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Abstract

Let A be the class of normalized analytic functions in the unit disc and let
Pγ(α, β) be the class of all functions f ∈ A satisfying the condition

∃ η ∈ R, ℜ
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eiη

[
(1 − γ)

(
f (z)

z

)α

+ γ
z f ′(z)

f (z)

(
f (z)

z

)α

− β

]}
0.

We consider the integral transform

Vλ,α( f )(z) =

{∫ 1

0
λ(t)

(
f (tz)

t

)α

dt

} 1
α

,

where λ(t) is a real-valued nonnegative weight function normalized by∫ 1
0 λ(t)dt = 1. In this paper we find conditions on the parameters α, β, γ, µ

such that Vλ,α( f ) maps Pγ(α, β) into the class of starlike functions of order µ.
We also provide a number of applications for various choices of λ(t). Our
results generalize known results on this topic.

1 Introduction and preliminaries

Let A be the class of functions of the form

f (z) = z +
∞

∑
n=2

anzn,

Received by the editors December 2007 - In revised form in October 2008.
Communicated by F. Brackx.
2000 Mathematics Subject Classification : Primary 30C45; Secondary 30C80.
Key words and phrases : Convolution, Univalent functions, Hypergeometric function, Duality

technique, Starlike functions.

Bull. Belg. Math. Soc. Simon Stevin 17 (2010), 275–285



276 A. Ebadian – R. Aghalary – S. Shams

which are analytic in the open unit disc U = {z ∈ C; |z| < 1}. Let S∗(α) denote
the subclass of A consisting of all functions which are starlike of order µ in U.
For functions f j(z) (j = 1, 2) given by

f j(z) = z +
∞

∑
n=2

aj,nzn, (j = 1, 2),

the Hadamard product (or convolution) of f1(z) and f2(z) is an analytic function
given by

( f1 ∗ f2)(z) := z +
∞

∑
n=2

a1,na2,nzn, (z ∈ U).

By applying the Pochhammer symbol (or the shifted factorial) given by

(a, 0) = 1 < mboxand (a, n) = a(a + 1)(a + 2)...(a + n − 1), (n = 1, 2, 3, ...),

it is known that the familiar Gaussian hypergeometric series defined by

F(a, b ; c ; z) =
∞

∑
n=0

(a, n)(b, n)

(c, n)(1, n)
zn, (a, b, c ∈ C, c /∈ {0,−1,−2, ...}),

is analytic in the unit disc U.

Throughout this paper the function λ : [0, 1] 7→ R is considered to be a non-

negative function with
∫ 1

0 λ(t)dt = 1.

For α ≥ 0 and f ∈ A, we define the weighted integral transform

Vλ,α( f )(z) =

(∫ 1

0
λ(t)

(
f (tz)

t

)α

dt

) 1
α

, (1.1)

where for the power function the principle branch is taken.

We recall that the operator Vλ,α( f ) reduces in some special cases to well-
known operators such as the Libera, Bernardi, and Komatu operators. This oper-
ator Vλ,α( f ) has been studied by a number of authors for various choices of λ(t)
(see e.g. [1,3,4,8,9]).

For β < 1, α ≥ 0 and 0 ≤ γ ≤ 1, we introduce the class Pγ(α, β) of all functions
f ∈ A such that

ℜ

{
eiη

[
(1 − γ)

(
f (z)

z

)α

+ γ
z f ′(z)

f (z)

(
f (z)

z

)α

− β

]}
0, (z ∈ U, η ∈ R), (1.2)

where for the power function the principle branch is taken.

