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Abstract

We prove the existence of at least three periodic solutions of a nonlinear

differential equation involving p-Laplacian and convex-concave nonlinearities.

1 Introduction

In this paper, we deal with the existence of multiple solutions to the periodic bound-
ary conditions problem






−
d

dx
(|u̇|p−2u̇) + |u|p−2u = λα(x)|u|q−2u + β(x)|u|r−2u + f(x), u ∈ R

N

u(0) = u(1), u̇(0) = u̇(1),

(1.1)

where, f is a nonzero continuous 1-periodic vector-valued function, α and β are pos-
itive continuous 1-periodic scalar-valued functions, λ a real positive number and | . |
is the euclidean norm in RN . Here, we are interested by nonhomogeneous nonlinear
equations with concave and convex nonlinearities, so we will assume hereafter

1 < q < p < r.

The operator − d
dx

(|u̇|p−2u̇) is the so-called one-dimensional p−Laplacian, which re-
duces to the linear operator ”second derivative” for p = 2.
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The literature dealing with existence and multiplicity results for two-points
boundary value problems involving the p−Laplacian operator is very extensive. We
can refer the reader to [1, 2, 4, 5, 11, 15, 20, 24] and the references therein. In
particular, problems with concave-convex nonlinearities in the homogeneous case
(f = 0) are considered in [1, 2, 20].

The case of periodic boundary conditions has been studied in [6, 10, 13, 14, 16,
23]. In [16], the authors consider nonhomogeneous nonlinear equations with convex
(or concave) nonlinearities. For such kind of problems, various methods are used like
topological methods, time map methods and variational methods. In this paper, we
use variational tools and follow the ideas developed in the so-called fibering method
[17, 18, 19] which was later used and developed by several authors. In particular,
in this framework, we use tools like the extraction of Palais-Smale sequences in the
Nehari manifold [9] and show existence and multiplicity results. Here, we consider
a nonhomogeneous and non autonomous differential equation with convex-concave
nonlinearities.

The paper is organized as follow. In the next section, we introduce some nota-
tions and definitions and state some technical lemmas. In section 3, we establish
ground state constrained minimization problems associated to the problem (1.1) and
establish the existence of Palais-Smale sequences for the corresponding functionals.
Finally in section 4, we give the proof of our main result.

2 The main result and preliminaries

By solutions of the problem (1.1) we understand critical points of the associated
Euler-Lagrange functional

E(u) =
1

p
P (u) −

λ

q
Q(u) −

1

r
R(u) − L(u)

in the Banach space W := {u ∈ W 1,p([0, 1]) : u(0) = u(1)} endowed with the norm

||u|| =
(∫

1

0

|u̇|p dx +
∫

1

0

|u|p dx
)1/p

,

where

P (u) = ‖u‖p, Q(u) =
∫

1

0

α(x)|u(x)|qdx,

R(u) =
∫

1

0

β(x)|u(x)|rdx, L(u) =
∫

1

0

f(x) · u(x)dx

and ”·” denotes the inner product in RN .
Since α and β are positive and continuous functions then the norms defined by
‖u‖q = Q(u)1/q and ‖u‖r = R(u)1/r are equivalent to the respective ones of Lq([0, 1])
and Lr([0, 1]). So, in the sequel, we consider these spaces equipped with these norms.

Here we state our main existence result. Let

λ̂ = inf
u∈S

Ĉ0

P
r−q

r−p (u)

Q(u) R
p−q

r−p (u)
,
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where S is the unit sphere of W and

Ĉ0 =
r − p

p − q

(
p − q

r − q

) r−q

r−p

.

If the norm of the nonhomogeneous term f is sufficiently small, then we obtain at
least three nontrivial solutions.

Theorem 2.1. Let 1 < q < p < r, λ ∈]0, λ̂[ and f a nonzero function in the dual
space of W verifying (3.1). Then the problem (1.1) has at least three nontrivial
solutions.

