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Abstract

We consider the existence and nonexistence of the positive periodic so-
lutions of the non-autonomous nonlinear Duffing equation with delay and
variable coeflicients

() — p(O)a'(t) + q(t)z(t) = A(t) f(t, 2t — 7(2))) + (D),

It is shown that the equation has positive periodic solutions under certain
conditions and no positive T'—periodic solution under some other conditions
by using a fixed theorem in cones.

1 Introduction

Consider the existence and nonexistence of the positive periodic solutions of the
non-autonomous nonlinear delay Duffing equation

() — p(t)a'(t) + q(t)z(t) = A(E) f (¢, x(t — 7(t))) + 7 (2), (1)

where A > 0 is a parameter. p: R—-R",g: R— R",h: R— R",r: R— R,
7: R— Rand f: Rx R" — R are continuous and T—periodic about the variable
t. R = (—00,+00) and RT = [0, +00).
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Recently, there is extensive literature related to the existence and uniqueness
of the periodic solutions(almost periodic solutions, or bounded solutions) of second
order differential equations with or without delay. To identify a few, we refer the
reader to [1-13] and the references cited there.

Zeng in [1] studied the existence of almost periodic solutions of the equation

2(t) — x(t) + 2*(t) = f (1), (2)

where f is a almost periodic function. Very recently, Wang in [2] investigated the
same problem for the following equation

2"(t) — x(t) £ 2"t —r) = f(t) (3)

by using the changing of variable and fixed point method and method of approxi-
mation. In [3], the authors gave the periodic solutions of the equation

2'(t) + Cx'(t) + g(t, x(t)) = e(t) (4)

by constructing method. In [14], Zima studied the existence of positive solutions of
the problem

a"(t) — Kz(t) + f(t,z(t)) =0, x(0) = Jimz(t) = 0.

To the best of our knowledge, the existence and nonexistence of the positive
periodic solutions for second order nonlinear delay differential equations, especially
for Duffing equations, has not been investigated till now.

In this paper, we studied the existence and nonexistence of the positive peri-
odic solutions of the equation (1). Our aims are to establish the existence and
non-existence criterion of positive T'—periodic solutions of (1). Since (1) is non-
autonomous and has variable time lag and coefficients, the methods used in the
papers mentioned above are not effective. Our method in this paper is different
from those mentioned above.

In this paper, we give the assumptions as follows. These assumptions will be
used in the main results.

(Hy) p,q € C(R, R*) are T-periodic functions with [ p(s)ds > oand [j q(s)ds >

h € C(R,R*) is T-periodic with [ h(s)ds > 0.
7 € C(R, R) is T-periodic.
r € C(R, R) is T-periodic.
r(t) =0 for all t € R.
There is M > 0 such that f(t,z) > —M for (¢t,x) € R x R™.
A > 0 is a parameter, 7' > 0 a constant.
f: Rx R™ — R* is continuous and is T-periodic about ¢.
lim, 400 f(t,2)/x = N € (0, +00] uniformly on [0, 7T].
Hyp) limgjoo f(t,x)/z = 1 € [0,+00] and lim, o f(z)/x = L € [0, +o0]
uniformly on [0,T].
This paper is organized as follows: in section 2, we give some useful lemmas.
Our main results will be given in section 3.

— N N N N
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Finally, for easy reference we state here the fixed point theorem [15,p.94] which
is employed in this paper.

LEMMA KM, Let X be a Banach space,and K be a cone of X. Assume
01,9 are open subsets of X with 0 € Q1,0 C Qy, and let A: KN(Qy — Q) —» K
be a completely continuous operator such that

(1). ||Az|| < ||z|| for every x € K N0Q and ||Ax|| > ||x|| for every x € K N0,
or

(2). ||Az|| > ||z|| for every x € K N0 and ||Az|| < ||z|| for every x € K N0y
Then A has at least one fived point in K N(Qa — Q).

2 Lemmas

To begin with, we consider the following equation

2'(t) — a(t)x(t) = —Ag(z(t)) — m(t), ()

where a is a non-negative continuous T-periodic function with [ a(s)ds > 0, m
a continuous positive T-periodic function, A > 0 a parameter, g : Rt — R a
continuous function.

