Existence and multiplicity of solutions to fourth
order elliptic equations with critical exponent on
compact manifolds

Mohammed Benalili

Abstract

This paper deals with some perturbation of the so called prescribed scalar
Q-curvature type equations on compact Riemannian manifolds; these equa-
tions are fourth order elliptic and of critical Sobolev growth. Sufficient con-
ditions are given to have at least two distinct solutions first without using the
concentration-compactness technic but with a suitable range of the parame-
ters and secondly by using the concentration-compactness methods.

1 Introduction

Let (M, g) be a Riemannian compact smooth n—manifold, n > 5, with metric g,
we let H3(M) be the standard Sobolev space which is the completion of the space

3 (M) = {u € C¥(M): |ull,, < +oo}

with respect to the norm ||u|,, = Y7 o Hvlqu.

We denotes by Hy, the space H3 endowed with the equivalent norm

1
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lull iy = (183 + [ Vul + i)
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We investigate multiple solutions of the equation
Au+ Vi(a(x)Vi) +h(x)u = Fx) [N 20+ A ju]7?u +eg(x) (1.1)

where g, h, f and g are smooth functionson M, N = % is the critical exponent,
2 < g < N areal number, A > 0 a real parameter and € > 0 any small real
number. Since the embedding Hy — HE (k = 0, 1) fails to be compact, as
known, one encounters serious difficulties in solving equations like (1.1).

In 1983, Paneitz [8] introduced a conformal fourth order operator defined on
4-dimensional Riemannian manifolds which was generalized by Branson [3] to
higher dimensions.

. —2)2 44 4 . n—4
PBy(u) = A% + div(— " R.g+ ——Ric)du + Q"
o(u) u + dio( 21 —1)(1—2) g—|—n_2 ic)du + 5 Q"u
where Au = —div (Vu), R is the scalar curvature, Ric is the Ricci curvature of g
and where
1 n? —4n 4 16n — 16 2
"=_——AR Spp—) 7
Q=R Je—rm 2z X T o2y R

is associated to the notion of Q -curvature.
We refer to a Paneitz-Branson type operator as an operator of the form

Pou = A%u + Vi(a(x) Vi) + h(x)u.
Equation (1.1) is a perturbation of the equation
Au+ Vi(a(x)Viu) +h(x)u = f(x) |ulN % u (1.2)

Since 1990 many results have been established for the equation (1.2) and for pre-
cise functions 4, h and f. D.E. Edmunds, D. Fortunato, E. Jannelli [7] proved for
n > 8 thatif A € (0,A1), with A1 the first eigenvalue of A? on the euclidean open
ball B, the problem

8
A?u — Au = u|u|"4 in B
U= g—z =0 ondB
has a non trivial solution.

In 1995, R. Vander Vorst [9] obtained the same results as D.E. Edmunds, D.
Fortunato, E. Jannelli. when he considered the problem

Nu—Au=u |u|% in O
u=Au=0 on 0Q)
where () is an open bounded set of R" and moreover he showed that the solution
is positive.
In [5] D.Caraffa studied the equation (1.2) in the case f(x) =constant; and

in the particular case where the functions a(x) and h(x) are precise constants
she obtained the existence of positive regular solutions. In [6], P. Esposito and
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E. Robert studied the existence of solutions to fourth order equations involving
Paneitz-Branson type operators and critical Sobolev exponent.

In this paper we show that, under conditions on the operator Lu = A%u +
Vi(a(x)Vu) + h(x)u and on the function f, the existence of at least two solutions
of equation (1.1) first without using the concentration compactness methods but
with a suitable range of the parameter A and secondly by mean of the concen-
tration compactness technique we prove the existence of at least two solutions.
Merely speaking, we prove the following results

Theorem 1. Let (M, g) be a compact Riemannian n—manifold, n > 5, a, h, f, g be
smooth real functions on M with

(i) f(x) > 0 everywhere on M

(ii) the operator Lu = A?u + V' (a(x)Vu) + h(x)u is coercive.

Then there exist A, > 0and e, > 0 such that the equation 1.1 admits at least two
distinct solutions in Hy(M) forany A > Ay and 0 < ¢ < ¢, .

Remark 1. The above result was already obtained by the author in [2], but with an
incomplete proof, so I deliberately reconsidered this theorem with a complete proof.

