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Abstract

In this article we prove existence and approximation results for convolu-
tion equations on the spaces of (s; (7, g) )-quasi-nuclear mappings of a given
type and order on a Banach space E. As special case this yields results for
partial differential equations with constant coefficients for entire functions
on finite-dimensional complex Banach spaces. We also prove division theo-
rems for (s;m (r,q))-summing functions of a given type and order, that are
essential to prove the existence and approximation results.

1 Introduction

In 1955-1956 Malgrange [14] proved an existence theorem for convolution
equations on the Fréchet space of entire functions 7 (C") with the compact-open
topology. In this case, a convolution equation is an equation of the form Of = ¢
where O is a convolution operator on #(C"), that is, a continuous linear operator
on H(C") that commutes with all directional derivatives. An illustrative example
is the following differential partial equation with constant coefficients

P(D)f =g,
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where P: C" — C is a polynomial given by

P(zi,....za) =00+ Y, Y, aj, .2 .28 1)
k=1j1+..tjn=k
and P (D) is the linear operator defined on H (E), E a finite-dimensional Banach
space, obtained by replacing in (1) the z;' by the h-th partial derivative of order h
in the direction of some nonzero vector v; in E.

Malgrange [14] also proved an approximation theorem for solutions of the
associate homogeneous equation by solutions of polynomial-exponential type.
Motivated by these results Martineau [15] in 1967 proved existence and approx-
imation theorems for convolution equations on spaces of entire functions on C"
of a given type and a given order.

The next natural step in this line of investigation is the consideration of convo-
lution operators in the space H (E) of the entire functions on a Banach space E. So,
[14, 15] can be regarded as starting points of a series of related results for convo-
lution operators on spaces of holomorphic functions on complex Banach spaces
(see Gupta [12] 1969, Dineen [7] 1971, Dwyer III [10] 1971 and [9] 1976, Boland
[1] 1974, Colombeau-Matos [5] 1980, Colombeau-Perrot [6] 1980, Matos-Nachbin
[22] 1981 and Matos [16] 1980, [17] 1984, [18] 1986 and [21] 2007).

In order to describe the aim of this paper, we recall that the usual approach to
prove existence and approximation results for convolution equations on a Fréchet
subspace F of H(E) considers the following three steps:

(A) To characterize the topological dual F’ of F, through an isomorphism,
called Fourier-Borel transformation, as a subspace S of functions of exponential
typeon E'.

(B) To prove a division result on S, thatis, if f¢ = h, g #0,g,h € S, f €
H(E'), then it is possible to show that f € S.

(C) To manipulate the results obtained in (A) and (B) in order to show that
each convolution operator O is of the form Of = T x f for some T € F' and
all f € F. After that, Functional Analysis methods, including the Hahn-Banach
Theorem, and a Dieudonné-Schwartz Theorem are used in order to prove the
existence and approximation theorems for the convolution equations.

The development of the theory of absolutely summing mappings between Ba-
nach spaces (see, for instance, Diestel-Jarchow-Tonge [8], Piestch [27, 28], Matos
[19, 20] , Botelho [2], Pellegrino [24, 25], Botelho-Pellegrino [3], Pérez-Garcia-
Villanueva [26], Cilia-Gutiérrez [4] and references therein) motivated Matos [21]
to consider, in step (A), several Fréchet spaces of quasi-nuclear entire functions
as J and identify the image of the corresponding Fourier-Borel transformations
as spaces of absolutely summing exponential type functions on E’. Then he pro-
ceeds to prove steps (B) and (C) in order to get the existence and approximation
theorems.

Motivated by these procedures we have introduced in [11] the spaces of
(s; (r,q))-quasi-nuclear functions of a given type and order and the spaces of
(s;m (r,q))-summing functions of a given type and order and proved that the
range of the Fourier-Borel transforms of these spaces are algebraically identical

to the spaces of the (s’;m (', q’))-summing functions of a given type and order
defined in E’.
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The aim of this article is to prove division theorems - step (B) - for (s;m (r,q))-
summing functions of a given type and order. Next, according to step (C) we
indicate that following the arguments of Matos [18], it is possible to get existence
and approximation theorems for convolution operators in the spaces of (s; (1, q))-
quasi-nuclear functions of a given type and order. These results generalize theo-
rems obtained by Gupta [12], Malgrange [14], Martineau [15] and Matos [18, 21].

2 Convolution Operators

To introduce the concept of convolution operators and to prove that it is well-
defined we recall the spaces of (s; (7, 9))-quasi-nuclear functions of a given type
and order considered in [11]. Next we show that convolution operators are of the
form Of =T * f as mentioned in step (C).

According to Matos [21], P (rq)) ("E) is the Banach space of all n-homoge-
neous polynomials on E which are (s;m (7, g))-summing at 0, endowed with the
norm |||, )y - and Py ., o) ("E) is the Banach space of all (s; (r, q)) quasi-

(s,m(r;q
nuclear n-homogeneous polynomials on E, endowed with the norm ||-|| N, (si(r,q)) 7

forall j € N, where N = {0,1,2,...}.

In the definitions involving (s, m (7;¢q))-summing polynomials we consider
0<g<r<+coands € [1,+o0] and in the definitions involving (s; (r,q))-quasi-
nuclear polynomials we consider s < gq,r < gands,r,q € [1,+0].

Definition 2.1. If p > 0 and k > 1, we denote by Bé‘sm(r‘q)) ) (E) the complex

Banach space of all f € # (E) such that d/f (0) € Pism(rg)) (E), forall j € N
and

< oo,
(s,m(r:q))

i
G i\ k|1 ~
Hf”(s,m(r;q)),k, = ZP J / _,d]f <O)
P ke !

j=0

normed by |- [| () k0 - We denote by Bk (E) the complex Banach space

N,(s;(r.q)).0
ofall f € H(E )suchthatd]f()GPN (E) forall j € N and

A1 50, (530,000 = ];)Pj (k]e> djf( )H S < o0,
normed by |51 -
Definition 2.2. If A € (0,4o) and k > 1, we denote by Expl(‘ n(r)),A 4 (E) and
ExpN( S(r))A 4 (E) the complex vector spaces L<JAB (s.m(r30)) E) and
U B]fq’ (500 (E), respectively, both of them endowedpwith the corresponding
i);é;llly convex inductive limit topologies. We consider the complex vector spaces
Extlompranoa (E) = (1B, (E) and Expy oo (E) =

p>A
N Bll‘v ) (E) both of them endowed with the projective limit topologies.
o>A ' ’
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If A= +ooand k > 1, we consider the complex vector spaces Exp’(‘s m(r;q)),e0 o (E) =

U B Gom(r)),p (E) and Exp’l‘v,(s;( = U Bk (E) both of them with
p>0 >0

the locally convex inductive limit topologles andif A =0and k > 1, we con51der

k —
the complex vector spaces EXP(s )0 (E) = OOB (5,m(r:0)) (E) and
0
Exp’l‘vl(s (1 ﬂo Bk (E) both of them with the projective limit
0>
topologies.

Definition 2.3. If A € [0, +o0), we denote by H(s u(r:q)) (B 1 ) the complex

vector space of all f € H (B%( )) such that d]f( ) € Plsmira) (/E), for all
j € N and

\lﬁf |’
J: (s,m(r;q))

endowed with the locally convex topology generated by the seminorms

(p(():,m(r;q)),p)DA, where

< A,

lim sup
j—o0

) il T 4
Plamiran,e (F) = 2o ||54f (0) :
=0 I (sm ()
We denote by H gy (s:r,0)) (Bl (0 )) the complex vector space of all f € H ( 1 (0))

such that d/ f (0) € P s;(rq)) (E) , for all j € N and

< A,

N,(s(r))

lim sup
j—o0

7))

endowed with the locally convex topology generated by the seminorms

(Pﬁxsva»m)p>A"Vhe“3

1~
Peas =20 [Fs0)
N,(s;(r.)).p = N,(s:(r,q))
We denote Hb(s,m(r;q)) ( ( )) by EXP(S m(r;q)),0,A (E) and HNb,(S;(r,q)) (B% (0))

by
Exp oﬁf(s;(r,q)),O,A
EXPR a0 (B) = BXPR (6100 (B)

New spaces are now constructed as follows:

LetL= (J# Kb, (s3(r4)) (B ! (0)) and define the following relation:
p<A

(E) and we also write EXPT ()0 o (E) = EXPT ()00 (E) and

f ~ g <= thereisp € (0, A) such that f|g, ) = gls, (0)
’ ’



Convolution equations on spaces of quasi-nuclear functions 539

It is obvious that ~ is an equivalence relation. As usual, L /~ denotes the quo-
tient set and [f] stands for the equivalence class of f. Now we define the follow-
ing operationson L /~ :

f1+ 8] = [f|31(0) +g|31(o)] ,where p € (0, A) is such that
P p
f’B%(O)Ig’B%(O) € HNb,(S,’(I’,q)) <B% (O)) .

