

6. Regularity of the BSDE and the related PDE

6.1. Interpretation in terms of parabolic semilinear PDEs with Dirichlet
boundary conditions

In this section, we denote by X’ the solution of (1.1) with initial condition x € Oattimer <T.
We also denote by 7/ the first exit time of (s, X;)s>; from O x [0, T) and write (Y**, Z'¥)
for the solution of (1.2) with (X**, /*) in place of (X, 7).

As usual, the deterministic function (7, x) € D — u(t, x) := Yt”x can be related to the semi-
linear parabolic equation

6.1)

0=—Lu(t,x) — f(x,u(t,x), Du(t,x)o(x)), (t,x)e O x[0,T),
{MlapD =8

where we recall that £ denotes the Dynkin operator associated to the diffusion X, Ly := ;¢ +
(b, Dyr) + %Tr[aD%ﬁ] witha :=00* and 9,D := ([0, T) x 30) U ({T} x O) is the parabolic
boundary of D.

Proposition 6.1. Let (HL), (D1), (D2), (C) and (Hg) hold. The function u then has linear growth
and is the unique continuous viscosity solution of (6.1) in the class of continuous solutions with
polynomial growth.

A similar result is proved in [7], but in the elliptic case. For the sake of completeness, we
provide a slightly different complete proof of the viscosity property in the Appendix, where the
standard associated comparison result leading to uniqueness is also stated.

6.2. Boundary modulus of continuity

Adapting some barrier techniques for PDEs, we first prove the following bound for the modulus
of continuity on the boundary.

Proposition 6.2. Let (HL), (D1), (D2), (C) and (Hg) hold. There then exists Cy > 0 such that
for all (ty, x0) €[0,T) x 00,

. lu(to, y) — u(to, x0)|
m

<Cy. (6.2)
yeO,y—>xo ly — xoll
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In particular, if the gradient of u exists at (ty, Xo), it is uniformly bounded.

Proof. Let (¢, x0) € [0,T) x 00 and A :=[tp,T) x N, where N/ C O is an open set and
xo € ON. We will only show that, for all y € NV,

t0, v) — u(fo,
u(to, y) — u(fo, xo) <c,. 6.3)
ly — xoll

The lower bound is obtained similarly. By (D2), there exists ¢ > 0 and a family (e;);¢[1,47 such
that xo + ee; € N for all i € [1, d]] and span(e;,i € [1,d]) = R?. Thus, (6.2) implies the state-
ment concerning the gradient, whenever it is well defined. We now prove (6.3).

1. Assume that there exists a smooth function ¥ : A — R with first derivative bounded by C.
such that:

(@) ¥ >uond,A:=([to, T) x IN)U({T} x N);

() Ly, x)+ fx, ¢ (@, x), DY(t, x)o(x)) <0 for (r,x) € A;

(©) ¥ (10, x0) = ulto, x0) = g(to, Xo)-
Using Proposition 6.1 and a standard maximum principle (see Lemma A.2 in the Appendix), we
then derive that u < ¥ on A. In view of (c), this yields

M(to,y)—u(to,XO)<1ﬁ(t0,y)—1//(to,XO)<

< <Cr VyeN\f{xo}.
ly — xoll lly — xoll

2. It remains to construct a smooth function satisfying (a), (b) and (c). Recall that the spatial
boundary 3O is compact. Since u is continuous on D (see Proposition 6.1), the compactness
assumption (D1) ensures the uniform boundedness of # in a neighborhood of [0, T'] x 00.

We specify the construction of the barrier function only for xo € 80O\ B(C, L™"). Indeed, for
xo € B(C, L™"), assumption (C) ensures that the diffusion coefficient is uniformly elliptic in a
neighborhood of xp. The expression of the barriers below can then be simplified. Namely, we do
not need the additional localization with the cone, that is, we can take ¥ = 0 in (6.6) below.

