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We study the asymptotic behaviour of a system of interacting particles with space-time random birth.
We have propagation of chaos and obtain the convergence of the empirical measures, when the size of
the system tends to infinity. Then we show the convergence of the fluctuations, considered as cadlag
processes with values in a weighted Sobolev space, to an Ornstein—Uhlenbeck process, the solution of
a generalized Langevin equation. The tightness is proved by using a Hilbertian approach. The
uniqueness of the limit is obtained by considering it as the solution of an evolution equation in a
greater Banach space. The main difficulties are due to the unboundedness of the operators appearing
in the semimartingale decomposition.

Keywords: convergence of fluctuations; interacting particle systems; propagation of chaos; space-time
random birth

1. Introduction

In this paper we study a model of interacting particle systems with random birth which is
motivated by air pollution problems, arising for instance when there exist one or more
sources of pollution particles in a city. The emission of particles by the sources occurs
randomly in space-time. These particles travel through the air at random and interact together.
We wish to describe their behaviour during a finite time interval. Since the number of
particles is very large, we study more precisely the asymptotic behaviour of such interacting
systems, as the number of particles grows.

We consider for each n a system of n particles (Z"");<;<, that arrive independently at
time 7' and location Y| following a space-time distribution I'. Immediately after their birth,
the particles move and interact together, following a diffusion with weak interaction. Our
aim is to describe the behaviour of this system when the number of particles becomes
infinite. A simplified model of independent Brownian motions with random space-time birth
has been studied in Fernandez (1990). A law of large numbers and the associated central
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limit theorem were proved with techniques related to Gaussian processes, which cannot be
adapted when interactions are present.

We prove here a propagation of chaos result, meaning that the distribution of every fixed
k-particle subsystem of the n-particle system converges when n tends to infinity the to -
product Q%% of a probability measure O defined on the path space. (One says that the law
of the m-particle system is Q-chaotic). This type of asymptotic behaviour is beginning to be
well known for systems of diffusion processes (see, for example, Sznitman 1984; 1991), and
in exchangeable cases it is equivalent to the convergence in law of the empirical measure of
the system to Q. The main difference with the usual cases is that the empirical measure of
the system (Z%") jumps when a particle appears and the limit law will take into account the
predictable projection of the processes N' = l{zi<sy. We compare here the behaviour of the
particles (Z"")1<;<, with particles Y"" which are born at time 0, stay at Y, until time 7'
and begin to diffuse after 7°. Under Lipschitz continuity assumptions on the coefficients of
the underlying diffusion, one has propagation of chaos for the system (N’, Y") and the Q-
chaoticity of the system (Z*") is deduced.

In the second part of the paper, we study the fluctuation process 5" of the empirical
measure around the limit O, when the birth law has a density with respect to the Lebesgue
measure on R, X R?. Here, the fluctuations are the difference of two finite measures of
mass less than y/n and have jumps due to the birth phenomenon. Following Fernandez and
Méléard (1997), we prove the tightness of the fluctuation processes in a well-chosen
Sobolev space in which pathwise estimates are obtained. We show that for smooth
coefficients of the underlying diffusion, the limit fluctuation processes are solutions in the
space W, @+2D)D (the dual space of the weighted Sobolev space of order 4 +2D and
weight 1+ |x|?, with D =1+ [d/2]) of the equation

t
ne="no+ Wt+J L¥n,ds. (1.1)
0

W is a uniquely characterized white noise and L is the adjoint of an operator L, acting on
w2 But the operator L¥ is not bounded in Wy “"*?"? and a major difficulty is to prove
the uniqueness of the solution of (1.1). (In Fernandez and M¢léard (1997), the uniqueness
was obtained by a characterization of the finite-dimensional marginals already proved in
Sznitman (1985).) One considers L, as the sum of a second-order differential operator .~
and a perturbation term (K; — R;). We introduce the evolution system U(¢, s) associated with
Z and prove that if 7 = 5, — 7, is the difference of two solutions of (1.1), then 7 is solution
of the evolution equation

0 = JYU*U, (K, — R 7, dr. (12)
0

The main trick is then to show that the linear operator U*(¢, r)(K, — R.)* is bounded in
C~6+2D) " the dual space of Cg“D . The uniqueness is then deduced by Gronwall’s lemma.
This method is inspired by Mitoma (1985).

We conclude this introductory section by introducing the notation we will need.

For a Polish space E, (E) denotes the space of probability measures on E. For a
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measure m and a function ¢, (m, @) denotes the quantity [ ¢(y)m(dy). le (R2?) denotes the
space of functions of class C* with bounded partial derivatives up to order k on R?¢. K
denotes a constant which can change from line to line. All the notation and the main
properties we will use on weighted Sobolev spaces are developed in the Appendix.

2. The particle system

The n-particle system is obtained in two steps.

