Riemann-Stieltjes operators on Hardy spaces in
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Songxiao Li Stevo Stevié

Abstract

Let g : B — C! be a holomorphic map of the unit ball B. We study the
integral operators

Tof(2) = /01 f(tz)%g(tz)%; Lyf(z) = /01 %f(tz)g(tz)%, z € B.

The boundedness and compactness of the operators T, and L, on the Hardy
space H? in the unit ball are discussed in this paper.

1 Introduction

Let B = {z € C" : |z| < 1} be the open unit ball in C", S = 9B = {z € C" :
|z| = 1} be its boundary, dv the normalized Lebesgue measure of B, i.e. v(B) =1,
and do the normalized surface measure on 0B. Let H(B) denote the class of all
holomorphic functions on the unit ball. For f € H(B) with the Taylor expansion
f(2) = Zips0as2”, let Rf(2) = X550 |lagz’ be the radial derivative of f, where
B = (B1,B...,3,) is a multi-index and 2 = PR 2Pn . Tt is well known that
Rf(z)=>", zj%(z), see, for example, [22].
The Hardy space HP = HP(B) (0 < p < o0) is defined on B by

7(B) = {£1f € H(B) and |||l = sup My(f.r) < 00},

where

= ([ o)
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It is well known that f € H? if and only if (see [22])

|11 = [F(O)? +/B [Rf(2)P(L = [2]*)dv(z) < co. (1)
The BMOA space consists of all f € H? satisfying the condition (see [22])
1

1f 3004 = |£(0)] + sup /Q |f = fol?do < o,

o(Q)
where fg denotes the averages of f over () and the supremum is taken over all
Q=Q& o) ={nes:[1— " <d}

for £ € S and 0 < § < 2. The closure in BMOA, of the set of all polynomials is
called VMOA. By [12, 22], we know that f € BMOA if and only if

2 2 1—la]* \"
sup [ 1RIIR o) (0 ) vt < o @)
and f € VMOA if and only if
. 2 2 1 - |a|2 " —
i, | RGP 1) (1) =0 ®)

Let D be the open unit disk in the complex plane C'. Denote by H (D) the class
of all analytic functions on D. Suppose that g € H(D). The operator

TG = [ g = [ f©d(€de, €D,

where f € H(D), was introduced in [13] where Pommerenke showed that .J; is a
bounded operator on the Hardy space H%(D) if and only if g € BMOA. Aleman
and Siskasis proved that J, is a compact operator on the Hardy space H?(D) if and
only if g € VMOA (see [2]).

The following integral operator was recently introduced and studied in [20]

1) = [ F(©g(©)de.

The operator Jg, I, acting on various function spaces have been studied recently
in [1, 2, 3, 10, 15, 20] (see, also the references therein).

The operators J,, I, can be extended to the unit ball. Suppose that g : B — C!
is a holomorphic map of the unit ball, for a holomorphic function f : B — C!, define

1,5G) = [ 16958 [ pemeun ™, e n

This operator is called Riemann-Stieltjes operator (or Extended-Cesaro operator),
which was introduced in [5], and studied in [5, 6, 7, 9, 16, 17].

Here, we extend the operator I, for the case of holomorphic functions on the
unit ball as follows (see also [9])

L,f() :/01 Rf(tz)g(tz)%, z € B.
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The purpose of this paper is to study the boundedness and compactness of
operators T, and L, on the Hardy space H?, which extend the results of [2, 13].
Moreover, our method is different to their’s. Below are our main results.

Theorem 1. Suppose that g is a holomorphic function on B. Then

1. T, : H* — H? is bounded if and only if g € BMOA.

2. L, : H*> — H? is bounded if and only if

1—|Ol|2 e 21— [212)dp (2 00
sup [ () PG - ) < o (@)

aeB

Theorem 2. Suppose that g is a holomorphic function on B. Then

1. T, : H* — H? is compact if and only if g € VMOA.

2. L, : H* — H?* is compact if and only if

1im/B<%>n+2 19(2)|2(1 = |22)dv(z) = 0. (5)

|a|—1

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the next. The notation ¢ < b means that there is a
positive constant C' such that a < Cb. If both a < b and b < a hold, then one says
that a < b.

2 Auxiliary Results

In this section, we state some auxiliary results which are incorporated in the follow-
ing lemmas.

Lemma 1. ([5]) For every f,g € H(B) it holds

RITG(NI2) = f(2)Rg(2)  and  R[Ly())I(2) = Rf(2)g(2)-

For ¢ € S and r > 0, the nonisotropic metric ball S((,r) is defined to be

Q) ={2€B:[1—(,Q)I"* <r}.

A positive Borel measure p on B is called a «y-Carleson measure if there exists a
constant C' > 0 such that

N(QT(C» <Cr?
for all ( € S and r > 0.
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A positive Borel measure p on B is called a vanishing ~-Carleson measure if

i @) _
r—0 rYy

for all ( € S and r > 0.

A well-known result about the ~-Carleson measure and vanishing ~-Carleson
measure characterization is the following lemma (see [18, 19, 22]).

Lemma 2. Let y be a positive Borel measure on B. Then p is a v-Carleson measure

if and only iof
sup (1_7|a|2>7du(z) < 00.
ac /B \[1 = (a, 2)|?