Make precise that our existence and multiplicity result is nonlocal. Indeed, we
will see in the next section that λ̂ is greater than a positive constant depending
only on α, β, p, q and r. Remark also, in [16], the authors consider some nonho-
mogeneous and non autonomous nonlinear equations with only convex(or concave)
nonlinearities.

Let us define the Nehari manifold

N = {u ∈ W \ {0} : E ′(u)(u) = 0}.

It is well known that this manifold contains all critical points of the Euler-Lagrange
functional E, which is usually bounded below on it. So we can easily seek critical
points of E on N by minimization. An interesting characterization of the Nehari
manifold N , which will be used below, is the following

N =

{
tu : u ∈ W \ {0} and

∂E

∂t
(tu) = 0

}

Then following the fibering scheme, it is natural to introduce the modified Euler-
Lagrange functional [7, 12, 17, 18, 19, 22, 21] Ẽ defined on R × W by

Ẽ(t, u) := E(tu) =
1

p
|t|pP (u) −

λ

q
|t|qQ(u) −

1

r
|t|rR(u) − tL(u).

The method consists to find, for a given u ∈ W \ {0}, critical points t(u) of the
real valued function t → Ẽ(t, u) then substituting t by t(u) into Ẽ(t, u) we obtain a
new functional J(u) := Ẽ(t(u), u). If u∗ is a critical point of the functional J then
t(u∗)u∗ is a critical points of E on W .

Let u be an arbitrary element of W \ {0}, we consider

∂tẼ(t, u) = F (t, u) − L(u)

where F (t, u) = t|t|p−2P (u) − λt|t|q−2Q(u) − t|t|r−2R(u) and

∂ttẼ(t, u) = (p − 1)|t|p−2P (u) − λ(q − 1)|t|q−2Q(u) − (r − 1)|t|r−2R(u)

respectively the first and the second derivative of the real valued function: t 7→
Ẽ(t, u).

To determine the zeros of t 7−→ ∂tẼ(t, u) we analyze the function t 7−→ F (t, u)
which is an odd function so it suffices to consider positive value of t.
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Lemma 2.2. For every u ∈ W \ {0}, there is a unique λ0(u) > 0 such that for all
0 < λ < λ0(u), the real valued function t 7→ F (t, u) has exactly one positive global
maximum F (t(u), u) and one negative local minimum F (t(u), u).

Proof. Let u be an arbitrary element of W \ {0} and let us show the existence
of t(u) and t(u).

Let
∂tF (t, u) = tq−2G(t, u),

where G(t, u) = (p − 1)tp−qP (u) − λ(q − 1)Q(u) − (r − 1)tr−qR(u).
Then

∂ttF (t, u) = (q − 2)tq−3G(t, u) + tq−2∂tG(t, u),

with

∂tG(t, u) = tp−q−1
(
(p − 1)(p − q)P (u) − (r − 1)(r − q)tr−pR(u)

)
.

It is clear that the real valued function t 7−→ G(t, u) is increasing on (0, t(u)),
decreasing on (t(u), +∞) and attains its unique maximum for t = t(u), where

t(u) =

(
(p − 1)(p − q)

(r − 1)(r − q)

P (u)

R(u)

) 1
r−p

. (2.1)

Thus, the function t 7−→ G(t, u) has two positive zeros (resp. one positive zero) if
G(t(u), u) > 0 (resp. if G(t(u), u) = 0) and has no zero if G(t(u), u) < 0. On the
other hand, a direct computation gives

G(t(u), u) = (r − 1)
r − p

p − q

(
(p − 1)(p − q)

(r − 1)(r − q)

P (u)

R(u)

) r−q

r−p

R(u) − λ(q − 1)Q(u).