Let ' be a probability measure on R, X R¢ with finite second moments and b and o two
bounded and Lipschitz continuous functions defined from R>? into respectively R? and the
space of d X k matrices. We define the functions & and b on {0, 1} X R? X {0, 1} X R?

by:
o (x1, y1, X2, y2) = X100 (1, 32); b(x1, y1, X2, ¥2) = X102b(31, 12).
For a probability measure m on {0, 1} X R? and a function ffrom ({0, 1} X R%)? into R, we
denote f[x1, yi, m] = [(o1yxref (X1, Y1, X2, y2)m(dxa, dy»).
Let us consider (R. X R? X Co(R,, R¥)®” endowed with the product measure (I' ®

,,,,,

AAAAA

Nl[ = 1{Ti§t}7

. . | R . . . 1< . . . .
Vit = Y | NINo(rin, Yinds S | NN, YT ds
t 0 n = 0 S K K K n = 0 5 K K

t t
=7 +J G[NL, Y:", m"]dB! +J bIN', Y:", m"]ds, 2.1
0 0

where
1 n
ml = ;Zéwiﬂyin), Vs <T.
i=1

Then Y*" is equal to Y} if 7/ > and evolves following a diffusion interacting with the
other living particles if 77 < ¢.

By a standard contraction method, one can prove the existence and uniqueness of the
solution of (2.1).

We now construct the processes we are interested in. We denote by a an extra point (at
which the particles stay before they are born) and let RI=RIU {a}. The space R? is a
Polish space (endowed with the metric » defined by r(z1, z;), which equals ||z — z|| /\% if
zi#a and z; #a, 0 if z; =z, = a and 1 otherwise).

We introduce the continuous mapping ¢ defined from the Skorohod space D(R.,
{0, 1} X RY) into D(R,, RY) by
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if Xt # 0,

_ . J/r,
ox, y) =z where, V=0, z, = { " if x, = 0,

(2.2)
We define the interacting particle system with space-time random birth (Z%") <<,
Vie{l, ..., n} as follows:

a if Ni =0,

Yir o if Ni=1. (2.3)

For every ¢ in Ry, Z"" = (¢(N', Y"")), = {
We want to study the asymptotic behaviour (when » tends to infinity) of the empirical

measure u" of the system (Z"")i<j=n, which is the random probability measure on
D(R,, RY) defined by

1 n
n—=_ O gin. 2.4
u n; z (2.4)

3. The nonlinear limit process, existence and uniqueness

In this section, we prove the existence and uniqueness of the nonlinear processes which
appear as limit laws of the systems (N?, Y*") and (Z*").

Let us consider a probability space (Q,.7,.7;, P) with a standard R*-valued Brownian
motion (B;)=¢ and a random vector (z, Y;) with law I' on R, X R?, .7,-measurable and
independent of B.

Proposition 3.1. The solution of the nonlinear equation

t t

Ni=lgegi Y= Yoo | G0N Yo RIGB 4 [ BNL YL PIG G
0 0

exists and is unique, pathwise (given t, Yy, B) and in law. The nonlinearity appears through

Py, the marginal at times s of the distribution P of (N, Y).

Proof. We follow ideas of Sznitman (1991), but we need here to work on the Skorohod space.
For T >0 we introduce the space .Z(ZT) of probability measures on D([0, T], {0, 1} X R9)
with marginal on D([0, T], {0, 1}) equal to the law of N. We consider the mapping
Vi (D7) — #(Z7) which associates with every m € .Z(Z”) the law of (N, Y™)
defined by for t < T by

t

t
N, = L=y, Y=Y, +J G[Ny, Y™, my]dB; +J B[Ny, Y™, my]ds.
0 0
Observe that if (N,, ¥;) is a solution of (3.1) then the law of (&,, ;) is a fixed point of the
function 1, and conversely.
The space D([0, T], {0, 1} X RY) is clearly closed in D" = D([0, T], R**") endowed
with the Skorohod topology. We consider on the space .Z(Z” ) the Vasserstein metric Dy
defined by
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Dr(m, mz)zinf{J der(x, ) A Lm(dx, dy);

D7 XD
me @(DT X IDT) having marginals m; and V”Z}»

where d.r is the usual metric on C([0, T], R¥*!). We know that if A7 is the Vasserstein
metric for a complete metric inducing the Skorohod topology, then Ay < KD7; see Pollard
(1984) for details.

Let m', m* € .Z/(Z”"), and for i = 1, 2 let us associate the processes (Y') as above, and
denote by P the law of (N,Y’). For all ¢<T, it is obvious that
D/(P', P?) < Ep(supy=,|Y! — Y2|). Then using as usual the Doob and Cauchy-Schwarz
inequalities and then Gronwall’s lemma, we obtain

t
DX(P', P*) < KTJ DX(m", m*)ds.
0

This immediately gives the uniqueness of the solution of the system (3.1) on [0, T].
Moreover, a recursive sequence defined by the mapping v is Cauchy for Dy and then for Ar.
Since this last metric is complete, the recursive sequence converges and we get existence of
the law P solution of the system (3.1). Pathwise uniqueness immediately follows. O

Let us now describe the limit process Z on D(R,, Rd). This is defined by Z = ¢(N, Y),
where (N, Y) is the solution of (3.1) and ¢ is the mapping defined by (2.2). We call QO the
law of Z. R

For every ¢:R? — R, we define the extension ¢: R? — R by ((x) = ¢(x) if x € R?
and by ¢(x) =0 if x =a.

Observe that ¢(Z;) = N,;p(Y;) and if we denote by P, the law of (N, ¥;), and by O, the
law of Z;, we have

j@@mwzjw@wwzj xp() Pdx, dy). (32)
R Rd (0,1} xR

Moreover, O;({a}) =1— (0, 1) =1— (P, x) = 1 — P({1} X RY).