Lemma 1. Suppose

lim 9(z) =N € (0, +o0]. (6)
r—+00
Then (5) has at least one positive T-periodic solution if A < B and A € (A, B). A
and B are defined as follows.

- exp(— [ a(wdu) + 1] Rol—exp(— 7 a(u)du) + 1

B:

NoT exp(— [ a(u)du) oM T |
where
Ro = IRl 7 =exp(=p alu)du)
My = maxye(o,Ry(0+1)/0] h(z), h(z) = { 528: i E E_’;_O(??)’?
R(t) = tt+T Gi(t,s)m(s)ds, Gi(t,s) = —ef}i(—_j{;Z((Z))jz))+l

Proof. Suppose that y : R — [0, +00) is continuous T-periodic function and
x(t) is a solution of the equation

(1) = a(t)z(t) — y(t). (7)

One gets
t t
(x(t)e_fo a(s)dS)/ _ _e—fo a(s)dsy(t)’

after integration from ¢ to t + 7', we get

o) =2 [ Gt y(s)is
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TG-S i
Since
Gilts) < = o fOTla(u)du) +1
nd Grlts) > eI o)
—exp(— ST a(u)du) + 1
we have
0= [ Gt > AOPCI AR )
and
o) =X [ T Gt s)y(s)ds < A — fOTla(u)du) — / " ys)ds.
Hence

2(t) > ollal|, teR.

Now, let X be the set of all real continuous T'—periodic functions endowed with
the usual linear structure as well as the norm ||z|| = max;cpz |(t)|. Then X is a
Banach space.

Let

K={xeX: z(t)>ollz||, t€]0,T]}

Then K is a cone of space X. It is easy to know that R(t) satisfies
() = —a(t)x(t) + m(t).
Next, consider the following equation

y(t) = a(t)y(t) — Ag (y(t) — R(t)) . (9)

We find that (5) has a positive T-periodic solution z(t) if and only if y(t) = z(t) —
R(t) is a T-periodic solution of (9) and y(¢) + R(t) > 0 for all ¢t € [0,7]. Let the
operator F' be defined as follows.

Fyt) =X [ Giltss)g (u(s) + R(s)) ds

for y € X. It is easy to see that F'is completely continuous and FK C K by the
periodic assumptions. Since A < B, we choose a > 1 such that A < g. Set 0y =
{zeX: ||z|| < Ry/o }. Then one finds y(t) + R(t) < |ly|| + ||R|| = Ro(o + 1) /0,
and y(t) + R(t) > olly|| = ||R|]| =0 if y € K N9Qy. Thus

t+T
Fy(t) < MM, / G (t, s)ds
t

T

S >\M1 T
—exp(— f5 a(u)du) +1

Ry
< — <|lyll.
ac
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ie., [|Fyl|| < ||y|| for all y € K NIQ;. Now, choosing € > 0 such that

MN = €)oT exp(— [ a(u)du) S
21— exp(— I a(u)du) + 1

by A > A. Again, one can choose H > Ry/o > Ry such that

@:M>N—e fory > H.

Y )
Set Qo ={zxeX: |lz|]| <(H+Ry)/o }. If y e KNIy, we find

H+ R H+ R
C _Ry=H, |jy|| = .

o

y(t) + R(t) = olly|| = Ro = 0

Then

Fy(t)

v

A /t T Gt $) (N = )(y(s) + R(s))ds

Vv

+T
AN =) [ Gilt.)(ollyll - Ro)ds

. T exp(— f{ a(u)du)
AN )/0 —exp(— f¢ a(u)du) +1

T exp(— J¢ a(u)du)
—exp(— Ji a(u)du) + 1
H+ Ry Texp(— [} a(u)du)
2 —exp(— [ a(u)du) +1

H+ Ry

> = [yl
o

Vv

= MN-—-e¢H

> AN —¢)

ie, [|[Fyl| > ||ly|| for y € K N IQy. Hence F has at least one fixed point y by
applying Theorem K such that Ry/o < |ly|| < (H + Ro)/o that is a T-periodic
solution of (9). We claim that ||y|| > £, for the contradiction, there is ¢y so that
o — y(ty) = Fy(to) < £2, which is condition. On the other hand,

R
y(t) + R(0) 2 ollyll = Ro > 0= = Ry = .

