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Abstract

Let g : B — C! be a holomorphic map of the unit ball B. We give a
complete picture regarding the boundedness and compactness of the following
two integral operators

1 1
Tgf(z):/o f(tz)?)?g(tz)% and Lgf(z):/o %f(tz)g(tz)%, z € B,

between different weighted Bergman spaces.

1 Introduction

Let B ={z € C": |z] < 1} be the open unit ballin C", S =0B = {z € C" : |z| = 1}
be its boundary, dv the normalized Lebesgue measure on B, ie. v(B) = 1, and
dve(z) = co(1 —2]?)*dv(z), where cu = T'(n+a+1)/(T(n+1)T'(a+1)). Let H(B)
denote the class of all holomorphic functions on the unit ball. For f € H(B) with
the Taylor expansion f(z) = X550 a32°, let Rf(2) = X|55016]agz" be the radial
derivative of f, where 3 = (31,2, ..., ) is a multi-index and 2° = zlﬁl cee P Tt
is well known that Rf(2) = >7_, zjg—i(z), (see, for example, [17]).

Let ((z,w) be the distance between z and w in the Bergman metric of B. For
any r > 0 and z € B, we write E(z,r7) = {w € B : (z,w) < r}. The volume of
E(z,r) is given by (see [17])

_ RZn(l _ |Z|2)n+1
v(E(z,1)) = (1 — R2[z[2)nt1’
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where R = tanh(r). Set |E(z,r)| = v(E(z,1)). Forw € E(z,r), r > 0, we have that
(see, for example, [17])

(L= [ = (1= [wf)™ ' =< 1= (2, w)["" = |B(z,7)]. (1)
For any ¢ € S and r > 0, the set @,(¢) is defined by
Qr(C)={z€B:[1- (20| <r} (2)

A positive Borel measure p on B is called a y-Carleson measure if there exists a
constant C' > 0 such that

p(@r(Q)) < Cr7 (3)

for all ¢ € S and r > 0. A well-known result about the y-Carleson measure ([15]),
is that p is a y-Carleson measure if and only if

Ll e < )
su — z) < oo.
s o \[T= (2P ) ™

For p € (0,00) and a > —1, the weighted Bergman space A?(B) = AP is defined
to be the space of all holomorphic functions f on B such that

£ = [ @Pdva(z) = ca [ 1FEPO = |22)du(z) < o

When o = 0, Af(B) = AP(B) is the standard Bergman space. It is known that
f € A? if and only if (1 — |z|*)Rf(z) € LP(B, dv,). Moreover

/1%, = |f(0)|p+/B (Rf(2)P(1 = [2*)Pdva(z). ()

See [16, 17] for some basic facts on Bergman spaces.
Given g € H(B), the Riemann-Stieltjes or Extended-Cesaro operator T}, with
symbol g is defined on H(B) as follows

1 dg(tz 1 dt
T,f(2) :/ £(t2) 9; ) :/ Flt)Re(t2)Y, 2 e B,
0 t 0 t
where f € H(B). This operator was introduced in [2], and studied in [2, 3, 4, 5, 6,
7,8, 11, 14].

Similarly, we define the operator

L,f(z) = /01 mf(tz)g(tz)%, 2 €B.

In [14] Xiao gave the characterization on g for which the Riemann-Stieltjes operator
T, is bounded or compact on the weighted Bergman space A?. Hu considered the
boundedness and compactness of T, on the weighted Bergman space L% ,, see [4].

The purpose of this paper is to study the boundedness and compactness of
operators T, and L, between different weighted Bergman spaces. This paper can
also be considered as a natural continuation of our investigations in [5, 6, 7, 8, 11].
For related results in the case of the unit polydisk see [12, 13].

Throughout this paper, C' will stand for a positive constant, whose value may
differ from one occurrence to the other. The expression a < b means that there is a

positive constant C such that C~!a < b < Ca.
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2 Auxiliary Results
Here we state some auxiliary results which are incorporated in the following lemmas.
Lemma 1. For every f,g € H(B) it holds

RITL(NI2) = F(2)Rg(2)  and  R[Ly())I(2) = Rf(2)g(2)-

The proof of the first identity can be found in [2], while the second identity can
be proved similarly (see [6]).

