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Abstract

It is proved that an orthogonal basis in a non-archimedean metrizable
locally convex space E (in particular, a Schauder basis in a non-archimedean
Fréchet space E) is stable if and only if there is a continuous norm on FE.
Many others results are also obtained.

1 Introduction

In this paper all linear spaces are over a non-archimedean non-trivially valued field
K which is complete under the metric induced by the valuation || : K — [0, 00). For
fundamentals of locally convex Hausdorff spaces (lcs) and normed spaces we refer to
8], [6] and [7]. Orthogonal bases and orthogonal sequences in locally convex spaces
are studied in [2], [3], [4] and [9].

If (x,,) is an orthogonal basis (a basic orthogonal sequence) in a Banach space
(E,|| - |]), then any sequence (y,) C E with ||z, — yn|| < t||z,|[,n € N for some
t € (0,1) (with ||z, — ynl| < ||zall,n € N) is also an orthogonal basis (a basic
orthogonal sequence, respectively) in (E, || - ||) ([7], p-183).

In ([5], p.2) it is showed that for any Schauder basis (x,) in a Banach space
(E,]| - ||) with the sequence (f,) of coefficient functionals any sequence (y,) C E
with sup,, || fn||||Zn — yn|| < 1 is also a Schauder basis in (E, || - ||).
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In this article we study the problem of the stability of orthogonal bases and basic
orthogonal sequences in metrizable locally convex spaces (in particular, Schauder
bases and basic sequences in Fréchet spaces). An orthogonal basis (x,) in a lcs E
will be called stable, if there exists a sequence (U,,) of neighborhoods of the zero in
E such that any sequence (y,) C F with y, € (z, + U,),n € N is an orthogonal
basis in £ which is equivalent to (zy,).

We prove that any orthogonal basis in a metrizable lcs with a continuous norm
is stable (Proposition 5(b)); in particular, any Schauder basis in a Fréchet space
with a continuous norm is stable (Corollary 6). Hence, if a metrizable lcs E with
a continuous norm has an orthogonal basis, then every dense subspace of E has
an orthogonal basis (Corollary 7). On the other hand a metrizable lcs E without
a continuous norm has no stable orthogonal basis (Proposition 5(a)) and if E is
not of finite type, then it contains a dense subspace without an orthogonal basis
(Proposition 8(b)). In particular, the Fréchet space ¢y x K" with an orthogonal
basis contains a dense subspace without an orthogonal basis (Example 9). (Recall
that ¢ is the Banach space of all sequences in K converging to zero with the sup-
-norm, and KY is the Fréchet space of all sequences in K with the topology of
pointwise convergence.)

It is still unknown whether any Fréchet space of countable type has an orthogonal
basis (cf.[3]). The above example shows that there exist metrizable locally convex
spaces of countable type without an orthogonal basis. (In [9], we proved that any
infinite-dimensional metrizable lcs has a basic orthogonal sequence.)

2 Preliminaries

The linear span of a subset A of a linear space F is denoted by linA. The topological
dual of a lcs FE is indicated by E’.

Let E, I be locally convex spaces. A map T : E — F'is called a linear homeo-
morphism if T' is linear, one-to-one, surjective and the maps 7,71 are continuous.

Sequences (x,,) and (y,) in a les E are equivalent if there exists a linear homeo-
morphism P between the linear spans of (x,) and (y,), such that Pz, = y, for all
n € N. Sequences (z,,) and (y,) in a Fréchet space E are equivalent iff there exists
a linear homeomorphism P between the closed linear spans of (x,) and (y,), such
that Px, =y, for all n € N.

A sequence (z,) in a les E is a Schauder basis in E if each x € E can be
written uniquely as © = >0°; a,x, with (a,,) C K and the coefficient functionals
foi E — Kz — a,(n € N) are continuous. A sequence in a lcs F is a basic
sequence in E if it is a Schauder basis in its closed linear span in E.

By a seminorm on a linear space £ we mean a function p : E — [0, 00) such
that p(ax) = |a|p(z) for all @ € K,z € E and p(x + y) < max{p(z),p(y)} for all
x,y € E. A seminorm p on E is a norm if Ker p:={z € E : p(z) = 0} = {0}.

