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We consider a one-dimensional diffusion process (X;) which is observed at n + 1 discrete times with regular
sampling interval A. Assuming that (X;) is strictly stationary, we propose nonparametric estimators of the
drift and diffusion coefficients obtained by a penalized least squares approach. Our estimators belong to a
finite-dimensional function space whose dimension is selected by a data-driven method. We provide non-
asymptotic risk bounds for the estimators. When the sampling interval tends to zero while the number of
observations and the length of the observation time interval tend to infinity, we show that our estimators
reach the minimax optimal rates of convergence. Numerical results based on exact simulations of diffusion
processes are given for several examples of models and illustrate the qualities of our estimation algorithms.
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1. Introduction

In this paper, we consider the following problem. Let (X;);>0 be a one-dimensional diffusion
process with dynamics described by the stochastic differential equation:

dXt:b(Xt)dt+G(Xt)th, tz(), XOZTI, (l)

where (W;) is a standard Brownian motion and 7 is a random variable independent of (W;).
Assuming that the process is strictly stationary (and ergodic), and that a discrete observation
(XkAa)1<k<n+1 of the sample path is available, we wish to construct nonparametric estimators of
the drift function b and the (square of the) diffusion coefficient o2,

Our aim is twofold: to construct estimators that have optimal asymptotic properties and that
can be implemented through feasible algorithms. Our asymptotic framework is such that the
sampling interval A = A,, tends to zero while nA,, tends to infinity as » tends to infinity. Nev-
ertheless, the risk bounds obtained below are non-asymptotic in the sense that they are explicitly
given as functions of A or 1/(nA) and fixed constants.

Nonparametric estimation of the coefficients of diffusion processes has been widely investi-
gated in recent decades. The first estimators proposed and studied were based on a continuous
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time observation of the sample path. Asymptotic results were given for ergodic models as the
length of the observation time interval tends to infinity: see, for instance, the reference paper by
Banon [2], followed by more recent works by Prakasa Rao [30], Spokoiny [31], Kutoyants [28]
or Dalalyan [18].

Then discrete sampling of observations was considered, with different asymptotic frameworks,
implying different statistical strategies. It is now classical to distinguish between low-frequency
and high-frequency data. In the former case, observations are taken at regularly spaced instants
with fixed sampling interval A and the asymptotic framework is that the number of obser-
vations tends to infinity. Only ergodic models are usually considered. Parametric estimation
in this context was studied by Bibby and Sgrensen [11], Kessler and Sgrensen [27]; see also
Bibby et al. [12]. A nonparametric approach using spectral methods was investigated in Gobet
et al. [24], where non-standard nonparametric rates were exhibited.

In high-frequency data, the sampling interval A = A,, between two successive observations is
assumed to tend to zero as the number of observations n tends to infinity. Taking A, = 1/n, so
that the length of the observation time interval n A, = 1 is fixed, can only lead to estimating the
diffusion coefficient consistently. This was done by Hoffmann [25] who generalized results by
Jacod [26], Florens-Zmirou [21] and Genon-Catalot et al. [22].

Now, estimating both drift and diffusion coefficients requires that the sampling interval A,
tends to zero while nA,, tends to infinity. For ergodic diffusion models, Hoffmann [25] proposes
nonparametric estimators using projections on wavelet bases together with adaptive procedures.
He exhibits minimax rates and shows that his estimators automatically reach these optimal rates
up to logarithmic factors. Hoffmann’s estimators are based on computations of some random
times which make them difficult to implement.

In this paper, we propose simple nonparametric estimators based on a penalized mean square
approach. The method is investigated in detail in Comte and Rozenholc [16,17] for regression
models. We adapt it here to the case of discretized diffusion models. The estimators are chosen to
belong to finite-dimensional spaces that include trigonometric, wavelet-generated and piecewise
polynomial spaces. The space dimension is chosen by a data-driven method using a penalization
device. Due to the construction of our estimators, we measure the risk of an estimator f of f
(with f =b,0?) by E(|lf — f12), where || f — flIZ =n"" 35 (f (Xka) — f (Xka))?. We give
bounds for this risk (see Theorems 1 and 2). An examination of these bounds as A = A, — 0
and nA, — +o0o shows that our estimators achieve the optimal nonparametric asymptotic rates
obtained in Hoffmann [25] without logarithmic loss (when the unknown functions belong to
Besov balls). Then we proceed to numerical implementation on simulated data for several exam-
ples of models. We emphasize that our simulation method for diffusion processes is not based on
approximations (like Euler schemes). Instead, we use the exact retrospective simulation method
described in Beskos et al. [10] and Beskos and Roberts [9]. Then we apply the algorithms devel-
oped in Comte and Rozenholc [16,17] for nonparametric estimation using piecewise polynomi-
als. The results are convincing even when some of the theoretical assumptions are not fulfilled.

The paper is organized as follows. In Section 2 we describe our framework (model, assump-
tions and spaces of approximation). Section 3 is devoted to drift estimation, and Section 4 to
diffusion coefficient estimation. In Section 5 we study examples and present numerical simula-
tion results that illustrate the performance of estimators. Section 6 contains proofs. In Section 7
a technical lemma is proved.
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2. Framework and assumptions

2.1. Model assumptions

Let (X;);>0 be a solution of (1) and assume that n 4 1 observations Xya, k=1,...,n+ 1, with
sampling interval A are available. Throughout the paper, we assume that A = A, tends to 0
and nA, tends to infinity as n tends to infinity. To simplify notation, we write A without the
subscript n. Nevertheless, when speaking of constants, we mean quantities that depend neither
on n nor on A. We wish to estimate the drift function b and the diffusion coefficient o> when
X is stationary and geometrically -mixing. To this end, we consider the following assumptions:

Assumption 1.

(i) b e CY(R) and there exists y > 0 such that, for all x € R, |b'(x)| <y (1 + |x]?).
(ii) There exists by such that, for all x, |b(x)| < bo(1 + |x]).
(iii) There existd > 0,r > 0 and R > 0 such that, for all |x| > R, sgn(x)b(x) < —r|x|d.

Assumption 2.

(i) There exist 002 and 012 such that, for all x,0 < 002 < 02(x) < 012 and there exists L such
that, for all (x,y) € R, |o(x) — o (y)| < L|x — y|'/2.
(ii) o € C*(R) and there exists y > 0 such that, for all x € R, |0/ (x)|+|6” (x)| < y (1+|x]?).

Under Assumptions 1 and 2, equation (1) has a unique strong solution. Note that Assump-
tion 2(ii) is only used for the estimation of o> and not for b. Elementary computations show that

the scale density
* bu)
s(x):exp{—Z/ du}
0 o2(u)

satisfies [ __s(x)dx =400 = f+°° s(x) dx, and the speed density m(x) = 1/(o%(x)s(x)) satis-
fies f_Jro? m(x)dx = M < +4o00. Hence, model (1) admits a unique invariant probability 7 (x) dx

with 7 (x) = M~ !m(x). Now we assume the following:
Assumption 3. Xy =n has distribution 7.

Under the additional Assumption 3, (X;) is strictly stationary and ergodic. Moreover, it follows
from Proposition 1 in Pardoux and Veretennikov [29] that there exist constants K > 0, v > 0 and
6 > 0 such that

E(exp(v|Xo|)) <+oc and Bx(1) < Ke ™™, )
where By (¢) denotes the S-mixing coefficient of (X;) and is given by

+00
Bx () =/ () dx || P (x, dx') — 7w (x") dx' 7.

—00
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The norm || - || Ty is the total variation norm and P; denotes the transition probability. In particular,
Xo has moments of any (positive) order. Now, Assumption 1(i) ensures that, for all # > 0, h > 0
and k > 1, there exists ¢ = c(k, y) such that

E( sup |b(Xs>—b(Xt>|k|ﬂ)schk/2<1+|xz|6),
SE[t,t+h]

where F; = o (X;, s <t); for example, Gloter ([23], Proposition A). Thus, taking expectations,
there exists ¢’ such that

E( sup |b<xs>—b(xt>|k)5c/hk/2. 3)
s€(t,t+h]

The functions b and 0% are estimated only on a compact set A. For simplicity and without loss
of generality, we assume from now on that

A=][0,1]. 4)

It follows from Assumptions 1, 2(i) and 3 that the stationary density 7 is bounded from below
and above on any compact subset of R, and we denote by g, 71 two positive real numbers such
that

0<my<m(x) <m Vx e A=]0,1]. 5)

2.2. Spaces of approximation: piecewise polynomials

We aim to estimate the functions b and o2 of model (1) on [0, 1] using a data-driven proce-
dure. For that purpose, we consider families of finite-dimensional linear subspaces of L>([0, 1])
and compute for each space an associated least squares estimator. Then an adaptive procedure
chooses among the resulting collection of estimators the ‘best’ one, in a sense that will be speci-
fied later, through a penalization device.