Theorem 2. Let (M, g) be a compact Riemannian n—manifold, n > 6, a, h, f, g be
smooth real functions on M with

(i) f(x) > 0and g(x) > 0 everywhere on M

(ii) the operator Lu = A*u + V' (a(x)Vu) + h(x)u is coercive

(iii) if n > 6, we suppose % + C1(n)R(xo) — Ca(n)a(x,) > 0and if n = 6, we

suppose that 5-R(x,) — ﬁa(xo) >0

Then equation (1.1) has at least two distinct solutions in Hp.

2 Palais-Smale conditions

We quote after D. Caraffa the following Sobolev’s inequality

Lemma 1. [5]Let (M, g) be a compact n—Riemannian manifold (n > 4) and q a real

1 < g < 5. The best constant K in the Sobolev inequality corresponding to the embed-

ding H} C Ly with % = % — % depends only on n and q and for any € > 0 there is a

constant A(e) such that for any ¢ € H]

lll, < Ka(1+€) llgllgg + Ale) o],

Consider the functional I, 4 defined on H; by

2
Iea(u) = ||Au||§—/Ma(x)|Vu|2dvg+/Mh(x)u2dvg—N/Mf(x) ulN do,
@.1)

2
——/\/ 14 —2/ dv,.
p M|u| (2 € Mg(x)u (2

Lemma 2. The the functional I, ,(u) is of class C' on H,.
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Proof. 1t suffices to show that the functional F(u) = [, f(x) ul™N dvg is of class
Cl on M. Let u, v € Hp, we have

’F(u +v) — F(u) — N/ |u|N_2u.Udvg
M

/Mf(x) <|u —i—v|N — |u|N — Nf(x) |u|N_2 u.v) dvg

and using the Taylor expansion

1
u+o|N = |u|N—|—N/ u + to|N % (u + to)dt
0

we obtain
u+ 0N — [u|N = NJuN 2 uo =

1
=N [/ (]u—l— to| N2 (u + to)o — JuN 2 u) vdt} .
0
Since N > 2,(with t € [0,1] ) we write
<|u + to|N 72 (u 4 to)o — |u|N_2u) v = (|u + to|N2 - |u|N_2> uv
+ u+ to| N2 1P
soif 2 < N < 3, we get
’(|u + 10|V 72 (u + to)o — [u|N 2 u) v’ < oV ul + Ju 4 0|V 202

and by Holder inequality, we obtain

‘P(u—l—v) — F(u) —N/Mf(x) |u|N_2u.vdvg <

N-1 N-2 2
<
Naré%(f(x)/M(|v| lu| +|lu+o|" "o )dvg_

N-2 3—N N-1
N max £(x) (lully + [l + N2 ol ™) o N7
xeM
The case N > 3, we have
’(!u—l—tv]N_z (u+ to)o — [u] " u) v] < (o2 = ™) Jul o)
+ (Jul + o)V 202

and using the following formula, which can be derived from the the Taylor ex-
pansion, for any x > 1 and any real p > 1

(14+x)P <x +pxP~ 14 %p(p — )P 2 4.
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1
+——p(p—=1)...(p — E(p) + 1)xP~EP)
£ PP~ V(P —E(p) +1)
where E(p) is the entire part of the integer p, we obtain
(l o™ = ™) Jul ol < [(N = 2) [u¥ " + .t

1
E(N—2)(

and using again the Holder inequality, we get

N —2)..(N—=1—E(N —2)) [u|NT17EN=2) 5 E(N= 2>—1] Els

’F(u +v) —F(u) — N/Mf(x) u|N 2 u.vdvg

< Nsup f(x) [(N 2) fuln" 4
xeM

gy (N = 20N =1 BV =2) 5 ol

and finally by the Sobolev inequality given in Lemma 1, we deduce that in the
two cases we have

Fu+v)—F(u) — N/Mf(x) ]u]N_z u.vdvg| = 0(||v||H2)

which shows that the functional F ( ) is differentiable with derivative at the point
u givenby F'(u)v = N [, f( x) |ulN~ uvdvg. ]

3 Existence of solution with negative energy

In this section, we aim to prove the existence of a positive solution to equation
(1.1) with negative energy. To do so, we establish the following results.

Lemma 3. There exits p > 0, such that for any A > 0 and € > 0 the functional I, , is
weakly lower semi-continuous on the closed ball {u e HE(M) : ||u]| H, < p}.

