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Projective Subplane

Alessandro Montinaro

Abstract

Projective planes II of order up to ¢* with a collineation group G
acting 2-transitively on a subplane of order ¢ are investigated.

1 Introduction

A classical problem in finite geometry is the investigation of a projective plane II of
order n admitting a collineation group GG which acts 2-transitively on the points of
a subplane IIy of II. In 1959 Ostrom and Wagner [20] show that II is Desarguesian
and PSL(3,n) < G when IIy = II. Several years later, in 1976, Lineburg [17]
proves that either Il is a Desarguesian plane or a Generalized Hughes plane when
Iy is a Baer subplane of II. In 1985, Dempwolff [5] proves that any projective plane
IT of order n with a collineation group G = PSL(3,/n) contains a Desarguesian
subplane Iy of order ¥/n on which G acts faithfully in its natural permutation
representation. Furthermore, in that paper, Dempwolff emphasizes the difficulty to
obtain a characterization of II, even though he gives a complete description of the
G-orbits on the points and on the lines of II. He also shows that examples occur in
the Desarguesian planes and in the Hering-Figueroa planes [7], [11].

The aim of this paper is to show that any projective plane II of order n with a
collineation group G acting 2-transitively on the points of a subplane Il of II order
q, with n < ¢3, has actually order n = ¢, or ¢ or ¢. Moreover, the structure of G
is determined.
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2 Preliminaries

We shall use standard notation. For what concerns finite groups the reader is referred
to [8] and [13]. The necessary background about finite projective planes may be
found in [12].

Let IT = (P, £) be a finite projective plane of order n. If H is a collineation group
of [Tand P € P (I € L), we denote by H(P) (by H(l)) the subgroup of H consisting
of perspectivities with the centre P (the axis [). Also, H(P,l) = H(P) N H(l).
Furthermore, we denote by H(P, P) (by H(l,1)) the subgroup of H consisting of
elations with the centre P (the axis [).

Now, we give some numerical results which will be useful in the following.

Lemma 1. Let p™ be a prime power such that p is odd and p™ =1 mod 3, and let
n be an integer such that n < p>™. Then the Diophantine equation

(n =P~ ™) = PP~ 1) (" 1) (1

has no positive solutions.

Proof. Set n = p"a with (p,a) =1 and h > 0. Note that p*™ || (n — p™)(n — p*™),
since p is odd and p™ =1 mod 3. Thus 1 < h < m and hence (n — p™)(n — p*™) =
p?(a — p" M) (a — p*™ "), Then h = m and n = p™a, again by the fact that
p?™ || (n — p™)(n — p*™). Then (1) becomes

2
(@ =D{a=p™) =" +p" + D" — 1). (2)
Note that (a« —1,a — p™) | p™ — 1. Furthermore (p™ — 1,p*™ + p™ + 1) = 3, since
p™ =1 mod 3. Actually, p*" + p™ + 1 =3 mod 9 by [10], Lemma 3.9, and hence

2m m . 2m m 2m m
(p™—1, E2FE2H) = 1. Thus, either E27H | o — 1 or E4224L | o — p™ Assume

that % | @ — 1. Then a = k% + 1 for some integer k£ > 1. Note that

k < 3, since n < p*™. Then (2) becomes

2m m
+pr 41
[ L i N L N O L

At this point it is easily checked that the previous equali;cy has no positive integer
solutions for k € {1,2}. Hence, we may assume that % | @ —p™. Then

2m mo ]
o= sp7+§’ +

becomes

+ p™ for some integer s > 1. Also s < 3, since n < p*™. Then (2)

s(sf

Now, elementary calculations show that the previous equality has no positive integer
solutions for s € {1,2}. This completes the proof. [

+p" = 1) =20"" - 1).

Lemma 2. Let p be a prime and X\ € {1,2,3}. If n = p*™ — B with 0 < 3 < p*™,
then the positive solutions of the Diophantine equation

A

(n—p™)(n—p*™) = §p3m(pm —1)*(p™ +1) (3)

are (n, 3, \) = (p™,0,3), (6,2,1) and (105, 20, 2).
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Proof. If A = 3, then (n,5,\) = (p™,0,3) is clearly the unique integer solution.
Hence, we may assume that A € {1,2}. By substituting n = p*™ — 8 in (3), we have

367 = 3p™(p" — (2" +1)B+ (3= N (" = 1) +1) =0. (4
Since [ must be a positive integer, then the discriminant
A =p™(p™ = 1) (9 + 120" (p™ + 1))

must be a square. In particular 9 + 12 Ap™(p™ + 1) must be a square. Thus either
p=3orp=2 mod 3, since 3 | 9+ 12\p™(p™ +1). Therefore 3> = 1+4%pm(pm+ 1)
for some positive integer y, with p =3 or p =2 mod 3. Hence

(450)- (5 -3

with (yQ;l,y—;rl) =1land p =3 or p=2 mod3. Assume that p = 2 mod 3. If

(p, A) = 1, then either p™ | % or p | y—;l Assume that p™ | 97’1 Then y—;l =7
p™ and % = jp™ + 1 for some integer j > 1. Now, by substituting these values
in (5) and dividing by p™, we obtain j(jp™ + 1) = 3(p™ + 1). This is impossible,

since j > 1 > 2 as A € {1,2}. Assume that p™ | 1. Then L' = p™j and
y—1

¥5= = jp™ — 1, and again by substituting these values in (5) and dividing by p™,
we obtain j(jp™ — 1) = %(pm + 1) with unique solutions (j, A\,p™) = (1,1,2) and
(1,2,5). By substituting the values found for (j, A, p™) in (4), we obtain 8 = 2 and
3 = 20, respectively, since 0 < 3 < p*™. Thus n = 6 and 105, respectively. Assume
that (p,A) > 1. Then p = A = 2. In particular m is odd, since 2™ = 2 mod 3.
Then either 2m*+1 | 21 or 2m+1 | £H1 Assume that 27F! | 23, Then 1 = s2mH!
and %1 = s2™*1 1 1 for some positive integer s. Now, by substituting these values
in (5) and dividing by 2™, we have s(s2™*! 4 1) = (2™ 4+ 1). A contradiction.
Hence, 2! | 21 Then Y1 = 2™+ and ¥ = 2™ — 1 for some positive
integer t. Now, by substituting these values in (5) and dividing by 2™, we have
t(t2mtt —1) = £(2™ +1). A contradiction.