Let y := y(xo) be the point of O¢ associated to x( by the exterior sphere property; see (D2).
Set r :=r(x9) = ||y(x0) — xo||. Recall that, by assumption, B := B(y, r) satisfies BNO = {x0}.

It follows from (HL) and (C) that

(a(x)n(xg), n(xo)) > L_1/2 ontheset Dy :={x € O:|lx —xoll <nr} (6.4)

for some 17, > 0 small enough, but depending only on L.
For x € O, we now set

dp(x):=d(x,9B)=|lx —yll —r

so that dg € C2(0) with

—y D2dp(x) = s (x=—y*"(x—y)

Ddp(x) = ,
lx =l llx =yl llx = ylI?

) (6.5)
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Figure 1. Domain for the barrier.

where I; denotes the identity matrix of M. We now introduce a cone
Ki={x eR": (x =y, n(x0)) = cos@)|x —yll}, 6 €[0,7/2]

and
Dy :={xe€O:dg(x) <6}, §>0,

where § < §; is sufficiently small to ensure D, C Dj. Finally, we set N := O N K N D,, see
Figure 1 above, and define the barrier function by

Y(t, x) = g(t, x) +da(p0)/* = 82 fk(x — y, n(Xo)><1 - W) (6.6)

for (t,x) € [tg, T] x N, where ¢(x) :== 8 + dp(x). For a suitable choice of the parameters
a,k,6 >0 and 6 € (0, 7/2), one can check that the above function i satisfies points (a), (b)
and (c) of step 1; see [4] for details. U

6.3. Representation and weak regularity of the gradient in the regular
uniformly elliptic case

In this section, we strengthen the initial assumptions and work under:

(D) O isa C? bounded domain satisfying (D1) and (D2) for the constant L;
(C’) a is uniformly elliptic with ellipticity constant L1 )
(H') the coefficients b, o, f and g satisfy (Hg)—(HL) and are uniformly C 2(D).

From now on, given a matrix M, we denote by M Jits Jjth column, viewed as a column vector.
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Proposition 6.3 (Representation of the gradient). Let the conditions (D"), (C") and (H') hold.
Then, u € C°(D) N C2(D), Du € C%(D) and, for all (t,x) € D,

tx

T
Du(t, x) :E[Du(rt’x, XXV + / dy f(OL)VXLXYEX ds}, (6.7)
t

Th.x

where V X' is the first variation process of X''*:

t

d N s
VX =1+ ) / Do/ (X5 VXLT dW] + / Db(X'HVX!Fdv, s>t
j=1""

and V'~ is defined by

N N 1 N
Vht = exp</ dy f(OLF) dv —}-/ 8, f(OL%)ydwW, — 5/ ||82f(®§)’x)||2dv), s>t,
t

t t

with @' = (X"*, Y~ 7Y,

Proof. The result is obvious for (¢, x) € 3 D. We thus assume from now on that (¢, x) € D. We
derive from Theorems 12.16 and 12.10 in [21] and the definition of Holder spaces on page 46 of
this reference that Du € C%(D). Let us consider the systems of differential equations obtained
by formally differentiating the PDE (6.1) w.r.t. (x’.),‘eﬂl,d]]. Fori=1,...,d, we have

i 1 . . 1 .
0=20;v" + <b +0*D, f(®) + EDX,-a", Dv’> + ETr[aDzv’]

+ (Db’ + Dy f(©) + (D f(©). Dyio))v' + Dy f(©) + Y _h'™¥, (6.8)
ki
' d
where i = (Db + (D, f(©), Do X)) Dyu + Y D ia"' Dy iu
=1

and O(t, x) = (x,u(t, x), Duo (¢, x)).