Let ¥ ={%, t=0} be the natural filtration generated by the process Z. Following
Jacod and Shiryaev (1987, p. 98), we obtain that for any function ¢ defined from R? into
R,

! I'(ds, d
Mot = [ [ =N i 5 33

([s, 0o] X R4)

is a & ;,-martingale.
Let ¢ € Cﬁ. Then by It6’s formula, the independence of (z, Yy) and (B;, t = 0) and (3.3),
we obtain that
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t

! o 1
o(Z) — 9(Zo) — Jow)*(zs)b[zs, 0]ds - ELW*(ZS)a[ZS, 0,1V0(Z,)ds
! I'(ds, dy)
B UW“ ~ N0 E s % RY)

is a ¥,-martingale, where b[Z, Q] =b[N,, Y, P, 6[Z, Q] =GN, Y, P] and
al[Zs, O] = 6[Z,, O,16*[Z,, O,]. By taking expectations, we deduce that

(3.4)

(O &) = (Ov &) + L(Qs, Vo* ()bl 0,]ds) ds

" %JJQ" Vo*(al, QIVe()) ds + L J L, POIT(s, dy). 3.5)

4. Propagation of chaos

Let E be a separable metric space. A sequence u” of symmetric probability measures on E”
is said wu-chaotic (v € Z(E)) if for each k=1 and ¢y, ..., ¢ € Co(E),

dim (@ © g @@ ) =TI (u, ).

Let us consider a sequence of processes with u-chaotic initial conditions (for example,
independent initial data with the same law u). There is propagation of chaos if the laws of the
processes on a time interval are P-chaotic, P being a probability measure on the path space.
(The chaos propagates during time.) That is equivalent to the convergence in law of the
empirical measures of the processes to P (cf. Sznitman 1991).

Theorem 4.1. Given independent random variables (t', Y{)ien with second-order moment
law T, given Lipschitz continuous functions o and b, and letting Q" be the distribution of the
interacting particles with random birth (Z'", ..., Z™") on D([0, T], RY)", then we have
propagation of chaos and Q" is Q chaotic. We deduce that the empirical measures u"
converge in law (and in probability) to P

We first show the propagation of chaos for the system (N?, Y»™"). We prove a stronger
result. Given (7', Y{)i</<, and (B')j<;<n, We consider n independent copies (N', ¥Y')j<i<,
of the solution of (3.1):

t t
N = gy Y=Y +J G[N., YL, P]dB! +J B[N, Y, P]ds, 4.1)
0 0
where P, is the law of (N, Y!). Then the following proposition holds.

Proposition 4.2. For any i =1 and T >0, sup,nE(sup,<7|Y:" — Y}|*) < +o0, and then the
sequence (P") is P-chaotic, where P" is the law of ((N', Y'7"), ..., (N", Y™")) on
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(D([0, 71, {0, 1} X R¥)".

The result is easily proved following the same lines as Sznitman (1991, p. 174)
(essentially Lipschitz continuity, Gronwall’s lemma and independence properties). We obtain
Theorem 4.1 by the following continuity argument due to Sznitman (1991, p. 179):

Proposition 4.3. Let E and F be two Polish spaces and ¢ a continuous function from E to F
If u" is a sequence of laws on E" which is u-chaotic, then v" = u" o (¢®")~' is v =
u o (¢)~'-chaotic.

We apply Proposition 4.3 with E = D([0, T], {0, 1} X R?), F =D([0, T], R?) and ¢
defined in (2.2). The law (Q") of (Z'", ..., Z™") is then equal to P" o (¢®")~! and the law
O of Z is equal to Po¢~!, P given by (3.1).

5. Tightness of the fluctuation process

In this section, we study the fluctuation processes 7" = {n/, t = 0} defined by

n" =+/n(u" — Q),

where u” is the empirical measure of the n-particle system (Z"", ..., Z"") and Q the limit
law. For every ¢, the measures u" and Q, are probability measures on R but are considered
as finite measures on RY (with mass less than 1) by identifying (u?, ®) and (u”, ¢) (¢
defined in the previous section). Then the fluctuation process #” is considered as taking
values in the space of signed finite measures on R?. Observe that @(Z:") = Nip(Y:") and

1< . I
nf o) = ﬁ(;Z w(Zy") = (O <0>> = ﬁ(;ZNiw(Y?”) - quo(y)Pt(dx, dy))-
i=1 i=1

Throughout the following, let us consider the (N’, Y%);~; defined in (4.1) and the independent
copies Z' = ¢(N', Y') of Z.
Remark 5.1. Observe that since ((Z:") = Nip(Y:"),

1P(Z:") = P(ZD] < lo(Y") — oY), [P(Zi™M)| < lo(Ys™)| and [p(Z))] < [o(Y))].

In this section and the next we will require the following hypotheses.

Hypotheses H.

(Ho) The probability measure T has a density y(s, y) on Ry X R

(Hp) T([T, +o0] X RY)>0.

(Hy) E[Y}[*P] < +oc, where D =[d/2] + 1.

(HP) supseqo.ry [ re(1 + [¥[P)(s, ) dy <+00, f) [ra(l+ [¥*P)y(s, y)dyds < +oc.
(Hy) o, b€ CLTPR).
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We first give pathwise estimates for the processes; the first is standard and the second
can be proved following Hitsuda and Mitoma (1986, Lemma 1).