The set of all continuous seminorms on a lcs £ is denoted by P(E). A family
B C P(E) is a base in P(FE) if for every p € P(FE) there exists ¢ € B with p < g.

A les E is of finite type if for each p € P(FE) the quotient space E/Ker p is
finite-dimensional. A metrizable lcs E is of countable type if it contains a linearly
dense countable set. A Fréchet space is a metrizable complete Ics.
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If F'is a subspace of a lcs E, then for every p € P(F’) there exists ¢ € P(E) with
q|F = p ([4], Lemma 1.1).

Every metrizable lcs E has a non-decreasing sequence of continuous seminorms
(px) which forms a (non-decreasing) base in P(FE).

Let ¢t € (0,1] and p be a seminorm on a linear space E. A sequence (z,) C E is
t-orthogonal with respect to p if

p(z a;x;) > t max p(o,x;)

<3<
i1 1<i<n

forallm e Nyag,...,a, € K.

A sequence (z,,) in a les E is orthogonal in E' if the family B of all continuous
seminorms p on F for which (z,,) is l-orthogonal with respect to p forms a base in
P(E). (In [7], a sequence (z,) in a normed space (E, || -||) is called orthogonal if it
is 1-orthogonal with respect to the norm || - ||.)

An orthogonal sequence (x,,) of non-zero elements in a lcs E is a basic orthogonal
sequence in E. A linearly dense basic orthogonal sequence in a lcs E' is an orthogonal
basis in E.

An orthogonal basis (a basic orthogonal sequence, a Schauder basis, a basic
sequence) (z,) in a les E will be called stable if there exists a sequence (U,) of
neighborhoods of the zero in E such that any sequence (y,) C E with y,, € (x,+U,),
n € N is an orthogonal basis (a basic orthogonal sequence, a Schauder basis, a basic
sequence) in E which is equivalent to (x,).

Let (t,) C (0,1]. A sequence (x,) in a les E is (t,)-orthogonal with respect to
(pa) C P(E) if (x,,) is ty-orthogonal with respect to p, for every a.

A sequence (z,,) in a lcs F is orthogonal in F iff it is (¢, )-orthogonal with respect
to (pa) for some base (p,) in P(E) and some (t,) C (0, 1] (cf. [3], Proposition 2.6).

Let F' be a subspace of a les E. A sequence (z,,) C F' is orthogonal in F iff it is
orthogonal in E ([3], Remark 1.2(i)).

Every basic orthogonal sequence in a lcs is a basic sequence ([3], Proposition
1.4) and every basic sequence in a Fréchet space is a basic orthogonal sequence ([3],
Proposition 1.7).

The results of this paper concern infinite-dimensional metrizable lcs. Never-
theless, some spaces, which are constructed in the proof of Theorem 1, may be
finite-dimensional. Therefore we recall the following.

A finite sequence (x1,...,zx) in a k-dimensional lcs E is a Schauder basis in E
if each x € E can be written uniquely as = = Zﬁzl anxy, with (aq,...,ax) C Kand
the coefficient functionals f, : E — K,z — a,, (1 < n < k) are continuous. (Every
linear basis in a finite-dimensional lcs E is a Schauder basis in F.)

Let ¢ € (0,1] and p be a seminorm on a linear space E. A finite sequence
(x1,...,2,) C Eis t-orthogonal with respect to p if p(X7_, cz;) > t maxy<;<, p(ayx;)
for all ay,...,a, € K.
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3 Results

First, we prove the following stability theorem for basic sequences in Fréchet spaces.

Theorem 1. Let (x,) be a basic sequence in a Fréchet space E and (py) a non-
-decreasing base in P(E) such that

(1) (xy,) is (sg)-orthogonal with respect to (py) for some (sx) C (0,1];

(2) pr(zk) > 0 for all k € N.

Assume that (y,) C E and pr(xn, — yn) < skpr(Tn) or pr(zn — yn) = pr(x,) = 0
for all k,n € N with k < n. Then (y,) is a basic sequence in E which is equivalent
to (xy,) and (ry)-orthogonal with respect to (pi) for some (1) C (0, 1].