Assume that p = 3. Then either 3™~ | 21 or 3™~ | X1, Assume that 3™ |
y%l. Then k(k3™ ' + 1) = A(3™ + 1) for some positive integer k. A contradiction,
since A € {1,2}. So, 3™~ | “X1. Arguing as above, we obtain h(h3™"! — 1) =
A(3™ + 1) for some positive integer h. A contradiction, since A € {1,2}. Hence the
assertion. |

3 The background

In this section we introduce the background for the problem investigated and we
state the group-theoretical theorems on which relies the proof of the result exposed
in this paper.

Lemma 3. Let I1 be a finite projective plane with a collineation group G which fizes
a projective subplane of I1 and induces a doubly transitive group on the points of I1,.
Then 11y is Desarguesian and the group induced by G on Iy contains a subgroup
isomorphic to PSL(3,q).

Proof. Ostrom-Wagner [20]. ]
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As it is well known o(II) > ¢? when Il is a proper subplane of II. Thus ¢* <
o(IT) < ¢ under our assumption. The only known cases are when o(II) = ¢* or
o(IT) = ¢. The following result characterizes the case when o(II) = ¢

Lemma 4. Let I be a finite projective plane of order ¢* with a collineation group
G that fixes a projective Baer subplane Iy and induces a doubly transitive group on
Ily. Then one of the following occurs:

1. 11 is a Desarguesian or a generalized Hughes plane and G contains a subgroup
isomorphic to PSL(3,q);

2. 11 is the generalized Hughes plane over the exceptional nearfield of order T
and G contains a subgroup isomorphic to SL(3,7).

Proof. Liineburg [17]. [

The next result deals with the case o(II) = ¢*. Let M be the set of points of
IT — IIy which lie in a secant to Ily, and let A be the set of point of II — IIy which
do not lie in any secant to Il.

Lemma 5. Let I be a finite projective plane of order ¢® with a collineation group
G = PSL(3,q). Then I has a projective subplane Iy of order q which is invariant
under G and G acts faithfully on Ily. Moreover, the following occur:

1. G is transitive on the points and lines of Iy, M and A.

2. Let (M,m) be a flag in M. Then |Gy| = |G| = ¢*(q — 1)/, with j =
(3,q — 1). Moreover, Gy (G,,) has a normal elementary abelian subgroup A
(B) of order ¢* and Gy (G,) is the semidirect product of A (B) with G yfm.
The group Gar, is cyclic and Gy (Gy,) is a Frobenius group.

3. If P is a point (or a line) in A, then Gp is cyclic of order (¢*+q+1)/j. Any
non-trivial element in Gp fixes exactly a triangle in I1 which lies in A.

4. G is flag-transitive on M, and G s flag-transitive on A X M and on M x A
ifj=1.

Proof. Dempwolff [5], Theorems A and B. ]

Unlike the Lemma 4, this result does not seem to determine the plane II, even
though examples occur in the Desarguesian or the Hering-Figueroa planes (e.g. see
[7] and [11]). Indeed, Dempwolff remarked in his paper that the group G, un-
der (3) of the previous Lemma is too far from being a group of homologies of a
Desarguesian or a Hering-Figueroa plane.

Now, we expose some results on the subgroups of PSL(3,¢q) which will be used
extensively in the following.
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Lemma 6. Let M be a mazimal subgroup of PSL(3,2"). Then M is isomorphic to
one of the following groups:

1.

2.

3.

A PSL(2,2"), where A is elementary abelian of order ¢?;
B.Ss , where B is diagonal group of order (th;l)z and j = (3,2" — 1);

Z phiohiy - Z3, where j = (3, 2" —1);

J

PSL(3,2™), where h =tm and t is prime;

A group containing PSL(3,2™) as normal subgroup of index 3, where h = 3m
and m is even,

PSU(3,2™), where h = 2m;

A group containing PSU(3,2™) as normal subgroup of index 3, where h = 6m
and m is odd;

Proof. Hartley [9]. ]

Lemma 7. Let M be a non-trivial subgroup of PSL(3,p"). If M has no non-trivial
normal elementary abelian subgroups, then M is isomorphic to one of the following
groups:

1.

2.

8.

9.

PSL(3,p™), where m | h;
PSU(3,p™), where 2m | m;

A group containing PSL(3,p™) as normal subgroup of index 3, when p™ = 1
mod 3 and 3m | h;

A group containing PSU(3,p™) as normal subgroup of index 3, when p™ = 2
mod 3 and 6m | h;

PSL(2,p™) or PGL(2,p™), where m | h and p™ # 3;

PSL(2,5) when p" = £1 mod 10;

PSL(2,7) when p*» =1 mod 7;

Ag or Ay, or a group containing Ag with index 2, with p =5 and h even;

Ag, when p" =1 mod 30 or p" =19 mod 30.

Moreover, PSL(3,p") has exactly one subgroup G of each type mentioned above
up to conjugacy in GL(3,p")/Z(SL(3,p")).

Proof. Bloom [3], Theorem 1.1. ]
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Lemma 8. Let G be a subgroup of PSL(3,p") not satisfying the hypothesis of
Lemma 7. Then the following occurs:

1. G has a cyclic normal subgroup H such that [G : H] < 3 and (|H|,p) = 1;
2. G has diagonal normal subgroup R such that G/R < Ss;

3. The inverse image G* of G in SL(3,p") has a normal elementary abelian p-
subgroup F such that G*/F < GL(2,p"). The case F = (1) is also included;

4. p" =1 mod 9 and G has a normal subgroup T, abelian of type (3,3), with
G/T < SL(2,3). All subgroups of SL(2,3) do occur in this context;

5. p" =1 mod 3, p" # 1 mod 9 and G has a normal subgroup Y, abelian of
type (3,3), with G/Y < Qs. All subgroups of Qg do occur in this context.

Proof. Bloom [3], Theorem 7.1. and Theorem 3.4. ]

4 The faithful action

Throughout this section we assume that G acts faithfully on II,. Hence, we may
assume that G is minimal and G = PSL(3,q). The proof relies on combinatorics
and a detailed knowledge of the structure of the group PSL(3,q). A preliminary
step is to prove that the involutions in G are perspectivities. We show this fact
for ¢ even in Lemma 9, using the Cauchy-Frobenius Lemma, and for ¢ is odd in
Lemma 10 and in Proposition 11, using the list of subgroup of PSL(2,q). Finally
in Theorem 12, we show that if o(IT) < ¢® then IT must have order ¢, ¢* or ¢>. Here
the list of the subgroups of PSL(3,q) is extensively used.