Al =D, Aec

which make L /~ a vector space. The case (s, m (r;q)) is analogous.

For each p € (0, A), let ip: Hyy (s:r,0)) <31 (0)) — L/~ be given by i, (f) =
T P

/1.

Definition 2.4. If A € (0,400, we define Hb, (s;(r,)) (W) = L/~ en-
dowed with the locally convex inductive limit topology generated by the family
(iP)pe(O,A) :

In the same way we construct the space Hy(s u(r,q)) (W) .

Now we define the following spaces:

Definition 2.5. If p > 0, we define the complex vector space 1 . ) <B 1 (0))
’ 0

(s,m

ofall f € H (Bl (0)) such that d/f (0) € Plsm(rig)) (/E) , forallj € N and
0

[ee]

Yo

j=0

< oo,
(s,m(r;q))

1~
]-—!d]f (0)

which is a Banach space with the norm p‘z‘s’ m(r:q))

vector space

HONC;,(S;(r,q)) <B% (O)) ofall f € H <B% (O)) such that rﬁf (0) € PN,(S,,(W)) (jE) , for
allj € IN and

o We also define the complex

[ee]

Yo

j=0

Laf (o) H < oo,
J: N, (s:(r.q))

which is a Banach space with the norm p S0

An equivalence relation ~ is defined on L = pEJAH‘(’;m (1)) (B ! (0)) as in Defini-

tion 2.4. For A € (0, +o0], we define

ExpRmray,a (B) =L/~ = UHZ i) (B (0)> /~

1
p<A P
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endowed with the locally convex inductive limit topology. We also define
B tnana (B) = U Mooy (B ©) 1~
p<A :
endowed with the locally convex inductive limit topology.

The next result, proved in [11], assures that Definitions 2.4 and 2.5 are equiv-
alent:

4 (E) coincide al-

gebraically and are topologically isomorphic, and the same holds for the spaces

Hb(s,m(r;q)) (Bl ( )) and Exp(s m(r q)) (E) *

Proposition 2.6. The spaces H gy, s:(y.01) (B 1 (0)) and Exp;f;, (s0r)

Now we are in the position to prove a preliminary result that we need to
introduce convolution operators.

Proposition 2.7. (a) Ifa € E, k € [1,+0c0], A € (0,400 and f € Exp’;v Sra).A (E),

then d'f (-)a € Exp’z‘(],(s;(r’q)),A (E) and
Tl
d'f(-)a= Zg(ﬂ)* drf(0) ) (a),
i=

in the sense of the topology of Expll‘v (s(r).A (E).

b)Ifa € E, k € [1,+], A € [0,+0c0) and f € Expll‘v (S,(rq))OA(E), then
i k
d'f()ae ExpN,(s;(r,q)),O,A (E) and
- © Tl
d'f (Ja=} () dTf(0)7 (a),
j=0
in the sense of the topology of Exp’l‘v/ (s 0.A (E).
Proof. It is known (see Nachbin [23, p. 29]) that
00 /\ 00 —_—
df(x)ya=Y (n)"d*"f =Y ()t dTF0)d (x), )
n=0 n=0
/\

for all x € E. By Matos [21, pp. 163-164] we have d/*"f (0)a/ € PR, sir,q)) ("E)
and

/\ .
' A7 (0) <O N
N,(s;(r.9)) o
foralln € N. Ifk € [1,+00), let
N k|| gt w5
L = limsup <n+]> a f(O') .
n—oo ke (n +])' N,(S,(f’,q))
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In both cases (a) and (b), it follows by [11, Proposition 2.5] that L < +co. Then for
every e > 0, there is C (¢) > 0 such that

n+j nTﬂ
ke
for all n € IN. Hence

(i)

d"if (0)

(n+j)! <Ce)(L+e)",

N,(si(r,)

o=@
N (s:r)

n+j
nNE (m+ i) [ ke \F .
< (= -
- <ke> n! (n + C(e) (L+e)" " la]

Ji+j j
d f(0>HN,(S;(W)) la]

_ <ni]_>;z (n+1)...(n+7) <ﬁ> % C(e) (L+¢)" ||a]. 3)

n+j

Since

1 j
. no o\t L[ ke \Fo
nlgrc}o <n—|—j> [(n+1)...(n+7)] (n—i—j) =1,
there is D (&) > 0 such that

<ni],>%(n+1)...(n+j) (nkj])%gD(s) (1+¢)". 4)
From (3) and (4) we obtain
ANE L\ i j ;
(&) = | @ f(©)a < C(e)D () flall (L+e) [(1+¢) (L+e)]",
N, (s;(r.q))

for all n € IN and ¢ > 0. Therefore

. —_—
. ny\ || T (0)
lim sup (E> —

n—oo

B

< (1+4+¢)(L+e),
N, (s;(r.9))

for all ¢ > 0, which implies

==

_
At f(0) al
n!

lim sup (%)i

n—o0

< L.
N, (si(r.4))

By [11, Proposition 2.5], if f € Exp’;v (S.(rq))A(E) and A € (0,+o0], then
L < Aand d'f(-)a € Exp’z‘(&(s;(r’q)m (E); and if f € Exp’z‘vl E) and
A€[0,4),thenL < Aandd"f (-)a € ExPlz(V,(s;(r,q)),o,A (E).

Now we consider k = +oo. The case HNb,(s;(r,q)) (E) - Exp%‘, (s;(r,9)),0

(s:(r.9)),0,A (

(E) (i-e.
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A = 0) was proved by Matos [21, p. 174]. For f € Expg
HNb,(s;(r,q)) (B% (O)) , we get

(s:(r,9)),0,A (E) =

1
dmHif (0) ||

<
(n+j)! A

N, (s:(r,))

lim sup
n—o0o

and as above we obtain

— T ||"
j+n ]
limsup |24 (0"

n—c0 n!

< A.

N, (s(r.9))

Thus d"f (-)a € Hgy (6(r.q)) (B% (0)) = ExXpg (60004 (E) -

For f € Expg (E), we have f € My (o (B (0)) for some p < A.

(s:(rg)),A ) \ 73

Thus, d"f (-)a € Hyy .. B:1 (0) ). Thisimpliesd"f (-)a € Exp% (E).
(si(r) \ 75 N, (s3(r.9)),A

We still have to prove the convergence of the series in the respective topologies.

If f e B”]‘v () p (E) for some p > 0 with k € [1,+00), repeating the argument

above with p instead of L we get constants C; (¢) > 0 and D; (¢) > 0 such that

/\

FF (a- 20 ()" @ (0) 7 (a)

N, (s;(r,q))k,p0

=

< Lo () [emarsofg el
<G@DIEl o+ ¥ [t o+ (o),
n=ov+

and this tends to zero when v — oo, for pg > p and € > 0 such that (p +¢) (1 +¢)
< po- Now the desired convergence follows from the definiton of the topologies.
The case k = +o0, is analogous.

Definition 2.8. For k € [1,+c0] and A € (0,4o0], a convolution operator in
Exp’z‘v () A (E) is a continuous linear mapping

. k k
Ot Expy (grqn),a (E) = EXPY (07),4 (E)

— k
such thatd (Of) (-)a= O (df (-)a) foralla € Eand f € ExpN’(S;(r’q))/A (E).

For k € [1,+oo] and A € [0, 4+00), a convolution operator in Exp’l‘v (5:(r1)),0,A (E)isa

continuous linear mapping

Pk k
O EXPY (5;(r,0)),0.4 (E) — EXPy (s:0r.0)),0,4 (E)

such thatd (Of) (-)a= O (df (:)a) foralla € Eand f € Explzcil,(s;(r,q)),O,A (E).
A

We denote the set of all convolution operators in Expll‘v (5:(r0)) E) and in
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k k k ;
Expy (S04 (E) by Ay, () A and Ay, (5(r0)),0,A7 respectively. We also denote

AN e = s AR 500000 = AR st o

Remark 2.9. From Definition 2.8 it follows that a convolution operator O com-
mutes with all the directional derivatives of all orders, that is, for all 2 € E and
neN,O (&\” () a) = " (Of) (+) a. Soon we shall prove that convolution oper-

ators could have been defined replacing the condition d (Of) (-)a = O (df (-) a)
by 7, (O (f)) = O(t-sf) for all a € E, where 7_,f (x) = f(x+a), for all
x € E, whenever the translation 7_, is well defined. This means that, in these
cases, commutativity with the directional derivatives is equivalent to commuta-
tivity with translations.