If η = 0 in (1.2), then Liu [6] gave a univalent criterion for the class Pγ(α, β).
Furthermore, if f ∈ Pγ(1, β), many authors used duality theory for their discus-
sion of the starlikeness of Vλ,1( f ). (e.g. [2,4,5,7]). By using similar methods for a
function f ∈ Vλ,α( f ), we here want to find conditions on α, β, γ and µ such that
Vλ,α( f ) ∈ S∗(µ).
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2 Main Results

In this section we start by considering the functions in Pγ(α, β) for which
α > 0, 0 ≤ β ≤ 1 and γ is any number in [0,1]. Let α > 0, γ > 0 and define

Λγ(t) =
∫ 1

t

λ(s)

s
α
γ

ds.

Further let g(t) be the solution of the initial value problem

d

dt

(
t

α
γ (1 + g(t))

)
=

2

γ

t
α
γ−1[1 − (1 − α + αµ)(1 + t)]

(1 − µ)(1 + t)2
, g(0) = 1. (2.1)

Solving (2.1), we find

g(t) =
2t

−α
γ

γ(1 − µ)

∫ t

0
u

α
γ−1 [1 − (1 − α + αµ)(1 + u)]

(1 + u)2
du − 1. (2.2)

Theorem 2.1. Let α ≥ 1, γ > 0, 1 − 1
α ≤ µ ≤ 1 − 1

2α and β < 1 be given by

β

1 − β
= −

∫ 1

0
λ(t)g(t)dt, (2.3)

where g(t) is given by (2.2). Assume that limt→0+ t
α
γ Λγ(t) = 0. Then Vλ,α( f ) ∈ S∗(µ)

if and only if

ℜ
∫ 1

0
Λγ(t)t

α
γ−1

[
h(tz) −

1 − (1 − α + αµ)(1 + t)

α(1 − µ)(1 + t)2

]
dt ≥ 0, (2.4)

where

h(z) =
1

(1 − z)2

[
1 +

ξ + 1 − 2α(1 − µ)

2α(1 − µ)
z

]
, |ξ| = 1. (2.5)

Proof. Let f ∈ Pγ(α, β) and define

H(z) =
(1 − γ)

(
f (z)

z

)α
+ γ

z f ′(z)
f (z)

(
f (z)

z

)α
− β

1 − β
.

Then for some η ∈ R we have ℜ(eiη H(z))0. Setting F(z) = Vλ,α( f )(z), we want

to find conditions such that ℜ zF′(z)
F(z)

> µ, z ∈ U. By the duality principle (see

[10]) we may restrict our attention to the function f ∈ Pγ(α, β) for which H(z) =
1+xz
1+yz , |x| = |y| = 1.

Set G(z) =
(

F(z)
z

)α
, then it is easy to see that G is analytic in U and G(0) = 1.

Since zF′(z)
F(z)

= 1 + 1
α

zG′(z)
G(z)

, it is well known (see [10]) that F is starlike of order µ if

and only if

1 +
1

α

zG′(z)

G(z)
=

zF′(z)

F(z)
6= (1 − µ)

1 + t

1 − t
+ µ, with |t| = 1, z ∈ U.
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After some algebraic computation we find that it is equivalent with the following
condition

F ∈ S∗(µ) ⇐⇒

(
F(z)

z

)α

∗ h(z) 6= 0, z ∈ U,

where

h(z) =
1

(1 − z)2

[
1 +

ξ + 1 − 2α(1 − µ)

2α(1 − µ)
z

]
, |ξ| = 1.

Hence F ∈ S∗(µ) if and only if (γ 6= 0),

0 6=

(
F(z)

z

)α

∗ h(z)

=
∫ 1

0

λ(t)

1 − tz
dt ∗

[
(1 − β)

α

γz
α
γ

∫ z

0

ω
α
γ−1(1 + xω)

1 + yω
dω + β

]
∗ h(z)

= (1 − β)
∫ 1

0
λ(t)

(
h(tz) +

β

1 − β

)
dt ∗

α

γz
α
γ

∫ z

0

ω
α
γ−1(1 + xω)

1 + yω
dω

= (1 − β)
∫ 1

0
λ(t) (h(tz) − g(t)) dt ∗

α

γz
α
γ

∫ z

0

ω
α
γ−1(1 + xω)

1 + yω
dω

= (1 − β)
∫ 1

0
λ(t)

[
α

γz
α
γ

∫ z

0
ω

α
γ−1h(tω)dω − g(t)

]
dt ∗

1 + xω

1 + yω
.