So, x(t) = y(t) + R(t) is a positive T-periodic solution of equation (5).

Remark: If N = +o0, then (5) has at least one positive T-periodic solution if
0<A<B.

Lemma 2. Suppose that (Hy) holds and

Ry[— exp(— [y p(u)du) + 1]
M, T

> 1. (10)

Then there are continuous T-periodic functions a and b such that b(t) > 0, [ a(u)du >
0 and

a(t) +b(t) = p(t), —b'(t)+a(t)b(t) =q(t) forallt € R, (11)
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where
Ri= RO, Ra(t) = [ Gt s)als)ds,
M, = B 5 = exp(— f) pls)ds).

Proof. From (11), one gets

W (t) — p(t)b(t) = —b*(t) — q(t). (12)
Let g(z) = 2%, a(t) = p(t), m(t) = q(t) and A = 1. Then N = lim,_ o g(z)/z =
+00. By Lemma 1, if

Ry[— exp(— fOTp(u)du) + 1]

0<A=1<
< O'MlT ’

then (12) has at least one positive continuous T-periodic solution b(¢). Now, since
JF q(s)ds > 0 and — ¥ (t)/b(t) + a(t) = q(t)/b(t), we get

/OTa(u)du = /OT ZEZ;du > 0.

Remark: Condition (10) in Lemma 2 is a sharp condition. If p, ¢, a and b are
real numbers, (11) becomes the following a + b = p and ab = ¢. It is well known
that the condition that guarantee a and b is p?> > 4¢. On the other hand, it is easy
to know that Ry = £, My = [Ri(o0 +1)/0]* and 0 = e"P". Thus

i Fal=exp(= Jy p(u)du) +1]
=0 M, T T—0 g T e Pl +1

This is p? > 4q.
Next, assume (H;) and y a T-periodic function, we consider the equation

2" (t) = p(t)2'(t) + q(t)=(t) = y(t). (13)

When (10) holds, y(t) > 0, by Lemma 2, there are non-negative continuous T-
periodic functions a and b such that (11) holds. We transform (13) into the following
equation

"(t) —a(t)x' (t) — V' (t)z(t) — b(t)2'(t) + a(t)b(t)x(t) = y(t). (14)

Then , , ,
(x/(t)e_ fo a(u)du)/ - (b(t)x(t)e_ fo a(u)du)/ — e~ fo a(u)duy(t)'

Integrating it from t to t + 1T, we get

vt - b = - [ - ef;f(__ffaa&%? —(s)ds

Similarly, we get

_ T exp(= ) b(u)du) st exp(— [y a(u)du)
x(t)—/t —exp(— [T b(u)du) + 1 V _eXp(—fOTa(u)du)—f—ly(U)dU ds.
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By exchanging the integrating order, one gets

+T
w(t)= [ Glt.s)y(s)ds (15)
t
where G(t, s) is defined as follows.

Gt s) = JEexp[— [ a(v)dv — [2b(v)dv]du + [T exp[— [ a(v)dv — [T b(v)dv|du

[—exp(— Jy a(v)dv) +1][—exp(— fy b(v)dv) + 1]
for s € [t,t + T]. On the other hand, From (11), we get

/0 du—i—/ du—/ p(u)du, /OTa(u)du:/OT ZEZidu (16)

Since b and ¢ are continuous and b(t) > 0, choosing 0 < L < 2L < ... < 2L =T
and & € ((Z DA , L), one gets

/0 b(u)du = lim Zbgz =, /OTZ((szu: lim z”:lq(&)T.

n~>+oo

So
/OT a(u)du/OT b(u)du = /OT b(u)du/oT ZEZ;du

— b(&) n

AV
Sw‘ﬂw
T~
+’—'
88

| —— |
3l\)
— 3

s

-~

™
=
=
o~

o (7n
S— [ ——

Together with (15), if
T 1 T
[/ p(u)dul® > 4T exp (/ In q(u)du) : (17)
0 T Jo
it follows that

min{/OT a(u)du, /OT b(u)du} >

S p(w)du — \J1Jg plu)du]? — AT? exp(% J nq(u)du)
2

— g
and
maxe{ [ " a(u)du, / Tb(u)du} <
S p(u)du+ /[y p — 4T exp(% [T ng(u)du)