Lemma 5.2. We have the following inequalities:

t<T

supE(sup|Y§’”8D> <400 VI=is<n, E(squ§|8D) <400 Vi=l; (5.1)
n t<T
: K
E<sup|Y;" Y! |4) = (5.2)
<T n

Proposition 5.3. For every n and t, 5} belongs to W_(H'D)’ZD and

sup SuPE[”’?tH “(+p)2p]l <00 (5.3)

n t<T

Proof.

IR e
= n(%Z(q;(zﬁ’")—@(zi)))+\/—<%Z¢(Z’;)—<Qf, <p>>
i1 =1

= 51(@) + T{(®)

We choose a complete orthonormal system (¢,),=0 in WE)HD)’ZD, and have

}]%%;\<waﬁ erﬁ>

p=0 p=0 p=0

For the first term,

(supZS”(qop) > (supzz |, (Z5") — <pp(Z’)|2> by convexity

ST p=0 p=0 i

(S“PZ Z lop(Y5™) (Pp(Y§)|2>, by Remark 5.1

p=0 i=

1/2 1/2
smmGwmmﬂQ EGga+WM”+YW%>
1<

t<T
< +o0,

by (7.4), Remark 7.2 and Lemma 5.2. For the second term,
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n
i=

E <Z T:’<¢p>2> = 3°E (Z @i,(Zi)) = 3°E <Z q)iﬂ’;))
i=1

p=0 p=0 1 =0

<KE(1 + |Y!*P) < +o0,

by (7.5) and Lemma 5.2. We conclude by using Parseval’s identity. O

To obtain pathwise tightness, we need more than (5.3) and will use the stochastic
differential equation satisfied by the process #”. Taking into account that I has no atoms,
we obtain that for every function ¢ € Cﬁ,

t

(Wt o) = (il @) + Lw;a L) ds

n

.- 1 ! i (s, )
RGOS || a-mem s s e 64

where M "(¢) is a martingale, and the operator .~ is defined for every probability measure m
on R? by

Lo =13 e ML 0+ 3 btz m 22 (5.5)
=L (Y - 2 P L= 821821 o iL<» 62,— s .
where a[z, m] = o[z, m]o[z, m]*.
From (3.7) and (5.4) we deduce:
Proposition 5.4. For every ¢ € Cﬁ,
t
M) = (1t o) = (o) - | (r2, Lo as (5.6)

is a martingale with quadratic variation {M"(@)), = JH Vi(p)ds, where
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L(u)p(z) = 2 (ug)o(2) + K(ug)p(2) — Ry(p),
. 4 e 1 <L &0 .
K(fus)(P(Z) = <QS> ;a_zjbj(’ Z)> + <Qsa Ej’l:lm/ljl('a Z, Ug, QS)>»

Ry(p) = JWQJ(J’)F([S,Y((;—’]J;ZM dy (conmstant function in z),

2

k d b
Vip) = <u;’, > Za—fojhh ] > + R(@*)(1 — ul(RY),
j=174

h=1
k
A,z ul, 0) =Y (o', Doulz', ull + ou(Z', Doulz’, Q).
h=1

Proposition 5.5. Let (¢,),=0 be a complete orthonormal system in W(l)“)’w of functions of
class C* with compact support. Then

supZE(supM (¢p) ) < 4005 hence supE(suI;HM;’HZ(HD),ZD) <400  (5.7)
n <

n =0 t<T
and (M?) is a Wa(HD)’ZD—valued martingale.

Proof.

S EMie,H) < E J <”zk:<zd:8(p ot ])2>

=0 p=0 h=1

+ZE<J R m(w’))ds)

p=0

The use of (7.6) and Lemma 5.2 leads us to obtain, as in the proof of Proposition 5.3, that the
first term on the right-hand side is finite uniformly in »n. For s less than T,

2 ) y(s, ¥) v(s, »)
;RS((/)”)_;)JW%(”r([s i = | JD 0 G e &

< 4D &
< KJW(I + |yl )F([s, o] X R dy (Lemma 7.1)

L 4D
N KF([T, o] X RY) an(l + 1", y)dy,
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and EPBOE[IOT RS((pi,)(l + u"(R%))ds] is finite thanks to hypotheses (Hp), (H{) and since the
measure u” is a finite measure with mass less than 1. O

The following lemma will drive us to prove the tightness of the laws of (#”) in the
bi ~(2+2D),D
igger space W, .

Lemma 5.6. For every n, for every s < T, the random operators £ (u!), K(ul) and R, are
linear continuous mappings from W(2)+2D’D into W(1)+D’2D and, for all ¢ € W(2)+2D’D,

2 2 2 2
Lol pap < Ki(T, 0, Dl|¢l52pps IKu)el1pop < Kao(T, 0, D@ll212p.p5

2 2
||Rs(<P)||1+D,2D =< K3(T, o, b)||(/7H2+2D,D-

The constants Ky, K,, K3 do not depend on n or on the randomness.

Proof. The proof of the two first inequalities is the same as in Fernandez and Méléard (1997,
Lemma 3.7). For the last inequality, observe that Ri(¢) is a constant function and

y(s, ¥) ?
) dx 2
. (JW“’ T([s, ool X R) ) _ y(s, )
HRs((/’)||1+D,2D = JRi 1+ \x|4D dx < K(JW(P(J’) T([s, o] X RY) d)’)

1
< K||<P||§+zn,um (JWU + 1y (s, ) dy>2

< K|¢l3,2pp  thanks to (Hp), (H}). O

. . —(2+2D),D
We can now prove a pathwise estimate on Wo( +2D).D,

Proposition 5.7. Let (y,),=0 be a complete orthonormal system in W§+2D’D. Then

supE (Z sup (77, wp>2> < o0, hence sup E (fu}jT)an |2(2+2D)’D) <+4o00. (5.8)
n =<

n >0 1<t

Proof.