Proof. Let (uy)y be a sequence in Hy(M) such that uy — u weakly in Hp(M) and
|1kl g, < p- Up to a subsequence, we obtain

Vuy — Vu weakly in Hy (M)
up — u strongly in L' (M) with r < p*
up — u strongly in Hj (M)

and
U — u a.e. in M.

We have to show that
hin inf Iel/\(uk) > IG,A(u).
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By the Brezis-Lieb Lemma [4], we have
2 2 2
[Auell; — [ Aullz = [|A (e — )3 +o(1)

and
[ £ (1l = ulN) do(g) = [ £x) =N do(g) +o(1).

On the other hand the Sobolev inequality given by Lemma 1.1 allows us to write

/Mf(x) |y — u]Ndv(g) < S:j\p/}f(x) [max (K% +€1,A(€1)>} ? ||y — u||g2

where €7 is any positive number, K, and A(e;) are the constants appearing in the
Sobolev embedding. So

Ie,/\(uk) - e,A(u) > Huk - u”%—lz

N

X <1 —sup f(x) [max (K% + €1,A(€1))] *oN-2 max(||uk||ﬁ2_2, ||u||ﬁ2_2)> +o0(1).
xeM

We choose the radius of the ball {u € Hy(M) : [[ull g, < p} small enough so that

it satisfies our claim. n

Lemma 4. For each fixed A > 0, there exist €, > 0 sufficiently small, p > 0and n > 0
such that for any u € Hp with |[ul|y, = p it holds I x(u) > 1 forany 0 < e < ¢, .

Proof. Consider the functional I ) (u) defined by (2.1). By the coerciveness of the
operator L(u) = A*u + V' (a(x)V;u) + h(x)u and the Sobolev inequality given
by Lemma 1, we get

2 2 q
2 N _4q
Loa0) 2 A [y, = 5 mae )l = 2 Aol (30)'H

) (M)
(—:I;éa]l\;[(|g(x)|00( )N lully

> {(A — EE{]fg}\;ff(x)max ((1+e1)Ka, Aler))™ Jlull}y,

2 -2
-3 max (1-+ €0k, Alen) ) el

~2e max|g(x)] vol ()" ¥ max (1 +€1)K2zA(€1))] Jual
X
where A is the constant of the coercivity and €; > 0 is the one appearing in the
Sobolev inequality.

Then there are p > 0, ¢, > 0 and 7 > 0 such that for any u € H, with
[ul|y, = pand any 0 < € < €, LA (1) > 7. ]

Now we are able to prove the existence of solution to equation (1.1) with neg-
ative energy
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Theorem 3. Let (M, g) be a compact Riemannian n—manifold, n > 5, a, h, f, g be
smooth real functions on M with

(i) f(x) > 0 everywhere on M

(ii) the operator Lu = A?u + V' (a(x)Vu) + h(x)u is coercive.

Then there exists e, > 0 small enough such that for any 0 < e < ¢, the equation
(1.1) admits a weak solution with negative energy.

Proof. Letv € Hy(M) such that [, g(x)vdvg > 0. For any t > 0,
foalto) = £ (01— [ a(x) Vol deg + [ mx)eldog ) = 2% [ f3) ol g

2
—/\—tq/ Tdv, —2 t/ d
; M|v| Vg € Mg(x)v (2

so we deduce that there is a t;(A,e) > 0 such that for any t € ]0,t1(A,€)],
I A(tv) < 0and forp > 0
inf I, ,(u) < 0.
[ll, <o

Now, by Lemma 3 there exist p > 0 and w € Hy(M) with |[w| 5, < p such that

Ioa(w) = inf I(u) <O.

lulligy <p

On the other hand for sufficiently small € > 0 and sufficiently small p > 0, w
is such that |[w||,;, < p, otherwise by Lemma 4 [, (w) > 0. Hence w is a weak
solution of equation (1.1) with negative energy. m

4 Palais-Smale condition

Lemma 5. Supposen > 5, a, h, f, g be smooth real functions on M with

(i) f(x) > 0 everywhere on M.

(ii) the operator Lu = A?u + V' (a(x)Vu) + h(x)u is coercive.

Then there exists e, > 0 sufficiently small such for any 0 < e < g,, each (PS),-
sequence is bounded in Hy.