Similarly, G(t(u), u) > 0 (resp. G(t(u), u) < 0) if λ < λ(u) (resp. λ > λ(u)) and
G(t(u), u) = 0 if λ = λ(u), where

λ(u) = Ĉ
P

r−q

r−p (u)

Q(u) R
p−q

r−p (u)
, (2.2)

with

Ĉ =
(r − 1)(r − p)

(q − 1)(p − q)

(
(p − 1)(p − q)

(r − 1)(r − q)

) r−q

r−p

.

Hence, if λ ∈ (0, λ(u)), the real valued function t 7−→ ∂tF (t, u) has exactly two
positive zeros, denoted by t(u) and t(u), verifying 0 < t(u) < t(u) < t(u).

Since, G(t(u), u) = G(t(u), u) = 0, ∂tG(t, u) > 0 for t < t(u) and ∂tG(t, u) < 0
for t > t(u), it follows that

∂ttF (t(u), u) > 0 and ∂ttF (t(u), u) < 0.

This means that the real valued function t 7−→ F (t, u), t > 0, achieves its unique
local minimum at t(u) and its global maximum at t(u).

Now we compute λ0(u) such that F (t(u), u) > 0 and F (t(u), u) < 0.
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Let F (t, u) = tq−1H(t, u), where H(t, u) = tp−qP (u) − λQ(u) − tr−qR(u). Then
similar computations as in the first part of the proof show that there is a constant
λ0(u) defined by

λ0(u) = Ĉ0

P
r−q

r−p (u)

Q(u) R
p−q

r−p (u)
, (2.3)

with

Ĉ0 =
r − p

p − q

(
p − q

r − q

) r−q

r−p

,

such that, if λ ∈ (0, λ0(u)), the real valued function t 7−→ F (t, u) has two positive
zeros.

Now it suffices to remark that λ(u) > λ0(u), since λ(u) = r−1

q−1

(
p−1

r−1

) r−q

r−p λ0(u)

and r−1

q−1

(
p−1

r−1

) r−q

r−p > 1. �

Let us notice that for every real number γ > 0, we have

Ẽ

(
γt,

u

γ

)
= Ẽ(t, u),

∂tẼ

(
γt,

u

γ

)
=

1

γ
∂tẼ(t, u),

∂ttẼ

(
γt,

u

γ

)
=

1

γ2
∂ttẼ(t, u).

It follows that t
(

u
γ

)
= γt(u). Consequently, the functionals u 7→ F (t(u), u) and

u 7→ F (t(u), u) defined on W \ {0} are 0-homogeneous, so we can assume hereafter
u ∈ S where S is the unit sphere of W .

Let
λ̂ := inf

u∈S
λ0(u). (2.4)

If Sq (resp. Sr) denotes the best Sobolev constant of the embedding W ⊂ Lq(0, 1)

(resp. W ⊂ Lr(0, 1)), then λ̂ ≥ λ̃ where

λ̃ = Ĉ(Sq)
q/p(Sr)

r(p−q)
p(r−p) > 0.

Lemma 2.3. If λ ∈ (0, λ̂) then it holds

F = inf
u∈S

F (t(u), u) > 0.

Proof.
By contradiction suppose that F = 0, there exists a sequence (un) in S such that
limn→+∞ F (t(un), un) = 0. This implies, up to a subsequence denoted again by (un),
that

t(un)
p−1 − λt(un)

q−1Q(un) − t(un)
r−1R(un) = on(1) (2.5)

and by definition of t(un), F (t(un), un) > 0 for all n ∈ N.
On the other hand for all n ∈ N, ∂tF (t(un), un) = 0 then

(p − 1)t(un)
p−1 − (q − 1)λt(un)

q−1Q(un) − (r − 1)t(un)r−1R(un) = 0 (2.6)
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By the embedding W ⊂ Lr(0, 1), there is C > 0 such that R(un) ≤ C.
We consider two cases:

• limn→+∞ t(un) = 0.
Since p < r the last term in (2.6) is on(t(un)p−1) and we derive from this
equation that

Q(un) =
1

λ

p − 1

q − 1
t(un)p−q + on(t(un)p−q).