Proof. Let k € N. Denote by 7, the canonical mapping £ — FE/Ker py. The
map py : E/Ker pp — [0,00),mx(z) — pi(z) is a norm on E/Ker p,. Let Ej be
the completion of (E/Ker pg,Pr) and g a continuous norm on FEj, with g (mg(z)) =
pr(x),x € E. Put Ny, = {n € N: pp(z,) > 0}; by (2) we obtain {1,...,k} C Nj. Set
vk = m(x,), y¥ = m(y,), n € N. For all n € N with n > k we have

Qk(ﬂfﬁ - yﬁ) < Skq/c(xﬁ) or Qk(ﬂfﬁ - yﬁ) = Qk(ﬂfﬁ) =0.

Hence ¥ = yf = 0 for n € (N\ N;). By X} and Y, we denote the closure

of lin{z* : n € N} and lin{y* : n € N}, respectively. Clearly (zF : n € Ny) is a
Schauder basis in X}, which is sg-orthogonal with respect to qx. Let (f*:n € Ni) C
X/ be the sequence of coefficient functionals associated with the basis (2% : n € Ny).
Set f*(z) = 0,n € (N\N;),z € X. Let z € Xi. Then x = 3°°, f*(x)a* and
a(f*(z)zk) — 0, as n — oco. Hence qi(f*(z)(x% — y*)) — 0, as n — oo, and the
series 300 | f¥(x)(z* — y¥) is convergent in Ej. Consider the linear map

n_

Ty : X — Egyx — > fri(x)(zh —yb).
n==k

We have qi(Tyz) < qi(x) for x € (Xi \ {0}). Indeed, for x € (Xj \ {0}) we obtain

ar(Tyx) < max ar(fF(x)(aF — b)) < max seqe(f(x)zh) <

ma s FE()2) < (D FE)E) = ),

and at least one of the above inequalities is strict.
Hence the linear map

QkiXk —>Ek,ZL'—> (l‘—Tkl')

is isometric. We have

k—1 9]
Qu(x) =D fri(@)ay + > @)y, v € Xy
n=1 n=k

Denote by XF and Y} the closure of lin{z* : n > k} and lin{y* : n > k},
respectively. The map

Py Xy — Yi,x — > fr@)yr

n=1
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is linear and continuous. Since lin {y* : n > k} C P.(X}) = Qr(XF) C V¥ and Qi
is isometric, then Py(XF) = Qr(XF) = Y/*. Hence Py(X) = Y;.

By induction we prove that the map Py : Xy — Y} is a linear homeomorphism
and (yﬁ :n € Ny) is a Schauder basis in Y. It is clear for & = 1 because P, = Q)
and Py(x}) =yl n € Ny. Assume that it is true for k = m. We show that it is true
for k =m + 1. The map P41 : X;nt1 — Yua is one-to-one. Indeed, let z € X411
and P, 41(x) = 0. Then

t t
Pt O S0 (@) yn) = i O T (@)y ™) — 0,ast — oo,

n=1 n=1

hence
t t

Gm(D TN @)y) = o (D F T (@)yn) — 0,881 — oo,
n=1 n=1
Thus 3°°, ™ (z)y™ = 0 in E,,. Since {1,...,m} C N,,, and (y™ :n € N,,) is a
Schauder basis in Y,,, then f™™(x) =0 for 1 < n < m. Hence

Qur1(2) = P (2) + 3 [t (@) (@™ —yp™) = 0,50 2 = 0.
n=1

By the open mapping theorem ([6], Corollary 2.74) the map F,,+; is a linear home-
omorphism. Since P41 (z™) = y™ ! n € N,, 11 we obtain that (y™ ! :n € N,,41)
is a Schauder basis in Y,41.

Hence for every k € N the sequence (y* : n € Ni) is ry-orthogonal with respect
to g for some 1 € (0, 1], so (y,) is (rx)-orthogonal with respect to (px). Thus (y,)
is orthogonal in E. Since y,, # 0,n € N, then (y,) is a basic sequence in E.

