Spectral geometry of non-local topological
algebras

Rodia I. Hadjigeorgiou

0. Introduction

The classical problem of existence of non-local function algebras was settled in the
affirmative by Eva Kallin in the early sixties by her well-known example [17], (see
also [6, p. 170] and [22, p. 83, Example]. A few years later R. G. Blumenthal [3, 4]
remarked that Kallin’s example was simply a particular case of a type of algebras
studied by S. J. Sidney in his dissertation (see [21]). The previous results were
obtained within the standard context of Banach function algebra theory.

On the other hand, working within the general framework of Topological Al-
gebras, not necessarily normed ones (we refer to A. Mallios [18] for the relevant
terminology), we have already considered in [12] the spectrum of Sidney’s algebra.
More precisely, we looked at it, as a ” gluing space” of the spectra of two factor tensor
product algebras, whose sum constituted, by definition, the algebra of Sidney. In
point of fact, it was Blumenthal (loc. cit.), who actually defined the spectrum of
Sidney’s algebra, as a gluing space, his result being thus subsumed into ours [12,
Theorem 5.2]. Now, continuing herewith our previous work in [12], we further ob-
tain a general existence theorem for non-local topological algebras (a la Blumenthal,
see Theorem 3.2). Furthermore, based on a recent article of R. D. Mehta [19], still
within the Banach function algebra theory, we consider the Choquet boundary of
the (generalized) algebra of Sidney (cf. Theorem 4.1 in the sequel). Indeed, by
changing the hypotheses, appropriately, we are able to have the same boundary in
a more concrete form, than that one in [12]. Yet, following in the preceding general
set-up A. Mallios [18] (see Lemma 4.1 below), we also obtain the Silov boundary of
the same Sidney’s algebra, as above.
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1. Preliminaries

In all that follows by a topological algebra E we mean a topological C-algebra with
non-empty spectrum 9M(FE), endowed with the Gel’fand topology. The Gel’fand map
of E, given by

G:E—-CMOME): z2—Gz)=2:MFE)—C
Df e a(f) = f2),
defines, through its image, the so called Gel’fand transform algebra of E, denoted by
E and topologized as a locally m-convez algebra, when C.(9(E')) carries the topology

7¢” of compact convergence [18, p. 19, Example 3.1|. By a spectral algebra, we mean
a topological algebra E satisfying

Spe(x) = z(M(F)), =€ E, (1.1)

where Spg(x) stands for the spectrum of x € E. This spectral property characterizes
advertible completeness in a unital locally m-convex algebra [ibid. p. 104, Corollary
6.4]. Besides E is said to be hereditarily Weierstrass, when every |Z|, z € E, attains
its supremum at a point of M(FE), while this property is retained by every closed
subset of M(E) (take e.g. a normal Weierstrass space or a countably compact space
[8, p. 11, 1.4]). Now, given a 2-sided ideal I of E, the set

hp(l) = {f € M(E) : ker(f) 2 1},

being, apparently, a closed subset of M(FE), is called the hull of I in M(E), realizing
the spectrum of E/I, as well as, that one of F/I. That is, one has

Y ~Y

M(E/T) M(E/T). (1.2)

homeo

hE(I) - hE(j) homeo

(See also [18, p. 330, Definition 1.1, p. 335, Lemma 3.1, p. 339, Theorem 4.1 and
p. 347, (4.41)]). Furthermore, one obtains [9, p. 314, Theorem 2.1]

~Y

M(I) | = (he(D)* = (he(D))* | (). (1.3)

homeo homeo

For a given B C 9M(E), the geometric (or even E-convex) hull of B is defined by
the relation,
(B)g = E — hull(B) = {f € M(E) : |f(x)| < pp(T)
=sup;cp |2(f)|, v € £},
viz. one has a closed subset of MM(FE), such that

(1.4)

(B)e = (B)k - (1.5)

The same notion is inclusion-preserving, while if (B)g = B, then B is called E-
conver. We note that every hull and every zero set of an &, x € E, are E-convex [15].
Considering the restriction algebra E”|g, endowed with the relative topology from
C.(B), the continuity of the Gel’fand map of E implies the following homeomorphism
into (cf. [9, p. 283, Theorem 1.2])

M(E"|s) S (B)E, (1.6)