The following criterion for compactness follows from standard arguments similar,
for example, to those outlined in Proposition 3.11 of [1].

Lemma 2. Assume that g € H(B), o, > —1 and 0 < p,q < co. Then the operator
Ty(or Ly) : AV — A% is compact if and only if Ty (or Ly) : AL — A} is bounded
and for any bounded sequence (fx)ren in AP which converges to zero uniformly on
compact subsets of B, we have ||Tgfk||Ag — 0 (or ||Lgﬂ€||A;z3 —0) as k — 0.

Lemma 3. Assume that g € H(B), o, > —1 and ¢ > p > 0. Then the following
two conditions are equivalent.

(a)

n+14+8 ntl4a

by = suplg(2)[(1 = )= < ©)
z€EB
)
1— |al? (n+1+a+p)g/p ,
M = _ 91 — ad .
sup [ (1) o~ Pz <oo. (D)

Proof. Let t = "+;+5 — "*Ilfa. By the subharmonicity of the function |g|? and
(1), it follows that

(l9(z)I(1 = =)’
(1= [z .
< OB J, 9N )

1— |2|? (n+1+a+p)q/p
cof (P
Ezr) \|1 = (z,w)|

from which easily follows that (7) implies (6).
Now assume that (6) holds. Then, from (6) and by a well-known estimate (see,
for example, Theorem 1.12 in [17]), we have

lg(w)(L = [w]*)?dvg(w),  (8)

(n+1+a+p)q/p
) 9(2)7(L = |2)tdvs(2)

/( 1 —|af?
sup
a€B\B(0,1/2) /B 11— (z,a)|?

bl sup (11— |a|2)(n+1+a+p)q/p/ (
a€B\B(0,1/2) B|l—

C. (9)

1 — ‘z|2)q—qt+6
<z’ a) |2(n+1+a+p)q/p (Z)

IA

IA
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On the other hand, since ¢ > p we have that

1 — |al? (n+1+a+p)g/p
B <‘1 - <Z,CL>‘2>

a(p+a)+(n+1)(g—p)
P

sup 19(2)|7(1 — [2]*)dp(2)

a€B(0,1/2)
< oIz
B

From (9) and (10) the result follows.

dv(z) < 0. (10)

Lemma 4. Assume that g € H(B), a,3 > —1 and ¢ > p > 0. Then the following
two conditions are equivalent.

(a)

n+14+8  n+4l4a

tim, Jg(2)](1 = [#f?) “5 5 < o (1)
(b)

|9(2)|7(1 = [2[*)dv(z) = 0. (12)

lim
la]—1

1 — |al? (n+1+a+p)q/p
B (‘1 - (z,a)|2>

Proof. That (12) implies (11), follows from estimate (8).
On the other hand, if (11) holds, then for every € > 0 there is a 6 > 0 such that
ntl48 n+lta

gL — [ <e,

whenever ¢ < |z| < 1. From this we have that
T % 1— a
/B <|1 — <Z’a>|2 |g(z)| ( |Z| ) I/B(Z)
N g—
< i1 oo [ O EDTE

B\GB ‘1 _ <Z, a>‘2(n+1+a+p)q/p (Z)
N / 1 [af?
58 \[1 = (z,0)|?

) (n+14+a+p)q/p
< et 4 M= l9(2)] (1 — |af?)nt1+etpla/p (13)
- (1 _ 5)2(n+1+a+p)q/p )

) (n+1+a+p)q/p

|9(2)|*(1 — |2]*)"dvs(2)

Letting |a| — 1 in (13) and using the fact that € is an arbitrary positive number the
result follows.

3 Main Results

In this section we formulate and prove the main results of this paper.