Proposition 2.10. (a) For k € [1,40), if f € Exp’l‘v
k
T_uf € ExpN,(s;(r,q)) (E) and

s:0r) (E) and a € E, then

T f = ioliﬂ a,

in the sense of the topology of Exkpll‘v’ S0) (E). k

L(Zl;)dFork €[1,+o0],iff € ExpN,(s;(r,q)),O (E)anda € E, thent_,f € ExpN,(s;(r,q)),O (E)
T f = ioliﬂ a,

in the sense of the topology of ExP]z({z, ()0 (E).

Proof. The case (b), with k = +o0, was proved by Matos in [21, p. 175]. For
k € [1,400), we suppose that

Ly~ 1
N ;i
lim sup (ki> ' w =L < 4o0. (5)
joee \F N U AT
Then for all ¢ > 0 there is C (¢) > 0 such that
ME .
<i> il ESAO) <C(e)(L+e), (©)
ke J! -
N, (s:(r,))

forall j € N. Since d" (1_,f) (0) = d"f (a), we have

& () O) PO oy < g%

= d/h+j 0 a ]
A(s5(r.4)) f )HN/(S;(W)) I

1 CRICTMINES 3¢k =

T
ke \* (n+j) (n+] EU
nlj! ke (n+7j)!

k_) 214 |a|) <”+]> 1 .
j ke (n+j)!

Jit+j j
IO g oy 14!

Jit+j ]
d f(O)HNI(SW)) lal]

i f (O)H .

N, (s(r.4))
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=

Since lim (%) = 0, for each € > 0 there is D (¢) > 0 such that

j—ro0
(%) <D(e)d, %

for all j € IN. Considering ¢ > 0 such that 2¢ ||a|| (L +¢€) < 1 and using (6), we
obtain

nyt 1 5 n n o o / /
(&) ml N O, SCEOPE2 L+ Lpelel e
n n 1
=CEDE2(L+e) T T e
Hence

< 2L < oo 8)
N, (5:(r4))

E) we have 17_,f € Exp’z‘v

Thus if f € Expk s ¢ (ss(rqy) (E) By (8), and if
k - _ k
{8)6 ExpN,(s;(r,q)),O (E) we have (5) with L = 0 and 7_,f € ExpN,(s;(r,q)),O (E) by

In order to prove the convergence, let f € Exp’z‘v s0) (E).
Then f € B’I‘V S (E) for some L > 0. Let ¢ > 0 such that 2¢ |ja|| (L +¢) < 1.

Then for p > 2 (L + ¢) we have

. < ZP <ke>k i :1! HA( O >< )HNI(S;(M))

v
1 ~
Tof = Y d'f ()a
n=0""" N,(s,'(r,q)), n= v+1]

I
(o] . ] X o0 1
<)o ]<E> L

J”*f'f(O)HN oy Il

j=0 o1/
o ) % . ”‘H
< Z Z p_] ( ke > 2n+] <Tl—|—]> d f( ) HaHn
fr e n+j ke (n +7)! 8 (5500))
<C(e)D(e)Y. Y ple" (L+e)" 2" ||a|".
j=0n=0v+1

Here we used Proposition 2.7 and the inequalities used in first part of the proof.
By our choice of ¢ > 0 we get

[ 1 ~ (o) .
T_uf—zmd”f(-)a ) Zp L+s]2] Z e (L+¢)"2"|a|"
"= S(sae ot
1 Sv+1 L+e v+1 2v+1 a o+1
PR YR SR il (22 Ja
1-2p71(L+¢) 1—2e(L+e)|al
Therefore
lgn Tof — Z d”f =0.
N,(S;(w)),p
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Now, if f € EXPIJ{V,(S;(r, 0 o (E), then f € Bk )L ; (E) forall L > 0. Hence, if

for each 6 > 0 we choose ¢ > Oand L > 0 such that ‘5_228 >0, L 02
2¢llal| (L+¢) < 1,thend > 2(L + ¢) and as before we obtain (with ¢ instead of p)

=0,
N,(s;(r.q)),0

for all 6 > 0. Again the convergence follows by the definition of the topologies.
Using Proposition 2.10 it is not difficult to show the next result.

hm

T_of — Z d”f

Proposition 2.11. (a) For k € [1,400),if f € Exp’l‘v ) (E)and a € E, then
m A (T aaf — ) =d'f () a,
A—=0

E).
r4)) (
(b) Fork € [1,4o00],if f € Exp]I(V,(s;(r,q)),O (E) and a € E, then

in the sense of the topology of Exp’z‘v s

lim A~ (T_pf = f) = d'f () a,
; k
in the sense of the topology of Expy, (S(r).0 (E).
Theorem 2.12. (a) If k € [1,+00) and O is a continuous linear mapping from
Explz‘v S0) (E) into itself, then O is a convolution operator if, and only if, O (1,f) =
T, (Of) foralla € Eand f € Exp’l‘\]( 5()) (E).
(b) If k € [1,+00] and O is a continuous linear mapping from ExpN( S0 o (E) into
itself, then O is a convolution operator if, and only if, O (t.f) = 1, (Of) foralla € E
and f € Exp]Z{V,(s;(r,q)),O (E).

Proof. We saw that O (dA”f () a) = d" (Of)(-)aforalln € Nanda € E. By
this fact and Proposition 2.10 we have

Z O(d”f ) Z A" (0f) ()a =T, (0f),

which implies O (t,f) = 7w (Of). Now, if we suppose that O is such that
O (tuf) = 1 (Of) for all a € E, it follows from Proposition 2.11 that

d' (Of) ()a=lm A~ (-3, (Of) = Of) = im A7 (O (T_paf) = OF)

—tim O (A (raaf = ) = O (lim A (raaf = 1)) = O (#F ()a)

A—0

Hence O is a convolution operator.

Definition 2.13. Fork € [1,400),T € [Explz‘v s) (E )] and f € ExpN . (r ) (E),
we define the convolution product of T and f by (T f) (x) = T (t—xf), for all
x € E.

Fork € [1,400], T € [ExpN ) 0(E)} and f € ExpN( S0 ))O(E),we define
the convolution product of T and f by (T * f) (x) = T (t—xf), forall x € E.
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In order to prove that T defines a convolution operator on Exp’z‘v

E)
(s3(r4)) (E),
for k € [1,40), and on Explz‘v ()0 (E), for k € [1,+00], we need two prelim-

inary results. Moreover, we are going to show that all the convolution operators
on these spaces are of the form T *.

/
Proposition 2.14. Let k € [1,4+o00] and T € [Exp’l‘v (a0 (E)} . Then, for every
P € Py (s(r,q)) ("E) with A € L (y,0)) ("E) such that P = A, the polynomial
T (A7) :E—C
y}_>T(Amyn7m)

belongs to PN’(S;(W)) (""ME) for every m < n and
A AT ‘
HT <A ) HN,(s;(r,q)) S CP (k€> HPHN,(S,'(r,q)) s ka € [1, +OO) P

7 (3] 4 oy < GO WPl gy 5= o0
where C > 0 and p > 0 are such that
TN < Clfllg,sragner  FEE L +00),
T(F)] < PR e (F)r k= Fo0,
forall f € EXpIZ(V,(s;(r,q)),o (E).

Proof. First we suppose that P € Py (5(y,q)) ("E). Then

j=0

where ()\j);ozl € s (€ g, if s = o) and (qoj);.il € Ly(ygry (E) . Furthermore,

j= /=
forally € E, and

[CHCHME

H(A]’);L

UCHME

S

<[] co (o) o
<[l (@) el
ifk € [1,4),and
|G )7 | < Lozl e= @il .,
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if k = 4o0. Therefore T (ﬁ”) € Pn,(s;(r,q)) (" "E) and

HT (ﬂ) HN,(S;(r,q)) < Cp” (gﬁ (Aj);il s (goj);il ;(r/;q’)'
ifk € [1,400), and
HT <ﬂ) HN,(S;(W)) =Co” H (Aj)fil s ((Pj);il :1(”;!1’) ’

if k = 4+o0. Thus,

|7 (47) HN,(S;(M)) <G (£>% 1Pl 0.

ifk € [1,+0c0),and
| (a7 )H Co™" Pl (5599 -

if k = +o00. Now, if U denotes the Closed unit ball of (Py (s;r,q)) ("E) ,
we can act as Matos [21, Chapter 8] to obtain

7 (3% gy <7 ()

|7 (A7) |5y < 07

if k = +o0, first by considering P in the absolutely convex hull V of U and then P
in the weak closure U of V. From these inequalities, we get

|7 (47) Hm,<s;(r,q>> <G (gﬁ 1Pl 50

ifk € [1,+0c0),and
[T (@) 1 < 07" 1P 50

if k = +oo, for all P € Py (s;(r,q)) ("E) - Now the result follows by completion.