It follows

F (t(un), un) = t(un)p−1

(
q − p

q − 1
+ on(1)

)
.

that is strictly negative for sufficiently large n. We get a contradiction.

• The sequence t(un) is bounded away from zero.
Combining the equations (2.5) and (2.6), we obtain easily

R(un) =
p − q

r − q
t(un)p−r + on(t(un)1−r) (2.7)

and

Q(un) =
1

λ

r − q

r − p
t(un)p−q + on(t(un)1−q). (2.8)

Substituting R(un) and Q(un) in the equation (2.5), it follows

t(un)
p−1

(
p + q − 2r

(r − p)(r − q)

)
= on(1).

Then we get a contradiction. �

3 Constrained minimization problems

For every 0 < λ < λ̂, if |F (t(u), u)| < |L(u)| < F (t(u), u) then the real valued
function t ∈ R 7→ ∂tẼ(t, u) has exactly five distinct zeros. Hence if |L(u)| < F
then this function has at least three distinct zeros denoted by ti(u) 1 ≤ i ≤ 3 with
t1(u) < t2(u) < t3(u), where t2(u) corresponds to a local minimum, t1(u) and t3(u)
correspond to local maxima of Ẽ(., u). In particular, this holds if the inequality

||f ||∗ < F (3.1)

where || ||∗ denote the norm on the dual space of W , is satisfied, since for all u ∈ S,
|L(u)| ≤ ||f ||∗. Make precise that if u ∈ S is such that L(u) > 0 (resp. L(u) < 0)
then t+1 (u) < 0 < t+2 (u) < t+3 (u) (resp. t−1 (u) < t−2 (u) < 0 < t−3 (u)) and we get the
following identities

t+1 (u) = −t−3 (−u), t+3 (u) = −t−1 (−u) and t+2 (u) = −t−2 (−u), ∀u ∈ S. (3.2)

Since we are interested by nontrivial solutions to Problem (1.1), we have to show
that ±∞ and 0 are not accumulation points for ti(u), i ∈ {1, 2, 3}, when u describes
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the unit sphere S. To show this, since L is odd and (3.2) holds true, we can confine
ourselves to the case where u describes the complete sub-manifold S+ := {u ∈ S :
L(u) ≥ 0} of S. Indeed, if we define, on the sub-manifolds S±, the functionals
J±

i (u) := Ẽ(t±i (u), u), i ∈ {1, 2, 3} we have for u ∈ S+, J+

i (u) = J−
i (−u). So, in the

sequel we drop the sign ”plus” ; denoting ti(u) := t+i (u) and Ji(u) := J+

i (u).

Lemma 3.1. Let λ ∈ (0, λ̂) and f in the dual space of W verifying (3.1). Then the
functionals Ji(u) defined on S+ are bounded below.

Proof. For every i ∈ {1, 2, 3}, using the fact that ∂tẼ(ti(u), u) = 0 in the
expression Ẽ(ti(u), u), we get

Ji(u) =

(
1

p
−

1

r

)
|ti(u)|p + λ

(
1

r
−

1

q

)
|ti(u)|qQ(u) +

(
1

r
− 1

)
ti(u)L(u) (3.3)

Then,

Ji(u) ≥

(
1

p
−

1

r

)
|ti(u)|p + λ

(
1

r
−

1

q

)
|ti(u)|qSq

q +
(

1

r
− 1

)
|ti(u)|‖f‖∗,

where Sq denotes the best Sobolev constant in the embedding W ⊂ Lq(0, 1). The
hypothesis 1 < q < p < r achieves the claim. �

At this stage, we can define

αi = inf
u∈S+

Ji(u), i ∈ {1, 2, 3}. (3.4)