By X and Y we denote the closure of lin{z,, : n € N} and lin{y, : n € N},
respectively. Let (f,) C X’ be the sequence of coefficient functionals associated
with the Schauder basis (z,) in X. It is easy to see that pi(yn) = pi(z,) for all
k,n € N with £ < n. Hence for every sequence (a;,) C K the sequence (a,z,)
converges to 0 in E' iff the sequence (ay,y,) converges to 0 in E. Hence the map

P:X—-Yr— an(:c)yn

n=1

is one-to-one and surjective. Moreover P is continuous. In fact, let £ € N and
z € X. For n € N, we have f*(m(2)) = fu(z). Thus m(Pz) = Py(mp2), so
pk(Pz) = qu(Py(mgz)). This implies the continuity of P. By the open mapping
theorem the map P is a linear homeomorphism. Clearly Pz, = y,,n € N. Hence
(yn) is equivalent to (z,,). m

Remark. For any basic sequence (z,) in a Fréchet space F there exists a non-
-decreasing base (py) in P(FE) such that (x,) is (1)-orthogonal with respect to (px)
and pg(xy) > 0 for every k € N.
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Corollary 2. Let (z,,) be a basic orthogonal sequence in a metrizable lcs E and (py,)
a non-decreasing base in P(E) such that

(1) (xy,) is (sg)-orthogonal with respect to (py) for some (sx) C (0,1];

(2) pr(zk) > 0 for all k € N.
Assume that (y,) C E and pe(Tn — Yn) < Skpr(Tn) or pe(Tn — yn) = pr(x,) = 0
for all k,n € N with k <n. Then (y,) is a basic orthogonal sequence in E which is
equivalent to (x,) and (ry)-orthogonal with respect to (py) for some (1) C (0, 1].

Proof. Let F' be the completion of E and ¢ a continuous seminorm on F with
qk|E = pg, k € N. Then (gx) is a non-decreasing base in P(F'). The sequence (z,,)
is a basic sequence in F'. Using Theorem 1 we obtain our Corollary . [

For Schauder bases in Fréchet spaces we show the following stability theorem.

Theorem 3. Let (z,) be a Schauder basis in a Fréchet space E and (pg) a non-
-decreasing base in P(E) such that

(1) (xn) is (sg)-orthogonal with respect to (py) for some (sx) C (0,1];

(2) pr(zk) > 0 for all k € N.
Assume that (y,) C E, () C (0,1) and pr(zn, — yn) < txskpr(zy) for all k,n € N
with k < n. Then (y,) is a Schauder basis in E which is equivalent to (x,) and
(r1)-orthogonal with respect to (pi) for some (ry) C (0, 1].

Proof. By Theorem 1, (y,) is a basic sequence in E which is equivalent to (z,,)
and (ry)-orthogonal with respect to (py) for some () C (0, 1]. It is enough to prove
that the sequence (y,) is linearly dense in E. We will use notation from the proof
of Theorem 1. Let k € N. Then X = Ej. For x € Ejy, we obtain qi(Tz) < trpqr(x).
Hence ¢ (T{"x) < t7'qi(x) for m € N,o € Ej. Thus Tz — 0 in Ej, as m — oo,
and the map

Sy By — Epo— Y Tz
m=0
is continuous. Since SpQr = QrSr = idg,, the map Qi : By — Ej is a linear
homeomorphism.

By Qx(XF) = Y}¥ we obtain dim(E},/Y}) = dim(Ey./X}) = k—1. Hence Y}, = E}
because (y* : n € Ni) is a Schauder basis in Y; and {1, ..., k} C Ni. We have showed
that for every k € N the sequence (74 (y,) : n € N) is linearly dense in (E/Ker pg, Pr)-
It follows that the sequence (y,,) is linearly dense in F. ]

Corollary 4. Let (x,) be an orthogonal basis in a metrizable lcs E and (py) a non-
-decreasing base in P(E) such that

(1) (xy,) is (sg)-orthogonal with respect to (py) for some (sx) C (0,1];

(2) pr(zk) > 0 for all k € N.
Assume that (y,) C E, (tx) C (0,1) and pr(zn, — yn) < txskpr(zy) for all k,n € N
with k < n. Then (y,) is an orthogonal basis in E which is equivalent to (z,) and
(rx)-orthogonal with respect to (pi) for some (ry) C (0, 1].
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Now we can prove that any orthogonal basis in a metrizable lcs with a continuous
norm is stable.