Several possible collections of spaces are available and discussed in Section 2.3. Now, to be
consistent with the algorithm implemented in Section 5, we focus on a specific collection, namely
the collection of dyadic regular piecewise polynomial spaces, henceforth denoted by [DP].

We fix an integer r > 0. Let p > 0 also be an integer. On each subinterval I; = [(j —
1)/2?P,j/2P], j=1,...,2P, consider r + 1 polynomials of degree ¢, ¢ ¢(x), £=0,1,...,r,
and set ¢;¢(x) = 0 outside /;. The space S,, m = (p,r), is defined as generated by the
Dy, =2P(r + 1) functions (¢;¢). A function ¢ in S;,, may be written as

27
1(x) = Z th,wj,z(x)-
j=1£=0
The collection of spaces (S,, m € M) is such that

M, ={m=(P,r),P€NJ’ € {0, 1a---armax}a2p("max+1) SNn} (6)
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In other words, D,, < N,, where N, < n. The maximal dimension N, is subject to additional
constraints given below. The role of N, is to bound all dimensions D,,, even when m is random.
In practice, it corresponds to the maximal number of coefficients to estimate. Thus it must not be
too large.

More concretely, consider the orthogonal collection in L2([—1, 1]) of Legendre polynomials
(Q¢, £ > 0), where the degree of Qy is equal to ¢, generating L2([—1, 1]); see Abramowitz
and Stegun ([1], page 774). These satisfy |Q¢(x)| <1, for all x € [—1,1], Q¢(1) =1 and
/jl Q7 (u)du = 2/(2¢ + 1). Then we set Py(x) = (2¢ + 1)1/204(2x — 1) to obtain an ortho-
normal basis of ILZ([O, 1]). Finally,

00 (x)=2PPP2Px — j+ D1 (x),  j=1,....2°.£=0,1,....n.
The space S, has dimension D, = 27 (r + 1), and its orthonormal basis described above satisfies

27

DI

j=1¢=0

<Dy (r +1) < Dy (rmax + 1).

o0

Hence, for all 7 € Sy, [Itllo < (rmax + 1)'/2Dy ], where ||| = f; 1>(x)dx, for ¢ in

IL2([0, 1]), a property which is essential for the proofs.

2.3. Other spaces of approximation

From both theoretical and practical points of view, other spaces can be considered, such as
the trigonometric spaces [T], where S, is generated by {1, 2172 cos(2m jx), 21/%sin(2m jx) for
j=1,...,m}, has dimension D,, =2m + 1 and m € M, ={1,...,[n/2] — 1}; and the dyadic
wavelet-generated spaces [W] with regularity » and compact support, as described, for example,
in Daubechies [19], Donoho et al. [20] or Hoffmann [25].

The key properties that must be fulfilled to fit in our framework are the following:

(H1) Norm connection: (Sy)meM, is a collection of finite-dimensional linear subspaces of
IL2([0, 1]), with dimension dim(S,,) = D, such that D,, < N,, < n, for all m € M,,,
and satisfying:

There exists ®g > 0 such that, for all m € M,, for all t € S,,,

12 @)
Itlloo < DoDy 2 It]-

An orthonormal basis of S, is denoted by (¢;)ica,,. where |Ay| = D,,. It follows from Birgé
and Massart [13] that property (7) in the context of ({1) is equivalent to:

> o

AEA,

< ®2D,,. (8)

o0

There exists ®g > 0 such that

Thus, for the collection [DP], (8) holds with CD% = rmax + 1. Moreover, for results concerning
adaptive estimators, we need an additional assumption:
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(H2) Nesting condition: (Sy)meM, 1s a collection of models such that there exists a space
denoted by S,,, belonging to the collection, with S, C S, for all m € M,,. We denote
by N, the dimension of S,: dim(S,) = N,, (Ym € M,,, D;, < Np).

As far as possible below, we keep the notation general to allow extensions to spaces of approx-
imation other than [DP].

3. Drift estimation

3.1. Drift estimators: non-adaptive case

Let

X+na — Xka
A

The following standard regression-type decomposition holds:

(k+1)A
Yin = and Zia = —/ o(X)dWs. ©)
A Jka

(k+1D)A
Via =b(Xea) + Zea + f (b(Xy) — b(Xi)) ds,
kA

where b(Xj ) is the main term, Z; A the noise term and the last term is a negligible residual.
Now, for S, a space of the collection M, and for ¢ € S,,;, we consider the following regression
contrast:
1 n
HN==Y [Yia —1(Xa))’. 10
yn(®) =~ [Yea =1 (Xea)] (10)

k=1

The estimator belonging to S,, is defined as

b = argmin y, (1). a1

A minimizer of y, in S, l;m always exists but may not be unique. Indeed, in some common
situations the minimization of y,, over S, leads to an affine space of solutions. Consequently, it
becomes impossible to consider a classical L>-risk for the ‘least squares estimator’ of b in S,,.
In contrast, the random R”-vector (Em (XA),. 5m(X 2A)) is always uniquely defined. Indeed,
let us denote by I1,, the orthogonal pr0]ect10n (w1th respect to the inner product of R") onto the
subspace {(#(Xa),....1(Xna)) .t € Sy} of R". Then (b (XA). ..., b (Xua)) =T,y Y, where
Y=(a,...,Yn). ThlS is the reason why we define the risk of b by

1 - .
E[; > tbn(Xia) — b(XkA)}2:| =E(llbm — bI7),
k=1

where

1 n
2|2 = - ;tz(xkA). (12)
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Thus, our risk is the expectation of an empirical norm. Note that, for a deterministic func-
tion ¢, E(||t]|2) = [|£]|2 = [ #?(x) d7(x) where 7 denotes the stationary law. In view of (5), the
L2-norm, || - ||, and the (7 )-norm, || - ||, are equivalent for A-supported functions.

3.2. Risk of the non-adaptive drift estimator

Using (9), (10) and (12), we have

2 n
yn(®) = Y B) = llt = DIz + = (b — ) (Xka) Zia
k=1

2 & (k+1)A
+ E};(b—t)(XkA)/kA (b(X;) — b(Xka))ds.

In view of this decomposition, we define the centred empirical process

n

1
v(0) =~ 3 1 (Xka) Zia- (13)

k=1

Now deinote by b,, the orthogonal projection of b onto S,,,. By definition of 5m, Vn (l;m) < VYn(bp).
S0 Yu(bp) — Yn(b) < ¥u(by) — Yu(b). This implies

16m — BN < 1B — DI + 20, (b — b)
(k+1)A

S by bax [ e~ bxean ds
nAk:1 m m kA A K kA .

The functions b,, and by, being A-supported, we can cancel the terms ||b1 4c ||ﬁ that appear in
both sides of the inequality. This yields

16 — bLAN2 < by — bLANZ + 20y (b — b)
M. (k+1)A
+— > (b — bw)(Xka) / (b(Xy) —b(Xga))ds.  (14)
k=1 kA

On the basis of this inequality, we obtain the following result.

Proposition 1. Ler A = A, be such that A,, — 0, nA,/1n*(n) — +00 when n — +00. Suppose
that Assumptions 1, 2(1) and 3 hold and consider a space §m in the collection [DP] with N,, =
o(nA/ In2(n)) (N, is defined in (H3)). Then the estimator by, of b is such that

. E(o2(Xo))D K"
E(lbm —ball?) <1 lbm —ball® + KTm

+K/A+n—A, (15)

where by = bl 4 and K, K’ and K" are positive constants.
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As a consequence, it is natural to select the dimension D,, that leads to the best compromise
between the squared bias term [|b,, — b4 ||*> and the variance term of order D,,/(nA).