—homeo
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where the indicated map is given by
0="'rog),

with r : E° — E’|g, the restriction map. Since (im#)g = (B)g, we say that
IM(E"|g) is "E-convex” (viz. O(MM(E"|p)) is so) iff 0 is onto. The surjectivity
of 0 is also attained, when B is compact, or when E°|gp is a @'-algebra, in the
sense that every mazimal reqular 2-sided ideal is closed (see, for instance, [16] for
the terminology applied). The significance, for several applications, of this type
of topological algebras, in place of Q)" ones, has been already pointed out by A.
Mallios in [18, p. 73, Scholium 7.1]. This sort of a topological algebra has also lately
named by M. Abel [1] a ” Mallios algebra”.

Now, the Silov boundary of E, denoted by O(E), is the least boundary set of
E; that is, the smallest closed subset of 9(E) on which the Gel’fand transform of
every x € F attains its maximum absolute value [18; p. 189, Definition 2.2]. On the
other hand, the Choquet boundary Ch(E) of E, is that set of continuous characters
of E which are represented only by the respective Dirac measures [11, (4.1)]. In
this regard, we note that the compactness of 9(FE) of a unital topological algebra E
ensures both the existence of O(E), as well as, the density of Ch(E) in O(F). Given
a continuous algebra morphism ¢ between the topological algebras E and F', we know
that the corresponding transpose map *¢ : M(F) — IM(FE) preserves the Choquet
boundaries, that is, one has

'o(Ch(F)) € Ch(E), (1.7)

while if ¢ is 1-1 and proper, then one has ([10, p. 124, Lemma 5.1] and/or [13,
Theorem 3.4]),
'o(Ch(F)) = Ch(E) N '$(M(F)). (1.8)

Yet, it is a standard result that, given two topological algebras E and F', the
corresponding tensor product algebra £ ® F', endowed with a ” compatible” topology
7, has spectrum (see [18, p. 409, Theorem 1.1])

ME 2 F) = M(E)x M(F). (1.9)

Now, by looking at the Silov boundary of a topological tensor product algebra
E © F, this exists, when 9(E) and 9(F) exist, and is realized by

dE@F) = 0(E)xd(F). (1.10)

(ibid., p. 436, Theorem 1.1). Yet, concerning the Choquet boundary of E @ F,
based on certain characterizations of the Choquet points, given in [14, Theorem
5.1], one obtains,

Y

Ch(E e F) = Ch(E) x Ch(F), (1.11)

when the spectra MM(E), M(F) are Q-spaces and the Gel'fand transform algebras
E,F,(E®F) = E ® F"are o-complete (cf. also [9, p. 378, Theorem 2.1]). In
this connection, we recall that a completely regular space X is a Q-space (”Hewitt
space”, cf. [23, p. 206, (Q4)]), if every character of the algebra C.(X) is continuous.
See also [20, pp. 140, 142].
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2. Gluing spectra together

Given two "intersected” topological algebras E and F' (they share an ideal, cf.
Lemma 2.1 below), with spectra 9(E), 9(F'), respectively, related by a continu-
ous injection, one computes the bigger spectrum by attaching the smaller one to the
spectrum of a suitable quotient algebra, along the intersection of the latter two spec-
tra; this, in turn, has a special bearing on the intersection of the algebras involved
(Theorem 2.1, below). This specializes to Blumenthal’s Theorem [3, p. (2.2), Theo-
rem 2.2] and/or [4, p. 343, Theorem 1.1], formulated for Banach function algebras
(see also [22, p. 97, Theorem 9.15]). Here we also applied [12, p. 2629, Theorem 3.1]
an elementary proof, in comparison with that of Blumenthal, namely, not depending
on the local maximum modulus principle.

For convenience, we recall the concept of ” gluing two sets together, along their
intersection.”

Definition 2.1. Given two sets X , Y with non-empty intersection X NY', gluing
Y to X along their intersection X N'Y (via the natural embedding of X NY in Y),
means the quotient space

Xuy/~=X (J Y,
XNy

7

where the equivalence relation ”~" is defined as follows: Denoting by 7 : X UY —
X UY/ ~ the quotient map and j: X NY — Y the natural embedding, we set

n(z) :={z}, if ze(X\Y)U (Y \X),

and
m(x):=XNY, if re XNY.