Given n sufficiently large, set O, := {x + BO,n Y, x € oY cO,T,:=T — n >0
and D, :=[0,T,) x O,. Note that, by construction, O,, satisfies a uniform exterior sphere
property (with radius 1/2r). The PDE (6.8) on D, with the boundary condition D u on
0,D, = ([0, T,) x 00,) U ({1} x @n) then admits a unique c%D,) N ct2(D,) solution vﬁl;
see Theorem 12.22 in [21]. Using the maximum principle, we can then identify D,;u and v}, on
D, by considering the PDE satisfied by g (u(,x +e¢cej) —u(-,x)) — Uil(', X) on D,,. Here, ¢;
is the ith canonical basis vector of R? (see, e.g., Theorem 10, Chapter 3 in [11]). In particular,
Du € C°%(D,) N CY2(D,). By a usual localization argument, we then deduce from It6’s lemma
applied to Du(-, X"*)VX:*VEX with (¢, x) € D,, that

Tn
Du(t,x) = E[Du(t,,, XEVXLEVEY 4 f A f(OLHVXLTVY ds],
t
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where 1, ;== inf{s € [t, T,,]: (s, X§’X) ¢ D,}. Observe that lim, 7, = t P-a.s. by continuity of X.
We then derive the statement of the Proposition by sending n — 00, using the a priori smoothness
of u, Du € C°(D) and the dominated convergence theorem. U

Remark 6.1. Note that the various localizations in the previous proof are needed because we do
not assume any compatibility condition on the parabolic boundary, thatis, Lg+ f (-, g, 0 Dg) =0
on 0, D. Otherwise, Theorem 12.14 in [21] would give u € CY2(D), which would allow us to
avoid the introduction of the subdomains O,,.

Observe that by Proposition 6.2 and the continuity of Du stated in Proposition 6.3, we
have ||Du(r”x,X;’fx)|| < Cp. The representation (6.7) and standard estimates then give
1Dull oo 5 < Cr.

Corollary 6.1. Let (IV), (C') and (H) hold. Then, || Dul|, ; < Cr.
We can now prove Theorem 3.2 under the conditions (D), (C’) and (H’).
Corollary 6.2. Theorem 3.2 holds under the conditions (D'), (C') and (H’).

Proof. 1. Proof of (3.4) and (3.5). Recalling that u € C'-2(D) N C!'(D) (see Proposition 6.3),
we deduce from a standard verification argument that Z = Du(-, X)o (X). Set (VX,V) :=
(VX0Xo y0.X0) and observe that (VX% VE*1) = (vX, VX', V,V, 1) for s > t, by the flow
property. Thus, by Proposition 6.3,

T
Z =]E|:Du(r, X )VX,V, +f e f(O5) VX, Vy ds

t

f,i|o(X,)(VX,V,)_1, r<t. (6.9)

It then follows from Proposition 6.2 (boundedness of the gradient of u), (HL) and standard
estimates that sup,_, [|Z;|| < &.. This readily implies (3.5), that is, E[feﬁ 1 Zs]|P ds|Fe] <
E[¢ f % — 0]|Fg], p =1,2. By the Burkholder—-Davis—Gundy inequality, (HL) and Proposi-
tion 4.1, this also yields E[Supte[e,ﬁ] Y, — Y9|2p] < E[th? —60|P], p>1.

2. Proof of (3.6). By the same arguments as above, we first obtain that |u(f, x) — u(f, x)| <
Cr|x — x'|. Moreover, fort <t' < T,

w(t,x) —u(', x) =Y —u@ x)=Y" =Y +u, X)) —u@, x).

The Lipschitz continuity of « in space (Corollary 6.1) and standard estimates on SDEs imply that
|E[u(t’, X )— u(t’,x)]] < Cr|t —¢'|'/?. On the other hand, E[|Y; — Y,;"|*] < C.(t' — 1), by
the above estimate.

3. Proof of (3.3). The bound on R(Y )gz follows from (3.4). Using (6.9) and exactly the same
arguments as in the proof of Proposition 4.5 in [3] (see also [23]), we deduce that

n_l tit
ZE[/ 1Z: - Z, ||2dr] <Cph,
i=0 li
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which implies that Z?;ol E[ ftf_"“ Z; — Z,- |2 d¢] < CLh since Z is the best approximation of Z
in L2(Q x [0, T']) by an element of 2 which is constant on each time interval [#;, tit1). O

6.4. Regularization procedure: proof of Theorem 3.2 in the general case

Step 1. Truncation of the domain: We first prove that Theorem 3.2 holds under the condi-
tions (D1), (D2), (C’) and (H').