By the same method of proof as in [2], it is easily verified that this holds if and
only if

ℜ
∫ 1

0
Λγ(t)t

α
γ−1

[
h(tz) −

1 − (1 − α + αµ)(1 + t)

α(1 − µ)(1 + t)2

]
dt ≥ 0,

which completes the proof.

Note that by putting α = 1 in Theorem 2.1, we obtain the result of Balasubra-
manian et al [2]. Theorem 2.1 is not at once very useful because we have to check
condition (2.4), in order that Vλ,α( f ) ∈ S∗(µ). Therefore we will identify some
situations where (2.4) holds. We introduce

LΛγ
(h) = inf

z∈U

∫ 1

0
Λγ(t)t

α
γ−1

[
ℜ(h(tz)) −

1 − (1 − α + αµ)(1 + t)

α(1 − µ)(1 + t)2

]
dt,

and formulate the following result.

Theorem 2.2. Let α ≥ 1, 1 − 1
α ≤ µ ≤ 1 − 1

2α . Assume that Λγ(t) is integrable on
[0,1] and positive on (0,1). Further suppose that

Λγ(t)t
1
γ (α−1)

(log 1
t )

3−2α(1−µ)

is a decreasing function on (0,1). Then for 1
2 ≤ γ ≤ 1 one has hΛγ

(h) ≥ 0, where h is
defined above.
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Proof. We shall omit some details here because there are many similarities be-
tween this proof and the proof of Theorem 1.3 in [2]. So we want to prove the
following inequality

∫ 1

0
Λγ(t)t

α
γ−1

[
ℜ(h(tz)) −

1 − (1 − α + αµ)(1 + t)

α(1 − µ)(1 + t)2

]
dt ≥ 0, z ∈ U (2.6)

where h(z) is given by

h(z) =
1

(1 − z)2

[
1 +

ξ + 1 − 2α(1 − µ)

2α(1 − µ)
z

]
, |ξ| = 1.

Using the same argument as in [4] we see that it is sufficient to prove (2.6) for
|z| = 1. It is easily verified that (2.6) holds if

∫ 1

0
Λγ(t)t

α
γ−1{ℜ

2α(1 − µ) + [1 − 2α(1 − µ)]tz

(1 − tz)2

−
t

|1 − tz|2
−

2[1 − (1 − α + αµ)(1 + t)]

(1 + t)2
}dt ≥ 0,

for |z| = 1, z 6= 0. Further calculations result into the equivalent condition

H(y) =
∫ 1

0
Λγ(t)t

α
γ−1 [tA1(y, t)− 2(1 − α(1 − µ))A2(y, t)] dt ≥ 0,

where

A1(y, t) =
3 − 4(1 + y)t + 2(4y − 1)t2 + 4(y − 1)t3 − t4

(1 + t2 − 2yt)2(1 + t)2
,

and

A2(y, t) =
1 − t

(1 + t2 − 2ty)(1 + t)
,

with −1 ≤ y = Imz < 1. A series expansion of H is obtained by

H(y) =
∞

∑
k=0

H̃k(1 + y)k, |1 + y| < 2,

where H̃k is a positive multiple of

h̃k =
∫ 1

0
t

α
γ−1

Λγ(t)[Sk(t)− 2(1 − α(1 − µ))Uk(t)]dt,

with

Sk(t) =
(k + 3)tk+1

(1 + t)2k+4

(
1 − 2t +

k − 1

k + 3
t2

)
and Uk(t) =

tk+1

(1 + t)2k+4
(1 − t2).