To compare the result of Proposition 1 with the optimal nonparametric rates exhibited by
Hoffmann [25], let us assume that b4 belongs to a ball of some Besov space, b4 € By 2,00([0, 1]),
and that r + 1 > a. Then, for [|ballg.2.00 < L, we have |bg — by |* < C(a, L) D;,**. Thus,
choosing D, = (nA)!/ 2%+ "we obtain

"

~ K
E(|lby — ball?) < Clat, LY (nA)~2*/C*FD L K/A 4 — (16)

The first term (nA)~2¢/Qe+D) ig exactly the optimal nonparametric rate (see Hoffmann [25]).
Moreover, under the standard condition A = o(1/(nA)), the last two terms in (15) are
O(1/(nA)), which is negligible with respect to (nA)~2e/Qatl)

Proposition 1 holds for the wavelet basis [W] under the same assumptions. For the trigono-
metric basis [T], the additional constraint N, < O ((nA)'/?/1n(n)) is necessary. Hence, when
working with these bases, if bs € By 2.00([0, 1]) as above, the optimal rate is reached for the
same choice for D,,, under the additional constraint that o > 1/2 for [T]. It is worth stressing
that @ > 1/2 automatically holds under Assumption 1.

3.3. Adaptive drift estimator

As a second step, we must ensure an automatic selection of D,,, which does not use any knowl-
edge of b, and in particular which does not require « to be known. The standard selection is

i =arg min [V (b) + pen(m)1, (17)

with pen(m) a penalty to be chosen appropriately. We denote by l;,;, the resulting estimator and
we need to determine pen(-) such that, ideally,

A , E(02(X0))D K’
E(lby — bal?) <C inf (ubA P + 2O X0)) D
meM,, n

K'A+ —,
A + + nA
with C a constant which should not be too large. We almost achieve this aim.

Theorem 1. Let A = A, be such that A, — 0, nA,/In%(n) — +00 when n — +00. Suppose
that Assumptions 1, 2(1) and 3 hold and consider the nested collection of models [DP] with
maximal dimension N, = o(nA/lnz(n)). Let

2 Dim

pen(m) > ko X
n

(18)

where k is a universal constant. Then the estimator l;,;l of b with m defined in (17) is such that

"

A K
2 - 2
Ebi — bally) = Cmg/l\f/t,,(”bm —ball* +pen(m)) + K'A + e 19)
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Some comments are in order. It is possible to choose pen(m) = /calsz /(nA), but this is not
what is done in practice. It is better to calibrate additional terms. This is explained in Section 5.2.
The constant « in the penalty is numerical and must be calibrated for the problem. Its value is
usually adapted by intensive simulation experiments. This point is also discussed in Section 5.2.
From (15), one would expect to obtain E(02(X()) instead of 012 in (18): we do not know if this
is the consequence of technical problems or if it is a structural result. Another important point is
that 012 is unknown. In practice, we just replace it by a rough estimator (see Section 5.2).

From (19), we deduce that the adaptive estimator automatically realizes the bias—variance
compromise: whenever b, belongs to some Besov ball (see (16)), if r + 1 > « and n A% = o(1),
l;,;l achieves the optimal corresponding nonparametric rate, without logarithmic loss, contrary to
Hoffmann’s adaptive estimator (see Hoffmann [25], page 159, Theorem 5). As mentioned above,
Theorem 1 holds for the basis [W] and, if N,, = o((nA)'/?/1n(n)), for [T] .

4. Adaptive estimation of the diffusion coefficient

4.1. Diffusion coefficient estimator: non-adaptive case

To estimate 02 on A = [0, 1], we define

n
52 —argmin u(t)  with (1) = - > [Uka — t(Xia) P (20)
m €S n =

and
_ (Xgna — Xia)?
= X .

For diffusion coefficient estimation under our asymptotic framework, it is now well known that
rates of convergence are faster than for drift estimation. This is the reason why the regression-
type equation has to be more precise than for b. Let us set

Uka ey

v =20'0b+[(6")?+ 00" (22)
Some computations using It6’s formula and Fubini’s theorem lead to

Uka = 0*(Xka) + Via + Rea
where Via = V) + V2 + V), with

] 1 k+DA 2 k+DA
vy =— / o(Xs)dw, b — / o2(X,)ds
ALk kA

A
@ 2 (k+1)A »
v = Z/m ((k+ DA —5)o' (X))o 2 (X,) AW,
(k+1)A

VR = 2b(XkA)/ o (Xy)dW;,
kA
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and
1 (k+1)A 2 9 pk+hA (k+1)A
Ria = — ( / b(xs>ds) 42 / (b(Xy) — b(Xea)) ds / o (Xy)dW,
A\ Jka A Jia kA
1 k+1)A
T+ [(k+ 1)A — s]¥ (X) ds.
A Jia

Obviously, the main noise term in the above decomposition must be Vk(i), as will be proved
below.

4.2. Risk of the non-adaptive estimator

As for the drift, we write

n

OIS N ST S 2 _ %n z_
Vn(t) = Pu(0?) = |lo r||,,+nk§<o f)(XkA)VkA-i-nk;(G )(Xxa)Ria.

We denote by an% the orthogonal projection of 0% on S, and define

n

1
B0 =~ > 1(Xka) Via.

k=1

Again we use the fact that y, (6,%) — V(@) < (o,%l) — Yu(0?) to obtain

) n
~2 212 2 2,2 ) 2 ~2 2
oy, — ol < lloy, —o”ll; +2vn(0,, —0,) + - E (0 — 03) (Xica) Riea -
k=1

Analogously to what was done for the drift, we can cancel on both sides the common term
llo21 ac||2. This yields

. . 2
167 — o3Iz < llom — oRl3 + 2006 — o) + = > (G —0p) Xk Rea. (23)
k=1

We obtain the following result.

Proposition 2. Let A = A, be such that A, — 0, nAn/lnz(n) — 400 when n — +00.
Suppose that Assumptions 1-3 hold and consider a model S,, in the collection [DP] with
N, = o(nA/ln2 (n)), where Ny, is defined in (H>). Then the estimator &,%l of o2 defined by (20)
is such that

E(o*(X0)) D K"

E(162 —0212) < Tmillo —o3|I> + K + KA+ —, (24)

where oi =021y, and K, K', K" are positive constants.
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Let us make some comments on the rates of convergence. If ai belongs to a ball of some
Besov space, say 05 € By 2,00([0, 11), and [[03 [la,2,00 < L, with 7 + 1 > a, then [0 — 02 ||* <
C(a, L)D,;z"‘. Therefore, if we choose D,, = nl/Cet+D) we obtain

4

. K
E(162 —2[12) < C(a, Lyn 2/CatD 4 g/A2 4 — (25)

The first term n~2%/ 22+ js the optimal nonparametric rate proved by Hoffmann [25]. Moreover,
under the standard condition A2 = o(1/n), the last two terms are O (1/n), that is, negligible with
respect to n 2%/ et

4.3. Adaptive diffusion coefficient estimator

As previously, the second step is to ensure an automatic selection of D,,, which does not use any
knowledge on o2. This selection is done by

it =arg min [7,(5,) + pen(m)) (26)

We denote by &r%l the resulting estimator and we need to determine the penalty pen as for b. For
simplicity, we use the same notation m in (26) as in (17) although they are different. We can
prove the following theorem.

