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Abstract

In the present paper, we obtain an interesting subordination relation for a
family of analytic functions of complex order by using subordination theorem.

1 Introduction

Let A denote the class of functions of the form
(1.1) f(z)=24) apz"
n=2

which are analytic in the open unit disk U = {z € C : |z] < 1}. Also, let C denote

familiar class of functions f(z) € A which are convex in U.A function f(z) in A is
said to be starlike of complex order b if and only if it satisfies

Re{l—k%('zj{(/;) —1>}>OzeU

This class is denoted by S*(b).
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A function f(z) in A is said to be convex of complex order b if and only if it

satisfies L ()
z2f"(z
R6{1+E<f/(z)>}>OZEU

This class is denoted by K (b).
A function f(z) in A is called to be Sakaguchi function if and only if it satisfies

[
i {f(Z) T

This class is denoted by Sg [1].

}>0,26U

A function f(z) in A is called to be Sakaguchi function of order « if and only if
it satisfies
z2f'(z

Re{f(Z)

) } 1
—————>a;0<a< -2zl
f(=2) 2
This class is denoted by Sg(a) [2].However, the class Ts(«) is defined by f(z) €
Ts(a) < zf'(z) € Ss(a).

A function f(z) in A is said to be Generalized Sakaguchi function of order « if
and only if it satisfies

Re{%}>a;0§0z<1,t€(c,|t\§1,t7él,z€U

This class is denoted by S(a,t) [3]. However,the class T'(«,t) is defined by f(z) €
T(a,t) < zf'(z) € S(a,t).

A function f(z) € A is said to be in the class S(b, A, t) if and only if it satisfies
the inequality

1 (1= 1) (=f"(2) + A2f"(2)) _
fie {1 P TENTE - F2) FACTG) - 2 2) ”} 7

where t € C, |t| <1, t#1, be C—{0}0<A<1land zeU.

Giiney [4] proved that if the function f(z) defined by (1.1) and

(1.2) i(lJrA(n—1))(|n—un\+\bllun|)|an| < 10l,

n=2

then f(z) € S(b,\.t) wheret € C, [t| <1, t # 1, u, = X))t/ be C—{0},0<
A < 1 and z € U. We obtain the various subclasses of A can be represented as
S(b, A\, t) for suitable choices of b, A, and t. For example,

S(b,0,0) = S*(b),

S(b,1,0) = K(b),
S(1—a,0,—1) = Sg(a)
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and
S(1—a,0,t) = S(a,t).

Let S[b, A, t] denote the class of functions f(z) € A whose coefficients satisfy the
condition (1.2).
We note that
S[b, A, t] €S, A\ t).
If we consider

o b n
f(z) ==+ HZZ; n(n— D1+ M0 —1)(|n — wn| + [l[un])

with
b

n(n =11+ A =1))(In — un| + [b][un])’

Ay —

then we have that

e}

> (1A = D) = ] + Pl
W3 ()

= |b].

Therefore, we see that f(z) is in the class S[b, A, t].
Evidently, we have

S[b,1,0] = K[b],
S[1 —a,0,—1] = Ssa]

and
S[1 —a,0,t] = Sla, t].

In this paper, we prove an interesting subordination result for the class S[b, A, t].
In our proposed investigation of functions in the class S[b, A, t], we need the following
definitions and lemma.

Definition 1. Given two functions f,g € A where f(z) is given by (1.1) and
g(z) is defined by

g(z) =z+> c2™
n=2

The Hadamard product f * g is defined by
(fx9)(z) =2+ ancz", z €.
n=2

Definition 2. (Subordination Principle) For two functions f and g analytic
in U, we say that the function f(z) is subordinate to g(z) in U and write f(z) <
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g(z) ,z € U, if there exists a Schwarz function w(z), analytic in U with w(0) = 0
and |w(z)| < 1, such that f(z) = g(w(z)), z € U. In particular, if the function
g(z) is univalent in U, the above subordination is equivalent to f(0) = ¢(0) and

f(U) € ¢(U).

Definition 3. (Subordinating Factor Sequence) A sequence {c,}%, of
complex numbers is said to be a Subordinating Factor Sequence if for the function
f(2) of the form (1.1) is analytic, univalent and convex in U, we have the subordi-
nation given by

(1.3) > anc2" < f(2); z€Ua = 1.