We can see that A ≡ Sk(t) − 2(1 − α(1 − µ))Uk(t) has just one zero in (0,1). We
denote this zero by tk; it is well known that A > 0 if 0 ≤ t < tk, while A < 0 if
tk < t < 1.
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Let hk be of the form:

hk =
∫ 1

0
t

1
γ−1

(
log(

1

t
)

)1+2µ1

(Sk(t)− 2µ1Uk(t))dt,

where µ1 = 1 − α(1 − µ). Define

Λ̃γ(t) = Λγ(t)−
Λγ(tk)

(
log(1

t )
)1+2µ1

t−
1
γ (α−1)

(
log( 1

tk
)
)1+2µ1

(tk)
− 1

γ (α−1)
.

The assumption that
Λγ(t)t

1
γ (α−1)

(log 1
t )

1+2µ1
is decreasing, implies that Λ̃γ(t) and

Sk(t)− 2µ1Uk(t) have the same sign in (0,1). Therefore

0 ≤
∫ 1

0
t

α
γ−1

Λ̃γ(t)(Sk(t)− 2µ1Uk(t))dt = h̃k −
Λγ(tk)(

log( 1
tk
)
)1+2µ1

(tk)
− 1

γ (α−1)
hk.

If we can prove that hk ≥ 0, then it follows that h̃k ≥ 0 and also LΛγ
(h) ≥ 0 as

desired. Along similar lines as in the proof of Theorem 1.3 in [2], one can observe
that this is true for 1

2 ≤ γ ≤ 1, 1− 1
α ≤ µ ≤ 1− 1

2α , which completes the proof.

We remark that the spacial case of Theorem 2.2 where α = 1, has been studied
by Balasubramanian et al [2].

Before stating our next results we will find an equivalent condition for the

function g(t) =
Λγ(t)t

1
γ (α−1)

(log 1
t )

3−2α(1−µ) to be decreasing on (0,1), where Λγ(t) =
∫ 1

t λ(s)s−
α
γ ds.

Taking the logarithmic derivative of g(t) and using the fact that Λ′
γ(t) =

−λ(t)t−
α
γ , we have

g′(t)

g(t)
=

−λ(t)t−
α
γ

Λγ(t)
+

α − 1

γt
+

3 − 2α(1 − µ)

t log 1
t

.

Note that g(t)0, so g′(t) ≤ 0 for t ∈ (0, 1) is equivalent with the inequality

ψ(t) = Λγ(t)−
γλ(t)t−

α
γ+1 log 1

t

(α − 1) log 1
t + γ(3 − 2α(1 − µ))

≤ 0 f or t ∈ (0, 1).

Clearly ψ(1) = 0, and for completing the proof it is sufficient to show that ψ(t) is
increasing on (0,1). But a simple calculation shows that

ψ′(t) = λ(t)
(log 1

t )
2(α − 1)(1 − γ) + γ2µ1(1 − µ1)− µ1γ(α + γ − 2) log 1

t

((α − 1) log 1
t + γµ1)2

−λ′(t)
t(log 1

t )
2(α − 1)γ + γ2µ1t log 1

t

((α − 1) log 1
t + γµ1)2

,
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where µ1 = 3 − 2α(1 − µ). Therefore ψ′(t) ≥ 0 for t ∈ (0, 1) is equivalent with
the following inequality

λ(t)

[
(log

1

t
)2(α − 1)(1 − γ) + γ2µ1(1 − µ1)− µ1γ(α + γ − 2) log

1

t

]
(2.7)

≥ λ′(t)

[
t(log

1

t
)2(α − 1)γ + γ2µ1t log

1

t

]
,

where µ1 = 3 − 2α(1 − µ).

3 Applications

Theorem 3.1. Suppose that 1 ≤ α < 2, 1
2 ≤ γ ≤ 1, 1 − 1

α ≤ µ ≤ 1 − 1
2α and that

a, p, µ, γ, α are related by any of the following conditions

(i) −1 < a ≤ 2−α
γ +

(p−1)(α−1)
µ1γ − 1 and µ1 ≤ p ≤ µ1 + 1.