Theorem 2. Let A = A, be such that A,, — 0, nAn/lnz(n) — +00 when n — +00. Suppose
that Assumptions 1-3 hold. Consider the nested collection of models [DP] with maximal dimen-
sion N, < nA/lnz(n). Let

D
pen(m) > ko —, @7
n

where K is a universal constant. Then, the estimator 6’% of o with i defined by (26) is such that

4

~ . — K
E(I65 —ol2) < C inf (loz — o3 11* +pen(m)) + K' A% + —. (28)

As for the drift, it is possible to choose pen(m) = 12614 D,,/n, but this is not what is done in
practice. Moreover, making such a choice, it follows from (28) that the adaptive estimator au-
tomatically realizes the bias—variance compromise. Whenever ai belongs to some Besov ball
(see (25)), if nAZ=o(1) and r + 1 > «, 6’%1 achieves the optimal corresponding nonparametric
rate n 2%/ ¢+ D without logarithmic loss, contrary to Hoffmann’s adaptive estimator (see Hoff-
mann [25], page 160, Theorem 6). As mentioned for b, Proposition 2 and Theorem 2 hold for the
basis [W] under the same assumptions on N,. For [T], N,, = o((n A)l/ 2 /In(n)) is needed.
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5. Examples and numerical simulation results

In this section, we consider examples of diffusions and implement the estimation algorithms on
simulated data. To simulate sample paths of diffusion, we use the retrospective exact simulation
algorithms proposed by Beskos et al. [10] and Beskos and Roberts [9]. Contrary to the Euler
scheme, these algorithms produce exact simulation of diffusions under some assumptions on
the drift and diffusion coefficient. Therefore, we choose our examples in order to meet these
conditions in addition with our set of assumptions. For the sake of simplicity, we focus on models
that can be simulated by the simplest algorithm of Beskos et al. [10], which is called EA1. More
precisely, consider a diffusion model given by the stochastic differential equation

dX; =b(X;)dt + o (X;)dW;. 29)
We assume that there is a C> one-to-one mapping F on R such that & = F(X;) satisfies
d§; = a(§)dr +dW;. (30)

To produce an exact realization of the random variable &, given that £ = x, the exact algorithm
EA1 requires that « be C!, and o? + o’ be bounded from below and above. Moreover, setting

Ag) = fs’: a(u) du, the function

h(E) =exp (AE) — (£ —x)*/2A) 31

must be integrable on R, and an exact realization of a random variable with density proportional
to & must be possible. Provided that the process (£;) admits a stationary distribution that it may
also be possible to simulate, using the Markov property, the algorithm can therefore produce
an exact realization of a discrete sample (o, k =0, 1,...,n + 1) in the stationary regime. We
deduce an exact realization of (Xza = F_I(EkA), k=0,...,n+1).

In all examples, we estimate the drift function «(£) and the constant 1 for models like (30)
or both the drift b(x) and the diffusion coefficient o2(x) for models like (29). Let us note that
Assumptions 1-3 are fulfilled for all the models (&;) below. For the models (X;), the ergodicity
and the exponential -mixing property hold.

5.1. Examples of diffusions

5.1.1. Family 1

First, we consider (29) with
b(x) = —0x, o(x)=c(l+ x> (32)

Standard computations of the scale and speed densities show that the model is positive recurrent
for 6 + c?/2 > 0. In this case, its stationary distribution has density
1

7 (x) o a +x2)1+9/c2 ’
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Figure 1. dX; = —(0/c + ¢/2) tanh(cX;) + dW;, n = 5000, A = 1/20, 6 = 6, ¢ = 2. Dotted line, true;
solid line, estimate. The algorithm selects (p, r) equal to (0, 1) for the drift, (0, 2) for o2,

If Xo = n has distribution 7 (x) dx, then, setting v =1 + 20 /cz, pl/2 n has Student distribution
t (v) which can be easily simulated.
We now consider Fj(x) = fox 1/(c(1 + x>y dx = argsinh(x)/c. By the Itd formula,
& = F1(X;) satisfies (30) with
o (&) =—(0/c+ c/2)tanh(c&). (33)
Assumptions 1-3 hold for (&;) with &y = F(X(). Moreover,
a?(€) 4+ a' (&) = {(0/c +c/2)> + 0 + ¢?/2) tanh? (c&) — (0 + ¢2/2)

is bounded from below and above. And
&
AE) = / () du = —(1/2 + 6 /¢ log(cosh(c8)) <0,
0

so that exp(A(§)) < 1. Therefore, function (31) is integrable for all x and, by a simple rejection
method, we can produce a realization of a random variable with density proportional to /()
using a random variable with density A/ (x, A).
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Note that model (29) satisfies Assumptions 1-3 except that o2 (x) is not bounded from above.
Nevertheless, since X; = F| ! (&) = sinh(c&;), the process (X;) is exponentially S-mixing. The
upper bound 012 that appears explicitly in the penalty function must be replaced by an estimated
upper bound.

5.1.2. Family 2

For the second family of models, we start with an equation of type (30) where the drift is now
(see Barndorff-Nielsen [7])

5
(1+ C2€:2)1/2'

The model for (&) is positive recurrent on R for 6 > 0. Its stationary distribution is given by

7€) dE exp(—zga +c252>1/2> = exp(—zﬁ) exp(e(£)),

a(§) =—0 (34)

where exp@(§) < 1 so that a random variable with distribution 7(£)dé can be simulated by
simple rejection method using a double exponential variable with distribution proportional to
exp(—261&|/c). The conditions required to perform an exact simulation of (£;) hold. More

a0l Y u

data
v true

30+ i -
——estimate ||

201 g

20

10

| L 1 L L 0

Figure 2. dX; = —0X,dr +c(1 + X») /2 dW;, n = 5000, A = 1/20, 6 = 6, ¢ = 2. Dotted line, true; solid
line, estimate. The algorithm selects (p, r) equal to (0, 1) for the drift, (0, 2) for o2.
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Figure 3. dX; = —[0 + cz/(2 cosh(X,))](sinh(X;)/coshz(Xt)) dt + (c/cosh(X;))dW;, n = 5000,
A =1/20, 0 =3, ¢ = 2. Dotted line, true; solid line, estimate. The algorithm selects (p, r) equal to (0, 2)
for the drift, (0, 3) for o2,

precisely, a? + o’ is bounded from below and above and A¢) = f(f o(u)du = —(9/62)(1 +
6252)1/ 2 Hence exp(A(§)) <1, (31) is integrable and we can produce a realization of a random
variable with density proportional to (31). Lastly, Assumptions 1-3 also hold for this model.

We now consider X; = F>(&;) = argsinh(cé;), which satisfies a stochastic differential equation
with coefficients

2 .
c ) sinh(x) (39)

b(x) = _<9 + 2cosh(x) / cosh?(x)’ o= cosh(x)’
The process (X;) is exponentially 8-mixing as (&;). The diffusion coefficient o (x) is not bounded
from below but has an upper bound.

To obtain a different shape for the diffusion coefficient, showing two bumps, we consider
X; = G(&) = argsinh(§ — 5) + argsinh(&, + 5) where (&) is as in (30)—(34). The function G (-)
is invertible and its inverse has the explicit expression

G~ 0) = 3oy [49 5107 () + 100 -+ cosh() (sinh? () — 100)] 12,
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Figure 4. Two paths for the two-bumps diffusion coefficient model X; = G(&), d& =
—0&/(1 + 2eH2dr + dW,;, G(x) = argsinh(x — 5) 4 argsinh(x + 5), n = 5000, A = 1/20,
6 =1, ¢ = 10. Dotted line, true; solid line, estimate. The algorithm selects (p, r) equal to (0, 3) (above)
and (2, 0) (below) for the drift, (0, 6) (above) and (1, 3) (below) for o2.
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The diffusion coefficient of (X;) is given by

1 1

T+ (G -5 N (1+(G7 ') +35H)1/2 30

o(x)

The drift is given by b(x) = G'(G~1 (x)a (G (x)) + 1G" (G~ (x)).

5.2. Estimation algorithms and numerical results

We do not give here a complete Monte Carlo study but we illustrate how the algorithm works
and what kind of estimate it delivers visually.

We consider the regular collection [DP] (see Section 2.2). The algorithm minimizes the mean
square contrast and selects the space of approximation in the sense that it selects p and r for
integers p and r such that 2”(r + 1) < N, < nA/lnz(n) and r € {0, 1, ..., rmax}. Note that the
degree is global in the sense that it is the same on all the intervals of the subdivision. We take
rmax = 9 in practice. Moreover, additive (but negligible) correcting terms are classically involved
in the penalty (see Comte and Rozenholc [17]). Such terms avoid underpenalization and are in
accordance with the fact that the theorems provide lower bounds for the penalty. The correcting
terms are asymptotically negligible so they do not affect the rate of convergence. Thus, both
penalties contain additional logarithmic terms which have been calibrated in other contexts by
intensive simulation experiments (see Comte and Rozenholc [16,17]).