Let ¢ be a C™ density function with compact support on R?. Given ¢ > 0, we define
Ag = 8_d¢>(8_1 Ix(d ANd )T, where d.—1 denotes the algebraic distance to d B(Xp, e~ and
* denotes the convolution. Set O, := {x € RY: Ap(x) > 0} and D, :=[0,T) x O,. It follows
from the compact boundary assumption that 3Q C O, for ¢ sufficiently small. Note that O, is
bounded, even if O is not. Let (Y?, Z%) be defined as in (1.2) with O in place of O and let t°
be the first exit time of (-, X) from D,. Observe that, by continuity of X, ¥ — 7 P-a.s. Since,
by (Hg), (HL) and Theorem 1.5 in [26],

vt

1Y = Y% +1Z = 2113, < cLE[|g<r, Xo) — g(t", Xoo)? +/ FXe, Yy, z‘v)zds]
T

ATE

&

VT
scLEU (1+||Xs||2+|Ys|2+||zs||2>ds},
TATE

we deduce from Proposition 4.1 and a dominated convergence argument that |Y — Y* ||§2 +

|Z— z¢ ||%1(2 — 0. Since the domain O, satisfies (D’), we can apply Corollary 6.2 to (Y*, Z¢).
Recalling that the associated constants depend only on L and are uniform in &, we thus obtain the
required controls on (Y, Z). Let u® be the solution of (6.1) associated to D,. The above stability
result, applied to general initial conditions, implies that u® — u pointwise on D. Corollary 6.2
thus implies that u satisfies (3.6).

Step 2. Regularization of the coefficients: We now prove that Theorem 3.2 holds under the
conditions (D1), (D2), (C), (HL) and (Hg).

For ¢ > 0, define b, o, and f; by

(be, 0e, fo)(x,¥,2) i= (b, o, fxe 2T pe™ (x, y,2)),

where ¢ is a C* density function with compact support on R? x R x R?. Let us consider the
FBSDE

t t
Xf=x+/ bg(Xf;")der/ 0 (X5) AW, + /e Wy,
0 0 . " (6.10)
zf;dws—/ ZE dWs,
t

ATE

€

Yf:g(-[g,xig)-k fs(X}s’YsstAf)ds_/‘
t

tATE ATE

T

where (Wt)tz() is an additional d-dimensional Brownian motion independent of W and

% :=inf{s > 0: (s, X%) ¢ D}.
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This system satisfies the conditions of Step 1. Therefore, the estimates of Theorem 3.2 can be
applied to (Y¢, Z¢). Note that the associated constant depends only on L and is uniform in &.
Moreover, it follows from (HL) and Theorem 1.5 in [26] that

T
1Y =Yl +1Z = Z°15, < CLE[|g(r, Xo) — g%, X5 +/ X — X§||2ds]
0

€

VT
+E[/ (If(Xs,YS,ZS)I+|fs(X§,Ys,Zs)|)2dS}+L8-
TATE

Clearly, X* — X in §2. Since f and g are Lipschitz continuous, f and f, have linear growth and
(X, X%,Y, Z) is bounded in S? x S? x S? x H?, it suffices to check that ¢ — T in probability
to obtain the required controls on (Y, Z). This is implied by the non-characteristic boundary
condition of (C) (see, e.g., the proof of Proposition 3 in [18]). The control (3.6) is obtained by
arguing as above.

Appendix: Proof of Proposition 6.1

In the following, we use the notation

u*(t,x)= limsup u(s,y), u(t,x)= liminf u(s,y), (t,x) € D.
(s,y)€D—>(t,x) (s,y)€D—(1,x)

The statement of Proposition 6.1 is a direct consequence of Lemmas A.1 and A.2 below.