Proposition 5. (a) If a lcs E has a stable orthogonal basis then there is a continuous
norm on E.

(b) If there is a continuous norm on a metrizable lcs E then every orthogonal
basis in E is stable.

Proof. (a) Assume that (x,) is a stable orthogonal basis in E. Let (U,) be a
sequence of neighborhoods of the zero in E such that any sequence (y,,) C E with
Yn € (xn + Uy),n € N is an orthogonal basis in E. Let p be a non-zero continuous
seminorm on FE. Since the set {x € E : p(z) > 0} is dense in E, for every n € N
there exists y, € (x, + U,) with p(y,) > 0. Then (y,) is an orthogonal basis in F
and there exists a continuous seminorm ¢ on E such that (y,) is 1-orthogonal with
respect to ¢ and ¢ > p. Let (g,) C E’ be the sequence of coefficient functionals
associated with the Schauder basis (y,). Take y € E. Then y = >°%, gn(y)y» and
q(y) = maxy, |9, (y)|q(yn). Hence ¢ is a continuous norm on E.

(b) Let ¢ be a continuous norm on E and (t;) C (0, 1). Let (x,) be an orthogonal
basis in £ and (pg) a non-decreasing base in P(FE) with p; > ¢ such that (z,,) is
(1)-orthogonal with respect to (pg). For every n € N the set

Uy, = p7 0, t1p1 (20)) N py [0, tapa(2,)) N .. N py [0, i ()

is a neighborhood of the zero in E. By Corollary 4 any sequence (y,) C F with
Yn € (xn 4+ Uy),n € N is an orthogonal basis in E which is equivalent to (x,). Thus
the basis (x,) is stable. ]

Corollary 6. An orthogonal basis in a metrizable lcs E s stable iff there is a
continuous norm on E. In particular, a Schauder basis in a Fréchet space E 1is
stable iff there is a continuous norm on E.

Corollary 7. If a metrizable lcs E with a continuous norm has an orthogonal basis,
then every dense subspace of E has an orthogonal basis. In particular, if a Fréchet
space E with a continuous norm has a Schauder basis, then every dense subspace of
E has a Schauder basis.

For a metrizable lcs without a continuous norm we have the following.

Proposition 8. (a) If E is a lcs without a continuous norm and F is its dense
subspace with a continuous norm, then F' has no orthogonal basis.

(b) If a metrizable lcs E without a continuous norm is not of finite type, then E
contains a dense subspace without an orthogonal basis.

(¢) If a metrizable lcs E without a continuous norm is of finite type, then every
dense subspace of E has an orthogonal basis.
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Proof. (a) Assume that F' has an orthogonal basis (x,). Then (z,) is an orthog-
onal Schauder basis in E. Let (f,) C E’ be the sequence of coefficient functionals
associated with the basis (x,). There exists a continuous seminorm p on E such that
(x,) is l-orthogonal with respect to p and p|F' is a norm on F. Let x € E. Then
x =32 fulz)x, and p(x) = max, | f.(x)|p(z,). Hence p is a continuous norm on
E, a contradiction. This shows that F' has no orthogonal basis.

(b) It is enough to consider the case when E has an orthogonal basis (z,).
Let p be a continuous seminorm on E with dim(E/Kerp) = oo such that (x,) is
l-orthogonal with respect to p. The set Ny = {n € N : p(z,,) > 0} is infinite and
the set No = (N'\ Ny) is not empty. Let {M; : i € Ny} be a partition of Ny into
infinite subsets. Take () C (K \ {0}) with a,x, — 0 in E. Set z, = a,x, + x;
for n € M; and i € Ny. The closure of the subspace F' = lin{z, : n € Ny} contains
the set {z; : i € No} U {z,, : n € Ny}, so F is a dense subspace of E. Moreover p|F
is a norm on F. Indeed, let K € N, Gy,...,0c € K,nq,...,np € Ny, 2z = Zleﬁizni
and p(z) = 0. Then p(XF_, Bicn,¥s;) = 0, hence max<;<y, |Bicwn, |[p(zn;) = 0. Thus
Bi=0for 1 <i<k, soz=0. By (a), F has no orthogonal basis.

