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In this paper, we study complex Wishart processes or the so-called Laguerre processes (X;);>0. We are
interested in the behaviour of the eigenvalue process; we derive some useful stochastic differential equations
and compute both the infinitesimal generator and the semi-group. We also give absolute-continuity relations
between different indices. Finally, we compute the density function of the so-called generalized Hartman—
Watson law as well as the law of Ty := inf{z, det(X;) = 0} when the size of the matrix is 2.
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1. Introduction

The Real Wishart process is a symmetric matrix-valued process which was introduced by Bru [2]
as follows. Let B; = (B;;(¢));,j be an n x m Brownian matrix and define X, = BtT B;. The process
(X1)r>0 satisfies the following stochastic differential equation (SDE):

dX, = B/ dB, +dB B, + nl, dt

= VX, dN, +dN'/X, + nl, dr, Xo = By B,

where [, denotes the unit matrix, the superscript T stands for the transpose, JX; is the
matrix square root of the positive matrix X; and (N;);>o iS an m x m Brownian matrix.
This process is called the Wishart process of dimension n, of size m, starting from X, and
is denoted by W(n,m, Xg). Then W (5§, m, Xp), where § runs over the Gindikin ensemble
{1,...,m — 1}U]Jm — 1, oo[, is defined as the unique solution of the latter SDE with § instead
of n. Thus, it can be viewed as an extension of the squared Bessel process to higher dimensions.
In this way, Donati-Martin et al. [6] tried to extend some well-known properties of the squared
Bessel processes to the matrix case and derived expressions such as the Laplace transform and
the tail distribution of some random variables, in which many multivariate special functions
with symmetric matrix arguments appear, such as gamma, modified Bessel and hypergeometric
functions Muirhead [20]. However, the latter case is quite complicated to deal with and, to our
knowledge, there are no more precise results on the law of these variables. Nevertheless, in the
complex case, hypergeometric functions with Hermitian matrix argument can be expressed as
a determinant of a matrix whose entries are one-dimensional hypergeometric functions. In fact,
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Gross and Richards [10] established the following result:

pFylar,....ap, by, ..., by; X)

Cdet] ™y Far —j+ 1 ap— 1L by — X))
B V(X)
where X is an m x m Hermitian matrix, (x;) are its eigenvalues, , ¥, denotes the standard hy-

pergeometric function with scalar argument, V(X) =[], _ j (x; — x;) is the Vandermonde deter-
minant, and , Fy is the hypergeometric function with Hermitian matrix argument defined by

o @)z -+~ (@p)e Cr(X)
qu(al,...,ap,bl,...,bq,X)—gg (bl)r"’(bq)f k!

where T = (71, ..., Ty) is a partition of length at most m and of weightk (i.e. 1y > 10 > --- > 1,
Zi T; = k), (a)¢ is the generalized Pochammer symbol and C is the so-called zonal polynomial.
We refer to Macdonald [19] for further details and Lassalle [16,17] for analogous expressions for
multivariate orthogonal polynomials. The determinantal representation above is due to the fact
that the zonal polynomial is identified with the (normalized) Schur functions defined by:
det(x” ")
Sr(.X'], ey X)) = dl—mﬂ
et(x; 7)

Consequently, one can use integral representations as well as other properties of standard hy-
pergeometric functions to obtain, at least when m = 2, some results hitherto unknown in the
Wishart case. The rest of this paper is organized as follows. In Section 2 we introduce the
Laguerre process of integer dimension. In Section 3 we study the behaviour of the eigenvalue
process. Then, in Section 4, we define the Laguerre process of positive real dimension. Section 5
is devoted to the absolute-continuity relations, from which we deduce the Laplace transform of
the so-called generalized Hartman—Watson law as well as the tail distribution of Ty, the first
hitting time of 0. In Section 6 we focus on the case m = 2 for which we invert this Laplace trans-
form. In Section 7, we compute the density of Sp := 1/(27p). Section 8 presents our conclusions.
Some special functions of interest are discussed in the Appendix.

2. Laguerre process of integer index

Let B be a n x m complex Brownian matrix starting from Bo; that is, B = (B;;), where the entries
B;; are independent complex Brownian motions, so we can write B = B! +iB2, in which B!,
82/ are two independent real Brownian matrices. We are interested in the matrix-valued process
X, := B} B; which satisfies the following SDE:

dX; =dB}B; + B} dB, + 2nl,, dt. (1)

Definition 1. (X;);>0 is called the Laguerre process of size m, of dimension n and starting from
Xo = B} Bo, and will be denoted by L(n, m, Xo).
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Remark 1. For m =1, (X;);>0 is a squared Bessel process of dimension 2n, denoted by
BESQ(2n, Xp).

Remark 2. Set X; = (X;;(1)); ;. One can easily check that

dX;i (1) =2y X;i (1) dy; () +2n dt, 1<i<m,

where (y;)1<i<m are independent Brownian motions, thus X;; is a BESQ(2n, (Xo);;).

Remark 3. The equation above implies that

d(tr(X,)) = 23/tr(X,) dB; + 2nm dt, )

where f is a Brownian motion. Consequently, (tr(X;));>0 is a BESQ(2nm, tr(X¢)) of dimension
2nm starting from tr(Xo). One can also deduce from (1) that, for every i, j, k,l € {1, ..., m},

(dXij, dXwr)e = 2(Xi18kj + Xijdin) dt,

which differs from equation (I-1-5) derived by Bru [2] since, for a complex Brownian motion y,
we have d(y, y); =0and (y,y); =2¢.