The constant « in both penalties pen(m) and pen(m) has been set equal to 4.

We retain the idea that the adequate term in the penalty was E(o2(Xo))/A for b and
E(o*(Xy)) for o2, instead of those obtained (012 /A and 014 , respectively). Indeed, in classi-
cal regression models, the corresponding coefficient is the variance of the noise. This variance
is usually unknown and replaced by a rough estimate. Therefore, in penalties, 012 /A and 014 are
replaced by empirical variances computed using initial estimators b, 6 chosen in the collection
and corresponding to a space with medium dimension: 012 /A for pen(-) is replaced §12 = (b)
(see (10)); and 014 for the other penalty is replaced by §% = 7,(6?) (see (20)).

Finally, for m = (p, r), the penalties pen(m) for i = 1 and pen(m) for i = 2 are given by

~2
K¥s

4227 (r + 1+ 023 (r + ).
n

Figures 1-4 illustrate our simulation results. We have plotted the data points (Xxa, Yxa)
(see (9)) and (Xxa, Ura) (see (21)), the true functions b and o2 and the estimated functions
based on 95% of data points. Parameters have been chosen in the admissible range of ergodicity.
The sample size n = 5000 and the step size A = 1/20 are in accordance with the asymptotic
context (large n and small A) and may be relevant for applications in finance. It is clear that the
estimated functions correspond very well to the true ones.

The simulation of sample paths does not rely on Euler schemes as in the estimation method.
Therefore, the data simulation method is disconnected with the estimation procedures and cannot
be suspected of being favourable to our estimation algorithm.
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6. Proofs
6.1. Proof of Proposition 1

We recall that for A-supported functions, ||t||% = f A 12 (x)m (x) dx. Starting from (13)—(14), we
obtain

1bm —ball? < llbm — ball2 4 21bm — bullx  sup  [va()]

teSt;ulltHn:l
. " (DA 27172
+ 2116w — bl W;l{ /k . (b(xa—b(m))ds}

<||b —b 2 1 r _ 2 2
= 1bm = bally + gllbm = bullz +8 ~ sup— [va(®)]

1ESm, Itllx=1
n (k+1)A

1. 8
o = bully + —= Y
+glom = bully 00 kzl(fk

2
R (b(Xy) —b(XkA))dS> :

Because the L.>-norm, || - ||, and the empirical norm (12) are not equivalent, we must introduce
a set on which they are and then prove that this set has small probability. Let us define (see (6))

sz,,:{w/

On @, lbw — b1z < 216 — bl and b — bl < 2(lbm — ball} + lbm — ball?). Hence,
some elementary computations yield:

il (| 2Ly, Sy 4 S, \ {0 37
TEREEPIE U Su+ S\ {0} 37)

=5
m,m'e M,

1 -
316w = ba I21g,

7 ) 5 8 (k+1)A 2
< <lbm—ball?+8 sup [OP+— (/ (b(Xy) _b(XkA))dS> :
47" " eSultla=l nA? ,; kA '
Now, using (3), we obtain
(k+1)A 2 (k+1)A
E( / (b(X,) - b(xkA»ds) <A / EI(b(X,) — b(Xea))?1ds < 'A%,
kA kA
Consequently,
E(lbm — ball21e,) < 7llbm — ball% + 32]E( sup [vn(l)]2> +32¢A. (38)
tESm,HIHT[:l
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Next, using (5), (7)—(9) and (13), it is easy to see that, since |||, =1 = ||t||2 <1/mo,

1
E( sup [vn(t)]z)s—E( sup [vn(r>]2) — Y Elvy(pn)]

tE€Sm, |Itllz=1 o teSy, It <1 )LeAm

k+1)A
- non2A2 ZE{ > %(XkA)/ (X, )ds}

rAEA,

q,z Dy (k+1)A 5
n0n2A2 Z {/ o (Xs)ds}

2D A q>2]E 2(X0))Dp,
_ 20%mm / o (X )ds (0(X0))
TonA2 0 TonA

IA

Gathering bounds, and using the upper bound | defined in (5), we obtain

®2E(0%(X0)) D

+32¢A.
TonA

E(lbm — ball21a,) < Tm1llbm — ball* + 32
Now, all that remains is to deal with Q. Since [|b,, —bal|? < ||by — bl|2, it is enough to check
that E(||l;m — b”%]].g}cl') < c¢/n. Write the regression model as Yya = b(Xia) + xa with

k+DA k+1)A
SkA—_/ [b(X, )—b(XkA)]dS+—/ o(X,)dW;.

Recall that IT,, denotes the orthogonal projection (with respect to the inner product of R")
onto the subspace {(#(Xa),...,t1(Xua)), 1 € S} of R". We have (l;m(XA), e, l;m(X,,A))’ =
I1,,Y, where Y = (Ya, ..., Y,a)'. Using the same notation for the function 7 and the vector
(t(XA),...,t(X,A)), we see that

n
16— bull2 = 16 — Tubl|2 + [Tyell2 < 1612 +n7" Y ey
Therefore,

R 1 <&
E(llb — b l2100) < E(I0]210:) + - ];E@,%Ang,g)

< (EV2(6*(X0)) + E2(e2))P/2(25).

By Assumption 1(ii) we have E(b*(Xo)) < c(1 + E(X{)) = K. With the Burholder-Davis—
Gundy inequality, we find

gy 2| L [0t —box)as + Sm( [ ot
A= s A s+ 3E o (Xs)ds ) t.
A Jo A 0
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Under Assumptions 1, 2(i) and 3 and inequality (3), we obtain ]E(si) <C( +of‘/A2) = C’/Az.
The next lemma enables us to complete the proof.

Lemma 1. Let 2, be defined by (37) and assume that nAn/lnz(n) — +00 when n — +00.
Then, if N, < O(nA,/1n%(n)) for collections [DP] and [W1], and if Ny < O((nA,)Y/2/1In(n))
for collection [T], then

P < . (39)
n

The proof of Lemma 1 is given in Section 7.
Now, we gather all terms and use (39) to obtain (15).

6.2. Proof of Theorem 1
The proof relies on the following Bernstein-type inequality:

Lemma 2. Under the assumptions of Theorem 1, for any positive numbers € and v, we have

P - XV Zon > 22\ - nAe?
Y t(Xxa)Zka = ne, |tlly < v ) <exp “2022)’

k=1

Proof. We use the fact that ZZ:I t(XrxA)Zika can be written as a stochastic integral. Consider
the process

n
H!=H, = Z1[kA,(k+1)A[(”)[(XkA)U(Xu)»
k=1

which satisfies H? < o|7||2, for all u > 0. Then, writing M = [ H, dW,, we obtain that

n

(k+1)A
Muena =Y 1) [ o) dw,
kA
k=1

k+1)A

M)ona =Y P0) [ P
k=1 kA

Moreover, (M), = [y H?du <no}Al||t]|2, forall s > 0, so that (M) and exp(AM; — A*(M),/2)
are martingales with respect to the filtration F; = o (X, u < s). Therefore, for all s > 0, ¢ > 0,
d>0,1>0,

A2 A2
P(Mg; >c, (M) <d) < P(exp(AMS — 7(M>S> > exp(kc — 7d>>

con{ (i)
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Therefore,

A2 2
PMg>c, (M), <d) < igf}exp(— (Ac — 7d>> :exp(—g)

Finally,

n
P(Zt(xm)zm > ne, ||t < v2> =P(Mui1)a = nAe, (M)uina <nv’ofA)

k=1

- ( (nAe)? ) ( nezA >

exp| ————— | =exp|l —— |.
=P vazole P 2v2012 g
Now we turn to the proof of Theorem 1. As in the proof of Proposition 1, we have to split
b, —ba ||% = |lb; —ba ||3]19,, + bj —ba ||ﬁ]193. For the treatment of 2, the end of the proof

of Proposition 1 can be used. A

We now focus on what happens on €2,,. From the definition of b,;, we have, for all m € M,,,

Yn (l;,;q) + pen(m) < ¥, (by) + pen(m). We proceed as in the proof of Proposition 1 with the
additional penalty terms (see (38)) and obtain

E(lbgy — ball?1q,) < 71 llbm — ball* + 4 pen(m) + 3211«:( sup [vna)]zﬂg,,)
1E€Sm+Si, Itllz=1

— 4E(pen(i)) + 32c'A.