)

ifk € [1,+0c0),and

Proposition 2.15. If k € [1,+c0) and T € [ExpN ( )} . Then, for every

P € Py (s;(r,q)) ("E) with A € L (,(y,07) ("E) such that P A the polynomial
T(A7):E—C

belongs to Py (s;(r,q)) (" "E) , for every m < n and

|7 (47) Hm,<s;(r,q>> <Cloe (%ﬁ 1Pl 560

where the constant C (p) > 0, p > 0, is such that
TN < CO) I 5500 k0

k
forall f € ExpN/(s;(w)) (E).
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Proof. It is similar to the proof of Proposition 2.14.

!/
Theorem 2.16. (a) Ifk € [1, +o0], T € [Exp]]‘v,(s;(rlq)),o (E)] and f € Expl oo (E),

then T f € Exp’z‘v,(s;(r’q)),o (E) and Tx € A]I(V,(s;(r,q)),o'

/
b)Ifke[l,4), T € [Exp’;\]( () (E)} and f € Explz‘v,(s;(r,q)) (E), then T x f €

k k
ExpN/(s;(r’q)) (E) and Tx € A N, (53(ra))"

Proof. The linearity of T is clear. By Propositions 2.7 and 2.10 we have in
either case that

" <x>>
n=0

(T*f) (x) =T (T,xf) = Z p <d”f > an Z ( d]+nf )

(a) By Proposition 2.14 we have that T <dj+”f (0) ~f> € Py, (s(r,q)) ("E) and

(o) cen(l)
N, (si(r.4))
for k € [1,4o0), and

/\
T ( d]'+nf (0) J )

for k = 400, where C and p are as in 2.14. If k € [1,4+o0) and 0 < p’ < p, then

cﬁJrnf (0) HN,(S,-(r,q)) '

<co s

N, (5:(r) N, (s;(rq))

1 j+n J A
;)].! T < a7 f(0) ) ] CZ ) <ke> 4 f(O)HN,(S;(W))
j= N,(si(r.4))
ke\* & ~(j+n) (1 At f (0)
< (¢)" Cn! <—> 22 () < )
n) = ke G+ |5 s

ke

< ()" Cn! (—) iF—

and this implies

for each n € IN and

ke
Bl < @) (52) 1l s

2

Hence

n

Py

n!

1
k !

] < limsup Crp' HfH ekl P
N(si(rg)) ~ n—ee ra))k g

lim sup <I:le)

n—o0
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forall0 < p’ < p. Thus T f € Exp’l‘v ()0 (E).Ifp1 > 0,for 0 < p’ < p and
p' < p1, we have

—_

1
N\t _u
1T % £l ) s = Zn—(ﬁ) o7 1 Pall 500

o n -1
p/
< N = —_ — ~ /.
= C ||f||N,(S k % n; < > <1 p1> HfHN,(S;(}’,q)),k,%

Therefore Tx is continuous. The case k = +oo is done in the same way with

simpler calculations, since the terms (%)% ,n € IN, do not appear.
(b) By Proposition 2.15 we obtain that for every p > 0, there is C (p) > 0 such that

j
— 1 +n —1 i (J\F Jj+n
Zﬁ'T<w )H el (&) o,
00 z n . ftn S
= ey (] )( 5 (5e) o Ty
= j+n j+n ke (j+n)! R(s1r0))

©)
Since

lim sup <]Zn> e = limsup (2 >]+n (]'—l—n)/i" o ( —1—1)% =1,

j—o0 j—o0

it follows that for every ¢ > 0 there is D (&) > 0 such that

<f+n> <D(e)(1+e)"",

n

for all j € IN. Hence

-
( dj+”f (0) F ) < C(p)D (g) p"n! <k€> HfHN,(s;(r,q))rkf%

=21
L

N,(s;(r.9))

and

ke
s < €O PO (5) 1l

n

for all p > 0 and € > 0, where

21 —
Pp=3 =T < a7 f(0) ) .
j=0/*
Consequently
nyE | Pl 1 1
< li 7 " _
IIIJLSOSP <ke) 7’l| N (s:r) =~ hl:;s::p (C (P)) Y HfHN,(s,(r,q)) k’]Lﬁ—e 0,
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() kL < too. Hence Txf e Exp’l‘v

71+

(s (E)-
For p; > 0, we get

> 1 nNt
HT*fHN,(s,'( Nkor = Z_<_e) P1 ||PnHN,(s;(w))

:0”'
0 ke * 1 % _
n; £) p"n! <;> o —e 01" AN sk 12
- -1
—_— p N7
8) nZ:O <p_1> ”fHN,(S;(}’,q)),k,% - C <p) D <€) < - p_1> ”.f”I\],(S}(f’;q)),k;li_*_e 7

(10)

()t < +o0. This gives the continuity of

T % . The fact that T+ commutes w1th translations is clear.

Definition 2.17. (a) For k € [1, 4], we define
k .k k !
Vs Asseans — [EPR a0 E)

k _ k k
by T (5:0r,0))0 (O)(f) = (0Of)(0),for f € ExpN,(s;(r,q)),O( Jand O € A (a0
(b) For k € [1,+00), we define

k k k !
Yoty ston) — [EPhstra B)]

= k
by 1%, 10 (O) () = (OF) <o>,forfeExpg,(SW< Jand O € A,

Theorem 2.18. The mappings 'yN (5:( for k € [1,4o0]) and ’yN (5:( for k e
[1, 4+00)) are linear bijections.
Proof. It is enough to notice that the mappings
k , k ' k
Mostrano [FPseans ] — Ao
/
; k — k
given I:;cy rN,(s;(r,q)),O (T)(f) = T=xf, for T € [EXPN,(S;(r,q)),o (E)] ,
fe ExpN,(s;(r,q)),O (E) and k € [1, +o0], and
k : k k
Tt (B siea) <E)} — AN st
/
; k — k
given bz FN,(S;(W)) (T)(f) = T+xf, fo%' T € [FxpN’(S;(r;f’)) (E)] ,
f e Ekxle(s;(r,q)) (E) a'nd k € [1,+00), are the inverse mappings of TN, (55(a)),0
and y N, (5:(r0))" respectively.
/
o e e k .
Definition 2.19. For k € [1,+co] and T3, T; € [ZExpN,(S;(r,q))’o (E)] we define the
; k
convolution product Ty * T € [ExpN’(S;(r,q))’o (E)] by

/
T1*Ty = 'YN( s (010 02) € [Ex’?llcif,(s;(r,q)),o <E)} ’
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where O = Tyxand Oy = Ty *.
/
Fork € [1,+00) and Ty, T, € [Exp’l‘v ) (E)} we define the convolution product

/
Ty % Ty € [ExpN( o) (E)} by

!/
T To = Wy gy (O10 O2) € (B0 g0 (B)]
where O1 = Tyx and O, = T> *.

It is easy to see that 'yN and | preserve these products, that is,

(5:(r)),0
k _ k k
Vet (O1002) = (75 <,q>>,001> (75, (504002 and
k _ k k _ :
YR (s:(r,)) (O100;) = (7N,(s;(r ))01> * (7N,(s;(r,q))02> ,and 0 (f) = f(0) is a

unit element.

Proposition 2.20. The spaces [Exp’]‘\7 (S(ra)).0 (E)]/ and [EXP];V( ) (E)]/ are alge-

s;(r,q
bras with unit element 6.

Proposition 2.21. (a) For k € [1,+o0], the Fourier-Borel transform F is an algebra
/

i i k K !

isomorphism between [ExpN’(s;(w))/O (E)} and EXPiy (va)) (E').

(b) For k € [1,+00), the Fourier-Borel transform F is an algebra isomorphism between

! /
EXPy gy (B)] and Expfl, o o ().

Proof. 1t was proved in [11] that F is an algebraic isomorphism between these
spaces. Since it is easy to show that F (T} * T,) = (FTy) (FT), in both cases, the
result follows.