Let Hy,, I:In‘f be respectively the space of m x m Hermitian matrices and the space of m x m

positive definite Hermitian matrices. On the space of Hermitian matrix-argument functions, we
define the matrix-valued differential operators

0 ( d ) ad ( ad ) ad ( a .0 )
—=l—) . — =) , — = =i .
0x 3Xjk ik ay ayjk ik 0z a)Cjk ayjk ik

We also define
<a)2 -y 92 <a a) -y 92
9z /i o 0zikdzkj dxdy/; ;o xikdyk;
Proposition 1 (Infinitesimal generator). Suppose we have functions f satisfying

af  aof af  of
8)6,'.,' o 3)6/',' ’ ayi.,‘ N a}’ji

foralli, j.

Then the infinitesimal generator of a Laguerre process L(n, m, x) is given by

(s (D) o) )

where 0/0z is the operator defined above.
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Remark 4. Using the fact that xT=ux, yT =—yand tr(AB) =tr(BA) = tr(BTAT) for any two
matrices A and B, we can see that

tr 9.9 tr 9.9 tr 99 - 5(2 i 2tr 9.9
_ = _— = _— NSl — = _—
yBy ax ox 8yy yax ay Y 9z yax ay

3. Eigenvalues of Laguerre process

In this section, we will suppose that n > m. The following result is due to Koénig and
O’Connell [15], Katori and Tanemura [14] and Bru [1] in the real case:

Theorem 1. Let A((2), ..., Ay (t) denote the eigenvalues of X,. Suppose that at time t = 0 all the
eigenvalues are distinct. Then the eigenvalue process (A(t), ..., Ay (1)) satisfies the following
stochastic differential system:

A (1) = 2/ (1) dﬂ,(t)+2[n+Zi g;tizgﬂdt l<i<m, t<rt,

where the (B;)1<i<m are independent Brownian motions and t is defined by t :=inf{t, A; (t) =
Aj(t) for some (i, j)}.

Remark 5. With the help of the SDE satisfied by the eigenvalues, we can compute the ones
satisfied by both processes (tr(X)) and (det(X)): the first has already been done. For the second,
we find that for t < Ty := inf{¢, det(X;) = 0} and for r € R,

d(det(X;)) = 2det(X;) tr(X[l)dut +2n—m+ l)det(X,)tr(Xl_l)dt,
d(log(det(X,)) = 2¢/tr(X; )y dv, 4+ 2(n — m) tr(X; 1) dr,
d(det(X,)") = 2r(det(X,))"y/ tr(X; ) dv, + 2r(n — m + r)(det(X,))" tr(X; V) dt,

so we can see that for n = m, log(det(X)) is a local martingale and so is (det(X))”~".

Lemma 1. Take X € I:Injr Then forn >m, X, € I:I,flr

Proof. In fact, this result is a direct consequence of the fact that, for n = m, logdet(X) is a
local martingale, and so is (det(X))™~". Hence, for n > m, these two continuous processes tend
to infinity when t — T, which is possible only if Tp = oo, because every continuous local

martingale is a time-changed Brownian motion. t

Corollary 1. IfA1(0) > --- > X,,,(0), then the process U defined by

1
[T, @) =2 @)’

t<r,

Ur)=
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is a local martingale.

Proof. We could follow the proof given by Bru [1] or make straightforward computations using
the derivatives of the Vandermonde function. But we prefer to use a result from Koénig, W. and
O’Connell [15]: for n > m, the eigenvalue process is the V-transform (in the Doob sense) of the
process obtained from m independent BESQ(2(n —m + 1)). Thus, if G and G denote respectively
the infinitesimal generators of these two processes, then, G (k) = 0 and, for all C? function f,

N 1 A 1
G(f)=VG(Vf) = G(U)ZVG(I):O' O

Corollary 2. If, at time t = 0, the eigenvalues of X are distinct, then they will never collide; that
is, T = 0o almost surely.

Proof. This result follows from the fact that the continuous process U tends to infinity when
t — 7, which is possible only if 7 = co almost surely (We use the same argument as before.) [J

The proof of the following result is similar to the one derived by Bru [2] in the real case:

Proposition 2 (Additivity property). If (X;);>0 and (Y;);>0 are two independent Laguerre
processes L(n,m, Xo) and L(p, m, Yy) respectively, then the process (X; + Y;);>¢ is a Laguerre
process L(n + p,m, Xo + Yo).

We now introduce the Laguerre processes of non-integer dimensions 4.

4. Laguerre processes with non-integer dimensions

Let X be a Laguerre process L(n, m, Xo) with n > m. If Xg € I:I,j,‘, and if 4/ X; stands for the
symmetric matrix square root of Xy, it is easy to show that the matrix O defined by O; :=

VX "B, where X, = BBy, satisfies 0*O = 0 0* = I,,. Thus,
dy, = 0,dB, = VX, 'BrdB,
is an m x m complex Brownian matrix. Replacing this expression in (1), one obtains
dX, = /X, dy, + dy /X, +2nl,, dz.

Theorem 2. If (B;) is an m x m complex Brownian matrix, then for every X € I:I,;," and for all
8 > m, the SDE

dX; = /X, dB, +dB}/ X, + 281, dt “)
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has a unique strong solution in I:I,;f. Furthermore, if the eigenvalues are distinct at time t =0,
then they satisfy the stochastic differential system

A (1) = 24/ 1) dﬂ,(r>+2[a+zi g;j’;g;]m l<i<m,

where the (B;)1<i<m are independent Brownian motions.

Proof. The proof of the second part of the theorem is the same as before, with § instead of n.
All that remains is to prove the first part. Note first that (det(X;)), (logdet(X;)) and (det(X;)")
satisfy the same SDE with § instead of n. Hence, arguing as before, we can see that Top = co
almost surely. On the other hand, the map a — a'/? is analytic in ﬁﬂf (see Rogers and Williams
[22], page 134), so the SDE has a unique strong solution for all # > 0. ]

Definition 2. Such a process is called the Laguerre process of dimension §, size m and initial
state X¢. It will be denoted by L (8, m, Xo).