= my.
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So. it is easy to know that

JEdu+ [T du

C08) S (S T a(o)do) + Ul exp(— T b(v)dv) + 1]
T
= Cow(— T a(o)do) + U= exp(— 7 b(o)dv) + 1]
c T
S Tomrp
and
G(t, s)

[ exp [— T (v)d — [T b(v)dv} du
[— exp (— I a(v)dv) + 1] [— exp (— i b(v)dv) + 1}
[T exp {— [T a(v)dv — [T b(v)dv} du

s

[— exp (— Ji a(v)dv) + 1} [— exp (— I b(v)dv) + 1}

T exp(— Ji pl(s)ds)
TR

+

Then we get the following.
Lemma 3. Suppose that y is a T-periodic function with y(t) > 0 for allt, (Hy),
(10) and (17) hold. Then the solution of (13) satisfies

x(t) > pl|z|| for all t € R,

where
_ (_e—no + 1)2
" (] plo)du)—e o+ 1
Proof. Let x(t) be a T-periodic solution of (13). We get

o) = [ Gl < e [ 9l

and

Texp(— Jy a(u)du) /”T
t) > ds.
.T( ) = (_e_mo + 1)2 s y(S) S
So z(t) > p||z|| for every t € R. The proof is complete.
Remark: If p and ¢ are real numbers, (17) becomes p* > 4q.

3 Main results and proofs

Theorem 1. Suppose that (Hy) — (H4), (H7) — (Hy), (10) and (17) hold. Then
equation (1) has at least one positive T—periodic solution if a < B and A € (A, B).
A and B are defined as follows.

B 2o 4 1)
NuT exp(— Jy p(s)ds) [y h(s)ds
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and
_ Ro(=em™ £ 1)

~ uMLT [T h(s)ds’

where G(t, s) and p are defined in Lemma 3 and my and ng in section 2,

Ry = ||R(1)]], R(t) = [T G(t,s)r(s)ds,
B | ft,x), (t,z) €[0,T] x [0, +00),
M= oo 8% sy 92 9l 7) = { F(t,0), (t,z) € [0,T] x (—00,0).

Proof. 1t is easy to know that R(t) satisfies

2" (t) — p(H)a'(t) + q(t)z(t) = r(t).

Now, consider the following

y'(t) = p()y' () + q(t)y(t) = An(t) f(t,y(t — (1)) + R(t — 7(2))).  (18)

We find that (1) has a positive T-periodic solution z(t) if and only if y(t) = x(t) —
R(t) is a T-periodic solution of (17) and y(t) + R(t) > 0 for all ¢ € [0,T]. Let the
operator F' be defined as follows.

Fyft) =2 [ Gt )h()g(s.uls — (5)) + Bls = r(s))ds

for y € X. It is easy to see that F' is completely continuous and FK C K by
the periodic assumptions. Set @y = { z € X : ||z|| < Ro/p }. Then one finds
y(t) + R(@t) < |lyll + (IRl = Ro(p + 1)/p, if y € KN O, and y(t) + R(t) =
ally|] = ||R]| = 0. Choose o > 1 so that A < %. Thus

Fy(t) < AM, /tt+TG(t,s)h(s)ds

T [ h(s)ds

= AT e

<

ie., [|Fyl|| < ||y|| for all y € K N9Q;. Now, choosing € > 0 such that

AN — uT exp(— Jy p(s)ds) Jy h(s)ds
2[—e=mo + 1]?

>1

by A > A. Again, by (Hy), one can choose H > R,/ > Ry such that

9(t,y) = fty) >N —¢€ for te[0,T)andy > H.