Remark 2.22. It is not difficult to prove that the following inclusions are continu-
ous fork € [1,4o0]and0 < A < B < 400 :

ExP’fs,m(rq)) (E) C EXP( sm(ra),A (E )C EXP( m(rg0,4 (E)
C Exp ( ) E ,m(r;q)) (E)
and
Expk (E) C Exp" 4 (E) C Exp k (E)
N,(s;(rq)),0 N, (s;(r, /(5:(r,4)),0,A
k
C ExpN’(s;(y’q)),B E) C Ex (

/ /
Thusif T € [ExpN( 5004)) (E)] ,thenT € [EXP];(J,(S;(r,q)),A (E)] and
/
T € [ExpN/(s;(r’q))/O/B (E)} , for every A € (0, +o0] and B € [0, +0) (we are con-

sidering the restriction of T to the corresponding space).  Hence, if

/
T e [ExpN’(s;(r,q)) (E)} we may consider T x P € [ExpN
P e PN,(S;(r,q)) ("E) (see Theorem 2.16 (a))

(5:00).0 (E)} for every
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/
Definition 2.23. The functional T & [Exp’l‘v (5:(r0) A (E)} , with A € (0, +o0] and

/
k € [1,+00], is said to be of type zero if it is also in [Exp’l‘v (s:(r) (E)] or, equiva-
. %
lently, if FT € Exp(s,,m(r,;q,))lo (E').

/
(s;(r,9)),0,B (E)] , with B € [0,+00) and k € [1,+oo],

/
. . . . . . k . .
is said to be of type zero if it is also in [ExpN,(S;(r’q)) (E)} or, equivalently, if
FT € Exp(s ()0 (E').

The functional T & [Explz‘v

Proposition 2.24. If P € Py 5,y ("E) and T € [E xpy N,(5(r.4) (E )}/ then for every

e > 0and p > 0, with p > ¢, there is a constant C (p,&) > 0, independent of n, such
that

PR s (T P) < Clo,€) (0= &) " Pl (s:r)) -

Proof. First we consider P = ¢", with ¢ € E’. Thus we have

T+P= Z() (p()"7) ¢

and

PR (sirane (T*P) Z()\T< _j)(!!qv\\jp*f. (11)

Since T € Exp%‘;,(s;(r’q)) (E)} , it follows that FT € Exp%s,’ ( E’) and

m(r';q')),0 (

limsup Hd]FT 0)

]—>c>o

1
! =0.
(s',m(r';q"))

Since
|T(¢)]
sup ——— ]
o709l

for each 6 > 0, there is a (6) > 0 such that

T ()] _ < |#Fr (0
ol

Hd]FT H < HdJPT

(s'm(rq)”

for all j € N, then
T (¢)| <@ ol (12)
for all j € IN. Now from (11) and (12) (using 6 = ¢) we get
Pisoans TP < L )a@ e ol gl 07

j=0

el 1% ) o = a @ ol (o +2)" (13)
=0
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! : € / / I3 —1 Nnn
Let 0 < & < mm(p’P(p—S))' Then & < p, & < p(p—e) and (p +€) <

(p —€)" " . Therefore, from (13) (using § = ¢’) we get

PR e (T*P) <@ (@) lol" (07 +¢) <a (&) (0o " llgll",

and since ¢ depends only on p and ¢, we may write a (¢/) = C (p, ¢) . Therefore
the result holds for P € Py ("E). Since Py ("E) is dense in Py (., o) ("E) , the
result holds true for P € Py (5., q)) ("E) -

/
Theorem 2.25. Let k € [1,+oc0], T € [Expll‘v S0) (E)] and f in either

k k :
ExpN,(S;(r,q))’A (E) or ExpN,(s;(r,q)),O,B (E), with A € (0,+o0] and B € [0, +00). If

then we get

Txf € Exply goana(B)  F  fEEP 0 4 (E)

and
L : k
T+ f € EXpY (00,8 (E) if  feExXpy ra08 (E)-

Moreover Tx defines a convolution operator on Exp’z‘v E) and

(s:(r.9)),A (

Exp’z‘v, (5(r)),0,8 (E), respectively.

Proof. First we suppose that k € [1,400). If f € Expll‘v (5:(r)) A (E), then
there is p < A such that ||f{|g g0k < F0° and by Remark 2.22 we have
fe Exp’z‘v Sra) (E).Lete > Obesuchthatp (1+¢) < Aandp(l+e¢) < p; < A.
Then it follows as in (10) (see the proof of Theorem 2.16(b)) that

p(1+e)\™"
1T s strion < @A+ DE) (1= EEED) il o n
146\ *
— e+ D@ (1-LEED) T flg iy < b (8
k
Thenwe get T« f € ExpN/(s;(r’q))’A (E).

If f e Exp]I(V,(s;(r,q)),O,B (E) . then || fll g (s;(rq)),kp < T00 forevery p > B. For p > B,

let € > 0 such that (1f€)2 > B, then p > 1i8 > (155)2 and we obtain

-1
P P
T fI 5, (55000 < € (1—+8> D (e) <1 T o0 +8)> HfHN,(s;(r,q)),k,ﬁ < too (15)

as before. Hence T * f € Exp’l‘v (5:(r0)),0,B (E).

Now we have to prove that T* is a convolution operator on Exp’z‘v

ss(ra,a (E)
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and Expll‘v The linearity is clear. For T* on Expll‘v (E), from

‘ (E)- ‘
(st () The linean . (stra),a L) /11O
the properties of the inductive limit topology it follows that T* is continuous if,
and only if, (T*) o ip is continuous for allp € (0, A).

Letp: Exp]]‘v ((r))A (E) — R be a continuous seminorm. Then thereis « (p1) >

%sluchthatp(f) < (1) £ 115 sy Frall f € B o (E) (pr asin (14)).
us

p(Txf) <a(on) 1T FllR,sma) 00 < % 01) K(001) 1 Fll5 550000 0

k k
forall f € BN,(s;(r,q)),p (E) C BN’(S’.(nq)),p1 (E), where
T+¢)\ !
K(p,p1,6) =C(p(1+¢))D(e) (1 - %) .

Therefore T is continuous.

On the other hand, let T* on Expll‘v p (E) . Then the continuity of T fol-

(s (7,
lows from (15), since the topology of Ex

H ) ||N,(s;(r,q)),k,p 0> B.

Now, in any of the cases above it is possible to show that the mapping f
dlf (-) x is continuous for any x € E, and d' (T« P) (-)x = T x (d'P () x) for all
P € Py (s;r,q) ("E),n € N. Thus these two facts imply that AU (Txf)()x =
Tx (df (-)x) for all f € Exp’l‘vl(s;(r’q)),A (E) in the first case and for all f €

Exp’;v, ()08 (E) in the second case.

1),

pII{V (.08 (E) is defined by the family

Now we suppose that k = +o0. From Proposition 2.24 we get

- o 1 o (o) .
ZPNI(s;(r,q)),p <T* (mdnf (0)>> <C(p,e Z

n=0

1 ~
Lo H ,
n! R, (5:(r.))

foreache > 0and p > e.If f € Expy
that p — e > B. Thus,

(s;(r,q)),0,B (E),letp > B and ¢ > 0 be such

= ) 1 an )
Lo (T* (Hd 10 >> < C0,8) PR (srapoe () <+,

and since for each p > B we have pg (T % f) < 400, it follows that

A(s:(r,q)).p
[} 1 ~
n=0 '

converges in the topology of Exp% (E) . The continuity of Tx follows

/(s:(r.9)),0,B

PRseane (T ) < C0:8) PR (50.0)),0-¢ ()
and the linearity is obvious.

If f € Exp3 (E), then there is p < A such that f € "Hﬁ(s;(w)) <BF1) (0)) .

from

(s3(r)), A
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Lete > O be such that p+2¢ < A, thenp + ¢ < A and

n;OpN'(S/'(’rQ)),p+£ <T * (md f(0)>> < C/ (0,¢ Zp

= C/ (pl S) pg/(s;(}/,q)),p (f) < +OO

(0)

N,(si(r,)

By C' (p,€) we mean C (p +¢,¢). Therefore T * f € Expy
implies that T  f € Expy (5:(r0) A (E).

J(s5(r.q)),p+e (E) and this

Now we have to prove that T« is continuous. Let q: Exp% (E) — Rbe

(s:(rg)),A

a continuous seminorm. Then there is M > 0 such that

1(8) < MPR, (g1, 02 (8) forall g € M3 o0 (BL1 ()

p+2e

Consequently

(T*f) S ( (rq))p+25<T*f) <C/(p' )MpN( (rq))p<f)

for every f € ’Hﬁ(s;(w)) (B}) (0)) C ’Hﬁ(s;(r’q)) (31 (0)) . Thus T is conti-

0+2e
nuous. That T« commutes with the directional derivatives follows as in the case

kel +0).