The main problem here is to control the supremum of v, (f) on a random ball (which depends on
the random ). This is done by using the martingale property of v, (¢).
Let us introduce the notation

Gm(m') = sup [va ().
t€Su+S, . ltlz=1

Now, we plug in a function p(m, m’), which will in turn fix the penalty:

G2, (i) 1g,

A

Z [(G?n(m/) — p(m, m/))]lsz,,]Jr + p(m, m).
m'eM,

IA

And pen is chosen such that 8 p(m, m’) < pen(m) +pen(m’). More precisely, the next proposition
determines the choice of p(m, m’).

Proposition 3. Under the assumptions of Theorem 1, there exists a numerical constant k| such
that, for p(m, m') = K10’12(Dm + Dyy)/(nA), we have

e—Dm/
IE[(G,Zn(m/) — p(m,m/))]lgn]+ < C0'12 A
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Proof of Proposition 3. The result of Proposition 3 follows from the inequality of Lemma 2 by
the L2 -chaining technique used in Baraud ef al. [5] (see their Section 7, pages 44—47, Lemma 7.1,
with 52 = 02/A). O

It is easy to see that the result of Theorem 1 follows from Proposition 3 with pen(m) >
Kalsz/(nA) and « = 8k.

6.3. Proof of Proposition 2

First, we prove that
1 n
E( =) R, | <KA% 40

1y}

?2)
A+ Ry

With the obvious convention, let Rga = R\ 2 + R so that (40) holds if E[(R{2)2] <

KI'A2 fori =1, 2, 3. Using Assumption 1,

2 (k+DA 2 (k+1)A
E[(R;y) ]SE( / bz(xs)ds) EAE( / b4(Xs)ds>
k k

A A
< A’E(b*(Xo)) < A,
We also have
QN2 1 (k+1)A 4 (k+1)A 4\ 1/2
E[(RA) ] < —2<IE</ (b(Xy) —b(XkA))ds> ]E(/ o(Xs)dWs) ) .
A kA kA
Using (3), we obtain
E[(Ri)] =<'a%
Lastly, using Assumptions 1 and 2 and equation (22),
(32 1
E[(r)] = 15( [
k
Therefore (40) is proved.

We now return to (23) and recall that €2,, is defined by (37). The treatment is similar to that for
the drift estimator. On Qy, [|62 — 02|12 <2|62 — o2 ]2,

(k+DA 2 AZ
((k+ DA —s) w2<xs)ds> < E(W(Xo))? <c"A%
A

1
A2 22 2 22 A2 22 v2
||Gm_UA||;1 = ||Om_GA||n+§||Gm_Um||n+8 sup Un(t)
1E€Sy, |Itllx=1

1 A2 ~202 8 - 2
+ g”o—m _Gm||n + ; 2 :RkA
k=1
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3 8 «
2 2,2 ~2 22 v2 2
<o, —oxll, +=lo,; —onll; +8 sup vy () + — E Ria-
8 1€ lltlz=1 ni

Setting B, (0,1) = {t € Sy, ||2]| <1} and B} (0, 1) = {t € S, |It|lx < 1}, the following holds
on ,:

1 7 8 —
~2 2,2 2 22 %) 2
ledm—GAllnS—IIUm—GA||n+8 sup v, () +— E Rin-
teBL(0,1) n
Moreover,

E( sup D,f(t)) < i]E( sup f),%(ﬂ) < 1 Z E(¥; (¢1))
TT|

1€BZ(0,1) o teBy, (0,1) 0 reAy,

l n
g E(Zwﬁxkai)

=
AEAp k=1
5D 4
= {12E(0™(X0)) +4ACpq},
on

where Cp,» = E((0'02)%(X0)) + 0ZE(*(X0)). Now using the condition on N,, we have
AD,,/n < AN,/n < A?/ In2(n). This yields the first three terms of the right-hand side of (24).

The treatment of 2§ is the same as for b with the regression model Uy = O‘Z(X kA) + kA,
where nxa = Vika + Ria. By standard inequalities, E(ni) < K{A*E®B8(X0)) + E(6¥(Xp))).
Hence, E(ni) is bounded. Moreover, using Lemma 1, P(Q) < c/ n2.

6.4. Proof of Theorem 2

This proof follows the same lines as the proof of Theorem 1. We start with a Bernstein-type
inequality.

Lemma 3. Under the assumptions of Theorem 2,

n 2
€°/2
P E t(XraA V(l)zne, t 2§v2 <ex (—Cn )
(k:l KealVis el P 20102 + €l|t[loco v

and

1 n
P(; DXy Z vof 202 4ot e, N1 < v2> <exp(=Cnx).  (41)
k=1

The non-trivial link between the above two inequalities is enhanced by Birgé and Massart [14],
so we just prove the first.
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Proof of Lemma 3. First we note that

(ut(X,,A)VAU:A _1+Z t(X A)VH(IA)) |.7: A}

1 Y PRV
= +Z:ZF|I( na)l (| nA| ’ nA)'
[7:

Next we apply successively the Holder inequality and the Burkholder-Davis—Gundy inequality
with best constant (Proposition 4.2 of Barlow and Yor [6]). For a continuous martingale (M),
with My =0, for k > 2, M = sup, _, | M| satisfies || M* |y < ck'/?||(M)"/?||x, with ¢ a universal
constant. And we obtain B
2p
’ﬁzA)

M 1p 2p—1 n+1)A
BV 17a) = 2 fB(| [ aam
nA
n+hHA P
/ o2(X,)ds ‘]—},A>}
n

—|—]E<
A
2p-1

— (7P 2p)P APo” + AP(T) < (2010)7 pP

<

Therefore,

]E( Mt(XnA)V A

n <1+Z%(4uo APt (Xpa)P.
k=2

Using p?/p! <eP~!, we find

E( th(XnA)V A

a) <lde 12(4uo c*e)’|t(Xua)l”
k=2

_ (Quo?c?e)’t?(Xua)
1 — (duolcellt|lo)

<l+e

Now, let us set
a:e(4crlzc2 2 and b:4alzcze||t||oo.
Since for x > 0, 1 + x < e*, we obtain, for all u such that bu < 1,
2,2 2.2
t“(Xun) au“t*(Xpa)
E ut(Xnp)V,x i auwt \Ina) - At
(e [Fra) < 14— = <exp| =y

This can also be written as

2.2
(X
E(exp(ut(XnA)Vn(lA) - ‘mli(b"”) ]—",m> <1
—bou
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Therefore, iterating conditional expectations yields

“ 212(x
E[exp{Z(wt(XkA)Vk(g — aul_i(buw)}} <1.

k=1

Then we deduce that

n
P(Zr(xm)v,f‘g > ne, |15 < v2>

k=1

n
< e””e]E{]l||,|%<vz exp (u Zt(XkA)V,}Q> }

k=1

n 2.2
au“t“(X n
<e MR ]l\lz||2<v2 exp § : ut(XkA)Vk(i) _au (Xka) e(auz)/(l—bu) S 2 (Xka)
n= P 1—bu

n

au2t2(X )
Z<m(xm)v"(i)_ T >”

= e_l’luée("‘mzvz)/(l_bu)E |:eXp{
k=1

_ 2,2 _
<e nuee(nau vo)/(1 bu).

The inequality holds for any u such that bu < 1. In particular, u = €/(2av® + €b) gives —ue +
av?u?/(1 — bu) = —(1/2)(¢?/(2av* + €b) and therefore

n 2
) 2_ .2 €/2
P<kE:1t(XkA)VkA >ne, [|t]l, <v ) SeXP(—n—2av2+6b).