Y Y
Set Qo ={zx e X: |lz|| < (H+ Ry)/p }. We find

H+ Ry

y(t)+ R(t) > pllyll — Ro > — Ry = H.
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Then

Fy(t) > X o G(t,s)h(s)(N —¢€) (y(s —7(s)) + R(s — 7(s))) ds

t

> AN =0 [ Gl ) llyll ~ Ro)ds

> Ay [ TSR

_ AN-—oHL eXp(—(Ez_ﬂfni)cis)l)ng h(s)ds

> aw-of J; Fo TeXp(—(EI_?T(ni)cis)l)ngh(s)ds
> A ),

ie, ||Fy|| = |ly|| for y € K N0OQy. Hence F has at least one fixed point y such
that Ry/o < ||y|| < (H + Rp)/p that is a T-periodic solution of (17). We claim
that ||y|| > %. For the contradiction, there is ¢y so that % =y(to) = Ay(to) < %‘1,
which is contradiction. On the other hand,

R
y(t) + R(t) = ally|| = Ro > u;o — Ry =0.

So, z(t) = y(t) + R(t) is a positive T-periodic solution of system (1).

Remark: When N = +o0 in (9), then (1) has positive T-periodic solutions if
(Hy) — (Hy), (H7), (Hg), (10) and (16) hold and A € (0, B).

Theorem 2. Assume that (Hy) — (H7), (Hy), (10) and (16) hold. Then (1)
has at least one positive T-periodic solution if A < B and A € (A, B). A and B are
defined as follows.

2(—e™m0 +1)2

B uNT exp(— [ p(s)ds) [ h(s)ds

and
(e 412 (e 4 12

M\T [ h(s)ds’ MT [ h(s)ds )

where G(t,s) and p are defined in Lemma 3 and mqo and ng in section 2,

B = min{

B | ft,xe)+ M, (t,x) €[0,T] x [0, +00),
M = (t,:p)er[r()l,%“)](x[o,1}g(t’x)’ g(t,x) = { f(t,0)+ M, (t,z)€[0,T] x (—o0,0).

Proof. Set
t+T
w(t):/t G(t,s)h(s)ds te R, =z(t) = \Muw(t).

Then (1) has positive T-periodic solution z(t) if and only if 2+ 2 := y is a T-periodic
solution of the following equation

y'(t) = p@)y' (1) + q(O)y(t) = A(t)g(t,y(t — 7(t)) — 2(t — 7(2))), (19)
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and y(t) > z(t) for all t € R. Define an operator F' as follows.

Fyt) =X [ Gl 9)h(s)als, (s — 7(s) = (s = r(s))ds

for y € X. We know that F' is completely continuous and FK C K. Let A
be fixed and A < A < B. Choosing € = { v € X : |[|z||] < 1}. One has
ylt—7(t) —2z(t—7(t))) <yt —7(t)) <||lyl|| =1 for y € K NINy. Then

Fy(t) < /\Ml/tt+TG(t,s)h(s)ds

T i h(s)ds
(—e 0 +1)2
< 1=|[y[| (using A < B),

IN

AM;

ie., [|Fy|| <|ly|| for all y € K N0§;. Now, choosing € > 0 such that

AN — )uT exp(— [y p(s)ds) [y h(s)ds

(= + 1) > 1.
Let R > 1 such that N
HR (—gono (JSF)SQ Z g (20)
and _
g@;x) = f(zﬂﬁ) >N —e€ for (t,z) € [0,T] x [MQR,—I—OO).
Set Wy={zeX: ||lz|]|] <R} Ifye KnNoQ,, we find
y(t) = 2(t) = pllyll = AMw(?)
— T I h(u)du
2 MR AM ST
Ry .
> > (using (20)).
Hence
t+T
Fy(t) = MN - 6)/t G(t,s)h(s)(y(s — 7(s)) — z(s — 7(s)))ds
> )\'MR(QM /HT G(t, s)h(s)ds
L MR(N — O Texp(— 7 pls)ds) JT h(s)ds
- 2 (—e=mo0 4 1)2
> R=|lyll

e, [|Fy|| > |lyl| for y € K NOSQs. Hence F has at least one fixed point y such that
1 <|Jyl| £ R. On the other hand,

AMT [] h(s)ds
(—e=m0 +1)2

y(t) > pllyll > p >
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and
T | h(s)ds

w(t) < m

(using A < B)
implies

y(t) > A\Mw(t) = z(t) for allt € R.