Lemma A.1. Let the conditions of Proposition 6.1 hold. The function u then has linear growth
and u* (resp. uy) is a viscosity subsolution (resp. supersolution) of (6.1) with the terminal con-
ditions u* < g (resp. us > g) on d,D.

Proof. 1. The linear growth property property is an immediate consequence of Proposition 4.1.

2. It remains to prove that u™ and u, are, respectively, a sub- and supersolution of (6.1) with the
boundary conditions #* < g and u, > g on 9, D. We concentrate on the supersolution property,
the subsolution property being derived similarly. The proof is standard — as usual we argue by
contradiction. Let (#g, xg) € [0, T'] x O and XS CZ be such that 0 = min(,’x)eb(u* —)(t,x) =
(ux — @) (t0, x0), where the minimum is assumed, w.l.0.g., to be strict on D. Assume that

(—=Lo (10, x0) — f (x0. (10, x0), D9o (10, %0))) Ltg.x)eD + (¢ — &) (0. X0) L (15,x0)€8, D
=:-2¢ <0.

Recall from (D2) that if xg € 30O, then we can find an open ball By C O€ such that BoNO = {xo}.
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If xo € 00, we denote by dp, the algebraic distance to By. On D, we set

. — d(x)

QD(I, )C) = (p(t, )C) — ( T — t)lt():T —_ d(x) 1 —_ T lxoeﬁo\B(C,L’I)

dBO (-x)

—dp,(x) (1 - )lxoeBOﬂB(C,L—')

for some 7 > 0. Observe that (fo, xo) is still a strict minimum of (#4« —@) on V;;N D for some open
neighborhood V), of (fy, xo) on which (dp, vV d) < /2 if xo € dO. Without loss of generality, we
can then assume that

u>u>¢+¢  ondVy,\ D, (A.11)
while
¢g<p<g—-¢ onV,Na,D, if (ty, x0) € d,D. (A.12)

Moreover, observe that for F equal to d or dg,, D(F(1 — F/n)) = DF(1 — 217_1F) and
D*(F(1 = F/n) =1 —=2n"'F)D?>F — 2y~ 'DF*DF, where |DF| = 1. Thus, (C) implies
that, for » and V;; small enough,

—L§—f(.¢.Dgo)<—{ <0  onV,ND. (A.13)

Let (t,,x,)n be a sequence in D NV, such that (¢,, x,, u(t,, xn)) — (fo, X0, ux(to, X0)). Let
(X", Y", Z") be the solution of (1.1)—(1.2) associated to the initial conditions (¢, x,) and de-
fine 6, as the first exit time of D NV, by (-, X"*). By applying It6’s lemma on ¢ and using
(A.12), (A.13), (A.11) and the identity u = g on 9, D, we get

On
(E(tnvxn) =—X + u(9n9 in) +f (f(X?a (;(Ss X?)? D(EU(S’ X?)) - n&)ds
1,

n

On
- f Do (s, X1 dW,,
1,

n

where x is a bounded random variable satisfying x > ¢ P-a.s. and 7 is an adapted process in L?
such that n > ¢ df x dP-a.e. Following the standard argument of the proof of Theorem 1.6 in [26],
we deduce that ¢(t,, x,) < ¥;"" —¢e LT = u(t,, x,) —ce L7 . Since @ (ty, xp) —u(ty, x,) — 0,
this leads to a contradiction. (]

We now state a comparison theorem for the PDE (6.1). The proof is standard (see, e.g., [6]
or [4]).

Lemma A.2. Let the conditions of Proposition 6.1 hold. Fix ty € [0, T) and N C O an open
set. Let U (resp. V) be an upper-semicontinuous subsolution (resp. lower-semicontinuous su-
persolution) with polynomial growth of (6.1) on A :=[ty, T) x N such that V > U on 3,A :=
(10, T) x ON)YU ({T} x N). Then, V > U on A.
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