Lemma. The sequence {b,}>° , is Subordinating factor sequence iff

(1.4) Re{l—l—Qibnz"} > 0.

n=1

The above lemma due to Wilf [5].

2 Main Theorem

Theorem . If f(z) € S[b, \, t] then

(1+ M) (|2 — ua| + |bl[ua])
2([bI((1 + A)fuz| +1) + (1 + A)[2 — ugl)

(2.1) (f +9)(2) < g(2)

for every function g(z) € C and

14
(14 A)(12 = ug| + [b[ua])

(2.2) Ref(z) > —1 —

(AN ([2=u2|+[b]|u2|)
2(16[ (A4 [uz[+1)+(1+1) [2—uz|

Proof . Let f(z) € S[b, A\, t] and g(2) = 2+ 3025 ¢,2™ € C. Then

(1+ A)([2 — ua| 4 [b]|us])
2([bI((1 + A)fuz| +1) + (1 4+ A)[2 — uzl)

_ (1+ (12 — ug| + [b]|ual) ” .
T 2(1D (1 + N)|uo| + 1) + (1 + A)[2 — ugl) +§:nn

Thus, by Definition 3, (2.1) will hold if
{ (1 + A)(|2 — | + |b[|us]) a}w
(Iol(( ) |

The constant ) 1s the best estimate.

(f *9)(2)

L+ Nug| + 1)+ (1 + N)|2 — us|

is a subordinating factor sequence with a; = 1. In view of Lemma, this is equivalent
to

(14 A) (|2 — ug| + |b||uz])
(2.3) Re{1+22 216 (1 4 N)|us] + 1) + (1+)\)|2—uQ\) }>0
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Now because (14 A(n — 1))(|n — u,| + |b||uy|) is increasing function of n, we have

N2+ Pll)) =
R%“ﬂwu+wwww+u+muﬂm2¥”}
) (14 A)(|2  ua] + sl
'_&{1+MW1+Mmﬂ+U+%L+MB—wf+
1 e n
+MW1+»mﬂ+w+«r+Mm—uﬂZ;1+”“Z‘W“*WWD%Z}

o (1+ M) (12 — ua| + |b[|ua]) .
A Nz + 1)+ (14 A)[2 = ug

1 0 .
TR T el 1)+ A R 2 A = D)n =l 4 Bllua)nr
o1 (1 4+ M) (]2 — ua| + [b]|uz]) . 0] )
1B((1+ N)Jug| + 1) + (1 +N)|2 —ug| [B]((1+ N)|ua| + 1) + (1 4+ A)[2 — ug]

=0.

Hence, (2.3) holds true in U and also the subordination result (2.1) asserted by
Theorem . The inequality (2.2) follows by taking g(z) = = = >;2,2" € C in
(2.1).
Now, consider the function
6] 2

O = 2wl ¢ )

which is a member of the class S[b, A, t]. Then by using (2.1), we have

(1+ A)(]2 — ua| + |]|usl) z
t(z) < ; e U.
2(16]((L+ XN)|us| + 1) + (1 + A)|2 — usl) =) 1—2z :
It is easily verified that
: (L +MN)(12 — ua| + [b]|uzl) } 1
minRe t(2)p =—= ; z e U.
AT DT B )] = 3

(A+N)([2—uz|+[b]u2])
Then the constant 2(|b|((1+/\)|u2‘+1§+(1+/\§|2_u2|)

which completes the proof of Theorem.
Corollary 1. Let f(z) € S*[b], then for every function g € C

cannot be replaced by a larger one,

(1 +[b])
and
o]
Ref(z) > —1 T (2)

(1+16])

s s the best estimate.

The constant
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Corollary 2. Let f(z) € KIb], then for every function g € C

1+ |b|
Ts( 9 < 9() )
and
Ref(z) > —1— b (4)
2(1+18|)
The constant 31|;r|‘f:‘2 18 the best estimate.

Corollary 3. Let f(z) € Ss|a, t], then for every function g € C

(12 — up[ + (1 — )[usl)
2((1 — a)(fua| +1) + |2 — ug])

(f*9)(2) < g(2) (5)
and

(1-«a)
(12 = ua| + (1 = a)fua)

1s the best estimate.

Ref(z) > —1—

(|2—ug|+(1—a)|uz|)
1—a)(Jua|+1)+[2—u2l)

The constant 5
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