Remark 6. Any process (X;);>o solution of (4) is a diffusion whose infinitesimal generator is

given by . tr(%(a%» +2[tr<xm<8%>2) “r(ﬁ(:_z)z)]

Remark 7. A simple computation shows that
d(Xij, Xer)e = 2(Xi1(£)Sj + Xpj (£)8;0) dt, foralli, j, k,le{l,...,m}.

We now focus on both existence and uniqueness when § > m — 1 and X € Hrj —see Bru [2]
for the real case.

If X is a Hermitian matrix, let X+ be the Hermitian matrix max(X, 0). If we denote by (;)
the eigenvalues of X, then (A;’ =max(};, 0)) are those of XT.

Theorem 3. Forall § € Ry and Xo = x € Hy,, the SDE
dX, =/ X;"dB, +dB’\/ X;" + 281, dt )
has a solution in H,,.

Proof. The mapping a +— +/at is continuous on H,,. Hence, X exists up to its explosion time
(Ikeda and Watanabe [11], page Theorem 2.3). Furthermore, from

IVXHI2 4 181117 < 82+ |IX|I> < C(A + | X]1%),

we can deduce that this explosion time is infinite almost surely (Ikeda and Watanabe [11], page
Theorem 2.4). [l
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Proposition 3. If X{(0) > --- > A4,,(0) > 0, then, for all t < S :=inf{t, \; = A for some (i, j)},
the eigenvalues of X satisfy the following differential system:

+ +
dai (1) =24/ 2] (1) dvi (1) + 2(3 +3 M) ’
[

1<i<m.
< i) = (D)

Proof. This differential system can be shown in the same way as in Theorem 1, using
(dXij, dXpa)e = 2(X; (08 + X, (0O8u)dr,  foralli, jk,Le(l,...,m}. O
Proposition 4. IfA1(0) > --- > 1,,(0) >0, then, forall§ >m — 1, t >0, L, () > 0.

Proof. First, we note that S = oo almost surely. Indeed, one can easily show that the process U
defined by

1
Ui(@),.... (1) =
" [Tic; i (0) = 2j (@)
is a local martingale. For the proof, we proceed along the lines of Bru [1]. U

Theorem 4. If 11(0) > --- > A, (0) > 0, then, for all § > m — 1, (4) has a unique solution in
H,! in the sense of probability law.

Proof. By Proposition 4, the solution of the SDE (5) remains positive for all ¢ > 0, thus it is a
solution of (4). O

Theorem 5. Let H, be the space of positive Hermitian matrices. Then, whenever the SDE (4)
has a solution in H,}, for fixed t, its distribution is given by its Laplace transform

Ex, (exp(—truX,)) = (det(L, + 2tu)) ™" exp(—te(Xo(Ly + 20u) ")), 6)

foralluin H,}.

Proof. Fors € H,let g(t,s) = A ° exp(—V (¢, s)), where
A; =det(l, + 2ut), W, = (I, +2ut) " u, Vi(t,s)=tr(sWy).
First, note that W € H,,. To proceed, we need the following lemma:

Lemma 2. The function g satisfies the heat equation: 0g /0t = Lg, where L is the infinitesimal
generator of X.

Proof. If we write s = x + iy, then, using the fact that x is symmetric, y is skew-symmetric and
W is Hermitian, we can see that tr(s W;) = tr(x M 4+ iyN), where

W4+Ww wW—-w

M b
2 2
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Observing that MT = M and NT = —N, we can deduce that g satisfies the conditions of Propo-
sition 1. Furthermore,

g
ar

82g 32g 5
t = —ig tr(yW?),
r<y<3x8y " 3y3X)) 8 oW

82 82
tr<x<g§ — 8—}5)) = gtr(x(M2 + N2)) =gtr(xW2).

—g(28 tr(Wy) — 2tr(s W)

Finally, noting that tr(M) = tr(W), we obtain the equality.

Now, we consider the process (Z(t, X;)) defined by Z(t, X;) = g(t; — t, X;) for all t <1,
for fixed #;. From the lemma, we deduce that Z is a bounded local martingale and thus is a
martingale. So, the result follows from a simple application of the optional stopping theorem. [J

Corollary 3. Let (X;);>0 be a Laguerre process L(8, m, x) where x € I-NI,;r For 6 >m — 1, its
semi-group is given by the following density:

1 _ X
pllx,y) = eXP<—Z tr(x + y)) (dety)’ ™ o F) <8 7 >1{y>0}

1
(21T, (8) T 42

with respect to Lebesgue measure dy = Hpiq dy[l7q ]_[p<q dy[%q where y = y' +iy? and o Fy is
a hypergeometric function with matrix argument (Chikuze [4]; Gross and Richard [10]).