Proof. Take (u) C Hp such that I ) (ux) — ¢ and I , (ux) — 0 strongly in Hy(M)
the dual space of Hy(M); then

foa ()~ %Ig,uuk)(uk) (1-2) (1813 = [ ot 1V )t

1 _1
+ [ (0020, )+ 26(-1+ ) ma g0 vl ()1 ey

and from the coerciveness of the operator L, and the Sobolev inequality formu-
lated in Lemma 1 one gets for any > 0, there is an integer k, > 0 such that for
any k > k,

2 1 _1
12 [(1= 2)A el + 2¢(=1+ ) max ()] ol ()1
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x max (K (1 + €1), A(€1))] [[ukl g,

where A denotes the coefficient of the coerciveness, and letting € sufficiently
small, the boundedness of the (PS).- sequence follows. n

Now, we are going to show that the Palais-Smale condition is satisfied.

Lemma 6. Let (uy) bea (PS)., ,- sequence. Suppose that the conditions of Lemma 2 are
satisfied and

4 1_n —t
Ce,) < —max 1K, ?
€A n xeM f( ) 2
then there exists a strongly convergent subsequence of (uy.).

Proof. Let (1) be a (PS).- sequence , then by Lemma 5 (1) is bounded in Hy. From
the reflexivity of Hp and the compactness of the embedding H, C H[’]‘ ,(k=0,1;
g < N ) we have a subsequence of (1) still denoted (1) such that

ur — u weaklyin Hp

up — u and Vup — Vu strongly in L;(M), q < N.

Now by standard variational method we obtain that u is a weak solution of
the equation (1.1) that is to say: for any v € Hp, we have

/ AuAvdvg—/ a(x) (Vu, Vo) dvg—i—/ x)uvdvg =
M M

= /Mf | N2 uvdvg + A/M |72 uvdvg + G/Mg(x)vdvg

where (.,.) = g(.,.) denotes the Riemannian metric. Letting v = u, we get the
expression of I »(u)

T () = (1 _ %) /Mf|u|Ndvg+ (1 - %) /\/M )" dog —e/Mg(x)udvg
> (1) [ fuldoger [ (1= 2) Atz - emax gl vot(a)] .

Letting wy = uy — u, thanks to the Brezis-Lieb lemma [4], we have
2 2 2
IVwgllz = [[Vugllz = [[Vullz +0(1)

and 2 2 2
| w3 = w3 — fluf}3 + o(1). @1)

By standard integration theory we can write
N N N
U —ul - do :/ u | do —/ ul” do, +o(1 4.2
[ Flue=uldog = [l dog Mfll g+ol)  (42)

Since [, a(x) |Vug|>dog — fM x) |Vul|>dog, [, h(x)ildvg — [\ h(x)udo,,
and [, g(x)urdvg — [, 8(x)udvy, and taking into account of (4.1) and (4.2), we

obtain
Lea() = o) = [ (8w’ dog = [ (8u)?dog
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= [ RN = fuM)dog + 0(1)

_/ (up —u)) dvg / F(x) e —ul™ dvg +0(1). (4.3)
Now, testing the function DI(uy) in the weak convergence uy — u in Hp, we get
0(1) = DI(ug)(ux — u)
[ (8 =) dog = [ () = ] dog +0(1) (44
and combining (4.3) and (4.4), we obtain

[ (B =) dog = [ £ [ —ul dog +0(1)

R ) 43

Hence
foa) = Ioa) = (1= 1) [ 3l =) dog+o(1). 49

On the other hand using (4.1), and (4.2) we write
2 .
L) = 1(0) = [ (Awe=u)* == [ F) [ N2 (i = )+ (1)
M M
and from the Holder’s inequality, one gets
2 -
(ut) = 1(u) > [|A (e = )| = 1 max £(x) [y~ [l = wll}y +o(1)
xeM

and by the Sobolev inequality given by Lemma 1 one writes
2
_ > N N-2
[ = 1) 2 (|8 — )| — 7 max f(x) [[uxl[y

< | (K3 +e1) 18 (ue — )3 + Aler) g — ull3] +0(1)

1) =10 > (1- 2 (B4 e) max o Jul¥2) @)

2
X || A(u = u) [z +o(1)
and taking account of the equality (4.6), we get

(1- %) 1n — 3o >
(1 (K ex) max ) o2 180 = ]+ 0(0)
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SO
N-2 2
(1 — (K3 +e1) max £(x) el |y ) |8 Gu = )3 < 0(1).
Consequently if