Lemma 9. Let 11 be a finite projective plane of order n and let G = PSL(3,q) be
a collineation group of II with a point-orbit Iy = PG(2,q). If n < ¢® and q is even,
then each involution in G is a perspectivity of 11.

Proof. Assume that ¢ is even. Let r be a secant of Il and let T be the elementary
abelian 2-group of order ¢* inducing an elation group of axis r on II;. Then either
T is a Baer collineation group or 7" = T'(r,r) on II, since all the elements in 7' lie
in a unique conjugate class under GG. Assume that T is a Baer collineation group of
IT1. Then each non trivial element in T fixes exactly y/n + 1 lines of [P], where P
is any point of 7 NIIy. Then ¢* | [n+ 1+ (¢* — 1)(v/n + 1)] and hence ¢* | n — /n.
Either ¢* | /n or ¢* | \/n — 1, since ¢ is a prime power. So ¢* < y/n in any case.
A contradiction, since n < ¢* by our assumption. Hence T' = T'(r,r) on II, and the
assertion follows by the fact that there exists a unique conjugate class of involutions
in PSL(3,q). ]

Lemma 10. Let IT be a finite projective plane of order n and let G = PSL(3,q) be
a collineation group of 11 with a point-orbit Iy = PG(2,q). If n < ¢*, q is odd and
q ¢ {5,7,9,11,19}, then each involution in G is a perspectivity of I1.
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Proof. Assume that ¢ is odd and ¢ ¢ {5,7,9,11,19}. Assume also that each involu-
tion in G is a Baer collineation of II. Denote by « the involution in G represented
by the matrix diag(—1,—1,1). Then « induces a (C,[)-homology on Ily. Let H be
the group consisting of the matrices diag(A, 1) with A € SL(2,q). Then H < Cg(«)
and H acts on Fir(a) inducing H & PSL(2,q). In particular H fixes [ and acts
on [ NIy in its natural 2-transitive permutation representation of degree ¢ + 1. Set
C = 1IN Fiz(a) — . Then |C| > 0 by [19], Corollary 5.2.(ii), since H contains
Baer collineations and ¢ ¢ {5,9} by our assumption. Then |C| > 0 and n > ¢°.
Furthermore H acts on C. i
(A) There exists X € C such that ’XH‘ > 1.

Assume that ]::T fixes C pointwise. Assume also that ¢ = 3 mod 4. Note that
the stabilizer in H of a point on [ N Ily has odd order, since it is isomorphic to
E,.Z ot Thus the points on | N Fiz(«) fixed by any involution in H are exactly

those fixed lying in C. Set k = |C|. Clearly 0 < k < y/n + 1. Assume that k > 3.
Thus each involution in H is a Baer collineation of Fiz(a) and hence k = /n + 1,
since k < y/n+ 1. Let Y € [N1ly. Then Hy = E,.Zs1 fixes Y and the k points

of C. Recall that o induces a (C,[)-homology on Ily. Therefore Hy fixes C' and the
lines joining the k + 1 points of C U {Y} with C. In particular Hy cannot contain
planar elements, since it fixes /n + 2 points on [ N Fiz(a). Hence Hy must be
semiregular on AC' N Fix(a) — {A,C} for any A € CU{Y}. So, @ | V/n— 1.
Then (q,n) = (3,16), since ¢> < n < ¢* and ¢ = 3 mod 4 by our assumption. Then
H = PSL(2,3) and Fizr(a) = PG(2,4). A contradiction, since H fixes [ N Fiz(a)
and a point on it. Hence 0 < k < 2. Assume that £ = 1. Then C = {R}, where
R is the unique point of I N Fix(a) fixed by H. Then all involutions in H must
be elations with same axis s = RC and the same centre R, since H fixes R, C
and [. Thus H = H(R, s), since the involutions in H generate H. A contradiction,
since H31,32 &~ Zq%l with By, By € [ N1l and B; # Bs. Thus £ = 2. Then

C = {P,Q}, where P and @ are the unique points of I N Fiz(a) fixed by H. Then
there are no triangular configurations for commuting homologies in H, otherwise
one of them would have the axis coinciding with [ N Fiz(«), while H = PSL(2,q)
acts not trivially on [ N Fiz(a). Thus all involutions in H must have the same
center and the same axis, since H fixes the triangle {C, P,Q} pointwise. Thus
either H = H(P,QC) or H = H(Q, PC). A contradiction by the same argument as
above. Hence ¢ =1 mod 4. Then k > 0 as k = |C| and C # (). Then Hy, y, = Zoa
has even order, for any Y7, Ys € [ N1l such that Y; # Y;. Therefore the points on
[N Fiz(a) fixed by any involution 4 in Hy, y, are exactly those fixed lying in C plus
the points Y7, Y,. Then Fiz(7) is a Baer subplane of Fix(a) and /n+1 =k + 2,
since k > 0. If k¥ < 2, then /n < 9. Then either ¢ > y/n, since ¢ =1 mod 4 and
q ¢ {5,9}. A contradiction by [19], Theorem 1.1. Hence k > 3. Let E be any Klein
subgroup of H containing 4. Then the points of | N Fiz(a) fixed by E are exactly
those fixed lying in C, since the stabilizer in H of a point on [ N1l is isomorphic to

the Frobenius group Eq.Zq%l. Thus Fiz(FE) is a Baer subplane of Fiz(¥) and hence
In+ 1=k, since k > 3. Then /n = /n + 2, since /n + 1 = k + 2. This yields
Vn =16, ¢ =13 and k = 3. A contradiction by [14], since H contains a Frobenius
group of order 39 with a planar 13-element.

(B) Either Hx = H or Hy = Eq.Zq%ol, 1 <6< %L §even or Hy &

2 9
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PGL(2,,/q) for q square.
By (A) there exists X € C such that ‘XH‘ > 1. Then

V1> [XT| 0T, (6)

since X7 U (INTl) C [N Fiz(e). By managing (6), we have

since I NTly| = ¢ + 1,

XH’ = %_1’) and n < ¢3. Now, we filter the list of the
X

proper subgroups of H given in [13], Haupsatz I1.8.27, with respect to (7):

(i). Hx < Dys1. Then 2(q + 1) > 2‘[5&‘ > (yq+1)(g+ 1) in any case. A
contradiction.