Proof of Theorem 5. In fact, this result can be easily deduced from the case where § = n is in-
teger, since, in this case, X; is a non-central complex Wishart variable W (n, 2¢1,,, x) James [12]
with density given by

1 1 Xy
= ——t det y)' "o F == 1y~
fi(x,y) 20", () CXP< o r(x+y)>( et y)" "o 1<n’4t2> {y>0}

with respect to dy. Hence, taking § instead of n and denoting by W; this new variable (starting
from x), we can see that, using |y| to denote det(y),

1 trx
E —truWy _ "
e @www&“% m)
1 Xy
——tr((I 4 2ut d=m k(8 == )d
X/};OCXP( > r(( + M)y)>|y| 0 1( 4t2) y
2¢M8 | x| 8 trx
= ——F—exp| ———
T, (8) 2t

x/ exp(—2ttr(x_l/2(1+2ut)x_1/2z))|zl‘;_moF1(6;z)dz
z>0
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=eX _ux |1+2ut|7‘sex tr i(l—}—ZutY1
— P\ Ty P\ 2

1
=|I+ 214t|_‘S exp(—z tr(x(l +2ut) NI+ 2ur — I)))
= |I 4 2ut|™? exp(— tr(x([ + 2ut)_lu)>,
which is equal to (6). O

Remark 8. In the last proof, we used the change of variables z = x!'/2yx!/? which gives dz =
|x|"™ dy. For the second integral, see Faraut and Kordnyi [8], Proposition XV.1.3.

Remark 9. The expression for the semi-group extends continuously to the degenerate case,
namely:

1 r(y)
1) T, (3) exp(_T

where 0,, denotes the null matrix.

PEOp, y) = )(dety)‘s—ml{w,

Corollary 4. For § > m — 1, the semi-group of eigenvalue process is given by

N\ V/2 RV
q(x,y) = _V(y) det(i(y—j> e—(x,-+yj)/(2t)lv<\/xlyj >>’

V(x) 2t \ x; t

where x = (X1,...,Xm), Yy = V1, ..., Ym) SO that x; > -+ > xp >0, yy > - >y, >0,8 =
m + v such that v > —1 and I,, denotes the modified Bessel function Lebedev [18].

Proof. The expression for the semi-group can be computed using Karlin and MacGregor [13]
formula since, for § > m — 1, the eigenvalue process is the i-transform of the process consist-
ing of m independent BESQ(2(§ — m + 1)) conditioned never to collide, as stated by Konig
and O’Connell [15]. Another proof is given by Péché ([21], page 68). Here, we will deduce the
expression for g;(x, y) from p;(x, y) following Muirhead [20], namely, by projection on the uni-
tary group: we will use the Weyl integration formula, then give a determinantal representation of
hypergeometric functions of two matrix arguments. First, we state the Weyl integration formula
Faraut [7] in the complex case: for any Borel function f,

F(A)dA=C, / f (waw)ya(du)(V (@))* day - - day,

Hy U(m) Rm

where C,,, = ™= / T (m), U (m) is the unitary group, « is the normalized Haar measure on
U(m), a = diag(a;) and A = uau*. Hence, the semi-group of the eigenvalue process is given by
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James [12]:

41 (x.¥) = Cn(V (1)) /U i adn

8_
_ GV ﬁ e~ i+y)/2 1‘[ - m/ Fi (5 2 Yoy
= (Zt)marm((g)[ Yj U(m) 051 9 42

,j=1 i=1
7'['"(”171)(‘/()7)2) m m v %
_ —(xi+y;)/2t . F NPy
== e 9 9 9
Q1) T, (m) Ty (1 + v) ,H [T3i) o 1(’" Ve y)

=1 i=1

where y = diag(y;), x is a positive definite matrix whose eigenvalues are x1, ..., Xp, oF1 in the
third line is a hypergeometric function with two matrix arguments Gross and Richards [10] and
§=m+v, v > —1.Next, we need a lemma.

Lemma 3. Let B, C € Hy, and let (b;), (c;) be their respective eigenvalues. Then

pFo((m+ i) i<i<p, (m+¢j)1<j=q; B, C)
— nm(m—l)/2(p—q—1)1'*m (m)

p

(T (i + D)™
x 111 1—‘m(’/n + Mi)
y 11[ T (m + ;) det(,Fy (i + Di<icp, 1+ ¢ 1<j<qgs bic) )
@@ V(B)V(C)

forall pi,¢j>—1,1<i<p, 1<j=<gq.

Proof. Recall that the hypergeometric function of two matrix arguments is given by the series

N & @) Co(BYC(O)
PFQ((al)]Slsp’(e])lS]Sq,B7C)_kgoir: ?=1(ej)f C:(Dk! ~

It is well known that

kld
C.(B) = (m)f se(b1, ... by),

where s; is the Schur function and d; = s (1, ..., 1) is the representation trace or degree (Gross
and Richards [10] and Faraut [7]). Substituting in the series gives

N N & T n + pi)e 5:(B)s: (C)
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We now write

m m
D(wi+m+k, —r+1 D(wi +1+k- 46
m + i), = l_l (i r ): (i r r)

F'(wi+m—r+1) F'(uwi+m—r+1)

r=1 r=1

(C(ui +1)™
m(m 1)/2 (’/’n+ 1_[(/14 1)kr+3r’ Sp=m—r.
|

Doing the same for each (m + ¢;); and for (m)., we can see that

Fy((m+ ui)i<i<p, (m+¢j)1<j=q; B, C)

14 m 4 m
— 2hT,, (I'(ui + 1) (I'(¢; + 1))
b1 (m)l_[ L (m + i) /ljll Cp(m+¢j)
- - (i + Do, | 5:(B)se(0)
i=1 r r
L H(Hzﬂ(‘ﬁ.i + Dis, ) T2 (D,

k=0 T r=1

where

—1
ﬁz(%)(ﬂ—q—l)-

To obtain the desired result, we use the Hua formula Faraut [7]:
Lemma 4. Given an entire function f(z) = ZZ‘;O ekzk , we have

det(f(bic))ij ~ - st(B)s¢(C)
V(B)V(C) _ZZ(H”"”') se(m)

k=0 t r=1
Thus, we obtain

Fy((m+ ui)i<izp, (m+¢j)i<j<q; B, C)

P
_ nm(m—l)(p—q—l)/ZFm(m)l_[ (i +1
—1 U (m + i)