(ii) −1 < a ≤ 1
γ − 1 and p > 1 + µ1.

If g(t) is defined by (2.2) and β = β(a, p, γ, µ, α) is given by

β

1 − β
= −

(1 + a)p

Γ(p)

∫ 1

0
ta(log

1

t
)p−1g(t)dt (3.1)

then for f ∈ Pγ(α, β), the generalized Komatu operator defined by

F(z) =

{
(1 + a)p

Γ(p)

∫ 1

0
ta(log

1

t
)p−1

(
f (tz)

t

)α

dt

} 1
α

(3.2)

=

{(
∞

∑
n=1

(1 + a)p

(n + a)p zn+α−1

)
∗ f α(z)

} 1
α

belongs to S∗(µ). The value of β is sharp.

Proof. Set λ(t) = (1+a)p

Γ(p)
ta(log 1

t )
p−1, then it easy to see that λ′(t)

λ(t)
= a

t −
p−1

t log 1
t

.

Substituting the value of the above expression in (2.7) we obtain

(log
1

t
)2(α − 1)(1 − γ − aγ) + γ log

1

t
[(−α − γ + 2 − aγ)µ1 + (p − 1)(α − 1)]+

γ2µ1(p − µ1) ≥ 0,

which is true for all t ∈ (0, 1) by the hypothesis of Theorem 3.1.
To prove the sharpness, let f ∈ Pγ(α, β) be the function for which

(1 − γ)

(
f (z)

z

)α

+ γ
z f ′(z)

f (z)

(
f (z)

z

)α

= β + (1 − β)
1 + z

1 − z
.
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Using the series expansion we see that

(
f (z)

z

)α

= 1 +
∞

∑
n=1

2(1 − β)

1 + γ
α n

zn.

Further, using ∫ 1

0
ta+n−1(log

1

t
)p−1dt =

Γ(p)

(a + n)p , (3.3)

and considering (3.2), we obtain

(
F(z)

z

)α

= 1 + 2(1 + a)p(1 − β)
∞

∑
n=1

1

(n + a + 1)p(1 + γ
α n)

zn, (3.4)

and

F′(z)(F(z))α−1

zα−1
= 1 + 2(1 + a)p(1 − β)

∞

∑
n=1

n + α

α(n + a + 1)p(1 + γ
α n)

zn. (3.5)

Expanding g(t) in (2.2) into a power series, we obtain

g(t) = 1 +
2

1 − µ

∞

∑
n=1

(−1)n(n + α − αµ)

(nγ + α)
tk,

which, when inserted into (3.1) and using (3.3), leads to

β

1 − β
= −1 +

2(1 + a)p

1 − µ

∞

∑
n=1

(−1)n(n + α − αµ)

(a + n + 1)p(nγ + α)
.

This yields
1

1 − β
=

2(1 + a)p

1 − µ

∞

∑
n=1

(−1)n(n + α − αµ)

(a + n + 1)p(nγ + α)
. (3.6)

Dividing (3.5) through (3.4) and substituting z = −1 in this equation and further

using (3.6), it is easily seen that ℜ
(
(−1)F′(−1)

F(−1)

)
− µ is zero, which means that the

result is sharp. This completes the proof.

Theorem 3.2. Let a, b, c,> 0, 1 ≤ α < 2, 1
2 ≤ γ ≤ 1, 1 − 1

α ≤ µ ≤ 1 − 1
2α and g(t)

be defined by (2.2). Suppose that β is given by

β

1 − β
= −

Γ(c)

Γ(a)Γ(b)Γ(c − a − b + 1)
×

∫ 1

0
tb−1(1 − t)c−a−bF(c − a, 1 − a; c − a − b + 1; 1− t)g(t)dt.