1

N-2

thl}:p k|| < <(K§ + €1> Igé%(f(x)) (4.8)

we get that
18 @k — u)ly = o(1)

that is to say the strong convergence of the sequence uy to u in Hy(M).
Now, from I 5 (ux) — cc 1 , we deduce that

/ (Au)?dog + / x) | Vg2 dog — /M FO) N dog = (49)

2
— | h(x)u?dv —i—/\—/uqdv —|—2€/ Xupdv, + ¢y +o(1
 Heuddeg + A7 [l dog +2¢ [ g(x)updog + con+o(1)

and from I , (ux)(ux) — 0, we obtain
/ (Au)?dog + / x) | Vg 2 dog — / FO) | Ndog = (410)

_ _/ h(x)u%dvg—l—/\/ ]uk]qdvg+e/ k(x) [ug]P dog + o(1).
M M M
By combining (4.9) and (4.10), we get

(1 — %) /Mf(x) N dog +A(1— %) /M |ug |7 dog —e/Mg(x)ukdvg =cer+0(1).

Now since A > 0, the sequence (1) is bounded and € > 0 small enough, to have
(4.8) satisfied, we must assume

4 _n
cen < —max f(x) 1 (K3 4er) (411)
and a fortiori 4
Cep < —max f(x)17IK; 2. ]

n xeM
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5 Generic existence theorem of a second solution

Using the Mountain Pass theorem, we get a second weak solution with positive
energy.

Lemma 7. Suppose that
(i) f(x) > 0 everywhere on M.

(ii) the operator Lu = A?u + V' (a(x)Vu) + h(x)u is coercive
1 A
(i) 0 < cep < (5) 2 (K3 maxeey f(x)) N2
1) there exists a positive constants r and p such that I(u) > r > 0 for any u with

[l s, = p-
2) there exists v € Hy(M) with 1(v) < 0and |0y, > p.

Proof. The condition(i) is obtained similarly as in the proof of Lemma 4. The
second condition follows, since I, ) (f1) goes to —oo as t — +oo. Let v € Hy with
Ie,/\(v) <0,

I'={yeC([01]), H); v(0)=017(1) =0}
and ce,y = infyersup;epgy) ! (7(t)). By the Mountain Pass Theorem there exists a
(PS)., ,-sequence (ux) C H» and by the condition(iii) the (PS)._, condition holds
and therefore c. ) is a critical level for the functional I ,. ]

6 Proof of the main results

First, we prove the following results which is crucial to the proof of the existence
of multiple solutions without the use of the concentration-compactness method.

Lemma 8. There exist A, > 0 and €, > 0 such that for any A > A, and 0 < € < €,,
we have

4: 1 n —n
- “1K, 2. 1
0<cep < ng{ré%(f(x) y (6.1)

Proof. Let ¢ € Hy(M) be such that [, g(x)¢dv, > 0and [, f( x) [N dog = 1,
then we have
im I, (tp) = —c0

t—+o00

so there exists f. , > 0 such that

Ipe (tepdp) = sup Iy ¢ (tgp) > 0. (6.2)
£>0
Hence
-1 2- 2 N— 2
0 {a,ﬁ (IIAcplli [ 2 |V4>|2dvg) — 2 §A||4>||g} =2 [ g(x)giog
(6.3)
Noting that

. 2 N q
Ao (NeA - AH(PHq) -
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it follows by (6.3) that
lim ¢ re =0
A—0c0

and taking into account of (6.2), we obtain

lim supl. (¢t =0.
A tzg e,/\( A,e(l))

So there exists A, with

4: n_—n
0 L (t = =3k 2 6.4
< sglg er(tp) < nggc}\}f(x) ) (6.4)

for any A > A,.
Let ¢ = t¢ with f large enough so that I ,(¢) < 0 and let

I'={yeC([01],Hx(M):7(0)=0,7(1) =v)}

and

cepr = Inf sup L5 (7 (t)).
1€l 40,1

Taking into account of Lemma 6, there exist €, > 0 and a sequence (1) in Hp(M)
such that forany 0 < € < ¢,
Ie A (ug) = cep and I, (ux) — 0 with

0 <cepr=inf sup L) (7 () <suplen (td).
1€l 40,1 £>0

L,y satisfies the (PS)

N condition.
Hence by (6.4), we obtain

_n

4 w_ _n
0<c., < —maxf(x)7iK, 2
el n xer( ) 2

forany 0 < € < €, and any A > A,. m

7 Proof of the main theorems

Proof. (of Theorem 1) Theorem 1 is a corollary of Lemma 8 . |

Proof. (of Theorem 2)