Clearly, the binary relation 7 is the equivalence relation generated by the graph
of j. Besides this equivalence relation renders X UY/ ~ a disjoint union of X and
Y, since

XY = a(XUY)2XU(Y\X) (2.1)

= XoY\X)2XaY.

So, if X ,Y are topological spaces, in view of (2.1), X Uxny Y is endowed with the
topology of a disjoint union (: topological sum).

The following are needed for the main conclusions of this paper, as contained in
Sections 3, 4 below. Those proofs of the results stated herewith, that are not already
derived from the relevant discussion, can be found in our previous publication in
[12]; however, for convenience of reference, we also give here the corresponding
statements.

Lemma 2.1.. Let E | F be topological algebras with spectra IM(E) ,IM(F), re-
spectively, such that

and I a common ideal of £, F. Then, one has

hi(I) = (hp(1))r AM(E) = hp(I) N M(E). (2.2)
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In particular, if I is a 2-sided ideal, such that on I the relative topology from F
1s smaller than that of E, that is, the natural injection

(I,7e) € (I,7r)
18 continuous, then one gets
M(EF)\M(E) € hp(I),
up to a natural embedding (: continuous injection). ]

Theorem 2.1.. Let E', F be topological algebras, such that

i M(E) C

— cont.

M(F).

Moreover, let I be a common 2-sided ideal of E and F, having the following (canon-
ical) injection continuous

(I,TE) g (I,TF).
Then, one has
M(F) =IM(F) U M(F/I), (2.3)
IM(E/1
up to a continuous bijection. This becomes a homeomorphism, when the second
member in (2.3) is compact. ]

In this regard, we still obtain that,
M(E)NM(F/I), = ME/]) =B

(see [12, (3.23) in Theorem 3.1]).
The preceding Theorem 2.1 supplies a generalization of the particular case that
E = I, since then, due to (1.2) and (1.3), we have,

M(F) = he(1) U (hp(D))" , = M(E/T)VM(]).

ho

On the other hand, by considering the topological algebra F°|g, instead of F'/I
we have, under the continuity of the Gel’fand map of F, that (cf. also (1.4), (1.6)),

[

(24) m(E/I> hoieo hE(I) =D g m(FA’B) g homeo (B)F
S (B)p = he(I) | o, DUE/T) € M(F).
Thus, in view of (2.2), as well, one further obtains,
B = M(E)NM(F ) , = ME)N(B)r (2.5)

= M(E) N (B)p = M(E) N hp(I),

while, by (2.5), we still have

M(F/I) =

homeo

he(I) = (OMM(E))°U B = (M(E))°UM(F"[p)
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Therefore, by assuming
M(F/I) =9M(F"|p) or, equivalently, (M(E))* C M(F"|p), (2.6)

and based on the proof of Theorem 2.1, the space IMM(F') is obtained by gluing

IM(F"|p) to M(E) along their intersection B = hg(I) hoieo IM(E/I), via the nat-
ural embedding (cf. (2.4)) of B = hg(I) in M(F"|p). Thus, as an immediate
consequence of the preceding, one gets the next result, specializing to Blumenthal’s
Theorem, that initially was given for Banach function algebras in [3, p. (2.2)], [4, p.

343].

Theorem 2.2.. Let E | F' be topological algebras with F having a continuous
Gel’fand map, such that
i ME) C

— cont.

Moreover, let I be a common 2-sided ideal of E and F, with

(I,TE) g (I,TF)

continuous and

B = hg(I),
such that
M(F/T) = M(F"|p). (2.7)
Then, one has
M(F) = M(E) LBJW(FA|B>’ (2.8)

up to a continuous bijection, which becomes a homeomorphism, when the second
member of (2.8) is compact. [

Referring to the rel. (2.7), this is attained when M(F"|p) is F'-convex and
PB(E) = Py (2) = Pre(n(2), © € F,
since then (see also comments after (1.5))
M(F"[p) = (B)r = (he(I))r = (hr(I))r = he(I) = M(F/I).

Another condition guaranteeing (2.7) is hg(I) to be a boundary set for
C(hg(I)); for then

hi(I) = (he(I))empmn) € (he(l))r € hp(l).