Theorem 1. Suppose that g € H(B), 0 <p < q < oo, a,3 > —1. Then
(a) Ty : A}, — A} is bounded if and only if

n+1+8 _ ntlta
1+—q —=T=

sup [Rg(a)|(1—al?) v < oo (14)
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(b) Ly : AL — A} is bounded if and only if (6) holds.
Proof. (a) It is easy to see that T,f(0) = 0. By (5) and Lemma 1, we have

1T, = [ IRTNE — |22 dvs(z)
= [ IRgEPIFEIL = ) dvs() = [ 1FE (), (15)
where

dpa(2) = [Rg(2)|*(1 — [2]*) dvs(2). (16)
By Theorem 50 of [16], we see that T}, : A¥, — Af is bounded if and only if

11(Q,(0)) < Cplntitealp,

From this and (4), we have that
1— |af? (n+1+a)q/p ,
up [ (o) Bl ) < o

From Theorem 2.1 of [9], we find that the above inequality is equivalent to (14).
(b) Similar to the previous case, we have that

12y = [ IRF() ' dpa(2) a7
where

dpa(2) = |g(2)|*(1 — |2[*)"dwp(2). (18)

From (17) and by Theorem 50 of [16], we find that L, : A7 — A is bounded if and
only if
p2(Qr(Q)) < Crntitatp)a/p.

By (4), we obtain (7). From this and by employing Lemma 3 the result follows.

Theorem 2. Suppose that g € H(B), 0 <p < q < o0, o, > —1. Then
(a) Ty : A}, — A} is compact if and only if

14 2t1+8  ndlta
q p

lim [Rg(a)|(1 - |a|*)

la|—1

= 0. (19)

(b) Ly : AY — A} is compact if and only if (11) holds.
Proof. (a) Suppose that T, : A%, — A} is compact. Assume that (ax)ren is a
sequence in B such that limy_ |ax| = 1. Set

n+l4+a

o 1 =af g
fulz) = <—(1 - <z,ak>)2> . keN. (20)

By Theorem 1.12 of [17], we see that there exists a constant C' such that sup,cy || fx]| az
< C. Also, it is easy to see that the sequence (fx)ren converges to 0 uniformly on
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compact subsets of B. By Lemma 2, we have that HTgkaA% — 0 as k — oo. Hence,
in view of Lemma 1, from (5) and by letting k& — oo, we have that

1 — |ay|? (n+1+a)q/p )
li —_— 941 — id
i [ () Rg(2) (1 — |22

= Jim [ R, A) (11— |22 dv(2)

lim |17, il = 0.

X

This implies

’ / el L

im _—
lal=1/5 \ |1 = (2, )|
From Theorem 3.1 of [9], we see that (21) is equivalent to (19), as desired.

Conversely, suppose that (19) holds, that is, (21) holds. Then for any fixed € > 0,
there exists 7y € (0,1) such that

(n+1+a)q/p
) Rg()]7(1 — |=)dws(2) = 0. (21)

g(n+l4+a)

/B <|11—_(z|'?5)|2> } dui(z) <e (22)

for all @ € B with ny < |a| < 1, where p; is defined in (16). Let 7o = 1 —no. For
¢eSandre(0,rg),let a=(1—r)¢. Thena € B, ny < |a| <1,

1—(z,a)| <2r and 1-—|a]*>r,

for each z € Q,(¢). Hence

g(n+lta)

e >Q(n+;+a)‘71 (23)
1= (z,a)? =\ (2r)2 )

P

for each z € @,.(¢). From (22) and (23), we obtain

g(nt+14a)
P

Ml(@r(C» / 1 ‘CL|2
< —_— du
q(n+pl+a) q(n+pl+cx) — T(C) |1 <Z’ >|2 1(2)

r

1 | ‘2 g(n+lta)
— |la p

< _— d <
<[ (rorap) | o<

for all 7 € (0,79) and ¢ € S. Let € > 0 be fixed and fi1 = 1 |p\(1_)5- As in the
proof of [10, Theorem 1.1], we obtain that there exists a constant C' > 0 such that

g(n+l4o)

[1(Q(Q) < Cer™ v, (24)

for every r > 0. Suppose that (fg)ren is a sequence in AP which converges to 0
uniformly on compact subsets of B and satisfies sup,cy || fill4z < L. By Lemma 1,
we have

1o fillsg = /B|§Rg(2)|q|fk(2)lq(1—IZIQ)quﬁ(Z)

i ALCIR O O AO) (25)
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By (24) and utilizing the method of Theorem 1.1 of [10], it follows that there exists
a positive constant C' such that

[, Vi < Celflly < OLYz, (26)

for each k& € N. Moreover, f;, — 0 uniformly on (1 — ry)B implies that the second
term in (25) can be made small enough for sufficiently large k. From this and since
(1 is finite, it follows that

lim _fe(2)|*dpa(2) = 0. (27)

k—o00 (177’0)3

Estimate (25), together with (26) and (27) gives that ||Tgfk||Aré — 0 as k — oo.
Employing Lemma 2, the result follows.