Remark 2.26. The proofs of Theorems 2.16 and 2.25 correct the proof of the 1-
nuclear case of [18, Theorem 3.20] (note that [18, Proposition 3.17], which is used
in the proof of [18, Theorem 3.20], is false).

Definition 2.27. For O € Ak~ ,k € [1,4+o0] and A € (0, +00], we say that

N,(s;(rq)),A
. . k

O is of type zero if F (’YN,(S,( )) (9) € Exp(s Ln(r5),0 o (E') , where ('yN( S0 A (’))
(f) =0f(0) forall f € ExpN,(s;(r,q)),A (E).

For O € A% N, (s(ra),08 K € [1, +o0] and B € [0, +o0) , we say that O is of type zero if

4 / k —

F (Y soano O) € Exf’( w0 (B, where (7 0 O) (f) = OF (0)
foralleExpN(, ( ).

Theorem 2.28. Ifk € [1,4o0] and A € (0, +o0], then ’y’z‘v Sra).A is a linear bijection
between the space of convolution operators of type zero on Exp’l‘v (5:0r,0)), A (E) and the
space of continuous linear functionals of type zero on Explz‘v (5:(r0)), A (E).

k . . .o .
Ifk € [1,+0c0] and B € [0,+00), then VR, (s:(r,0)),0,8 5 @ linear bijection between the

space of convolution operators of type zero on Expll‘v and the space of con-

(straop (E)
tinuous linear functionals of type zero on Expll‘v (5:(0)).0.B (E).

/
Proof. We define (rgl(s;(m)), ., (T)) (f) = TxfforT € [ExpN( A (E)]
/

s;(rq
of type zero and f € Explz‘v (E). Then T € [ExpN (5:00) (E) } and by

(s:(r,q)),A
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Theorem 2.25 we have

oo (seana (D) ) = (K. (1) () ©0) = (%) (0)
:ni (n (%@fm))) (0) ng (%dAf (0>> =T(f).

k k
N, (s:(r), A O,FN,@;(r,q)),A

[Exp’l‘v’ (5:(r0) A (E )} of all functionals of type zero.

is the identity mapping on the subspace of

/
. . k k
On the other hand, if O is of type zero we get TN (s5:(r0)), A (0) € [ExpN’(S;(r,q)) (E)]
and by Theorem 2.25 we have

T st (T a () (@ = (T gmana (9)) *£) @)

k k
Hence FN,(S;(Y,Q))rA © TR, (s(r,9)),A

“4]1((1, (5:(r,0)), A of all operators of type zero.
. . k _ k
Now, if we define (F ( (a0, (T)) (f)=TxfforT € [ExpN

type zero and f € ExpN (E), then we prove that F

is the identity mapping on the subspace of

/
ssran0p (B of

(5:(r.0))0,B N, (si(r.q)),08 (T) 18 the

inverse of 'yN by an argument similar to the one used in the first part.

(8:(r4)).0,B
/
Remark 2.29. (1) Since the elements of [Exp% ) (E )] are of type zero, then

/
re . is a linear bijection between |Exp$ (E)| and AL, ..
N, (s;(r4)) [ N, (s(r)) } N {si(r.a))
(2) Fork € [1,400], B € [0,400) and T}, T € [ExpN )05 (E)] , with T, of
/
type zero, we may define Ty * Tp € [ExpN } in the following way:
If f ExpN’(S;(r,q))/OIB (E), let

n1 .
j=0/"

/
k
for each n € IN. By Remark 2.22 we have T3, T € [E/xpN/(s;(r/q))’O (E)] and from
S k
Definition 2.19 we have T; * T € [ExpN’(s;(r’q)),o (E)} . Thus we set

(Ty+ T) (f) = Jim (Ty = Ty) (By) = lim % 0 (Tix) o (Tox)) () =

n—o0

= lim (T % (T P,)) (0) = lim Ty (T P,) = Ty <nli_r>rc}oT2>x<Pn> =Ty (Ty * f)
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and the last equality is valid since P, converges to f in Exp’z‘v (E) and

k /
To € [Exply o) (B)] -
Moreover, from Theorem 2.25 we get Tp * f € Expll‘v

(s:(rq))

(5:(r0)).0.B (E) and Ty* is a

convolution operator on Expll‘v’ (5:(r0)),0.B (E).
/
Since T1 € [Expll‘vl(s;(w))’o’B (E)] , we have that Tj o (Tp*) is continuous on
Explzc(i,(s;(r,q)),o,B (E). Hence Ty * T, is continuous on Expk (E) and
F(Th xTy) = F(T1) F (T,) as in Proposition 2.21.
. . k
(3) Asin (2),ifk € [1,+00], A € (0,+o0]and Ty, T» € [EXPN,(S;(r,q)) A

T, of type zero, we define Ty x T, (f) = Ty (To x f) for all f € Exp ((r))A (
/
satisfying F (Ty * T;) = F (Ty) F (T3) .

N,(s;(r,)),0,B

(E)] ' with
)

Z7

and weobtain Ty x T, € [Exp’l‘v (5:(r0) A (E)}

Definition 2.30. The product * defined in (2) and (3) is called the convolution prod-

/ /
uct of Ty and T, on [Exp’l‘v and [Exp’l‘v , respectively.

e E) straa (E)

3 Division Theorems

In order to prove division theorems we need the following two division re-
sults obtained by Matos [18]:

Proposition 3.1. Fork € [1,4), f € Explé,A (E)and g € Exp’(‘),B (E), with A,B €
[0, 400) and g # O, if f/ g is entire on E, then f /g € Explé,L (E) , where

1
L= inf ((A 14+ )+ (B(L+A)F ((#)2 _ 1))

Proposition 3.2. Let f € Expg, (E) and ¢ € Expgy (E), with A > B > 0 and
g # 0.1f f/g is holomorphic on B,-1 (0) C E, then f/g € Expg, (E) .

Remark 3.3. The spaces Expg, 4 (E) are the analogues of the spaces
Explfs,m(r;q)),o, 4 (E) with the usual norm of polynomials being replaced by the
norm (s, m (r;q)) . For further details, see [17, 18].

A technical result is also needed to prove a division theorem for
kel +o).

Lemma 3.4. For each ¢ > 0 there is a constant D (&) > 0 such that
(T Db gl
i—1\j—1 1) g =owRTEy

forall j,1 € N, with1<1<j—1.



558 V. V. Favaro

Proof. First of all, for each | € IN it is not difficult to see that the sequence

(ﬂ]‘)].>l 1s Increasing, where

o= G (55

Since
W B G=1)
! <1_g)j mjG-=1---G-0-1)
j
I
!
. (-1 . (1-5)
lim — . =1 =1
PTG G- T=1) e (1o ) (1= )
and
j
lim <1——> =e!,
jroo J
we get

i1 Py Z 1y I _ 1\ |
. ] NN G=-nton. 1 G—=1) I,
lim ( 24— Z - = — lim : = —¢.
fm<r4> <J J! ﬂrm<L4y ji=1--G-0=1)) I

]

PN i\ — |
Ny G 1
<1—1> <l> TS

for all j > I, j € IN. Multiplying both sides by ]]Tl we get
. . [ RN . .
J <‘J > <1> nG-=nt__j By
j—1\j—1 ! j! —j-11n

—%7§l+1¢:j21+1¢:j>h

; NN i I
J (i HG-D I
() () =g

Now the two limits

Hence

Furthermore

~

then we obtain

——

1
1 7 1
lim l—'el = 1me(l) =1
|—00 ! |—00 I
and )
lim (I+1)! =1
| =00

assure that

So there is D (&) > 0 such that
1
(l+1)%el <D(e) (1+¢),

for all | € IN. Now the result follows from (16) and (17).