E <Z sup (177, 1/’p>2> <K (E(||776'||2_(2+2D),D) +E <L ZW?a L) dS)

p=0 t<T p=0
+E (z M’%(w,»z)
p?O

Considering the random linear form H(y) defined on W, @+2D).D by Hi(y)=
(n, L(u")y), we deduce from Lemma 5.6 that
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n|2 n n ny2
| H H—(2+2D),D = Z<773a L(#S)Wp>2 < K||n{ ||—(1+D),2D everywhere.
pBO
Then by Proposition 5.3, sup,,E(foTZ p=0{nys L(u"),)* ds) < +oo, and we conclude with
Proposition 5.5. O

Proposition 5.8. For every integer n, the processes 3" and M" have paths respectively in
D([O, T], Wa(2+2D),D) and [D([O, T], Wa(lJrD),ZD).

Proof. The proof is immediate by using (5.8) and (5.10) and the fact that for every test
function ¢, the processes (177, ¢) and M7 (¢) are cadlag. O

Applying It6’s formula to ¢(Z% ")1/)(2] "), we obtain that #” is a semimartingale
with values in the Hilbert space W 22DP 5 the  solution of the following
stochastic differential equation (in WE(HZD)’D):

t
0l - LLw:)*n: ds = M, (5.9)

where L(,u:,’) is the adjoint operator of L(u}), and M} is a square-integrable martingale
belonging to W (1*P)2P with Doob—Meyer process <<M”>> taking values in £ (W27,
W (P12P) and defined for every ¢, ¢ € WytP*P by:

(M™) - p(y) = (M"(p), M"()),
k t . d an ) d
:;L<ﬂsa ;a—xjo‘jh[', U] Z:a_ il ] >ds

+ L((l — ! (R)R(p)) ds. (5.10)

Proposition 5.9. The zntegral term jo L(,uf) nids in (5.9) is for every n well defined as a
Bochner integral in W @+2D

Proof. Following Yosida (1978, p. 132), and since W @+2D)D g separable, it suffices to
verify that:

1. for every (,b € W2+2D D the mapping s — (L(,ub) n?, ¢) is measurable;

2.y Gy 2l <2+2D)Dds<+00

The first assertion is immediate. For the second, we consider a function ¢ in W§ P and
remark that

(L) 05, o)) = ), L))l < [ndll-a+penlll Lol pap

< K|[n-a+py2plll@ll2420,0 by Lemma 5.6,
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and ||L(p¢;‘) N8 -2420).0 < Ksups<r||n?||—(1+p)2p, Which is finite almost surely. Indeed,
following the proof of Proposition 5.3, one can show that E(sup,<T||17,|| ") < Kn.
Then the integral is finite almost surely.

We now recall a tightness criterion for Hilbert-valued processes due to Joffe and Métivier
(1986, p. 395).

Lemma 5.10. 4 sequence of (Q", F)-adapted cadlag processes (Y"),=1 with values in a
Hilbert space H is tight in D([0, T, H) if both following conditions hold:

I. There exists a Hilbert space Hy such that Hy“— ysH and such that for all t < T,
2
sup,E[[| Y 7[%,] < +o0.
Il. (Aldous condition). For every €,&; >0 there exists 0 >0 and an integer ny such that
for every (F?7)-stopping time T, < T, Sup,=n,Supg<s P[|| Y} o — Y] ||lu = &1] < &2.

Theorem 5.11. The sequences of laws of (M") and (n") are tight in D([0, T1, W6(2+2D)’D).

Proof. By Propositions 5.4 and 5.7, Condition I is satisfied for (M") and (") with
Ho = Wy "2 and H = w; PP since the embedding W, " " W GH2DLD s of
Hilbert—Schmidt type (see Appendix).

Condition II will hold for (M") if it holds for the processes (A"), where A} is the trace
in W, @RDLD 6 ((M™)) (Rebolledo’s theorem, cf. Joffe and Métivier 1986 p. 40). If,
furthermore IT also holds for the processes fd LQuf)*n;’ ds, then it holds for (") as well.
The previous estimates easily imply these properties. O

We conclude this section with a regularity result:

Proposition 5.12. All the accumulation points of (") in D([0, T, W(;(“ZD)’D) are
continuous.

Proof. Since the law I' has a density, (3.5) implies that the flow (Q,),=¢ is continuous. The
jumps of " and u" happen at the same time and the absolute continuity of I' implies that a
unique particle jumps at every jump time. Then for every function ¢ in WHZD b

lo(Yo)| 1+ [Yg/”
no)— (o) < sup P < g sup — 2ol
[}, @) — (-, )| < sup Jn H<P||2+ZD,DI§IZ%£}1 NG

1=sis=n

>

and sup,<,||n" — 7" || —@+2p).p < Ksupi<i<,(1 +|Y§|P)/(v/n). But

L+ [Tl ! i (4D
Pl gKmE(lzszn“*'Yo )

( S a+|y) |4D> < ”4, thanks to (H)).
1<i=n
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Thus (sup,<.||77 — #7-||-2+2p),p) converges in probability to 0 for every real number u less

than 7T, and by Jacod and Shiryaev (1987, Proposition 3.26) we deduce that 7 € C([0, T],

e BT limit point 0
0 ) for every limit point 7.