On the other hand, the equivalent relation to (2.7), as given by (2.6), is accom-
plished by employing, within our extended framework, the local maximum modulus
principle. Concerning this principle for topological (non-normed) algebras, see, for
instance, [2, p. 67, Corollary 4.3], [18, p. 258, Lemma 1.3] and [9, p. 328, Corollary
3.1].

As an application of Theorems 2.1 and 2.2, we get now at the corresponding
Theorem of Sidney for topological tensor product algebras:
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Thus, suppose we are given two topological algebras E and F', a subalgebra A
of F and a 2-sided ideal J of F. Hence, F ® J and A ® F are a 2-sided ideal and a
subalgebra of F ® F', respectively. Furthermore, consider the topological algebra

o=EeJ+AeFCE®F, (2.9)

which also has F ® J as a 2-sided ideal. Now, we note that (cf. [9, Lemma 3.1],
along with (1.2) in the preceding),
MES F/E®J)

W2 hioor(B ©.J) = ME) x i ()
=IMM(E) x M(F/J)
and that, if A is separating in F, the same holds true for A @ F C g in K 2 F,

accordingly for 2y, as well, that is,

MEeF) C_ M(Ao).

—cont.
Thus, by further applying Theorem 2.1 to the algebras £/ ® I and %o, we immedi-
ately have the next.

Theorem 2.3.. Let E', F' be unital topological algebras, A a separating subalgebra
of E, containing the constants and J a 2-sided ideal of F'. Moreover, let @ F be
the corresponding unital tensor product algebra, endowed with a compatible topology
7, and Ay the subalgebra of it given by (2.9). Then, one has

M) = (ME) xM(F))  J  MRA/E ), (2.10)
?)JT(EgF/EgJ)

up to a continuous bijection, which becomes a homeomorphism when the second
member in (2.10) is compact. ]

Yet, as an application of Theorem 2.2, we also obtain the next general version
of Sidney’s Theorem, as above, employing an entirely simple proof; cf., instead, [21,
p. 135, Theorem 3.3], or even [3, p. (2.5), Corollary 2.4]. Thus, one has.

Theorem 2.4.. Assuming the context of Theorem 2.3, suppose that Ay has con-
tinuous Gel’fand map gmo and

MAg/E ® J) = ,‘Jﬁ(Q[OA|m(E)XhF(J)).
Then, one gets
M(Ao) = (M(E) x M(F)) U (A o)) x M(E/T)),  (2.11)
M E)xIM(F/J)

up to a continuous bijection, which becomes a homeomorphism, under the compact-
ness of the second member in (2.11). In particular, if E)ﬁ(AA|m(E)) is A-convez,

then it is homeomorphic to (M(E)) a, while it is further identified with IM(A), iff

swp |f(@)| = sup |f()], €A, (2.12)
FeMm) FEM(A)
so that, one then obtains
M(Ao) = (M(E) x M(F)) U A) x m(F/J)). (2.13)
M) xIMN(F/)
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In the previous Theorem 2.4 the condition (2.12) is attained under suitable con-
ditions, either for the spectra of the algebras involved, or for the algebras themselves.
Thus, (2.12) is fulfilled when

M(E) = M(A),

or in the case E is a commutative advertibly complete locally m-convex algebra, with
the subalgebra A being also advertibly complete in the relative topology; indeed, their
spectral radii then coincide, viz. one has

sup |f(z)| =7re(r) =ra(z) = sup |f(z)], z€ A
FeEM(E) FeM(a)

(cf. [18, p. 99, Theorem 6.1, p. 104, Corollary 6.5]).
Furthermore, since

M(A) x M(F/J) CTIM(A) x M(F) = IM(AeF),

homeo T

and, by hypothesis for A,

M(E) x M(F) 2 ME© F) C_ M(AS F),

—cont.

we obtain from (2.13) that

M(2Ao) S

—cont.

M(A® F), (2.14)

where () is only continuously identified with the second member of (2.13).