(16)

17)
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Theorem 3.5. Let k € [1,400), A,B € [0,4+), f € Exp( m(r; ))OA(E) and

g€ Exp’(‘slm(r;q))’O’B (E), with g # 0.
If f/gisentireon E, then f/g € ExPlEs,m(r;q)),O,(L—&-B) (E) , where

2 k!
L= inf <(A 14+ A+ (B(1+A)* ((#) —1))

Proof. Since ||-[| < [|[|
Exp(

(syn(rig)) A0 Psm(rg)) (E) C P (IE), we get
5,m(13)),0,A (E) < ExpO/A ( ) and Expl(cs,m(r;q)),O,B (E) C ExPI(C),B (E) . By Propo-
sition 3.1 we geth = f/g € EXPS,L (E) . Thus for each ¢ > 0, there is C (e) >0

such that
ool <co (%) oo
forall j € N. Let (xu)j_1 € Lu(ryg) (E) with || (xm)55_1 ||y < 1. Then [l < 1
for all m € IN. So we have
7 ke j
[ (0) ()| <o) (F) Loy,

for all j,m € IN. Suppose first that ¢ (0) # 0. Since f = g - h, it follows by the
uniqueness of the power series of a holomorphic function around a point of its
domain that

df©)(x) _ o d@h(0)(x) dg(0)(x)dh(0) (x)
R +l; I G-

for all x € E. Then

7

7] ~ 1 ] a1 X 1
T10) () = 5 (0) ) = T3 FEE ) @11 (0) (xn)

I=1 I! (] - l)'
and
1 |5 1 (O)] |5
10 ()| < gy | 1) o]+ 15 0y 19 (0) ()|
- i

e (1) (G5) -0 s )

Thus
00600 = g |0 ) 0 500
o) (757) e @ @)

By the definition of ||-[| ; ,,(,;)) (see Matos [21, pp. 97-98]), we have

[(@F© ) || <]|#f©

(s,;m(r;q)) (H (xm>:::1 Hm(r;q))
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and ~ ~ N n
|(@s@ @), SO gy (Nemailugy)
for all n € IN. Since H " 1” ria) <1, we get
[(@r 0 ), ], < |g(10)| |95 O] ey % |25 O

PSR () oo 2so

(sm(rq))

~ 1 ~ O)\ ~
d'h (0 < 1£(0 2\ T e (0
H < ) sm(rq)) ‘g (0)’ H f( (s,m(r;q)) ’ H g( (s,m(r;q))
. i—1
C(e) f1<]> e >’k L
+ — —D!'(L+¢) de (0 .
g (O)/F\I) \j—1 U=DH ) H $(0) (sm(r3q))

Now since f € Expl(‘s,m(r;q)),o,A (E) and g € ExP]Es,m(r;q)),o,B

each e > 0, there are « (¢) > 0 and B (¢) > 0 such that

(E) we have that for

d"f (0)

ke ¥
<al(e)n!' [ = A+e)'
(s;m(r;q)) (¢) < n ) ( )

and

< B(e)n! <;>%(B+s)”,

(s,m(r;q))
for all n € IN.. Therefore

Hvﬁh Ol P— ggg;,ﬂ <7e> (Ate)+ %ﬂ @) By
j_l ke 3 ke ; '
12() <—l> (T) NG—n'(L+e) I(B+£)1
Note that

(6 3 ) (5) o= (7 ) )" ) e

Then
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and by Lemma 3.4 we obtain

Hence

2(®) , (ke\E i OB, (kN
e <0 (7) A+ B (F) e

C)BEDE) (kN 1o B ey
+ (0] <]> j'IL+e+ (1+¢) (B+e)).

Since A < L, it follows that

Hﬁh (0

. x(e)  (ke)F L h(O)|B(), (ke ;
C <sm<r-q>><rg<o>|"< > (L+e'+ =20 ”(j) (B+e)
(et égg'D ( > jt L+s+B+§+sB+s]
a(e) , [(OIB(E), CEFED(), (k! ;
S(\guﬁ 5(0)] \g()y >]'<j> (L+Bre@+Bte).
Since ¢ > 0 was chosen arbitrarily we have
lim su L : lcﬁh ! .
jasoop <k€> j! (0) (s,m(r;q)) = L+b

Hence h € Exp’(‘slm(r;q)),o’(LJrB) (E).

If ¢ (0) = 0 we consider fy (x) = f (x) + ¢ (x) h (x) and go (x) = g (x) + ¢ (x) for
all x € E, where ¢ € Exp’(‘ 1.0 (E), ¢ (0) # 0 and ¢ is non constant. Then

s,m(r;
fo = goh and go (0) # 0. By I({gmark 222 we get ¢ € Expl(‘s’m(r;q))lolB (E) which
implies go € Exp’(‘slm(r;q))’O’B (E).If fo € Exp’(‘s’m(r;q)),O,L (E), we apply the result
we just proved and obtain i € Exp’(‘slm(r;q))’O’(LJrB) (E).

In order to prove that fy € Exp’(‘ E) it is enough to show that

. . s,m(r;q)),0,L (
Yh € EXP(s a0l (E) . Since

_ xm> A~ (0) (xn)
) = 15 G-

=1 N
-y (ﬁ)ﬁw (0) (o) @711 0) () + 9 (0) (x) 1 (0),
1=0

dl (yh) (

and h € ExpS,L (E), we get
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if H(XW)Elem(r;q) < 1. Thus
7 (9h) (0) ()| < [H(0)] | (0) ()

Yy ke \'© ~

+e@ L () [0 ] (75) " G-
=0

Since ¢ € Expl(‘slm(r;q))’0 (E), there is N (¢) > 0 such that

!
< N(e) (7‘3> jlel,

for all j € IN. Using the same arguments of the result we just proved, we get

|@ (gh) (0)

|7 (0)

(s,m(r;q))

<
(s,m(r;q))

+C <>Zzé<§) 60y (77) " G=DELTO.

n )| @y (0)

(s,m(r;q
Since Ps m(r;q)) (°E) = C, we have that Hr;lbtp (0) mira)) [ (0)] and
I i
5 ke\* . ke \ & . j
|@n @ <hOINE (F) e+ C@lp©) () e+

j=1

rconoE(]) () 0 (£5) T G- o

I=1

From Lemma 3.4 and the previous arguments, we get

ZZ@ (%) (?)%ug_z)!(m)ug

< (& ij!D(S)j_Zl P w1+
j !

=1
Therefore
[7em o] . <cewol (%) Lt e) T (O)|N (e) <%) Ciel
ke il-,jil j—1 —1 !
re@NEDE (5) IE (') e a0

<cEuO(5) e+ +poINE () e

i

+C(e) N (e) D (&) <%) Lt (14e)e)!

C(e) N (e) D (¢) > <E
L+e+(1+¢)e) j

< <c<e)y¢<0)\+\h<0)yw(s)+( >kj!(L+e+(1+e)e)j.
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Since € > 0 was chosen arbitrarily we have

o (1)
1im su —
j—)oop ke

E).

< L.

}ﬁ (1) (0)

(s,m(r;q))

Hence ¢h € Expl((s,m(r;q)),O,L (

Remark 3.6. Note thatif B=0,thenL = Aand f/g € EXPI(‘S m(r:q)),0,A (E).

Example 3.7. Now we give some examples of ¢ € Expl(‘S m(r;a),0 (E),with ¢ (0) #
0 and ¢ non constant.
If k # 1, then ¢ = e? with 0 # ¢ € E’, is such that e? € Exp’(‘sm(r,q))o(E),

e?0) =1 (see [11, Proposition 2.15]).
Fork € [1,+00), ¢ (x) = 1+ P (x) with P € P(s (1)) ("E) for some 0 # n € N,

is such that ¢ € Exp’(‘S m(r;q)),0 (E), ¥ (0) = 1 and ¢ is non constant.
Theorem 3.8. Let f € Exp‘(";’m(r;q))lolA (E) and g € Exp‘(";’m(r;q))’o,B (E), with A >

B > 0and g # 0.If f/g is holomorphic on B,-1 (0) C E, then
/8 € ExPlgn(rig))0,a+8) (E) -

Proof. Since |||l < [I[|(s m(riq)) a0 Ps,m(rg)) (/E) ¢ P (JE) forallj € N, we
get f € Expy, (E) and g € Expg’p (E) . By Proposition 3.2 we have h = f/g €
Expg, (E), and for each ¢ > 0, there is C (¢) > 0 such that

Haﬁh (0)” <C(e)jl (A+e),

forall j € IN. Let (xi)y—; € £(rq) (E) with H(xm)fnc’lem(r;q) < min {1, A71}.
Then ||x,,|| < min {1, A~} for all m € N. Then

‘Eﬁh (0) <xm)( < C(e)jl(A+e),

for all j € IN. First we suppose that g (0) # 0. Thus

B 0) (x) =g O (0) () +1 L=

forall x € B4 1 (0) and

00) )] < g [0 5+ oo (]) 4 00 o] |15 0) )
. i /i
< 5o 177 @ el + 5o (1) G- DA+ A5 0) ()
Therefore
Haﬁh S P— !g<10)\ Haﬁf Ol sy
SO () G-nra+a |25 0)
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and since for each € > 0 there is « (¢) > 0 and B (¢) > 0 such that

|75 © <a(e)jt(A+e)
(sm(r:0))
and
|5 <p(e)(B+e),
(s/m(r:0))
we get
~ a(e) i L (] (- i1 I
deh(o (S,m(r;q))élgm)‘].(/hts) l{;()z; D(A+e) ™ (B+e)
w(e) i 1y
< ]g(O)\]'(A+€>] ]l () (A+e) ' (B+e)
a(e) () (¢) 1
<’ ()|] (A+8) 20 —— =l A+B+2£)
2(e)  CEBE)Y, N
< (o S ) A+ B2

Since € > 0 was chosen arbitrarily we have

lim sup
j—o0

1
‘laﬁh(o) ’ < A+B,
7!