6. Characterization and uniqueness of the fluctuation limit
process

This section contains the most original part of our work. We prove the uniqueness of the limit
fluctuation process. The first step is to obtain the limit values as solutions of a stochastic
differential equation. It is not possible to take the limit as # tends to infinity of each term of
equation (5.9) in W, @r2DrD gince by the properties of L(u}), tightness of " in W, @+2D)D
does not imply tightness of L(u;’)*n" in this space. So we need to consider the processes 7"
as taking values in W @+2D).D “and the limit equation is obtained in this space, under more
restrictive assumptions on o and b. The second difficulty is related to the unboundedness of
the linear operator L(Q;). We consider it as the second-order differential operator Z'(Q;)
perturbed by K(Qs) — R,, and express the limit values of #” as solutions of an evolution
equation in the space W @+2D.D - Estimates given by Kunita (1984) about the flow of
solutions of the stochastic differential equation associated with #(Qy) allow us to show that
the corresponding evolution system is continuous in C~©*22) and to prove uniqueness of the
limit fluctuation process in this space.

Theorem 6.1. The sequence (M"),=1 converges in law in D([0, T1, WS(HZD)’D) to a
continuous Gaussian process W with covariance given for all @i, @) € W%”D’D by

s & NGy 4. D¢,
E(W[((ﬂ])° Ws(q)Z)) :JO Z<Qs: onh['a QS] Wo'jh['s Qs] >dS
h=1 = 7 Jj=1 "
SAt
+ jo Ri@rp2)(1 — O(R%) ds. 6.1)

Proof. Equation (5.9) implies that #” and M" have the same discontinuities as processes
belonging to D([0, TTW, QHD)’D). Then Proposition 5.12 implies that the accumulation
points of the sequence (M") are continuous. On the other hand, it is easy to prove that the
covariance process of M”" defined in Proposition 5.4 converges to the covariance process
defined by (6.1), arguing the convergence of u” to Q (as a consequence of the propagation of
chaos). The limit points of the sequence (M”") are thus square-integrable continuous
martingales with a deterministic covariance process and are then equal to the Gaussian
process with covariance given by (6.1). O

Let us now characterize the limit points of the sequence of fluctuation processes.

Theorem 6.2. Let us assume Hypotheses H and assume, moreover, that o and b belong to
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C”ZD (R29). Then each limit point 1 of the sequence (") is an Ornstein—Uhlenbeck process
solutlon of the following stochastic differential equation in W @+2D)D.

t
75 — o — J L0y, d, = W, 6.2)
0

where W is defined in Theorem 6.1 and L(Qy)* is the adjoint of L(Qy) defined in Proposition
5.4.

Proof. Let us consider equation (5.9). The sequence (77”) is tight in W, @r2D)D pecause of
the continuous embedding of W, *™*?"? in w,#P-P.

If we assume that o and b are in C2+2D (de) we can easily prove that the operators
L(u?) and L(Qs) are continuous from W(4+2D)D into W(2+2D)D, and, more precisely,

| L(uD)pll2420,0 < K||@||l412D,05 | L(Qs)@||242p.0 < K||@l||4+2D.D> (6.3)

K being independent of » and of the randomness as in Lemma 5.6. We deduce from these
inequalities that the integrals jo L(u? Y*n,ds and fo L(O,)*n, ds appearing in (5.9) and (6.2)
are well defined as Bochner’s integrals in W_(4+2D).D and that %" is the solution of (5.9)
in W_(4+2D)D Let us now consider # an a{)ccumulation point of the sequence (1") and
prove that 7 is the solution of (6.2), meaning that for every (p € WD (i ) —
(8 @) — [y (nts Lu!)(@)) ds — M (9) tends to (1, ¢) — (10, @ J}) 1ss L(O)(@)) ds —
W,((p)

1o is well defined as the limit in Wy “"2P"P of \/n(u — Py). Indeed, (3{) is tight by
projection at time O (there is no jump at time 0), and the values (19, @) are characterized
by the central limit theorem.

The mapping a — {as, @) — {ag, ¢ J}; (g, L(Qs)(@)) ds is a continuous functional on
C([o, T} ZVE 1;4” ) and the sequence (") is C-tight by Proposition 5.12, so for every
oc W( t2p). , (@) — (i, @ jo n7, L(Os)()) ds converges to (17,, @) — (1o, @ fo

(1155 L(QS)(g0)>ds when n tends to infinity. It remains to prove that f (i, L(ul )((p)
L(Qs)(@)) ds tends in law to zero.