P (itDi ey
Ty (m +¢)det(2k 01‘1‘1 @i+ R o
xl'[

i T@j+D V(B)V(C)

P T(ui+1) o Tu(m+6))

M(mfl)(pqul)/me ! m J
i (m)H m(mw, 11:[1 r@; + 1)

y det(p F4 (i + Di<i<p, A+ @) 1<j<q; bici f)
V(B)V(C) ' O
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For p=0andg > 1,

0Fg((m+¢j)1<j<q; B.C)
q

= 7m0 D2, o) T Ci(m +¢;) det(oFy (1 +¢))1<j<q; blcf)l,f’
o @@+ )" V(B)V(C)
and similarly,
T, (m) det(eb<r); ¢
(B C) = _m)_det@

nm(m—])/z V(B)V(C)

which can be viewed as a Harish—-Chandra formula for the Itzykson—Zuber integral Collins [5].
We now proceed to the end of the proof. Taking p=0,g =1, B= )E/4t2, C =y, we obtain

F( X ) @2ymm=D2D, (m 4+ V)T, (m) det(oF7 (v + 1); x;y; /4t%))
011 -
412

NAPTAN T (D (v + 1) VOVo)
The expression for g, (x, y) follows from a simple computation and from the fact that
0F1 (v + 1); x;y; /4t _ < 2t )”1 (»,/xi)’j>
C(v+1) vy ) O\t )

Proposition 5. The measure defined by p(dx) = (det(x))’ ™" dx on ﬁ,;’l' is invariant under the
semi-group, that is, p Py = p.

O

Proof. Denote by P; the semi-group of the Laguerre process L(§, m, x) for § > m — 1. Then we
have to show that

/ P @@ = / FOIp@y).  feCo(HD)

y>0

This follows by a similar computation and the same arguments as in the proof of Corollary 3. [

Remark 10. For Wishart processes, it is easy to see that
p(dx) = (det(x))*/>= D21 g dx

is invariant under the semi-group.

5. Girsanov formula and absolute-continuity relations

The index v > —1 of a L(8,m, x) is defined by v = § — m. In this section, we will proceed
along the same lines as Donati-Martin et al. [6] to derive absolute-continuity relations between
different indices.
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5.1. Positive indices

Take a matrix-valued Hermitian predictable process H. Let Qi be the probability law of
L(8,m,x) for8 >m — 1 and x € H;}". Define

L /’ tr(H; dBy + Hy dBy)
t— 0 2 )

1 t
o, = exp(Lt — —/ tr(H?) ds),
2 0 ;

where B is a complex Brownian matrix under ch. We can easily see that the process 8 defined
by By = B; — fé Hi ds is a Brownian matrix under the probability

Pz =@, - Q05.
Furthermore, (X;);>0 is a solution of
dX; = /X, dB; + dB;v/X; + (VX( Hy + Hy/X; + 251, dt. ™
For H, = v\/X_,il, (7) becomes

dX; =X dB; +dB/ v Xt +2(8 + v) 1, dt,

so that (X;);>0 is L(§ + v, m, x) under Pf . Thus, we have proved the following theorem.

Theorem 6. For$ >m — 1,

v2

v (! —1 1 4
Qi+“|¢,=exp<§/0 tr(,/xs dB, + /X, dBS)—E/O tr(xs—l)ds).Qﬁm. (8)

Proposition 6.

det(X,)\"? 2
QT”I?,:(%(;))) eXP(-%fO tr(Xs])dS>-QT|f,~ )

Proof. We know that V, (det(u)) = det(u)u~", hence, V, (log(det(u))) = u~'. Then, using the
fact that, for § = m, (log(det(X;))) is a local martingale, we obtain from the It6 formula that

t
log(det(X,)) = log(det(Xo)) + / tr(X, ™' (vX;dB, + dB}/X,))
0

‘ - —
— log(det(Xo)) + / tr(w/Xs dBs + /X, dBS>. -
0

From (9), it follows that:
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Corollary 5.

V2t
QZ‘(exp(—?/ tr(Xsl)ds>‘X,=y>
0

—v/2 m+v 7
_ det(y) 2 _ (x,y) _ Ly (m) (det(2))""2 oFt(m+v,z) — {u(z)’
det(x) pi(x,y) Ly (m +v) oF1(m,z) Io(2)

where z = xy /412
We now state the following asymptotic result:

Corollary 6. Let X be a Laguerre process L(m,m, x). Then, as t — o0,

4 ! L L
AT fo w(xy) " ds 5 Ty(8),

where T is the first hitting time of 1 by a standard Brownian motion f.

Proof. From (9), we deduce that

m _ 2 Y ’X —y
Cx (exp<_(mlogr>2/o "X S) a y)

T, (m) oF1(m +2v/mlogt, xy/4t%)

- det(xy/4t))v/mlogt
T O+ 20/ mlog ) (Cet/40) oFi(m, xy/412)

Noting that (#)~"/™102! — ¢~V and since both hypergeometric functions converge to 1 as t —
00, we obtain
20?2 ! t—00
mlexpl ——— | (X7 Hds|X, =1 — e "
ool [ )

e~ ()

" Tp(m)’

Then, since

eftr(x)/Zt xy

: m? _m T —tr(y) -y
tgn;ot P (%, 2) _tlggo T, (m) ¢ ofi|m, 2t

we obtain

Qm< <_ 21)2 /tt (Xfl)d >>
x|\ P (mlogn)? Jo ks I
_/ m __» ftt x1d ’X =y)p" d

2 2 t N
:/ o Q;n (eXp(-mv/(; tr(XY_l)dS> ‘Xl‘ = [y)tmzp;«n(x’ [y) dy t—O)O eV
y>
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by the dominated convergence theorem. ]