Under the assumptions of the previous lemma, we have

Lemma 3.2. If (ui
n) ⊂ S+, i ∈ {1, 2, 3}, are minimizing sequences of αi then

(i) lim inf
n→+∞

t1(u
1

n) > −∞ and lim sup
n→+∞

t1(u
1

n) < 0,

(ii) lim inf
n→+∞

t2(u
2

n) > −∞ and lim sup
n→+∞

t2(u
2

n) < 0,

(iii) lim inf
n→+∞

t3(u
3

n) > 0 and lim sup
n→+∞

t3(u
3

n) < +∞,

Proof. First of all we show that, for i ∈ {1, 2, 3}, the sequence (ti(u
i
n)) is

bounded. Since ∂tẼ(ti(u
i
n), ui

n) = 0, it follows that

|ti(ui
n)|

p = λ|ti(ui
n)|qQ(ui

n) + |ti(ui
n)|

rR(ui
n) + ti(u

i
n)L(ui

n)

≤ λ|ti(ui
n)|

qC(R(ui
n))

q

r + |ti(ui
n)|

rR(ui
n) + ε|ti(ui

n)|p + Cε‖f‖p′

∗ ,

for some 0 < ε < 1 and some positive constant Cε. Hence

(1 − ε)|ti(u
i
n)|

p ≤ λC(|ti(u
i
n)|rR(ui

n))
q

r + |ti(u
i
n)|rR(ui

n) + Cε‖f‖
p′

∗ .

Suppose that |ti(ui
n)|

p → +∞ as n → +∞. Then |ti(ui
n)|

rR(ui
n) → +∞ and it

follows, since q/r < 1 < p, that (|ti(ui
n)

r|R(ui
n))

q

r and ti(u
i
n)L(ui

n) are negligible
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with respect to |ti(u
i
n)|

rR(ui
n). Thus, |ti(u

i
n)|p = |ti(u

i
n)|

rR(ui
n)(1 + on(1)) and con-

sequently

Ji(u
i
n) = |ti(u

i
n)|rR(ui

n)

(
1

p
−

1

r

)
(1 + on(1)),

which tends to +∞ with n, and this is impossible.
Now we show that the sequence (t2(u

2
n)) is bounded away from zero. Since

(u2
n) is bounded in W then, there exists a subsequence of (u2

n), still denoted by
(u2

n), which converges to some u, weakly in W and strongly in Ls([0, 1]), for every
s ≥ 1. Recall that for every u ∈ S+ and λ ∈ (0, λ̂), we have ∂tẼ(t2(u), u) = 0 and
∂ttẼ(t2(u), u) 6= 0. Then the implicit function theorem implies that t2(u) is C1 with
respect to u since E is. Then J2(un) tends to zero when n tends to +∞. Since α2

is strictly negative we get a contradiction.
We show, in the same manner for i = 1 and i = 3, that the sequences (ti(u

i
n))

are bounded away from zero.
Using ∂tẼ(ti(u

i
n), ui

n) = 0 in the inequality ∂ttẼ(ti(u
i
n), ui

n) < 0, we get

(p − q)ti(u
i
n)

p−1 − (r − q)ti(u
i
n)r−1R(ui

n) + (q − 1)L(u) < 0

Since, (q − 1)L(u) ≥ 0 and R(u) ≤ Sr
r , it follows

p − q < (r − q)Sr
r ti(u

i
n)r−p

Then if ti(u
i
n) tends to zero when n tends to +∞, we get a contradiction. �

Under the assumptions of Lemma 3.1, we have

Proposition 3.3. Let (ui
n) ⊂ S be a minimizing sequence of αi, i ∈ {1, 2, 3}. Then,

(U i
n) := (ti(u

i
n)ui

n) is a Palais-Smale sequence for the functional E.

The main idea of this proof is in [9], we thank A. El Hamidi for bringing to our
attention this issue.