(ii). Hx = PSL(2,p™) with ¢ = p™ and ¢ > 2. Then p™(p*" — 1) > (p'/* +
1)(p"™ + 1) by substituting in (7). So p™(p*™ — 1) > (p™ + 1)(p*™ + 1), since
t > 2. A contradiction.

(iii). Hy = PGL(2,p™) with ¢ = p*™ and t > 1. Then 2p™(p*™ — 1) > (p'™ +
1)(p*™ 1) by substituting in (7). Thus t = 1 and g is a square. Assume there
are at least two H-orbits on C with point-stabilizer isomorphic to PGL(2, \/q).

Then /n+1>2 ’Xﬁ’ + [l N 1Ip|. This yields ’I:IX’ > (/q+1)(g+1) arguing
as above. A contradiction, since Hx = PGL(2,,/q).

(iv). The cases Ay < Hx < Sy or Hx = As cannot occur, since ¢ ¢ {5,7,9,11,19}.

(v). Hx < Epm.Z#. Then Hy = E,;. K, with f > 1 and (1) < K < Z# by
(7). Then |K| | p™ — 1. Furthermore |K| | p/ — 1, since Hy is a Frobenius
group, as f > 1and K # (1). Then |K| | p®—1, where p°—1 = (p™ —1,p/ —1)
and e = (m, f). Set m = ae and f = be, thena > b> 1, and Hy = pre.ZpeT_l
with 6 > 1. By (7), we have

e _ ae/2 ae
pE =L WIHDED | G D0 )

This yields a = b. That is m = f = e and hence Hx = Eq.Z%, with 6 even.

(C) ¢ is a square and H has exactly one orbit on C with the stabilizer
of a point isomorphic to PGL(2, /7).

Assume that ¢ =3 mod 4. As a consequence of the list given above, the stabi-
lizer in H of a point on [N Fix(«) is either the whole group H or it is isomorphic to
Eq.Z%, 0 even. Since Eq.Z% has odd order, then the points of [ N Fiz(a) fixed
by any involution in H coincide with those fixed by H. Let h be the number of
these points. A similar argument to that used to rule out the case where H fixes
C pointwise and ¢ = 3 mod 4 (part (A)), with A in the role of k, still works and
we may rule out this case. Hence, we may assume that ¢ =1 mod 4. Assume also
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that H “does not contain any stabilizer of a point isomorphic to PGL(2, /q). Then
either Hx = Hor Hx = E,.7Z g f even, by the list of the admissible subgroups of
H given above. Furthermore, two distinct commuting involutions have 10 common
fixed points on I N Fiz(a), other than the h ones fixed by the whole H, since the
point-stabilizer in H elsewhere on [ N Fiz(a) is isomorphic to E,.Z a1, with ¢ odd
and @ even. Assume that A > 3. Then each involution in H is a qur collineation of
Fiz(a). Note that for any two distinct commuting involutions in H, each induces a
Baer collineation on the subplane fixed by the other one in Fiz(«), as h > 3. Thus
h=yn+1. ) )

Let U < H such that U = D,;;. Then U contains exactly %1 distinct invo-
lutions, since ¢ = 1 mod 4. Let ¢ and p be two distinct involutions in U. If &
and p fixes a point O on | N Fix(«), then <6,(5> < HoNU. Thus Hp = H, since
‘<6,5>‘ > 2 and ‘Eq.Zqo%l N U‘ < 2. Hence ¢ and p have no common fixed points
on [ N Fiz(a), other than the h = /n + 1 fixed by the whole group H. Hence each
involution in U fixes exactly v/n — /n points on [ N Fiz(a) which are not fixed by
any other involution in U. Therefore

(Vi - )L < - o, ®)

since U contains exactly % distinct involutions. By managing (8), we have that
1 < Wn+/n. Hence 551 < ¢¥/4+4¢%/%  sincen < ¢*. Thus ¢ € {13,17,25,29, 37,41},
since ¢ is odd, ¢ =1 mod 4 and ¢ > 9. Actually, (¢,n) = (13,28), (5%,3%), (41, 4%),
since 451 < /n + /n with /n integer, n > ¢ and §/n > 2. Also the case
(g,n) = (13,2%) cannot occur by (A), since H fixes C pointwise in this case. As-
sume that (q,n) = (5%,3%). In this case [ N Fiz(a) consists of either 3 H-orbits of
length 26 and h = 4 fixed points by H, or 1 H-orbit of length 26, 1 H-orbit of length
52 and h = 4 fixed points by H. At this point it is a plain to see that any element of
order 5 must fix a subplane of order 6 in any case, since y/n+1 =2 mod 5 and since
it fixes exactly 7 points on N Fiz(a). A contradiction by [12], Theorem 3.6. Hence
(g,n) = (41,4%). Let S = Z4. Since y/n+1 =11 mod 41 and n = 18 mod 41,

then Fiz(S) fixes a subplane Fiz(a) of order at least 10. Actually, o( Fiz(S)) = 10
by [12], Theorem 3.7. Let T < Ng(S) such that T = Z,. Then T acts trivially
on Fix(S) by [12], Theorem 13.18. Hence Fix(S) C Fixz(T), since S = Zy; and
T = 7, fix exactly 1 and 2 points on [ N Iy, respectively. Thus o(Fiz(T) > 102
and o(Fiz(a)) > 10* by [12], Theorem 3.7, since T acts not trivially on Fiz(a).
A contradiction, since o(Fiz(a)) = 4*. Hence h € {0,1,2}. Arguing as above it
is easily seen that (¢/n +1— h)Z < /n+1— h with h € {0,1,2}, since each
involution in H fixes exactly 2 points on I, other than the h fixed by the whole
H. Elementary calculations show that (n,q, h) = (6%,13,2) or (n,q, h) = (8%,17,2),
since n < ¢®, ¢ =1 mod 4 and ¢ ¢ {5,9}. In particular h = 2 in any admissible
case. Thus, let P, and P, be the unique points of [ N Fiz(a) fixed by H. Then the

stabilizer in H of any point on [ N Fiz(a) — { Py, P} is a subgroup of E,.Z-1. As
a consequence, each H-orbit on [ N Fix(a) — { Py, P,} has length divisible by ¢ + 1.
Soq+1|(y/n+1)—h. A contradiction. At this point the assertion (C) follows by
the final remark in (iii).