5.2. Negative indices

Take 0 < a < det(x). The same computation as in Section 5.1 with H; = —v»,/Xt_l, O<v<l,

shows that
det(x) v/2 V2 [inTa
mvye = - (X, ") ds ) O™
Oy g, (det(XmTa)> exp 2/0 1(Xs ") ds | OV 7.,

where T, := inf{¢, det(X;) = a}. Letting a — 0 and using the fact that 7o = oo almost surely
under Q7', we obtain

oY "l 0y ”22 ,/lt X,™h oY l#
" = exp r(X;”)d
* o det(X;) o 3 s )0V

_(det) \'
_<det(x,>> &l

Proposition 7. Forallt >0and 0 <v < 1,

_ Ty, (m) x\’ x
MV(To>1)= —2 2 det| — F , ,—— .
Oy (To>1) T n ) e(2t> 1 1<v m+v 2t)

Proof. From the absolute-continuity relation above, we deduce that

m—y __ m+v det(x) )v>
T (To>1) =0} ((det(X,) .

On the other hand, using the expression for the semi-group,

8 SN msrm(s+8) e -_i
Q% (det(X;)") = (21) .0 1F1< 85 6; 2t>

B ms Lm (s +8) X o X
= (21) T((S)GXP(_U<Z)> 1 F) (8 + s 6; Zt)

by the Kummer relation (cf. Theorem 7.4.3 in Muirhead [20]). Taking s = —v, we are done. [J

6. Generalized Hartman—Watson law

Henceforth, we will write ¥ to denote one-dimensional hypergeometric functions. We define the
generalized Hartman—Watson law as the law of

t
/ tr(X;1)ds under Q" (-|X; = y).
0



The Laguerre process and generalized Hartman—Watson law 571

Its Laplace transform is given by

m —v? [ -1 . . Ly (m) /2 oF1(m+v,z2)
oy <GXP(T/0 tr( X )dS)‘Xz—y)——Fm(m+ ) t(z) ToFim) (10)

z = xy/4t*. Recall that for m = 1, this is the well-known Hartman—Watson law whose density
was computed by Yor [23]. Here, we will investigate the case m = 2. The Gross—Richards for-
mula is given, for p =0 and g = 1, by

det(z" ™ o Fim+v—j+1,z
oFi(m 4 v.2) = (z; " oF1( J Zz))’
V()

where (z;) denote the eigenvalues of z and V(z) =[], _; j (zi — z;) is the Vandermonde determi-
nant. Noting that I, (im + v) = ]—[Tzl I(m+v—j-+1),then

det" P 127 ).
det(z(’” DL, 12J7)

Without loss of generality, we will take r = 1.

(10) =

Proposition 8. For m =2, let .1 > Ay be the eigenvalues of ./xy. Then the density of the gen-
eralized Hartman—Watson law is given by

VA A
pv 2w

fo Jo zsinh(py/1 — z2)e 2VH4 2zcoshye=2(y*—m )/”(smhy)sm(47cy/v)dzdy

fo 1 ucosh(pu\/ﬁ) TIo(2a/AArux) dudx

for v >0, where p = A — Ap. Furthermore, if .| = Ay := A, then

f) =

4ppe2 /v Jo~ g(ye™ 2%/v(sinh y) sm(4ny/v)dy

fw)=
2/ 2703 1372( 1;:2; 22)
where
nt Ir(2Acoshy) + Ly(2A cosh y)
ﬂ)——+—

2 2xcoshy ’
and Ly is the Struve function Gradshteyn and Ryzhik [9].

Proof. For m =2, (10) becomes:

ML (AL (A2) — AL 1 (M) L (M)
AL (A1) Io(A2) — A2l (M) To (A1)

10) =
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so0, using the integral representations below (Brychkov et al. [3], page 46),
X
x(alys1(ax)1,(bx) — bI,41(bx)1,(ax)) = (@* — bz)/ uly(au) I, (bu) du
0

with x = 1,a = A1, b = A, and (Gradshteyn and Ryzhik [9], page 734)
h(b/a? —
nh(%(\/bz—i-cz+b))lv<%(\/b2+cz—b))=/ cosh( A D (e d,
0 a? —x2

where a > 0, R(v) > —1. Witha = 1,b = (A — A2)u := pu and ¢ = 24/A1Apu, the numerator
of (10) is then equal to:

_(Az Az)/ / u cosh(pu 1_x)12v(2\/)»1)\2ux)dudx.

V1=x2

Taking v = 0, the denominator is then equal to:

2 U 1y cosh(pun/1 — x2)
Zn? —x2)/ / Io(2v/ A Aaux) du dx.
SRSl A — ( )

Thus, (10) becomes

i [ cosh(pun/T=x2) /T = x2 1y, (/A1 hqux) du dx
i f ucosh(puv/T=x2) /T = x2Ip(2/Arioux) dudx

Now we only have to use the integral representation of I, (Yor [23]):

(10) =

b, (2 k])\zux) — L/ e2«/)L1)L2uxcosha)e—2va) dow

2im C

)
— L eZ«/MAgux coshw © 2we™"” /2 e—2w2/v dvdw

2im o (Qmv3)l/2

where C is the contour indicated in Yor [23]; hence, the density function is given by
1 o Jo i uwcosh(puy/T—x2)/§/T — xZe2v/Hiauxcoshoe=202/v 4y dx d

imv/2mod fol fol ucosh(pus/1 —x2)/v/1 — x2Ip(2/ A1 Aoux) du dx

We can simplify this expression by integrating over C to see that the numerator is equal to
(Yor [23])

f)=

1{v>0}~

)LI)LZU / / / COSh(pu V1 —x2) —2Muxcoshy
v 2703 Vi-x2

l—x

47
X e—( 2(y* =) /v (sinh y) s]n( ) dudxdy.
v
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Setting z = ux, the numerator is written