Then for f ∈ Pγ(α, β) the function

H(z) := Ha,b,c,α( f )(z) =
Γ(c)

Γ(a)Γ(b)Γ(c − a − b + 1)
×
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(∫ 1

0
tb−1(1 − t)c−a−bF(c − a, 1 − a; c − a − b + 1; 1− t)

(
f (tz)

t

)α

dt

) 1
α

belongs to S∗(µ) whenever 2−α
γ − 2 + 2α(1 − µ) > 0 and a, b, c, γ, α are related by any

one of the following conditions,

(i) a ∈ (0, 1], 0 ≤ b <
2−α

γ − 2 + 2α(1 − µ) and c − a − b ≥ 2 − 2α(1 − µ).

(ii) a + 2 − 2α(1 − µ) < 2−α
γ , with

b + 2 − 2α(1 − µ) ≤ c − a ≤
(2 − α)(c − a − b + 1)

γ[(c − a − b + 1)a + (2 − 2α(1 − µ))(1 − a)]
.

The value of β is sharp.

Proof. Set λ(t) = ktb−1(1 − t)c−a−bφ(1 − t), k = Γ(c)
Γ(a)Γ(b)Γ(c−a−b+1)

, and φ(1 − t) =

F(c − a, 1 − a; c − a − b + 1; 1− t). Then we have

H(z) =

(∫ 1

0
λ(t)

(
f (tz)

t

)α

dt

) 1
α

.

According to (2.7), it suffices to verify the inequality

(log 1
t )

2(α − 1)

1 − t

(
(

1

γ
− b)(1 − t) + t(c − a − b)

)
(3.7)

+µ1γ
log 1

t

1 − t

([
2 − α

γ
− b

]
(1 − t) + t(c − a − b)

)
+ µ1γ(1 − µ1)

≥ −
φ′(1 − t)

φ(1 − t)

(
t(log

1

t
)2(α − 1) + γµ1t log

1

t

)
.

Case (i): let 0 < a ≤ 1 and 0 ≤ b <
2−α

γ − 2 + 2α(1 − µ) and c − a − b ≥

2− 2α(1− µ). The hypotheses imply that each term between the brackets is posi-
tive for t ∈ (0, 1), while it is easy to see that each of the Maclaurin coefficients of φ

is nonnegative, so that
φ′

φ is nonnegative on [0,1]. Therefore, in view of
log 1

t
1−t ≥ 1,

the inequality (3.7) holds for t ∈ (0, 1) if

(
2 − α

γ
− b + (1 − µ1)

)
(1 − t) + (c − a − b + (1 − µ1))t ≥ 0,

which clearly holds under the hypotheses of the theorem.

Case (ii): Assume that a + 2 − 2α(1 − µ) < 2−α
γ , and

b + 2 − 2α(1 − µ) ≤ c − a ≤
(2 − α)(c − a − b + 1)

γ[(c − a − b + 1)a + (2 − 2α(1 − µ))(1 − a)]
.
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Now, for convenience, we put µ1 = 3 − 2α(1 − µ), A = c − a, B = 1 − a,
C = c − a − b + 1 and φ(t) = F(A, B; C; t). Then by a simple calculation we
obtain

tφ′(1 − t)

φ(1 − t)
=

AB

C

(
tF(A + 1, B + 1; C + 1; 1 − t)

F(A, B; C; 1 − t)

)
, t ∈ (0, 1). (3.8)

Using (3.8) and the following identity, which can obtained by comparing the co-
efficients on both sides:

t(1 − t)
AB

C
F(A + 1, B + 1; C + 1; t)

= −(C − 1 − At)F(A, B; C; t) + (C − 1)F(A, B − 1; C − 1; t),

(3.7) results into

(3.9)

(log 1
t )

2(α − 1)

1 − t

[
1 − t

γ
F(A, B; C; 1 − t) + (C − 1)F(A, B − 1; C − 1; 1− t)

]

+µ1γ
log 1

t

1 − t

[
2 − α

γ
(1 − t)F(A, B; C; 1 − t) + (C − 1)F(A, B − 1; C − 1; 1 − t)

]

≥ (µ1 − 1)µ1γF(A, B; C; 1 − t).