(D) The final contradiction.
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Let B be any point of C such that Hg = PGL(2,,/7). By (B) and (C) we
have that either Hy = H or Hy = Eq.Z%, 0 even, for any X € C — B and
Hyx = PGL(2,/q) for any X € BH . Note that H contains a unique conjugate class
of involutions and each of them fixes exactly /g points on BY by [19], Table III,
lines 9a and 9b. Furthermore, H contains two conjugate classes of Klein subgroups.
In particular each subgroup in the first conjugate class fixes exactly 1 point on B
and each subgroup in the second conjugate class fixes exactly 3 points on B (e.g.
see [19], Table III, lines 9a and 9b). Let 7 be any involution in H and let be E,
and F, the representative of the two conjugate classes of Klein subgroups of H
containing 7. For any subgroup J of H, we set Fizx(J) the number of points fixed
by J in the X*. The following table gives a description of the points fixed by 7, £,
and Fj in each admissible H-orbit on I N Fiz(a):

Table 1
Type | Hyx H:Hy Firx(7) | Firx(E)) | Fizx(E,)
1 H 1 1 1 1
2 EqZss, 1 even |O(g+1)/2 |0 0 0
3 EqZy1, lodd |6(g+1)/2]0 0 0
4 | PGL(2,/7) A T g 1 3

By the Table I, we have that Fixz(T) is a Baer subplane of Fiz(a). Recall that h is
the number of points fixed by H on [N Fiz(a). Assume that h > 2. Then Fix(E))
and Fiz(E,) are Baer subplanes of Fiiz(7). Hence the order of Fiz(E)) and Fix(E,)
is ¢/n. By Table I, we have that /n +1=h+ 1 for By and ¢/n+1 = h + 3 for E,
at the same time. A contradiction. Hence h < 1. However, Fix(E,) is still a Baer
subplane of Fiz(7) as &/n+ 1= h+ 3. Thus (h,¥/n) = (1,3) or (0,2), since h < 1.
Note that each non trivial H-orbit on [ N Fix(a) has length a multiple of % by

Table 1. Hence, (q;rl) | v/n+1—h. Now by substituting in the previous relation the

values (h, 3/n) = (1,3) or (0,2), we have that either 2+ | 81 or 21 | 17, respectively.
A contradiction in any case, since ¢ is a prime power with even exponent. [ ]

Proposition 11. Let II be a finite projective plane of order n and let G = PSL(3, q)
be a collineation group of 11 with a point-orbit Ty = PG(2,q). If n < ¢, then each
involution in G is a perspectivity of I1.

Proof. Assume that G contains a Baer collineation of II. Then each involution is a
Baer collineation of II, since G contains a unique conjugate class of involutions by
[6]. Then q € {5,7,9,11,19} by Lemma 9 and Lemma 10. Let o, H = PSL(2,q)
and C be defined as in Lemma 10.

Assume that ¢ = 5. Then 6 < \/n < 11, since n < 5. If H = PSL(2,5) contains
involutions which are Baer collineations of Fiz(a), then /n = 9. Nevertheless this
case cannot occur by [2],Theorem 1, since [ N1y is a 2-transitive H-orbit of length
6 on [ N Fiz(a). Thus each involution in H is a perspectivity of Fiz(a). As a
consequence, H does not fix any point of C, since any involution fixes two points on
[ N Tly. Hence C is union of non-trivial H-orbits. Thus y/n > 10, since the minimal
permutation representation of H = PSL(2,5) is 5. Actually \/n = 10 cannot occur
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by [12], Theorem 3.6. Hence \/n = 11 and PSL(2,5) acts in its natural 2-transitive
permutation representation of degree 6 on C. Then 4 must be a Baer collineation of
Fix(a), since 7 fixes exactly 4 on [ N Fiz(a). A contradiction.

Assume that ¢ = 7. We may also assume that H,; = S, for some point Z in C,
otherwise we obtain a contradiction be the same argument of parts (A) and (C) of
Lemma 10. Hence v/n > 14, since IlyUZ# C INFiz(a) and ‘ZH’ = 7. Furthermore,

it is easily seen that each involution in H fixes exactly 3 points on YH. Therefore
each involution in H is a Baer collineation of Fiz(a) and hence /n > 2. On the
other hand /n < 18, as n < 73. All these informations yield n = 28. So II has
exactly 65793 points. Assume that II consists of non trivial G-orbits of points. Since
each G-orbit is multiple of the index of some maximal subgroup of G = PSL(3,7)
and since the indices of the maximal subgroups of G are 57, 5586, 26068, 32928 by
[4], then there must be a partition of the number 65793 restricted to the numbers
57, 5586, 26068, 32928. A contradiction. Hence G fixes a point P € II — Ilj.
Since 57 is the unique primitive permutation representation of G which is less than
n+1=2%+1, and since n + 1 = 29 mod 57, we have that G fixes a subplane of
IT of order at least 28. So, n > 282 by [12], Theorem 3.7. A contradiction, since
n < 73,

Assume that ¢ = 9. Then 10 < y/n < 27, since n < 93. Assume that Hy = S, for
some point Y in C. Then ’YE‘ — 15. Hence \/n > 24, since (INI,)UY 7 C INFiz(a).
Clearly each involution in H fixes exactly 2 points on [ NI, and 3 points on Y.
So, each involution in H induces a Baer collineation on Fiz(a) and /n > 4. Thus
Vvn = 25, since 24 < /n < 27. Then [ N Fiz(a) consists of the following H-
orbits: [ NIy of length 10, Y of length 15 and a point R fixed by H. Pick
p € H such that o(p) = 4. Elementary calculations show that p fixes 2 points
on [ NIy, 1 points on Y* and R. Hence p fixes exactly 4 points on [ N Fiz(a).
Furthermore, p? fixes 2 points on [ N 1ly, 3 points on Y and R. Thus p? is a Baer
collineation of Fiz(a). Moreover, p induces a Baer collineation on Fiz(p?), since
p fixes exactly 4 points on [ N sz( ®) and Fiz(p) & Fiz(p?). A contradiction,
since o( Fiz(p?)) = 5. Hence, we may assume that Hy = Ajs for some point Y in C.
Thus ‘YH‘ — 6. Hence \/n > 15, since (I N1,) UY T C I N Fiz(a). Clearly, each