Alkzv/‘// ucosh(p«/ _Z)—Zmzcoshy
V23 Vur—z22

4y
e 207 )/v(smh y) s1n< )du dzdy,
v
which we can integrate with respect to u to obtain

VAA 47
_varsey / / zsinh(pv/'1 — z2)e —2V/hikazcoshy o =2(% )/”(smhy) sm< >dz dy.
pv 23 v

‘We now prove the second part. In this case p = 0 and we have to evaluate

e /v fol fol fooo u?x /1 — x2e=2hux coshy =2y /?(sinh y) sin(4my/v) du dx dy
/23 fo fo ulyiux)/+/1 — x2dudx

Setting z = ux, the numerator reads
27[2 /v

21 — 72e=22ac0shy =2y /v(ginh ) sm( > dzdy.
v/ 2mo3 f »/

Integration with respect to z yields (Gradshteyn and Ryzhik [9], page 369):

)LveZ‘rrz/v 00

i/ 2mw3 Jo

For the denominator, we use the fact that

41t
gy)e” 2y? /“(smhy) sm( )dy

d
—(211(2)) = zlo(2),
dz

To(2A Lonea
//'uo( MX) dx:/ 1(2Ax) dr
V1=x2 0 2Axa/1—x2
Then, the formula

/“ x4 Na? = P (ex)dxe = 270 PP a2y LT (@ +v)/2)
0 Y T'(B+(e+v)/2)C(v+1)

a—+v oa+v ac?
X1$2< i B+ > ;U+1;T> (11)

which yields:

taken withae =0,a=1,=1/2,c=2A,v =1 gives

/1 11 (2)x) P ?(1 12 )\2>
———dx=— 152 5; 1217 ).
0 2ixv/1—x2 4 2
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We can proceed differently. Let Ay = A2 + h. Then

(Ao +m) L1 o+ ), (A0) — Aol 1 (W), (A2 +h)) [ h

10) =
(10 (2 +M) 112 +h)lg(A2) — 201 (M) Io(Aa +h))/ h

Next, we let 7 — 0. As usual, we first compute the numerator and then take v = 0. To do this,
we shall evaluate

. Qo+l o+ h) = Al 11 (A2)
A = lim ,

h—0 h
. Lk +h)—1,(0)
B = lim )
h—0 h

which are equal respectively to %(x]wr] (x)) and %(lv (x)) taken for x = A = A1 = X,. Using
the differentiation formula % (xVI,(x)) =x"I,—1(x) (Lebedev [18], page 110), we obtain

d d
SOl () = =V () 4 3B, () = “2 1) + Lo (),
X dx X
thus
N = I\ (=vys1 () + AL, (1) — uvﬂ(x)(—%m) + Iu_lm)

=220 — Lt W1 (M),

_ L) = L ()1 ()
I50) = HhO) (0

Using the integral representation (Gradshteyn and Ryzhik [9], page 757),

2 /2
1,()1,() = - / cos((u — U)Q)IWFU(ZZ cos6)do, N +v)>-—1
0

the numerator is written as

m/2
N = —/ (1 —cos260)1,(2XcosH)do
T Jo

4 /2
=— / (sin?0) I, (21 cos ) d
T Jo

4 1
=— / V1 —=r2L,Qrr)dr.
T Jo

Thus, using (11), the denominator is equal to

4 ! 1
D:—/ \/1—r210(2kr)dr=gl}'2<§;1;2;k2>.
T Jo
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Finally, the integral representation of I, gives

Aue2™/u I e=2"/4 ginh(y) sin(d7y /u) fol ra/1 — r2e=24rcoshy qp dy

fu) =
N Jo NT=r1o@ur)dr
hue?™ /[ g (y)e= "/ sinh(y) sin(4my /u) du
e VT Ph@na .

7. The law of T

Recall that, forO <v < 1,

_ Iy, (m) x\ X
MV(Ty > 1) = ——~ " det| — F , ,—— .
Oy "(To>1) T mtv) C(Zt) 1 1<v m—+v Zt)

Proposition 9. Let m =2 and A1 > Ay be the eigenvalues of x. The density of So := 1/(2Tp)
under Q'™ is given by

(M) u? = 2e=MHAU (2 v+ 1, Aqu) — 1 F1(2, v + 1, Au)

F0 = 0 hro (i — 22)

Corollary 7. If A1 = Ay := A, the density is written

2)\.2‘)1,{2”_16_}"”
=2 F—1v+2 —).
S u) o+ r0) ! 1(v v+ u)

Proof. Recall first that when m =1, S £ yv/x, where y, is a gamma variable with density
r'~le=" dr. With the help of the Gross—Richards formula, it follows that, for m = 2,

(A1A2)Y y
A =2 (v+2)

0" V(S <u) = P F 0, v +2, —2u) 1 FI(v — 1w+ 1, —hou)

— M1 FI v +2, —how) 1 Fi(v = 1L,v+ 1, =Au)),

where Sg := 1/(27Tp). This is a C* function in u. Hence, we will compute its derivative to obtain
the density. Recall that

d a
—1F1(a,b,2)=—1Fia+1,b+1,2),
dz b

thus

flu) = diQ,’:““(So <u)=K(, A1, )u* " (A - B),
u
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where

(A122)Y
Do +2) (A —22)’

A= 2\)()»1 1Fiv,v+2, = u) 1 F1v—1,v+1, —hu)
— M1 FI v +2, —haw) 1 Fi(v — 1L+ 1, —Au)),

KW, i, ) =

B (Mur P+ 1L,v+3, —rw) 1 Fi (v — 1+ 1, —Aou)

N V
Tv42
—MBuiFI O+ Lv+3,—hu) 1 Fi (v — 1,v+ 1, —Au)).