(b) Suppose that L, : AL — Af is compact. Further assume that (aj)iey is a
sequence in B such that limy_, ., |ax| = 1. Set

n+l4+a+p 1 1 dt
hk('z) = (1 - |ak“2) P / ( 2(ntltotp) 1) 7 (28>
O\ (1 — (tz,ax)) P

By using (5), the fact that hg(0) = 0, and Theorem 1.12 of [17], we obtain

HM%></mmmm—mmmM@

— Jag[2)nHirete

_ 2 a+p
|1 —(z,ax) \2(n+1+a+p)(1 |2|%)* " Pdy(2)

< (29)

Hence supyey ||hel|az < C. Clearly hy, — 0 uniformly on compact subsets of B.
Therefore, by Lemma 2 we have that ||Lghk||A% — 0 as kK — oo. Hence

1— |ag|? (n+14a+p)q/p ,
I S 91— |2[*)%d
i [ () 911 22
= Jim [ R(E) ()91~ [2f)dvy(2)

—00.JB
= Jim [|Lghill% = 0. (30)

From (30) we see that (12) holds, and by Lemma 4 that (11) holds. The remainder
of the proof is similar to the proof of part (a) and will be omitted.

Remark 1. Note that when 1 + "*;W — mEEa <0, then the symbol g in (14)
and (19) is a constant, while when ¢ := "+(1I+B - n+}1)+a < 0, then the symbol g in

(6) and (11) is a constant. Note also that if ¢ > 0 then conditions (6) and (14) are
equivalent.
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Theorem 3. Suppose that g € H(B), 0 < ¢ < p < o0, o, > —1. Then the
following statements are equivalent.
(a) Ty : AY, — A} is bounded;
(b) Ty : AL, — A% is compact;
(c) g€ AL, where%:%—%, and%zg—%.
Proof. From the proof of Theorem 1 we know that

1Tl = [ 1£) g 2),

where dy; is defined by (16). By Theorem 54 of [16], we know that (a) and (b) are
equivalent and both are equivalent to the following condition

_|a| n+1+a
g <) € ),

which is the same as

q 2\q (1 —[a[?)" e p/(p—q)
L R = =) = gy dvs(2) € 200w (31)

By the subharmonicity of |fg|?, using Lemma 24, p.59 in [17] and (1),

[ gyt — =y

|1 _ <Z, a>|2(n+1+a)
(1 _ ‘a|2)n+1+a

q _ 2\q
/E(a,p) [Rg(2)|"(1 — |I7) = <z7a>|2(n+1+a)dV6<2)

v

> (Ll [ g (e) s (2)
> (L= [af)" " Rg(a)]" (32)

Therefore (31) implies that
(1= |a]?)"7=*Rg(a)|? € LP/ P~ (1,),
which is the same as

/ Rg(a)|" (1 — |af?)"du(a) < co.

By (5) we get that g € A”.
Conversely, if g € A”, then by Hélder’s inequality, we get

ITo 5 = [ 1F()IR()[7(1 |2 dws(2)

(ot =ty 5w ([ e

From this, since

r r
<CJ+@)_:T+% To—p 1221
r/q rop
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and

<g_@) ro_rb-qy _

r T—q_ r—q

Q= [

and by using (5), it follows that
1o fWss = Cllgllag £z

which means that the operator Ty : A% — A% is bounded, finishing the proof of the
theorem.

Theorem 4. Suppose that g € H(B), 0 < ¢ < p < o0, o, > —1. Then the
following statements are equivalent.

(a) Ly : AL, — A% is bounded;

(b) Ly : AL, — A} is compact;

r 1_1_1 v _B_a
(c) g€ A, where s =2 — -, and T = z

Proof. By Theorem 54 of [16], we know that L, : A?, — A} is bounded if and
only if

< @

(1 _ |a|2)n+1+a+P
[ 1921 SrEE
B 11— (2, a) 20t 1+ots)

(1= [2*)7dvs(2) € LY PV (vayy).

The remainder of the proof is similar to the proof of Theorem 3, therefore is omitted.
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