Proof. For every i ∈ {1, 2, 3}, we prove the statement in the same way so
we drop the index and consider (un) ⊂ S+ be a minimizing sequence of α of the
functional J . First, according to the previous lemma, it is clear that (Un) is bounded
in W . Using the Ekeland variational principle on the complete manifold (S+, || . ||)
to the functional J , we conclude that

|J ′(un)(ϕn)| ≤
1

n
||ϕn||, for every ϕn ∈ Tun

S
+,

where Tun
S+ is the tangent space to S+ at the point un. Moreover, for every

ϕn ∈ Tun
S+, one has

J ′(un)(ϕn) = ∂tẼ(t(un), un)t
′(un)(ϕn) + ∂uẼ(t(un), un)(ϕn),

= ∂uẼ(t(un), un)(ϕn),

since ∂tẼ(t(un, λ), un) = 0.
Furthermore, let

π : W \ {0} −→ R × S

u 7−→
(
||u||, u

||u||

)
:= (π1(u), π2(u)).
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Applying Hölder’s inequality, we get for every (u, ϕ) ∈ (W \ {0}) × W :

{
|π′

1(u)(ϕ)| ≤ ||ϕ||,

||π′
2(u)(ϕ)|| ≤ 2 ||ϕ||

||u||
.

From Lemma 3.2, there is a positive constant C such that

|t(un)| ≥ C, ∀ n ∈ N.

Then for every ϕ ∈ W , there are ϕ1
n ∈ R and ϕ2

n ∈ Tun
S+ such that |ϕ1

n| ≤ ||ϕ||,
||ϕ2

n|| ≤
2

C
||ϕ|| and

E ′(t(un)un)(ϕ) = ∂tẼ(t(un), un)(ϕ
1

n) + ∂uẼ(t(un), un)(ϕ
2

n),

= ∂uẼ(t(un), un)(ϕ
2

n),

= J ′(un)(ϕ2

n).

Therefore,

E ′(t(un)un)(ϕ) ≤
1

n
||ϕ2

n||

≤
2

nC
||ϕ||.

We easily conclude that

lim
n→∞

||E ′(Un)||∗ = 0.

�

4 Proof of the main theorem

Proof of Theorem 2.1
We will use the notations of the previous theorem. According to proposition 3.3,

we know that E(U i
n) converges to αi, ||E ′(U i

n)||∗ converges to 0 as n tends to +∞
and that (U i

n) is bounded in W . Passing if necessary to a subsequence, we have

U i
n ⇀ U i in W,

U i
n → U i in Lδ(0, 1), for all δ ≥ 1,

U i
n → U i a.e (0, 1).

Let vi
n = U i

n − U i, then using Theorem 3.3 and a lemma due to Brézis-Lieb [3], we
get

||vi
n||

p = ||U i
n||

p − ||U i||p + on(1),

||vi
n||

q
q = ||U i

n||
q
q − ||U i||qq + on(1),

||vi
n||

r
r = ||U i

n||
r
r − ||U i||rr + on(1).
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It follows that

E(vi
n) = E(U i

n) − E(U i) + on(1),

E ′(vi
n) = E ′(U i

n) − E ′(U i) + on(1),

and consequently E ′(vi
n)vi

n → 0 as n → +∞, which implies that

||vi
n||

p = λ||vi
n||

q
q + ||vi

n||
r
r + on(1).

Therefore, ||vi
n||

p → 0 as n → +∞. We conclude that U i
n converges strongly to U i

in W , and consequently U i, i ∈ {1, 2, 3}, are nontrivial solutions to Problem 1.1.
On the other hand, it is clear that

U i = ti(u
i)ui, i ∈ {1, 2, 3}.

hold true. Moreover, using the fact that

Ẽtt(t2(u
2), u2) > 0 and Ẽtt(ti(u

i), ui) < 0, i ∈ {1, 3},

we get
U2 6= U1 and U2 6= U3.

Suppose that U1 = U3, then we get necessarily t1(u
1) = −t3(u

3). Therefore u1 =
−u3, L(u1) = L(u3) = 0 and L(U1) = L(U3) = 0. Recall that if L(u) = 0 then
E(u) = E(−u), so in this case, if U1 is a solution then −U1 is too. This achieves
the proof. �
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