Then, we use the contiguous relation
bi1Fi(a,b,z2) —b1Fi(a—1,b,2)=z1F1(a,b+1,2)
to see that

Mt F W+ Lv+3, -2 =0 +2)(1F10,v+2, —hu) — 1 F1(v + 1, v+ 2, —Au)),

MuitFw+Lv+3,—huw)=0+2)(1F10,v+2, —dou) — 1 F1(v + 1, v+ 2, —Aou))
imply that

Fw)=Ki(w, A1, A u?"(C+D—E—F)
where
v(A1A2)"

Ta(v +2)(h —A2)’
C=r1F0,v+2, —Mu)1F1(v -1 v+ 1, —2tu),

D=1 1F10v+1,v+2, - u)1F1(v —1,v+ 1, —hu),

Ki(v, A1, A2) =

E=M1F1(v,v+2,—2u) 1 F1(v — 1,v+ 1, —Au),
F=MmFO+1,v+2, —2u)1F1(v—1,v+ 1, —Au).

Applying the above contiguous relation again yields:

MurFI0+1,v+2, =) =+ DFI0. v+ 1, —2u) — 1 F1 v + Lo+ 1, —ru)),
MurFiv+1L,v+2, —hu)= 0w+ 1)(13“1(1), v+1, =) — 1 F(v+1Lv+1, —)\.21/!)),

Ao 1 Fi(w,v 42, —hou) = 0+ D1 F1(v—Lv+ 1, —dou) — 1 Fi(v, v+ 1, —Aou)
MurF v +2,—ru) =@+ DFI—1Lv+ 1, —2u) — 1 Fi(v,v+ 1, —Au)).

)

Substituting in the expression for f, we obtain

) =Ko(v, A1, A)u®"2(G — H),
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where

v(v+ D(A122)Y
Do(v+2) (A —A2)’
G=1F1v+1,v+1,—ru)1Fiv—-1,v+1, —Atu),

Kr(v, Ay, A0) =

H=1F1v+1,v+1,— u)1F1(v —1,v+ 1, —hu).
Eventually, writing
Dow+2)=TW+2)T(v+ 1) =vv+ DL+ DI W),
1Fi(a,a,z) =e *1Fi(a, b, —z) =e *1F1(b—a,b,2),
we obtain

(M) u?V=2e= a2 g (2 v 1, hu) — 1 F1(2, v + 1, Aou)
Cw+ D) A — Ao '

S )=

The case A1 = Ay is treated in the same way as before (for the Hartman—Watson law). In fact,
writing A = A2 + & and letting &7 — 0, we see that the density is given by

)\2VMZV_2€_2)‘”

-2 " FmQvELA
FW = F o rey ax 1@ v L
212vu2u—le—2ku

T Tw+2T W
2K2vu2v7]efku

T T+ M)

1F13B,v+2, Au)

1F1(v — 1, v+ 2, —Au). 0

8. Conclusion

The Gross—Richards formula has been the main ingredient in this paper, since it enables us more
explicitly to express the special functions with matrix argument. The case m = 3 can be treated
in the same way, but computation becomes too complicated. So, if we want to deal with the
general case, it will be convenient to find a more explicit formula. Indeed, Schur functions can
be expressed as polynomials in the elementary symmetric functions e, or as polynomials in the
completely symmetric functions /,. More precisely, we have

sy, = det(ey;—i+j), 1<i,j<n,

Sy = det(hx/__i_,_/), 1<i,j<n,

where A is a partition of length < n, and A’ is the conjugate of A Macdonald [19]. So using these
two identities, can we improve our results?
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Appendix: Special functions

A.1. The hypergeometric series

The multivariate hypergeometric functions were studied by Muirhead [20] in the real symmetric
case, Chikuze [4] for the complex Hermitian case, and Faraut and Kordnyi [8] in a more general
setting. For Hermitian matrix argument, they are defined by

(@) -- '(ap)r C:(X)
(b)) (by)r k! 7

pFq(@i=i<p, (b)i<jzg; X) =D

k>0t L1k
where t = (kq, ..., ky) is a partition of weight k and length m such that k; > --- > k,, (a); is
the generalized Pochammer symbol defined by
m N
Ta+k—i+1)
@ =[] =Gk k),

T@—i+1)

i=1
and C; (X) is the zonal polynomial of X such that
(X)) =Y Cr(X).
tlk

Several normalizations for this polynomial exist in the litterature, but we do not consider them.
This polynomial is symmetric, homogeneous, of degree k in the eigenvalues of X, and is an
eigenfunction of the differential operator

m 5 82 m x2 9
Ax=Y 22— +2 TR
X Z " ox? Z Z Xi — Xg 0X;
i=1 14 i=1 1<k#i<m

Furthermore, it is identified with the Schur function s, and C, (Y X) = C,(~Y X+/Y) for any
Hermitian matrix Y. It is well known that, if p = g + 1, then the hypergeometric series is conver-
gent for 0 < || X|| < 1 (|| - || is the norm given by the spectral radius); if p < g, then it converges
everywhere; otherwise it diverges.

A.2. The modified Bessel function

The modified Bessel function Lebedev [18] with index v € R is given by the series

e¢]

1 z 2k+v
IV(Z):Zm<E> , zeC.

k=0

It can be represented through standard hypergeometric functions ¢ F; and | Fy:

ho=— (2} orw+ 1523
T ez TR
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