Let x, € M where the function f is maximum, > 0 sufficiently small so that
6 < 3ig(M) , where ig(M) denotes the injectivity radius of M and 7 € C*(M) a
cutting function

[ 1 if x € By (6)
’7(”_{ 0 if x¢ By, (20)

and consider the function

qok(r) — (Vl(i’l—Z) (i’l—l—Z) (n_4)f(xo)—1k4)8 ( 17(1’)

2 k2+72)%‘
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Theorem 1 will be proven if the condition (6.1) holds that is

n

4 no_ 1
0<cep < Ef(xo)l_iK2 2.

Now since the function g is positive everywhere on M, we have

loalod) < 1(0y) = |Ig 3+ [ o) [VyPdog + [ hx)gio]

N /Mf(x)¢,§7dvg.

So by Lemma 5 to prove Theorem 1, it suffices to show that

4 _n_ I
I{g) < Ef(xo)1 1K, %

Let w,;,_1 be the volume of the Euclidean unit sphere and R be the scalar curvature
and let

IZ:/O (1+t)"FHidt

for any real numbers p, g with p > g+ 1.

We have
o pP—q-1
p+1 = p
and
I’H‘l q +1
S
If 6 € RT,

)
lim {/0 (r +k)"PtPdt — kP—q—llg}

k—0+
is finiteif p —qg — 1 > 0.
Similarly

o 1
I / K)“PHdE — log -
Jim {0 7ro o |
ifp—gq—1=0.

Now, the computations given in [6] lead to, forn > 6 and k — 0

n

nin=2)(n+2) =)y
21
(n* +4) (n—4) n—1
6n(n—2)(n+2)(n—6)  2n(n12)

A:i/ Ao )2 do, =
M( Gok) O¢

{1—#Rug
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Also

ni(n—1)[(n—4) (n=2)(n+2)]* " (n—4)°
21 2(n —6)

Flxo) "t wn I 'R {a(xo) + O(k3)}

B:/ Vo, dv, =
Ma(x)] @l Ug

and
o\ (n N )
C = [ Wygidog = =B OE2ZDI i 1toge,
Finally
D_ N/ f(x)gNdo, = nt [(n—4) (2n+—12)(n +2)]4f(x0)1_4wn_1l;3_1
K (Af(x) | R(xo)
-ama (afy + 6 row) §
Consequently

I(py) =A+B+C—-D= ni [(n—4) (n—2)(n+2)]3

25+l
S K2 (Af(x,) 5n(n—7)+52(n—1)
{1 n—2<2f(xo) on(n+2)(n—6) %)
. 8m-1) Al
B ) HOI)

On the other, the best constant Kj in the Sobolev embedding H3(R") < LN(R")
is

31 ¢
K52 = n(n+2)(n—2)(n—4) (w”_lzln ) -

so letting

_ 5n*(n—7)+52(n—1)

Ci(n) = 6n(n+2)(5n —6)

and c _ 8(n—1)

2(") = G 2)n =)
we get
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So if

iff((;cz)) + Cl (Tl)R(XO) - Cz(n)a(xo) >0

then

For n = 6 and k — 0, the expression of D = [, f(x)@tdvg remains un-
changed, however

n 1t (n—4)[(n=2)(n +2)]{ wy

A= of f(XO)l_%
. {é—l a 3n(n4(_n2;(i)+ Z)R(xo)kz 108(%2) + O(kz)}
B_ n%—l(n —4)[(n ;%2)(11 + 2)]711 wn_lf(xo)l_%
g { (n—4)(n i2)(n - 2)61(%)k2 log(k%) * O(k2)}
and )
C =7 O(K").
Consequently
A+B4+C— ni[(n—4) (n—2)(n+2))* w”_lf(xo)l_%

2i

« {1,’%‘1 = 2)1(n - (4(”3; Y R(x,) - (nlja(xo)) K2 1og(k12) + O(kz)}

hence

A+B4C_p= = —22(171 +2)]* Wit gy )14

So if

R(%o) — ——a(x,) > 0

3n (n—4)

and taking account of the value of K, given by (7.1) we get

1 a1 4 a1
I(gok)<2—%f(xo)1 1K, * <Ef(x0)1 1K, 2. m
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