3. Non-local topological algebras

In this section we show that the algebras constructed in Sidney’s Theorem [21, p.
135, Theorem 3.3] belong to the special class of non-local (topological) algebras. In
this regard, given a topological algebra E, we say that a function h € C.(MM(E)) is
locally in E", if there exists an open covering {U; : i € I} of M(F), such that hly, €
Ey, , i € I; equivalently, for every f € M(E), there exists an open neighbourhood
U of fin M(E), such that hly € E”|y. Thus, E is said to be a non-local algebra, if
there exists a function h in C(ON(E)), which locally belongs to E", but not globally
to it, viz. h & E". (See also e.g. [18, p. 348, Theorem 5.1].

Now, given a topological algebra E, assume that 9t(E) has a partition defined
by two closed subsets X ,Y. Furthermore, considering the algebra 2ly, as given by
(2.9), suppose that there is 2 € F"\.J", such that

hp(J) C ker(2). (3.1)

Thus, setting

V=9 \(Y x M(F)) = (X x M(F)) U (MA\DM(E)) x hp(]),
W= M (Ao) \(X x M(F) = (Y x M(F)) U (MAND(E)) x hp(]),
when 9(E © F) is closed in M(Ap), we get an open covering of M(Ap), through
V, W, with
VAW = (MMA)\ME)) x hp(J). (3.2)
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We now define the function

{ 0 onV (3.3)

= z on W,

which, due to (3.2) and (3.1), is well-defined and continuous on (), i.e. ¢ €
C.(M(Ap)). Besides, since ¢p|ly = 0and ¢l = 2 = 14®2 € AQF C 2y, ¢ is locally
in 2Ay". Here we assume that A is unital; this is actually guaranteed by Theorem 3.1
below (based on Silov’s Idempotent Theorem), the unit element of A being, in fact,
independent of that of E. We show that ¢ ¢ 2", through a characterization of the
algebra A, based on a previous Banach function algebra result of R. G. Blumenthal
[3, Lemma 3.2].

The following byproduct of the preceding, although not needed for the sequel, it
does have, however, an interest p e r ¢ e, which thus permits its inclusion herein.
Namely, one has.

Lemma 3.1.. Let E, F be topological algebras and ¢ : E — F an onto con-
tinuous algebra morphism, with '¢ : M(F) — IMM(E) the respective transpose map.
Moreover, consider B C IMM(F) with '¢p(B) a boundary set for E. Then, B is a
boundary set for F, as well.

Proof. By the hypothesis for ‘¢(B), for every x € E there exists gy € B, such
that

—

oy = sup |2(9)| = 12("d(g0))] = |6()(g0)I. (3.4)
geM(E)
Now, for every y € F, there exists, due to surjectivity of ¢, x € FE, such that
y = ¢(x). Thus (cf. also (3.4))

—

llln = 16@ e = 12 o Blang = I#ll e,

—

< [Zllon g = o) (90)] = 19(g90)],

for some gy € B, which proves the assertion. ]

Theorem 3.1.. Let E, F' be unital topological algebras, A a commutative semi-
simple complete locally m-convexr separating subalgebra of E and J a 2-sided ideal
of F satisfying (3.1) for some 2 € F"\J". Moreover, let E® F be the corresponding
unital tensor product algebra endowed with a compatible topology T, and Ay the
subalgebra of it given by (2.9), with continuous Gel’fand map Gy, such that M(E @
F) is closed in 9M(Ay) and

M(Ao/E 2 ) = M Ao"l90 1y snp ()
Finally, assume that AA|9:R(E) is closed in C.(MM(E)), with spectrum A-convez, such

that

wp [f@)= sup @), ze A
FEM(E) FeM(A)

while M(E) is a k-space, having a partition by two closed subsets X, Y. Then, the
function ¢, defined by (3.3), is not in Ay", if, and only if, either one of the two
following relations holds true, viz.

(X)aU (Y)a # M(A), (3.5)
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or

(X)an(Y)a #0. (3.6)

Proof. If both (3.5) and (3.6) are not valid, by the Silov Idempotent Theorem
(cf. [5] and/or [7]), there exists € A, such that

=z, (2)71(0)=(X)a, @)7'(1)=)a.
Then, for 2 € F"\J satisfying (3.1), we have

— | 0 on (X)4 xM(F)
x®z_{z on (Y)4 x M(F),

so that ¢ = f’@’mmo) €(A® F)Alsm@l()) C y". Hence, either (3.5) or (3.6) is a
necessary condition for ¢ not to be in 2ly".