involution in H fixes exactly 2 points on [ NIy and at least 2 points on Y. So,
each involution in H induces a Baer collineation on Fiz(a) and /n > 3. Therefore,
either\/n = 16 or \/n = 25, since 10 < /n < 27. Assume that n = 16. Set
{F} = C—Y". Let S be a Sylow 2-subgroup of H. Then S = <@,B> with
ot =1, 6_2 = 1 and ¢ = ¢g~1. Note that |Fiz(¢)Nl| = 3, |Fiz(g*>)NI| = 5
and ’F@:p ﬂl‘ = 5, since | = (INT) UYH U{F}, and since H = PSL(2,9)
acts in its 2-transitive permutation representatlons of degree 10 and 6 on [ N II
and on Y, respectively. Furthermore, ’F ir(@®) N Fix(B) N1 ‘ = 3. This yields
Fiz(¢*) = Fiz(B) & PG(2,4) and Fiz(p) = PG(2,2) Wlth Fiz(p) C Fiz(p?).
Moreover, Fiz(p?) N Fiz(3) = PG(2,2) and Fiz(@) N Fiz(3) consists of 3 collinear
points of Fiz(p?) including F. Thus ‘Fm: %) — (Fiz(p) U Fiz(B) UI) ’ = 10. Let
U < H such that U & Ey. Is is easily seen that Fiz(U) fixes exactly 2 points on
[, since the 4 = (123)(456) lies in U and # is f.p.f. on Y#. Thus Fix(U) cannot
be a subplane of II. Then there exists a line r of II such that Fiz(U) —1 C r. In
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particular Fiz(H) C Fiz(U) and ‘F@x(U) N Fix(p) — l‘ < 3. Hence, there are at
least 2 points of II — [ lying in Fiz(a) — [, say X; and Xy, such that Hy, = Z, and
Hx, = Z,, since Fix(H) C Fiz(U), since Fix(U) — 1 C r, since Fiz(p) N Fiz(F)
consists of 3 collinear points of Fiz(¢?) including F, and since the are no proper
subgroups of H of order divisible by 20. Then [T — | > 270, since X{{UX c 11
with [X¢| = 180 and | Xf| = 90. A contradiction, since /n = 16. Hence v/ = 25.
It is easily seen that any involution ¢ in H fixes 2 points on [ N IIy and 2 points on
Y. Thus C is a Baer collineation of IT and o(Fiz(¢)) = 5. So ¢ must fix exactly
2 points on € — Y and ‘C — YH‘ = 10. This forces H = PSL(2,9) to act in its

2-transitive permutation representation of degree 10 on C — Y. Let p and p* be
defined as above. Clearly p and p? fixes the same point on [ N Fiz(a) — Y since
this set consists of two 2-transitive H -orbits both of length 10. Nevertheless, p is
fp.f. on Y while p? fixes 2 points on Y. So, we may apply the above argument to
rule out this case. As in Lemma 10, part (C), h denotes the number of points fixed
by H in C and hence on [ N Fiz(a). Now, we assume that H fixes at least a point
on [N Fiz(a). Thus h > 0. At this point may use the similar argument to that of
parts (A) and (C) of Lemma 10 and we may rule out this case, since there are not
H-orbits on C with that point-stabilizer isomorphic either to S, or to As. Hence
h = 0. Then Hy = Ey.Z, for any M € C. Then each H-orbit on C has length 10
and hence \/n + 1 = 10¢, since |l N Ty| = 10. Then /n = 19, since n < 93. Hence
H acts in its 2-transitive permutation representation of degree 10 on C. Then any
involution is a Baer collineation of Fiz(«), since it fixes exactly 2 points on [ N Il
and 2 points on C. A contradiction, since y/n = 19.

Assume that ¢ = 11. We may also assume that Hp = A; for some point P in
C, otherwise we obtain a contradiction be the same argument of parts (A) and (C)

of Lemma 10. Thus ‘PH’ = 11. Hence y/n > 22, since (I N1Iy) U P C 1N Fiz(a).

Furthermore, it is easily seen that each involution in H fixes exactly 3 points on PH.
Therefore each involution in H is a Baer collineation of Fiz(a) and hence /n > 2.
On the other hand, we have that \/n < 36 as n < 113. All these informations yield
either n = 5% or n = 6. Assume that the former occurs. Hence H fixes C — P!
pointwise, since ‘C — PH‘ = 3. Let C < H such that C = Z;;. Then C fixes
exactly 4 points on [ N Fiz(a), since C' fixes C — P pointwise, |l N 1IIy| = 12 and
’PH‘ = 11. In particular C fixes a subplane of IT of order 3. Now, let D < Ngz(C)

such that D = Zs. Clearly D fixes INF iz(C) pointwise. Nevertheless D cannot
be a homology group, since o(Fiz(C)) = 3. Thus D acts trivially on Fiz(C).
Actually Fiz(C) C Fix(D), since C' and D fix exactly 1 and 2 points on [ N Iy,

respectively. So Fixz(C) C Fiz(D) € Fiz(a). A contradiction by [12], Theorem
3.7, since o( Fix(C)) = 3 and o( Fiz(a)) = 5%. Hence n = 6. Then any involution
of H fixes a subplane of order 6. A contradiction by [12], Theorem 3.6.

Assume that ¢ = 19. We may also assume that Hg = A; for some point Q in
C, otherwise we obtain a contradiction be the same argument of parts (A) and (C)
of Lemma 10. Thus ‘QH‘ — 11. Hence v/n > 30, since (I N1I) U QY C I N Fiz(a).
Furthermore, it is easily seen that each involution in H fixes exactly 3 points on

Q. Therefore each involution in H is a Baer collineation of F iz(a) and hence
Wn > 2. Actually, /n > 3 since /n > 30. On the other hand by /n < 82 as
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n < 193, All these informations yield n = 3%. Let K < H such that K = Z,.
Then K fixes at least 6 points on | N Fix(a), since /n +1 = 6 mod 19. Then
K fixes a subplane of Fiz(a) of order at least 5, since n = 6 mod 19. Actually,
o(Fiz(K)) = 5 by [12], Theorem 3.7. Now, let L < Nz(K) such that [ & Z,.
Clearly L fixes [ N Fix(K). In particular there exists a subgroup Ly of L, with
[[_/ ; EQ] < 3, which fixes | N Fiz(K) pointwise, since L £« PT'L(2,5). Nevertheless
Lo cannot be a homology group, since o(Fiz(K)) = 5. Thus Ly acts trivially on
Fiz(K). Actually Fix(K) C Fiz(Lo), since K and L fix exactly 1 and 2 points
on [ NIy, respectively. So Fiz(K) C Fix(Lg) € Fiz(a). A contradiction by [12],
Theorem 3.7, since o( Fiz(K)) =5 and o(Fiz(a)) = 3*. ]

Theorem 12. Let I be a finite projective plane of order n and let G = PSL(3,q)
be a collineation group of I1 with a point-orbit Iy = PG(2,q). If n < ¢®, then one
of the following occurs:

1. n=gq and Il = 1ly;

2. n=q¢? 1l is a Desarguesian plane or a Generalized Hughes plane and Il is a
Baer subplane of 11;

3. n=q¢.