118 a vanishing v-Carleson measure if and only if

] 1— |a|2 Y B
i, () 00

The following lemma can be found in [21].

Lemma 3. Suppose that 0 < p < q < 0o, « s real, and p is a positive Borel
measure on B. Then for any nonnegative integer k with o+ kp > —1, the following
conditions are equivalent.

1. There exists a constant C (independent of f) such that

1/p

1/q
([ R s rau=) " < ([ 17 ra:)
for all f € AP(v,,).
2. There is a constant C > 0 such that
M(QT(C)) < C,r,(n-l-l-l-oc-‘rkp)q/p
forallr >0 and ( € S.
Lemma 4. ([8]) Suppose that  is a positive Borel measure on B. Then the following
conditions are equivalent.

1. There exists a constant C' such that

1/2
([17e)Rdu) < Cllfllm
for all f € H%.
2. There is a constant C' > 0 such that

N(QT(C» <Cr"
forallr >0 and ( € S.
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The following criterion for compactness follows by standard arguments similar,
for example, to those outlined in Proposition 3.11 of [4].

Lemma 5. The operatorT, (or L,) : H*> — H? is compact if and only if T, (or L, ) :
H? — H? is bounded and for any bounded sequence ( fi)ren in H* which converges to
zero uniformly on compact subsets of B, we have || T, fx||gz — 0 (corresp. || Ly fil gz —
0) as k — oc.

3 Proofs of the main results

Proof of Theorem 1. It is easy to see that T,f(0) = 0. By (1.1) and Lemma 1, we
have

Tyl = [ RN = |2R)dv(:)
= [ IRgPIF R0~ =P)dv(z) = [ 1) Pdpn(2),

where
dn (2) = [Rg(2) (1 — |2[*)dv(2).
By Lemma 4 we see that T, : H> — H? is bounded if and only if

m(Q,(Q) < Cr™. (6)
By Lemma 2, (6) is equivalent to

sup (&) R — |2P)n(z) < oo,

web 1o \[T— (a.2)P
ie. g € BMOA.

Similarly,
IZof 1 = [ 1R () Pdua(2) (7)

where

dpa(2) = |g(2)[*(1 = [2]*)dv(2).

Takingp = ¢ =2,k =1, = —1 in Lemma 3, we see that L, : H*> — H? is bounded
if and only if

p2(Qr(C)) < O™t (8)

By Lemma 2, (8) is equivalent to

n+2
sup (i) T PO = [R)dn) < oo,
0 S T (0, 2) 2

as desired.



626 S. Li — S. Stevié¢

Proof of Theorem 2. We give the proof of (a). The proof of (b) is similar and
will be omitted.

First, suppose that T, : H*> — H? is compact. Let (ax)ren be a sequence in B
such that limy_ |ax| = 1. Set

1 — |ag|?

fe(2) = <m> (z€ B, keN). (9)

By [14, Proposition 1.4.10] f, € H? k € N, moreover, there is a constant C' such
that supyey || fell%2 < C. On the other hand, it is easy to see that fj converges to 0
uniformly on compact subsets of B as k — 0o. By Lemma 5, we have that T, f;, — 0
in H? as k — oo. Hence

. 1—Jar* \" A1 — 212V du( =
i [, (T2 ) e - e

k—oo /B z, ay)

= Jim [ R(T,R(L = [2)dv
—0o0 J B

< lim |7, fell3 = 0.

This implies that g € VMOA.
Conversely, suppose that ¢ € VMOA. Then T, : H> — H? is bounded by
Theorem 1. Moreover, for every fixed € > 0, there exist an 7y € (0, 1) such that

/B <%)ndm(2) <e (10)

for all @ € B with ny < |a|] < 1. Let 1o = 1 —1ny. For ¢ € S,r € (0,rg), let
a=(1—r)C. Thenae€ B, n < |a|] <1,

1—(z,a)] <2r and 1—la|>>r

for each z € Q,(¢). Hence
L—fal” N (o N L
(i ear) = (@) -~ )
for each z € @,(¢). By (10) and (11), we have
1 (Qr(¢)) 1—la* \"
F < oo (T )

< [ (L) o < (12)

for all r € (0,79) and ¢ € S. Let € > 0 be fixed and i1 = 1 [p\1_,y)5- As in the
proof of Theorem 1.1 of [11], we see that there exists a constant C' > 0 such that

pa(@r(C)) < Cer™. (13)
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Suppose that (fi)ren is a sequence in H? such that converges to 0 uniformly on
compact subsets of B and sup,cy || fx||gz < L. By Lemma 1, we have

1Tl = [ IRg(2) 1AL = |2)dv(z)
= LIGPdmRE + [ 1R ) (14)

Using (13) and the method of Theorem 1.1 of [11], there exists a positive constant
C such that

[ Vfldm < Cel fllin < CLe, (15)

for each k € N. Since f; converges to 0 uniformly on (1 — &y)B, the second term in
(14) can be made small enough for k sufficiently large. Hence, we obtain

Jim _1fe(2)Pdp(z) = 0. (16)
—00 J(1-40)B

Combining with (14), (15) and (16), we see that || T, fx|/ gz — 0 as k — oco. Applying
Lemma 5, we obtain that T, : H> — H? is compact.
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