By making use of the series expansion of the hypergeometric function, we find
that (3.9) is equivalent to

(c − a − b)

(
µ1γ

log 1
t

1 − t
+

(log 1
t )

2(α − 1)

1 − t

)
+

(log 1
t )

2(α − 1)

1 − t

∞

∑
n=0

(A, n)(B, n)

(C, n)(1, n + 1)

(
1

γ
+ (

1

γ
− a)n + (c − a)(−a)

)
(1 − t)n+1+

µ1γ
log 1

t

1 − t

∞

∑
n=0

(A, n)(B, n)

(C, n)(1, n + 1)

(
2 − α

γ
+ (

2 − α

γ
− a)n + (c − a)(−a)

)
(1 − t)n+1

≥ (µ1 − 1)µ1γF(A, B; C; 1 − t). (3.10)

The above hypotheses imply that c − a − b ≥ 0, (c − a)(−a) + 1
γ + ( 1

γ − a) ≥ 0

and 2−α
γ + (2−α

γ − a)n + (c − a)(−a) ≥ 0 for all n. So the square bracketed terms

in the inequality (3.10) are nonnegative. Hence, in view of
log 1

t
1−t ≥ 1 for t ∈ (0, 1),

it suffices to show that

c − a − b − (µ1 − 1) +
∞

∑
n=0

(A, n)(B, n)

(C, n + 1)(1, n + 1)
ψ(n)(1 − t)n+1 ≥ 0, t ∈ (0, 1),

(3.11)
where

ψ(n) = (c − a − b + 1 + n)

{
2 − α

γ
+ (

2 − α

γ
− a)n + (c − a)(−a)

}

−(µ1 − 1)(c − a + n)(1 − a + n).
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But, by hypothesis, we see that ψ(n) is an increasing function of n ≥ 0, and
therefore ψ(n) ≥ ψ(0) ≥ 0. Thus the inequality (3.11) holds. Following the same
lines as in the proof of the previous theorem, one can see that the result is sharp.
This completes the proof.

Note that for α = 1 we obtain the result of Balasubramanian et al [2].

References

[1] R. Balasubramanian, S. Ponnusamy and M. Vuorinen, On hypergeometric
functions and function spaces, J. Comput. Appl. Math. 139. No.2(2002), 299-
322.

[2] R. Balasubramanian, S. Ponnusamy and D. J. Prabhakaran, Duality tech-
niques for certain integral transforms to be starlike, J. Math. Anal. Appl. 293

(2004), 355-373.

[3] R. W. Barnard, S. Naik and S. Ponnusamy, Univalency of weighted integral
transforms of certain functions, J. Comput. Appl. Math. 193. No.2 (2006), 5-
14.

[4] R. Fournier and St. Ruscheweyh, On two extremal problems related to univa-
lent functions, Rocky Mountain J. Math. 24. No.2 (1994), 529-538.

[5] Y.C. Kim and F. Rφnning, Integral transforms of certain subclasses of analytic
functions, J. Math. Anal. Appl. 258 (2001), 466-486.

[6] M. Liu, Properties for some subclasses of analytic functions, Bull. Inst. Math.
Acad. Sin. 30 (2002), 9-26.

[7] S. Ponnusamy and F. Rønning, Duality for Hadamard products applied to
certain integral transforms, Complex Variables Theory Appl. 32 (1997), 263-
287.

[8] S. Ponnusamy and S. Sabapathy, Polylogarithms in the theory of univalent
functions, Results Math. 30 (1996), 136-150.

[9] S. Ponnusamy, Differential subordination and starlike functions, Complex
Variables Theory Appl. 19(1992), 185-194.

[10] St. Ruscheweyh, ”Convolutions in Geometric Function Theory”, Les Presses
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