But L(ui)(p) — L(Qs)(p) = Z(ug) — Z(Os) + K(uy) — K(Qs) and does not depend on
R;. The proof of this convergence is the same as in the proof of Fernandez and Méléard
(1997, Theorem 5.5) and we do not repeat it here. Ol

Our next step is to prove the uniqueness of the solution of (6.2). We will prove the
pathwise uniqueness. If #; and 7, are two limit points of the sequence #” in
C([0, T], Wy, #2P+P), the difference # = 17, — 1, is the solution of

t
= J L(Qy)* 7 ds.
0
Since the operator L(Q;) is not bounded in W, (4+2D).0
inequality to obtain 7, =0, V¢ € [0, T].
Let us prove that 7 is solution of an evolution equation and show the uniqueness of the
solution of this equation in the bigger Banach space C~¢+2D),

, we cannot directly apply Gronwall’s
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Let B, be a standard Brownian motion. Assume that o, b € C{;“(IR”) for j a positive
integer. Then (see, for example, Kunita 1984, p. 227), the flow (X(x)) defines a (-
diffeomorphism, where X(x) is the unique solution of the It0 stochastic differential
equation starting from x € R? at time s:

Xo(x) = x+ JIO[Xsr(x)a O/]1dB, + th[Xsr(x)a Oldr.

S s

For any ¢ € Cﬁ, let U(t, s)@ be defined by
(U(1, 5)p)(x) = E(@(Xs(x)))- 6.4)

Taking expectations of both sides of Itd’s forward and backward formulae, using Fubini’s
theorem and the fact that

sup sup E[|D'Xy(x)[*] < +oo, Vi<, (6.5)

yeRd 0<s<(<T

(cf. Gihman and Skorohod 1972, p. 61, Theorem 1), we obtain the backward and forward
equations for every ¢ in C/, j =3 and x € R’:

0 ;
5; (U 9)9)x) = (U(1, $)Z(Q)e)(x)

0 .
75 (Ut 9)9)x) = —Z(Q)(U(1, )e)(x). (6.6)

We will show that equations (6.6) are satisfied in the Banach space Cg*w , by interpreting the
integrals [ U(r, s)(£(Q,)¢)dr and [ £(0,)U(t, r)e)dr in C3™P.

We study the properties of £(Q;), K(Q;), R, defined in Proposition 5.4 and considering
as operators on the functional spaces CJ, j = 0. We need a a regularity property for R, and
introduce for this reason a new assumption on I':

(H3) There exists a function g € L'(RY), and such that for every ¢ € [0, T], for every
y € R, y(t, y) < g(»), and the mapping ¢ — y(t, y) is continuous on [0, T].

Lemma 6.3. Assume Hypotheses H and (H3) and 0, b € Cﬂ(RZd), Jor a given integer j. Then
for each t € [0, T, £(Q)) is defined from C‘{)+2_ into C} and K(Q,) from C} into itself. The
operator R; sends Cg (and then every space C{, j = 1) into the space of constant functions
which is included in all C}, j = 0. Moreover, we have

(@l < Killell g2, (6.7)
IK(@)elles < Kalloll < Kallolleys V=2, (6.8)
IR@c; = Kslloll 3 (6.9)
and if o and b are in C{fl([de) and ¢ in C), j =3,
1K(@p — K(Q)ollc; < K|t = sl < K|t = sl o]l - (6.10)

The proof is easy and left to the reader.
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Lemma 6.4. Assume that o and b belong to C! ([R?M) Then

VpeCh  sw U 99l < Kloll, (6.11)
Voe Gyt U)o = U Nolle < Kls = ' [lo]l . (6.12)

Proof. As detailed in the Appendix, ||(/’Hc-f = ZZ< Sup,cre| DF@(x)|. Observe that
sup\E(qo(Xsf(x)))\ SupE(|§D(Xst(x))|) sup|p(2)|

and

d )
sup| V<E(p(Xy())] < sup ) E ( ‘ . (w(Xw(x)»D
X x i

(Pz, (Xst(x)) (Xst(x))

i=1

)

d
0
<sup) <|<o;.<z>sup E (’ (X0

Z =1

supZE(

)) < sup|Vo(z2)|, by (6.6).

For the other terms we obtain similar bounds.
The proof of the second assertion (the continuity property) is obtained in the same way
by using the mean value theorem and Kunita (1984, p. 211), which asserts that

sup E(| X (x) — X (x)|?) < K|s — #|?/>  forany p > 2. O
xeR?
Thus we deduce from Lemmas 6.3 and 6.4 that if ¢ belongs to C5™”, the functions
U(r, s)(Z(0n)¢) and £ (Q,)(U(t, r)p) are Bochner integrable in the Banach space Cgyt?”
and we obtain (6.6) in Cj?:

J‘Um N(Q)p)dr = U1, )¢ — @5 — j LUt @) dr = ¢ — U(t, s)p.  (6.13)

Theorem 6.5. Assume Hypotheses H and (Hi) and take o, b€ C2+2D(R2d) Then the
sequence (") converges in law to a continuous process n in ([0, T1, W, (@+2D), D) which is

the unique Ornstein—Uhlenbeck process solution of the generalized Langevm equation (6.2)
in W—@4+2D).D
0 .