Proof. If n < v, v = ¢*> + q + 1, the assertions (1) and (2) follow by [1], Theorem
3.9. Hence, assume that v < n. Let A be the set of points of IT — IIy, which do not
lie on any secant to ITp. Then |A| = (n — p™)(n — p*™). Furthermore, G leaves A
invariant. Clearly each involution in G is a perspectivity of II by Proposition 11,
and its center lies in Iy and its axis is a secant of IIy. Hence |Gx| must be odd for

each X € A. If |Gx| < pQT;_l, where j = (3,p™ — 1), then ’XG’ > pPm(pd™ — 1)
and hence p*"(p*™ — 1) < p*™(p™ — 1)?(p™ + 1), since X¢ C A and n < p*™. A
contradiction. Hence |Gx| > @.

Assume that p = 2. Then G'x can be recovered by Lemma 6. If |G x| is a proper

divisor of 3(22771)2, j defined as above, then ‘XG‘ > 23m(22m 4 9m 4 1)(2m+1), and we

have again a contradiction. Then |Gx| > 3(277;7_1)2 If |Gx| = ?’(QYZ%_IP, then G'x has
a normal subgroup R of index 3 such that Fiz(R) N1l is a triangle A (see Lemma
6). Hence R is planar, since R fixes the quadrangle A U {X} as X € A. Again by
Lemma 6 there exists an involution 3 in G normalizing Gx and R. Clearly (3 fixes a
vertex of A and its opposite side. Thus C € II—A. Nevertheless C3 € Fiz(R)—1l,
since (§ normalizes R, Fiz(R) is a subplane and Fiz(R) NIl = A. A contradiction.
As a consequence |Gx| > 3(2737_1)2 Then |Gx| = 3% by Lemma 6, where 6
22" 42m 41
j

is a divisor of , since Gx has odd order. Therefore

623 (2™ — 1)2(2™ 4+ 1)

3 Y
with \; € {1,2,3} and 0 € {1, 3}, sincen < 23™. If = 1, then Gx = Na(Z 2miomys ).
If \; = 3 then n = ¢?, but this case cannot occur by Lemma 5. Thus \; < 2 and

Al =)\
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n = 6 by Lemma 2. This case cannot occur by [12], Theorem 3.6. Hence 6 = 3.
Then \; = 1 and n = 2%, since n < 2°™. Then Gx = Zy2m om ., by Lemma 5.
Thus the assertion (3). '

Assume that p is odd. Note that Gx is none of the groups listed in Lemma
7, since Gx has odd order. Then the possibilities for G'x are listed in Lemma 8.
Assume that p | |Gx|. Then there exists a normal elementary abelian p-subgroup
U, of Gx such that Gx /U, is isomorphic to a subgroup of PGL(2,p™) again by
Lemma 8. Actually, Gx /U, is isomorphic to a subgroup of PSL(2,p™), since Gx
has odd order. If Uy # (1), then U, is a group of elations with the same axis r in
Iy, for some secant r of I1y by [18]. Actually, Uy = Us(r,r) in II by [12], Theorem
4.25, since all involutions in G are homologies of II by Proposition 11 and since
G contains involutory homologies of II with axis r. But U, fixes X with X € A.
A contradiction. Therefore Uy = (1). Then Gx is isomorphic to a subgroup of
PSL(2,p™). Then G is isomorphic to a Frobenius subgroup of E,m.Zym—1 by [13],
Haupsatz 11.8.27, since p | |G x| and |G x| is odd. Then Gx = E,n.L with 1 <h<m
and |L| > 1, since |Gx| > @r=y)
Gx is isomorphic to a Frobenius group. Hence |L| | p© — 1 where e = (m, h). Then
L= Zya with 2% odd. Therefore Gx = En. Zyeor. Then p"2=t > (p2m DY
This ylelds h = m and Gy = Eym.Zym_1. At this pomts since XG c A and
|A| < p*™(p™ —1)%(p™ + 1), we obtain qt— 3 mod 4 and t =2, and ¢ =1 mod 3
and j = 3. That is ¢ =7 mod 12 and ‘XG‘ =2 (P =D (" + 1),

Assume that p 1 |Gx|. By Lemma 8, and relat1ons (5.8) in the proof of Lemma
5.6 of [3], we have that either Gx = Fy with ¢ = 1 mod 3 and ¢ # 1 mod 9,
or Gx & Fyg.Z3 with ¢ =1 mod 9, or Gx < NG(szmﬂ,mH), since |Gx| is odd.

Actually, Gx < Ng(Zy2mipmyi), since X% C Aand |A| < p*™(p™ — 1)2(p™ + 1).
Then ‘XG‘ = %p‘%m(pm —1)2(p™ +1) with k =1 for Gx = Z yzmyymyy, and k = 3 for
GX = NG(Z 2m+pm+1)

Hence |L| | p™ — 1. Moreover, |L| | p" — 1, since

Set py and [1,2 the number G-orbits in A of length A = 2p*™(p*™ — 1)(p™ + 1)
and B = 1p*™(p™ —1)%(p™ +1), respectively. Then ,u1A+,ugB (n—p™)(n—p*™),
since |A\ (n — p™)(n — p*™). Then py # 0 by Lemma 1, since n < ¢>. Thus
py = 0, since |A| < p3™(p™ — 1)?(p™ + 1). Then k = 1, Gx = Z,2m,,m., for any

J
point X in A by Lemma 2, since n < ¢* and n # 105. Then n = ¢* according with
Lemma 5, since n < ¢*. Thus the assertion (3). ]

5 The unfaithful action

Let N be the kernel of G on Ily and set G = G/N. Throughout this section we
assume that N # (1). We may also assume that G is the minimal preimage of
G = PSL(3,q).