Assuming now, that either (3.5) or (3.6) holds true, if we find a measure p €
M(M(E © F)) = (C.(M(E @ F)))" (cf. [18, p. 474, Lemma 2.1]), such that

pe @) and (@) #0, (3.7)

then, we have, of course, that ¢ & 2", Since 2 € F"\J", there is (Hahn-Banach)
ve M (M(F)), with
ve (J)E and v(2) #0. (3.8)

Now, applying Silov’s Idempotent Theorem to C.(9M(E)), one finds h € C.(M(E)),
such that h? = h, h™(0) = X and h™'(1) =Y. We show that h & A’lgn ) € E;
if o € Algy gy, then I = ooy ), for some ag € A, with &5 — do = Olgpy ), and
since Em(AA|§m( E)) > (M(E)) 4 = M(A) one obtains (Silov Idempotent Theorem for

AA'S)T E )
. ap ' (0) U agt(1) = M(A). (3.9)

By the A-convexity of d; '(0) and the continuity of G, , implied by that one of gy, -
we get 931(AA|%1(0)) =~ 45 '(0), and thus

(X)), 1, € (X)a € 657(0), (3.10)
while 451 (0) NOM(E) = X. Now, since ag € A is idempotent, we have [7]

A=o0pA+ (1 —-m)A,

so that if f € a5'(0), then, for every A 3 a = apz + (1 — ag)y, we get
|

(X)a =65 (0),
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and similarly

(Y)a=d5'(1),
which along with (3.9) contradicts both (3.5) and (3.6). Therefore, h ¢ AA|9ﬁ(E),
implying the existence of a measure A € M .(9(F)), such that

NE (Algnp)t and A(h) = /Yd)\ £0. (3.11)

Finally, by taking the measure p = A x v € M (M(E @ F)), we have by (3.8)
and (3.11) that u(¢) # 0 and p € ((E' © D)L (A ® F)")*, which implies (3.7),
hence, ¢ & y". [

An immediate consequence of the preceding Theorem 3.1 is now the following
result, providing a method of constructing non-local topological algebras.

Theorem 3.2.. Suppose we are given the context of Theorem 3.1 and assume
that either one of the following two relations holds true, viz.
(X)a U (Y)a #M(A),
or
(X)an(Y)a#0.

Then, 2y is a non-local topological algebra. [

4, Boundaries of 2,

We compute in this section certain standard boundaries of 2y (cf. (2.9)). In this
connection, we have already given in [12] the Silov, Bishop and Choquet boundaries
using the technique of gluing topological spaces together. Here, based on the relation
(2.11), we obtain, by a different approach, a more concrete form of Choquet and Silov
boundaries of 2y, generalizing also a previous Banach function algebra result of R. D.
Mehta [19, Theorem 3.1]; the latter was formulated for a certain particular function
algebra on a product space. Thus, one has the following.

Theorem 4.1.. Let E | F' be unital topological algebras with spectra M(E), IM(F)
Q-spaces and Gel’fand transform algebras E~, F~ o-complete, A a separating subal-
gebra containing the constants, with spectrum 9M(A) a Q-space, A" o-complete and J
a 2-sided ideal of F'. Moreover, let E ® F be the corresponding unital tensor product
algebra endowed with a compatible topology T, having (E ® F) = E"® F" o-complete
and Ay the subalgebra of E @ F, defined by (2.9), with continuous Gel’fand map
ngo’ such that

M(Ag/E ® J) = SJ?(QIOAIW(E)X}LF(J)).

Finally, let Sﬁ(AAkm(E)) be A-conver with

sup |f(z)|= sup |f(z)], =€ A
FeM(E) FeM(a)

Then, one has

Ch(2g) 2 (Ch(E) x (Ch(F)\Dﬁ(F/J)))v(Ch(A) x Em(F/J)), (4.1)
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up to a continuous injection. In particular, if M(E) ,M(J) and the second member
in (4.1) are compact (equivalently each factor is compact), we obtain the homeo-

morphisms
g Ch(y) = (Ch(E) x Ch(J)) V (Ch(A) x M(F/J)), (4.2)

and

9(Ao) = (9(E) x 0(J)) V (9(A) x M(F/])). (4.3)

Proof. By hypothesis for A, we have (cf. also (1.9) and (2.14))
M(E) x M(F) =M(E© F) S M(Ao)

— cont.
C o DA F)=0M(A) x M(F),
so that, by virtue of (1.11), we get
Ch(E) x Ch(F) < Ch(2y) ©

— cont. — cont.