Proof. As can be seen in Jacod and Shiryaev (1987, p. 484), the white noise in (6.2) is a
Gaussian martingale with respect to the filtration generated by (W, %), if 7 is a limit point of
(n™). Then we can adapt to our context the Yamada—Watanabe theorem (cf. Revuz and Yor
1991) and the pathwise uniqueness in (6.2) will imply the uniqueness in law. Let us now
prove the pathwise uniqueness. Let us consider two solutions, ' and 7% of (6.2) in
cqo, 11, w, (4+2D)’D), driven by the same white noise. So
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! *
b=~ = | Ly

and this equation also makes sense in C~“#+20) since W,“*"*P»P ¢ C-4+2D) (see the
Appendix).
For ¢ € C§™P and t < T, let us consider

d . d . _d
_<nl‘9 U(ts V)(P> = <_77r9 U(t’ I")QD> + <77r; 5 U(ta V)QD)

dr dr
= (L(Q)* 71, U(t, @) — (7, Z(0)U(1, P)op)
= (11, (K(Q)) — R)U(t, r)o). (6.14)

The first derivative is obtained by a differentiation theorem for the Riemann integral and the
second derivation is obtained thanks to (6.13). The continuity of »r — K(Q,)p, r — R, and
r— U(t, r)g in C¢™P, and r — 7, in C~#+2P) proved respectively in Lemmas 6.3 and 6.4
and Proposition 5.12, implies that the term (77, (K(Q,) — R,)U(t, r)¢) is continuous in r» for
every function ¢ in C§™?P. Then we can integrate (6.17). The equality being satisfied for
every function ¢ € C5™P, we deduce that in C~(¢+2P),

i = [ Ut k@) - Riar
The integral term is well defined as Bochner’s integral since Vo € Cg+zn , Vrel0, T,
(U (1. (K Q) = R T1r. @) = [(i1r, (K(Q) = ROU(L, 1)9)]
< |77/l -24+20), 0 |(K(Or) — RHU(L, ¥)@||242p,0
< 7:l-+20)20ll(K(Qr) = RHU(L, 1)@l 220 by (7.2)
< 17:]l-@+2020K(T, 0, D)|U(2, r)l| 220 by Lemma 6.3
< 17/-+2p)20K(T, 0, b)K(S)||(pHC5+zD by Lemma 6.4

< K(T, 0, D)[7:]-e+2p20 @] cor20-

Proposition 5.7 implies that at the limit, sup,<r||%,||—@+2p)2p is finite almost surely and
|U*(t, PY(K(OQ)* — R¥)ij,||c-asn is integrable. The proof is concluded by using Theorem 1
of Yosida (1978, p. 133). O

Since the operators U*(t, ), K(Q,)* and R* are linear continuous mappings from
C~6+2D) into C~+2D) (thanks to Lemmas 6.3 and 6.4), we obtain by Gronwall’s inequality
that

7, =0, for t € [0, T7.
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Appendix: Weighted Sobolev spaces

For every integer j, a € R, let us consider the space of all real functions g defined on RY
with partial derivatives up to order j such that

1/2
|Drg()]?
lall= (22| e ax] <+oc.
k<j
where |-| denotes the Euclidian norm on RY, and if k = (ky, k», ..., ky), then &k = Zl 1 ki
and D¥g = 9kg/ 8x . axf}’ Let W’ be the closure of the set of functions of class C*

with compact support for this norm. W’ *“ is a Hilbert space with norm |||| ;. We will denote
by W, its dual space.

Let C/* be the space of functions g with continuous partial derivatives up to order j and
such that limj,_.|D¥g(x)|/(1 + |x|*) =0 for all k < j. This space is normed with

DF g(x)
\Igllcmstu ID”g)l

xE[Rd 1+ |x|a

and C/? is denoted by C’ Let C™/* be the dual space of C/%; for & =0, C~/ is the dual
space of CJ.

We have the following embeddings (see Adams 1978 — in particular, the proofs of
Theorem 5-4 case C and Theorem 6-53 can be adapted without difficulty for weighted
Sobolev spaces):

; . d
Wyt ¢ for m>5,j =0 and =0, and |glcic < K| gllm+/a

Cleswi®, for a>d/2,j=0, and |glj«< Kllglle;- (A1)
We also have
4 : d d
W Wi >5.0=0.a=0>7,

where HS means that the embedding is of Hilbert—Schmidt type, and
||g||j,a+ﬁ = K||g||m+j,a~ (AZ)

We deduce the following dual embeddings:

) (mLi d
Ccrc, WO (m+]),a’ m >§’ j=0,a=0,

Wy s Ca>d/2, j=0,

- o d d
WO_/,(L+[3(_)HSW0 ("HJ),“, m >5’ j=0,a=00 >5.

In the following lemma, we consider some linear operators appearing in Sections 5 and
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6. The parameter D is the first integer strictly greater than d/2, so D =[d/2]+ 1. (The
above inequalities justify the rule of D.)

Lemma 7.1. For every fixed x, y € R? the linear mappings Dy, Dy, H,: W(I)JFD’ZD SR
defined by Dy(¢) = @(x) — @(»), Di(¢) = @(x) and H,(¢p) = Zd 99 () are continuous and

j=13x,
| Dy ll—a+py2p < Kilx = y[(1 + [x*P + [y[*P), (A3)
[ Dell—(14py20 < Kol + |x[*), (A4)
I Hell 1+ pyap < K3(1 + [x[*?). (A.5)

Proof. Let ¢ be a function of class C* with compact support on R?. Then
d
¢
PR
=1 9

< Klx — | + (x| + [y ellarpep  from(7.1)

. where |ul < |x| +y]

lp(x) — e(»)| < |x — y|sup

< Kilx — yI(1 + [x[*° + [y*P)ll @l 1+ p)2-

Then (A.4) follows from the definition of || -|—4+p2p and by a density argument.
Inequalities (A.5) and (A.6) are proved in a similar way. Ol
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