O
As for 13,;, , we introduce the additional penalty terms and obtain that the risk satisfies
E(l6; —ol71e,) < Trilloy — o> + 4pen(m) + 32E( sup (¥ (r»%lg,,)
reBy . (01)
— 4E(pen(i) + K'A%, 42)

where Br’;’m,(O, 1)={t € Sy + Sy, |||z = 1}. Let us denote by

Gu(m) = sup [p{P (0]
teB™ ,(0,1)

m,m

the main quantity to be studied, where

. 1 ¢ |
FROEEDWIC AN/
k=1
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define also

y ¢
BP0 ==Y 1Xa) (VR + V).
n k=1

As for the drift, we write
E(G,, (7)) < E[(Gp, (R) — p(m.m))1g, ], +E(Bm, m))

< > E[(GLm)) — pm.m")1g,], +E(p(m, ).
m'eM,

Now we have the following statement.

Proposition 4. Under the assumptions of Theorem 2, for

2 2
p(m,m') = K*Gf{ Dm & Doy + o <—Dm + Dm,) }
n

n 70

where k* is a numerical constant, we have

—-D,s

m

E[(G2,(m') — pm,m))1g,], <cof®

n

The result of Proposition 4 is obtained from inequality (41) of Lemma 3 by a L?(r) — L®
chaining technique. For a description of this method, in a more general setting, we refer to Propo-
sitions 2—4 in Comte ([15], page 282-287), to Theorem 5 in Birgé and Massart [14] and to
Proposition 7 and Theorems 8 and 9 in Barron et al. [8]. Note that there is a difference be-
tween Propositions 3 and 4 which comes from the additional term |7 || appearing in Lemma 3.

For this reason, we need to use the fact that || 3, cx  BaWilloo/ Supsen,, 182l < 1 22 1¥allloo <
(rmax + l)D,]n/ 2 / Tré / for (¥)rea,, an IL2 (7 )-orthonormal basis constructed by orthonormalisa-
tion of the (g, ). This explains the additional term appearing in p(m, m’).

Choosing pen(m) > /?014 Dy, /n with & = 16«*, we deduce from (42), Proposition 4 and D,, <

N, <nA/In?(n) that

e~ D Eal“d)% A?

7o In*(n)

E(167 — oal2) < Tmillog — oal* + 8pen(m) + cof >
m'e M,

+ 64IE< sup (ﬁf)(r))z) +K'A?+E(|65 — 0fl2100).
t€B] (0.1

The bound for E(”&,%, —o? ||%]lg;l-) is the same as that given in the end of the proof of Proposi-

tion 2. It is less than ¢/n provided that N, <nA/ In? (n) for [DP] and [W] and an <nA/ In? (n)
for [T].
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Since the spaces are all contained in a space denoted by S, with dimension N, bounded as
right above, we have

1 2 AN,
E D)) < —E b2 (¢ < KCp o P2 —"
( sup  (5,7(1)) < sup (07 (1)7 ) < KCpo 0 ron =

teB] ;(0.1) 1e8,,lltlI=1

The result of Theorem 2 follows.

7. Proof of Lemma 1

Using Baraud et al. [4], we prove that, for all n and A > 0,

P(Q;) < 2nBx (g, A) + 20> GXP(—CO (43)

L®)
gnLn(®))’

where Cy is a constant depending on mg, 71, ¢, is an integer such that g, < n, and L,(¢) is a
quantity depending on the basis of the largest nesting space S, of the collection and is defined
below. We recall that N,, = dim(S,,).

We first prove (43). We use Berbee’s coupling method as in Proposition 5.1 of Viennet [32]
and its proof. We assume that n = 2p, q,. Then there exist random variables X ;‘A, i=1,...,n,
satisfying the following properties:

e Forl{ =1,..., p,, the random vectors l}g,l = (X[20t=1)gp+1]1A> - - -» X(zg_l)an)/ and l}jl =
(XFZ(/Z—l)q,,+1]A""’X?2£ Dan A)’ have the same distribution, and so have the vectors
Uz = (Xi@e-ngi11a - Xatg,0) and Uy = Xfigg_1yg, 411+ Xitg,0) -

e Fort=1,..., py, P(U€ 17 U*l) = ,BX(an) and P(U€ 2 F# U*g) < Bx(gnA).

e For each 6 € {1, 2}, the random vectors U Lsr e U 6 ArC independent.

Let us define Q" = {X;a = X[\,i =1,...,n}. We have P(Q;) < P(Q; N Q*) + P(Q*) and
clearly

P(Q™) <2puBx(gn) < nBx(gn ). (44)
Thus, (43) holds if we prove

P(QC N Q*) < 2N2 < A0 _n ) (45)
€X'
" 2o Aot

where L, (¢) is defined as follows. Let (¢;)rca, be an L2(A, dx)-orthonormal basis of S, and,
as in Baraud et al. [4], define the matrices

1/2
V= [(/ wf(x)gof/(x)dx) } ) B = (llgr¢3 loo)r. v x A, -
A AN EALX Ay

Then we set L,(¢) = max{p*(V), p(B)}, where, for any symmetric matrix M = (M. ),
p(M) = Sup{ax},zxafsl Z)L,)J lax|la | 1M, 50 1.
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We now prove (45). Let P*(-) := P(- N *). We use Baraud ([3], Claim 2 in Proposi-
tion 4.2). Consider v, (1) = (1/n) Y} [1(Xin) — E@(Xia))], Bx(0,1) ={t € S;, lltllx < 1}
and B(0, 1) ={r € Sy, [It]l = 1}. As,on A, mo < 7w (x) <71,

sup v, (12)| =

[ ‘ =
1€B(0,1) 1€S,/{0}

2
> 1 <m, sup v, (£9)].
llzllz 1€B(0,1)

Thus

P*( sup  [v, (1%)] Zpo) EP*< sup v, (1%)] Zﬂopo)

teB(0,1) teB(0,1)

=< P*< sup D laan|lva(@rga)] = 7T0,00>.

> hehn ”%51 AN EA,

On the set {Y(A, A) € A,zl, [V (@r02)| <2V (21x)' /%2 + 3B;,0x}, we have

sup Y laan v (@ren)] <20(V) 2102 + 3p(B)x.
> iehn “%51 AN EA,

By choosing x = (pom0)? /(1671 L, (¢)) and pg = 1/2, and recall that rp < 771, we obtain that

70
sup Y laray||va(@ai)| < pomo = ER
Yoean G =1

This leads to

P*(Qﬁ):P*( sup |vn(12)|z%>

t€By(0,1)

<P*({Y(1, X)) € Ap, v (@293)| = 2Vi 2m1x) /2 4 3B 0x}).

The proof of (45) is then achieved by using the following claim, which is exactly Claim 6 in the
proof of Proposition 7 of Baraud er al. [4].

Claim 1. Let (¢;)rcn, be an L2(A, dx) orthonormal basis of Sy. Then, for all x > 0 and all
integers q, 1 <q <n,

nx
P*(3(, 1) € Ap/lva(@202)| > 2V; 50 2m1x) /2 +2B), 0x) <2N; exp(—;)

Claim 1 implies that

c * 2 jT(% n
P(Qnﬁg )SZNH eXp —@m ,
n-~n
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and thus (45) holds true.

Again we refer to Baraud et al. [4] (see Lemma 2 in Section 10). It is proved there that, for
[T], L,(¢) < C¢N3. For [W] and [DP] (see Sections 2.2 and 2.3 above), L, (¢) < C;Nn. We
now use (43) to complete the proof of Lemma 1. By assumption, the diffusion process X is
geometrically B-mixing. So, for some constant 9, Bx (g, A) < e 92 Provided that A = A,
satisfies In(n)/(nA) — 0, it is possible to take g, = [SIn(n) /(@ A)] + 1. This yields

2 nA
P(Q€) < = +2n° —Cp——— ).
(€)= n* e exp( 0ln(n)Nn)

The above constraint on A must be strengthened. Indeed, to ensure (39), we need

nA  61In3(n) . -~ nA
— > —, le. N, <Cp 3
Nn CO In (I’l)

for [W] and [DP] . This requires nA / 1n2 (n) — 4o00. The result for [T] follows analogously.

Acknowledgements

The authors wish to thank the Associate Editor and anonymous referees for comments that helped
to significantly improve the paper.