So z(t) = y(t) — z(t) is a positive T-periodic solution of (1).

Remark: When N = 400 in (Hy), (1) has at least one positive T-periodic
solution if (H;) — (H7), (10) and (16) hold and A € (0, B).

Theorem 3. Assume that (Hy) — (Hs), (H7), (Hs), (H1o), (10) and (16) hold.
Then (1) has at least one positive T—periodic solution if A < B and A\ € (A, B). A
and B are defined as follows

_ (e ™+ 1)
ulT exp(— [ p(s)ds) [ h(s)ds

and
_ (et 1)
- LT [T h(s)ds’

Proof. Define an operator F' as follows.

Fyt) =X [ Gl 9)h() (s uls = (5))ds

for y € X. We see that A is completely continuous and FK C K. Choosing ¢ > 0
and Ry > 0 such that

T
T [y h(s)ds <1
e+ 12 =

and f(t,z)/x < L+ e for (t,z) € [0,T] X [Rg,+00). Set 4 ={x e X : |z|]| <
Ry/u }. Ity € K N0Qy, then y(t) > plly|| = R2 and

AL +¢)

Fylt) = [ Glts)h(s)f syl = (s))ds

< ML+ /t T () (s — 7(s))ds
< AL+l /t Gt $)h(s)ds
T [} h(s)ds
< )\(L+€)||y||m
< yll.

e, ||[Fy|| < |ly|| for all y € K N 0. Now, choosing € > 0 such that

Al = )T exp(= Jy p(s)ds) Jy hls)ds
(—emmo +1)7 -
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Choosing 0 < Ry < Ry such that f(t,z)/z > 1 — e for (t,x) € [0,T] x (0, Ry]. Set
O ={zreX: ||lz|]] < Ry }. Fory € KN0Qy, we find

t+T
Fy(t) > )\/t G(t, s)h(s)y(s — 1(s))(l — €)ds
> M- [ Gl h(sulyllds

= A= ulll [ Gl s)h(s)ds

T exp(— J§ pls)ds) i h(s)ds
(e +1)?

v

A= e)pllyl|
> lyll.

ie., [|[Fy|| > ||ly|| for y € K N0OQy. Hence F has at least one fixed point y such that
Ry <|ly|| < Ry that is a positive periodic solution of (1).

Theorem 4. Assume that (Hy) — (H;), (Hz), (Hs), (H1o), (10) and (16) hold.
Then (1) has at least one positive T—periodic solution if A< B and A € (A, B). A
and B are defined as follows.

(—em + 1)

A=
uT exp(— [ p(s)ds)L [} h(s)ds

and
(—em +1)°

T [T h(s)ds

The proof is similar to that of Theorem 3 and then omitted.
Remark: For the case where f is sub-linear(i.e., [ = +o0c0 and L = 0) or super-
linear(i.e., I = 0 and L = +00), Theorem 3 or 4 is effective respectively.

Theorem 5. If (H,) — (Hs), (H;), (H;) and (Hg), (10) and (16) hold and

T [T h(s)ds
A—2 T f(¢ < 21
<—€7n0 + 1)2f( 7'7;) x ( )
for (t,x) € [0,T] x (0,+00), then (1) has no positive T-periodic solution.
Proof. Assume to the contrary that y(t) is a positive T-periodic solution of (1).
There is ty € [0, 7] such that ||y|| = y(to). Thus we have

to+T

lyll = y(to) = A G(to, s)h(s)f (s, y(s — 7(s)))ds

to

< [EEHIET [ Gltn ntsints - o
. ﬁfiﬁﬁ; [ G smts)aslyl

[T [ h(s)ds | ! T Jg h(s)ds
< | [

= Iyl
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which is a contradiction.

Theorem 6. If (Hy) — (Hs) and (Hs), (H7),(Hs), (10) and (16) hold and

\HTexp(— o p(s)ds) Jy h(s)ds

flt,x) > x (22)

for (t,x) € [0,T] x (0,+00), then (1) has no positive T-periodic solution.
The proof is similar to that of Theorem 5.
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