Firstly, we prove that N is the Frattini subgroup G in Lemma 13. Hence N is
nilpotent. This yields N = Z(G) in Theorem 14 using group-theoretical results.
Again, an extensive use of the list of the subgroups of PSL(3,q) leads us to assert
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that IT is the Generalized Hughes plane over the exceptional nearfield of order 72,
Iy is a Baer subplane of I and G contains SL(3,7).

Lemma 13. N = ®(G), where ®(G) is the Frattini subgroup of G.

Proof. Let S be any Sylow t-subgroup of N. Then G = Ng(S)N by the Frattini’s
argument. Thus S <1 G by the minimality of G. Therefore N is nilpotent. Suppose
that N £ ®(G). Then there exists a maximal subgroup M of G such that G = NM
by [13], Satz 3.2 (b). Clearly M < G and ;34 = G. A contradiction by the
minimality of G. Hence, we may assume that N < ®(G). Note that Gp is maximal
in G for each point P € Ily, since N <1 Gp and G is primitive on II,. Hence
®(G) < Gp for each point P € Ily. Therefore N = ®(G). n

Theorem 14. LetI1 be a finite projective plane of order n and let G be a collineation
group of 11 with a point-orbit Iy = PG(2,q) on which G induces G = PSL(3,q).
If n < ¢ and Fix(N) = Iy, then 11 is the Generalized Hughes plane over the
exceptional nearfield of order 7%, 11y is a Baer subplane of 1T and G contains SL(3,7).

Proof. The assertion follows by [1] for n < v, v = ¢* + ¢ + 1. Hence, assume that
n > v. Let [ be a secant to II;. Then N acts on | — II,. If Nx # (1) for some
X €l —1Il, then Fiz(N) C Fiz(Nx) C II. A contradiction by [12], Theorem 3.7,
since o( Fiz(N)) = q and n < ¢3. Thus N is semiregular on [ — (I N IIy) and hence
|IN| | n — q. Furthermore, N must have odd order, since Fiz(N) = PG(2,q) and
@ <n.

(I) G = SL(3,q9), ¢ =1 mod 3. Furthermore, each involution in G is
perspectivity of Il having the center in II; and the axis a secant of Ilj.

Assume that N £ Z(G). Then there exists a Sylow t-subgroup S of N such
that S £ Z(G), since N is nilpotent. Set V = S/®(S), where ®(S) is the Frattini
subgroup of S. Clearly GG acts on V. Let R be the kernel of the action of G on V. If
U is the Sylow u-subgroup of N, where w is a prime, u # t, then [S, U] = (1), since N
is nilpotent. This yields N < R < G, since S’ < ®(5), being S a t-group. If R = G,
then each Sylow r-subgroup of G, with r # ¢, centralizes S by [8], Theorem 5.1.4.
That is C(S) £ N. Furthermore, C(S) < G as S <9 G. Then N < Ce(S)N < G.
Hence G = Cg(S)N, since G is non abelian simple and since C(S) £ N. Actually,
G = Cg(S) since N = ®(G) by Lemma 13. A contradiction, since S £ Z(G). Hence
R < G. Then R = N as G is non abelian simple. Then G < T'L(V), since V is a
vector space over GF(t). Actually G < SL(V), since G is non abelian simple. Then
G < PSL(V), where V = S/®(S) is a vector spaces over GF(t). If t # p, then
V| >t~ by [16], Theorem 5.3.9, for ¢ ¢ {2,4}. In particular, for ¢ # p we have
that [V| > 2¢°~1 for any ¢. If t = p, then |V| > ¢* by [16], Proposition 5.4.13. Hence
V]| > ¢® in any case. Thus |[N| > ¢3. A contradiction, since |N| | n — ¢ and n < ¢.
Hence, we may assume that N < Z(G). Then G = SL(3, q) by [15], Theorem 7.7.1,
since N has odd order. Furthermore, N = Z3 and ¢ = 1 mod 3, since N # (1).
Then each involution in G is perspectivity of II having the center in 11, and the axis
a secant of Ily, since the proof of Proposition 11 still works being N = Zs.

(II) The final contradiction.

Denote by A the set of points of II — Il not lying on any secant of Ily. Then
Al = (n — p™)(n — p*™). Furthermore, G leaves A invariant. Note that each N-
orbit on A is a triangle, since N = Z3, N is semiregular on A, and Fiz(N) = Il,.
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Denote by Ay be the set of N-orbits on A. Then |Ay| = %. Pick A € Ay. Then

Ga = G(A) x N, where G(A) is the pointwise-stabilizer of A. Furthermore, Ga has

odd order by (I). Set Gao = Ga/N. Then Ga < G = PSL(3,q) and G(A) = Ga.

Hence, the proof of Theorem 12 still works with Ga in role of Gx (where X € A)

and Ay in role of A, since |Ay| = %. Thus n = ¢® and Ga < Zomyymyy . Zs. If
3

Ga 2 Zpom ymyy . Zs, then Ga = Z 2m,ym 1 .Z3 x N. Note that the group Z3 in the
3 3
normalizer of Z 2m,,m,, consists of generalized homologies of Il having the centres

3
in IIy and the axes which are secants of IIy by [5], Proposition 3.4 (i). Actually,
the group Z3 in the normalizer of Z 2m,,m, consists of generalized homologies of 11
3
having the centres in Il and the axes which are secants of 1l by using the proof of
Proposition 3.4 (i) of [5], since the involutions in G are perspectivities of II by (I).
Hence Ga < Z,2m ym,1.Z3. Thus 'AG’ = ypgm(pm_é)Q(pmH), with y odd, y > 1. So,
3

e DM+ _pm e - D" + 1)
3 = 3 ’

Y

since A C Ay and An| < pgm(pm_;))2(pm+1). A contradiction, since y is odd and
y > 1. ]

We conclude this paper with the following remark:

Remark. The problem of classifying the projective planes II of order ¢ with
a collineation group isomorphic to PSL(3,q) is still open today. So, it might be
interesting and useful to know what would happen if the projective plane II has
order ¢* and the collineation group of II turns out to be PGL(3,q). In the previous
case, is it possible to determine the plane I1?
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