(s,m(r;q))

and since B (A1B)! 1(0) C B4-1(0) it follows that & is holomorphic on B

Hence h € Exp(sm(r D).0,(A+B) (E).
If ¢ (0) = 0 we consider fy(x) = f(x) 4 e?®h(x) and gy (x) = g (x) + e?®)
for all x € E, where ¢ € E/, ¢ # 0. Then fy = goh, g0 (0) # 0 and since
e? € EXPT ()08 (E) we getgo € EXPE nrsa) op (E)-If fo € EXPT i) 0.4 (E)
we apply the result we just proved to obtain h E Exp‘z"

s 1 (0).

s,m(r;9)),0,(A+B) E)

In order to prove that fo € Exp{ .. )0, (E) it is enough to show that
e?h € EXP 1)) 0, (E), but this follows analogously.

The proofs of the following three division theorems involving the Fourier-
Borel transform are similar to the proofs of Theorems 4.9, 4.10 and 4.11 obtained
by Matos [18]. Just use our results 3.5 and 3.8 where Matos uses his results 4.5
and 4.7.

/
Theorem 3.9. Ifk € [1,+co] and T, T, € [Exp]]‘v (5:(r,0)).0 (E)] are such that Ty # 0

and Ty (P exp @) = 0 whenever T, x Pexp ¢ = Owith ¢ € E'and P € Py (5,07 ("E),
n € 1IN, then FTy is divisible by FT, with the quotient being an element of

Expg ey (E)-

/
Theorem 3.10. If k € [1, +co] and T, T, € [Exp’]‘\7 s0r) (E)} are such that T, # 0
and Ty (P exp ¢) = 0 whenever Ty« Pexp ¢ = Qwith ¢ € E'and P € P, st ("E)
n € 1IN, then FTy is divisible by FT, with the quotient being an element of
k/
Exp(s//m(r/;q/))lo (E/) .
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/
Theorem 3.11. (a) Fork € [1,4o0]and A € (0, +00) ,if T1, T, € [Exp’l‘v () A (E)]

are such that Ty is of type zero, T # 0and Ty (P exp ¢) = 0 whenever T, * Pexp ¢ = 0,
with ¢ € E'and P € Py (. q)) ("E), n € N, then FTy is divisible by FT, with the

quotient being an element of Exp’(‘;/ ()0, 0k A) (E").

/
(b) For k € [1,+c0] and B € (0,+c0),if T1, T, € [Exp’z‘v (5(r)).0,8 (E)} are such

that T, is of type zero, T, # 0 and Ty (P exp ¢) = 0 whenever T, * Pexp ¢ = 0, with
¢ € E'and P € Py (5(,.q)) ("E) , n € N, then FTy is divisible by FT, with the quotient

being an element of Exp* E').
g PEP G mayem ()
4 Existence and Approximation Theorems for Convolution Equa-
tions
This section is devoted to results concerning approximation and existence
of solutions of convolution equations. The three next results are consequences
of Theorems 3.9, 3.10 and 3.11. It is enough to follow the arguments of Matos
[18,5.1,5.2,5.3 and 5.4].
Theorem 4.1. (a) If k € [1,+00| and O € A’f;]
ExP]z({z,

(5:(r0)),0" then the vector subspace of

(5:(r,0)).0 (E) generated by the exponential polynomial solutions of the homogeneous

equation O =0 is dense in the closed subspace of all solutions of the homogeneous equa-
tion. That is, the vector subspace of Explz‘v (5:0,0)),0 (E) generated by

L= {Pexp 9P € Py (s(r,g)) ("E) m €N, ¢ € E,O (Pexp ¢) = O}

is dense in
_ k . _
kerO = {f € ExpN,(S;(r,q))’O (E);Of = 0} .

(b) If k € [1,+00] and O € A%I(S;(r’q)), then the vector subspace of Exp’l‘v’
generated by

(ss(r)) (E)

L£={Pexpp;P € Py, ("E) 1 €N, g € E, O (Pexpg) =0}

is dense in
k . _
ker O = {f € Expl o (B); Of = o} .

Theorem 4.2. (a) Ifk € [1,+c0], A € (0,+00) and O € Alz(if,(s;(r,q)),o,A is of type zero,

then the vector subspace of E xp’l‘v generated by

sranoa (E)
L= {Pexp @ P € P srq) ("E),m €N, g € E,O(Pexpo) = 0}

is dense in
k )
kerO = {f € EXPY (s;ma)),0,4 (E);Of = O} .
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(b) Ifk € [1,400], B € (0,+00) and O € Ay,
subspace of Exp’z‘v

(5;(r,0)),B is of type zero, then the vector

(). (E) generated by
L= {Pexp @ P € P siray ("E) mn €N, g € E,O(Pexpo) = 0}

is dense in
k . _
ker O = {f € Exply 5 (E); Of = o}.

Theorem 4.3. (a) For k € [1,4+o0],if O € .Ak , O #0, then its transpose

) Ni(si(r)).0
tO: [Exp’z‘v( '(rq))O(E)] — ExpN( (E)} is such that
(a.1) fo([Exp b (ot ))O(E)]/
(@2) 'O <[Exp’1‘\[( S0 (E) ) is closed for the weak-star topology in

k : k
[ExpN’(s;(w))/O (E)} defined by ExpN’(S;(r/q))’0 (E).
(b) Fork € [1,4+00]and A € (0,+0),if O € A%’(S;(rlq))’O’A is of type zero and O #0,
/ k / .
) (E)] — [ExpN( (ra).0.A (E)} is such that

b.1)tO <[ExpN ) is theorthogonal of ker O in [ExpN( ()0, (E)}/.

is the orthogonal of ker O in [Exp’z‘v (a0 (E)} B

\'\/

then its transpose 'O : [Exp N, (s

(b2) 'O ([ExpN }/) is closed for the weak-star topology in

[ExpN( S0 ))OA(E)} deﬁned by ExpN( S0, ))OA(E)

An analogous result is valid for O ¢ AIZ(V (5:(r2))’ O #0 and for O €

AIZ‘V (5:(r)), B O #0 of type zero, with B € (0, +).
The last result of this article is a theorem about existence of solution
of convolution equations. In order to prove this result we need the following

Dieudonné-Schwartz result (see [13, p. 308]).

Lemma 4.4. If E and F are Fréchet spaces and w: E — F is a linear continuous
mapping, then the following conditions are equivalent:

@) u(E) =F;
(b) tu: F' — E’is injective and 'u (F') is closed for the weak-star topology of E' defined
by E.
: k
Theorem 4.5. (a) For k € [1,4+00],if O € ‘AN,(S;(r,q)) )
k _ Fapk
O (ExP, a0 (B)) = EXP 10 (E)-

(b) For k € [1,+o0] and A € (0, +00),if O € AII{V,(S;(r,q)),O,A

_ k
then O (ExpN( S04 (E)) = ExpN,(s;(r,q)),O,A (E).

Proof. By [11, Propositions 2.6 and 2.12], Exp’l‘q(s‘(rq))o(E) and

, O #0, then

is of type zero and O #0,

Explz((f,(s;(r,q)),o, 4 (E) are Fréchet spaces. By Lemma 4.4(b) and by Theorem 4.3
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items (a.2) and (c.2), it is enough to show that 'O is injective. Since O =T for
some T in the domain of !, then for all S in the domain of /O and f in the domain
of O we have (‘OS) (f) = S(Of) =S(T*f) = (S*T)(f). Thus'OS = S« T
and if ‘{OS = 0,then S* T = 0 and F(S*T) = 0. Since O #0, it follows that
T # 0and FT # 0 and since F (S* T) = FS.FT, we get FS = 0. Hence S = 0 and
'O is injective.
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