References

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

[10]

Abramowitz, M. and Stegun, [.A. (eds) (1972). Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables. New York: Wiley. MR0167642

Banon, G. (1978). Nonparametric identification for diffusion processes. SIAM J. Control Optim. 16
380-395. MR0492159

Baraud, Y. (2002). Model selection for regression on a random design. ESAIM Probab. Statist. 6 127—
146. MR1918295

Baraud, Y., Comte, F. and Viennet, G. (2001). Adaptive estimation in an autoregression and a geomet-
rical B-mixing regression framework. Ann. Statist. 29 839-875. MR1865343

Baraud, Y., Comte, F. and Viennet, G. (2001). Model selection for (auto)-regression with dependent
data. ESAIM Probab. Statist. 5 33-49. MR1845321

Barlow, M.T. and Yor, M. (1982). Semi-martingale inequalities via the Garsia—Rodemich—Rumsey
lemma and applications to local times. J. Funct. Anal. 49 198-229. MR0680660

Barndorff-Nielsen, O. (1978). Hyperbolic distributions and distributions on hyperbolae. Scand. J. Sta-
tist. 5 151-157. MR0509451

Barron, A.R., Birgé, L. and Massart, P. (1999). Risk bounds for model selection via penalization.
Probab. Theory Related Fields 113 301-413. MR1679028

Beskos, A. and Roberts, G.O. (2005). Exact simulation of diffusions. Ann. Appl. Probab. 15 2422—
2444. MR2187299

Beskos, A., Papaspiliopoulos, O. and Roberts, G.O. (2006). Retrospective exact simulation of diffu-
sion sample paths with applications. Bernoulli 12 1077-1098. MR2274855


http://www.ams.org/mathscinet-getitem?mr=0167642
http://www.ams.org/mathscinet-getitem?mr=0492159
http://www.ams.org/mathscinet-getitem?mr=1918295
http://www.ams.org/mathscinet-getitem?mr=1865343
http://www.ams.org/mathscinet-getitem?mr=1845321
http://www.ams.org/mathscinet-getitem?mr=0680660
http://www.ams.org/mathscinet-getitem?mr=0509451
http://www.ams.org/mathscinet-getitem?mr=1679028
http://www.ams.org/mathscinet-getitem?mr=2187299
http://www.ams.org/mathscinet-getitem?mr=2274855

Penalized estimation of drift and diffusion 543

(11]
[12]

[13]

[14]
[15]
[16]
[17]
(18]

[19]

(20]
(21]
(22]
(23]
[24]
[25]
(26]
[27]
(28]
(29]
(30]
(31]

(32]

Bibby, B.M. and Sgrensen, M. (1995). Martingale estimation functions for discretely observed diffu-
sion processes. Bernoulli 1 17-39. MR1354454

Bibby, B.M., Jacobsen, M. and Sgrensen, M. (2002). Estimating functions for discretely sampled
diffusion-type models. In Handbook of Financial Econometrics. Amsterdam: North-Holland.

Birgé, L. and Massart, P. (1997). From model selection to adaptive estimation. In D. Pllard,
E. Torgessen and G.L. Yang (eds), Festschrift for Lucien Le Cam: Research Papers in Probability
and Statistics, pp. 55-87. New York: Springer-Verlag. MR1462939

Birgé, L. and Massart, P. (1998). Minimum contrast estimators on sieves: exponential bounds and
rates of convergence. Bernoulli 4 329-375. MR1653272

Comte, F. (2001). Adaptive estimation of the spectrum of a stationary Gaussian sequence. Bernoulli 7
267-298. MR1828506

Comte, F. and Rozenholc, Y. (2002). Adaptive estimation of mean and volatility functions in
(auto-)regressive models. Stochastic Process. Appl. 97 111-145. MR1870963

Comte, F. and Rozenholc, Y. (2004). A new algorithm for fixed design regression and denoising. Ann.
Inst. Statist. Math. 56 449-473. MR2095013

Dalalyan, A. (2005). Sharp adaptive estimation of the drift function for ergodic diffusions. Ann. Statist.
33 2507-2528. MR2253093

Daubechies, 1. (1992). Ten lectures on wavelets. CBMS-NSF Regional Conference Series in ap-
plied Mathematics, 61. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA.
MR1162107

Donoho, D.L., Johnstone, I.M., Kerkyacharian, G. and Picard, D. (1996). Density estimation by
wavelet thresholding. Ann. Statist. 24 508-539. MR1394974

Florens-Zmirou, D. (1993). On estimating the diffusion coefficient from discrete observations. J. Appl.
Probab. 30 790-804. MR1242012

Genon-Catalot, V., Larédo, C. and Picard, D. (1992). Nonparametric estimation of the diffusion coef-
ficient by wavelet methods. Scand. J. Statist. 19 319-335. MR1211787

Gloter, A. (2000). Discrete sampling of an integrated diffusion process and parameter estimation of
the diffusion coefficient. ESAIM Probab. Statist. 4 205-227. MR1808927

Gobet, E., Hoffmann, M. and Reiss, M. (2004). Nonparametric estimation of scalar diffusions based
on low frequency data. Ann. Statist. 32 2223-2253. MR2102509

Hoffmann, M. (1999). Adaptive estimation in diffusion processes. Stochastic Process. Appl. 79 135—
163. MR1670522

Jacod, J. (2000). Non-parametric kernel estimation of the coefficient of a diffusion. Scand. J. Statist.
27 83-96. MR1774045

Kessler, M. and Sgrensen, M. (1999). Estimating equations based on eigenfunctions for a discretely
observed diffusion process. Bernoulli 5 299-314. MR1681700

Kutoyants, Y.A. (2004). Statistical Inference for Ergodic Diffusion Processes. London: Springer-
Verlag. MR2144185

Pardoux, E. and Veretennikov, A.Yu. (2001). On the Poisson equation and diffusion approximation. I.
Ann. Probab. 29 1061-1085. MR1872736

Prakasa Rao, B.L.S. (1999). Statistical Inference for Diffusion Type Processes. London: Edward
Arnold. MR1717690

Spokoiny, V.G. (2000). Adaptive drift estimation for nonparametric diffusion model. Ann. Statist. 28
815-836. MR1792788

Viennet, G. (1997). Inequalities for absolutely regular sequences: application to density estimation.
Probab. Theory Related Fields 107 467-492. MR1440142

Received December 2005 and revised October 2006


http://www.ams.org/mathscinet-getitem?mr=1354454
http://www.ams.org/mathscinet-getitem?mr=1462939
http://www.ams.org/mathscinet-getitem?mr=1653272
http://www.ams.org/mathscinet-getitem?mr=1828506
http://www.ams.org/mathscinet-getitem?mr=1870963
http://www.ams.org/mathscinet-getitem?mr=2095013
http://www.ams.org/mathscinet-getitem?mr=2253093
http://www.ams.org/mathscinet-getitem?mr=1162107
http://www.ams.org/mathscinet-getitem?mr=1394974
http://www.ams.org/mathscinet-getitem?mr=1242012
http://www.ams.org/mathscinet-getitem?mr=1211787
http://www.ams.org/mathscinet-getitem?mr=1808927
http://www.ams.org/mathscinet-getitem?mr=2102509
http://www.ams.org/mathscinet-getitem?mr=1670522
http://www.ams.org/mathscinet-getitem?mr=1774045
http://www.ams.org/mathscinet-getitem?mr=1681700
http://www.ams.org/mathscinet-getitem?mr=2144185
http://www.ams.org/mathscinet-getitem?mr=1872736
http://www.ams.org/mathscinet-getitem?mr=1717690
http://www.ams.org/mathscinet-getitem?mr=1792788
http://www.ams.org/mathscinet-getitem?mr=1440142

	Introduction
	Framework and assumptions
	Model assumptions
	Spaces of approximation: piecewise polynomials
	Other spaces of approximation

	Drift estimation
	Drift estimators: non-adaptive case
	Risk of the non-adaptive drift estimator
	Adaptive drift estimator

	Adaptive estimation of the diffusion coefficient
	Diffusion coefficient estimator: non-adaptive case
	Risk of the non-adaptive estimator
	Adaptive diffusion coefficient estimator

	Examples and numerical simulation results
	Examples of diffusions
	Family 1
	Family 2

	Estimation algorithms and numerical results

	Proofs
	Proof of Proposition 1
	Proof of Theorem 1
	Proof of Proposition 2
	Proof of Theorem 2

	Proof of Lemma 1
	Acknowledgements
	References