(c) Since any metrizable lcs of finite type has an orthogonal basis ([3], Theorem
3.5) and any subspace of a space of finite type is of finite type, then we have (c). m

By Proposition 8(b) we obtain the following.

Example 9. The Fréchet space co x KN has an orthogonal basis and contains a
dense subspace without an orthogonal basis.

For basic orthogonal sequences in a metrizable lcs we show the following.

Proposition 10. (a) A basic orthogonal sequence in a metrizable lcs E is stable iff
there is a continuous norm on its linear span.

(b) A metrizable lcs E has a stable basic orthogonal sequence iff E is not of finite
type.

(c) Every basic orthogonal sequence in a metrizable lcs E is stable iff there is a
continuous norm on F.

Proof. (a) Let (z,) be a stable basic orthogonal sequence in E and (U,) a
sequence of neighborhoods of the zero in E such that any sequence (y,,) C E with
Yn € (x,, +U,),n € N is a basic orthogonal sequence in E. Assume that there is no
continuous norm on the linear span of (z,). Then there exists a subsequence (zy, )
of (z,) such that the linear span X of (z,,) is of finite type. Let p € P(E) and
p(xn,) > 0. For every k € N there exists yp, € (Tn, + Un, N X) with p(yn,) > 0.
Then (yy,,) is an orthogonal sequence in X. Thus there exists ¢ € P(E) with ¢ > p
such that (y,, ) is 1-orthogonal with respect to ¢. It follows that ¢ is a norm on the
linear span of (y,, ). Hence X is not of finite type, a contradiction. Thus there is a
continuous norm on the linear span of (x,).

Now assume that there is a continuous norm ¢ on the linear span X of a basic
orthogonal sequence (x,) in E. Let (pg) be a non-decreasing base in P(FE) with
(p1|X) > g such that (z,) is (1)-orthogonal with respect to (pi). For every n € N
the set

U = p1 0, p1(2)) N 93 [0, p2(20)) N0 [0, ()
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is a neighborhood of the zero in E. By Corollary 2 any sequence (y,) C F with
Yn € (zn + Uy),n € N is a basic orthogonal sequence in F which is equivalent to
(). Thus (z,) is a stable basic orthogonal sequence in E.

(b) Since any infinite-dimensional metrizable lcs has a basic orthogonal sequence
([9], Theorem 2), and a lcs is not of finite type iff it contains an infinite-dimensional
subspace with a continuous norm, then (a) implies (b).

(c) If there is no continuous norm on F, then E contains an infinite-dimensional
subspace F' of finite type ([1], Proposition 2.6). F' has a basic orthogonal sequence
which is not stable. Hence E has a basic orthogonal sequence which is not stable.

If there is a continuous norm on FE, then every basic orthogonal sequence in F
is stable. [

Corollary 11. (a) A basic sequence in a Fréchet space is stable iff there is a con-
tinuous norm on its linear span.

(b) A Fréchet space E has a stable basic sequence iff E is not of finite type.

(c) Every basic sequence in a Fréchet space E is stable iff there is a continuous
norm on E.

An orthogonal basis (a basic orthogonal sequence, a Schauder basis, a basic
sequence) (x,,) in a les E will be called quasi stable if there exists a sequence (U,) of
neighborhoods of the zero in E such that any sequence (y,) C E with y,, € (x,+U,),
n € N is an orthogonal basis (a basic orthogonal sequence, a Schauder basis, a basic
sequence) in FE.

By the proofs of Propositions 5 and 10(a) we obtain the following.

Proposition 12. (a) An orthogonal basis in a metrizable lcs is quasi stable iff it
1s stable. In particular, a Schauder basis in a Fréchet space is quasi stable iff it is
stable.

(b) A basic orthogonal sequence in a metrizable lcs is quasi stable iff it is stable.
In particular, a basic sequence in a Fréchet space is quasi stable iff it is stable.
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