Ch(A) x Ch(F). (4.4)

Now, since Ch(EF)\9M(F/J) C Ch(F), one gets, by (4.4),
Ch(E) x (th(F)\zm(F/J)) C Ch(E) x Ch(F) C Ch(2y). (4.5)

On the other hand, by taking hy = fo ® go € Ch(A) X hp(J) € M(A) X hp(J) C
M(Ag) € M(A) x M(F), we show that hg € Ch(™Ap). So, if W is a neighbourhood
of hy in M (), there exist open neighbourhoods U of fy in M(A) and V of gy in
hp(J), with hg = fo® go € U®V C W. Since fy € Ch(A), given U, as before,
there exists, equivalently [14, Theorem 5.1, 4)], x € A such that

foeMig[L

where

My ={f € MA) :|f(z)|= sup [|h(z)]}.
reIM(A)

Thus, z ® 1p € Ay, with |ho(z @ 1r)| = | fo(x)], while

Mo ={h = (f.9) € M(Ao) : [h(z ® 1) = [f(2)]
= sup |W(z@lp)|= sup |f'(2)|]} =M.
heM(Ao) FeM(a)

Hence, hg € My = M; CU = U x {90} C U xV C W, implying that hy €
Ch(2), so that
Ch(A) x hp(J) C Ch(y). (4.6)

Now, given that (4.5) and (4.6) have empty intersection, we get (4.1) up to a
continuous injection. On the other hand, assuming the compactness of M(E) , M(J)
and due to (1.8), we have

Ch(E) = Ch(A) NM(E),
as well as (cf. also (1.2), (1.3)),

Ch(J) = Ch(F) N M(J) = Ch(F)\M(F/.J).
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Furthermore, assuming the compactness of the second member in (4.1), then (4.2)
would have been proved, up to a homeomorphism, have we shown

<(Ch(E) % (Ch(F)\he(J))) U (Ch(A) x hF(J)))C C oM.  (47)

Hence, one gets (4.3), as well, by taking closures to both sides of (4.2).
Now, since the first member in (4.7) is equal to the union of the following sets,

K = (M(E) N Ch(A)®) x (Ch(F) U he(J))",
L = (M(E) N Ch(A)) x ((Oh( ) U hp(J)) mhFu)),

M = Ch(E) x (C h(F)UhF( ))°,
N = (OM(E )ﬂ(JhA)C ( ) N hp(J)°),

S = (M(E) UCh(A < ) U hp( J))ﬂhF(J)),

we prove e.g. that N C Ch(2)¢, that, in turn, implies (4.7). So, given (f,g) €
N and a representing measure jis, 4 of it, that is s g € MFI(M(™Ao)) (:positive
measures) With (s, g) = (s, ) lgq,- » 1€t f1(5,4) = O(r,g) - Then, s, g0 € MF(M(A @
F)), where ' : C(M(A © F)) — C(E)JT(Q[O)), such that (s, 4 0 ') (h) = g (ko
i) = d(f,9)(h oi) = h(i (f, 9)) = di(s,)(h), for every h € C(9M(A @ F)). Hence,
i(f,9)=(f,9) e Ch(A® F) = Ch(A) x Ch(F'), a contradiction, since f ¢ Ch(A).
Thus pi(4,¢) 7# 9,4, implying that (f,g) € Ch(2), that is the assertion. ]

Scholium 4.1.- In the case J is a primary ideal of F', that is, J is closed with
hull hg(J) consisting exactly of one element f;, then the quotient algebra F'/.J is
a primary or local algebra, in the sense that 9 (F/J) = hp(J) consists of just one
point (cf. [18, p. 351, Definition 6.3]). In fact, the converse is true, as well (A.
Mallios); so one has the following characterization

a closed ideal I of a topological algebra E is primary iff
the quotient algebra E/I is local (: primary).

Thus, in the setting of Theorems 2.4 and 4.1, we obtain, up to homeomorphisms,
the relations

M(™Ao) = (M(E) x M(F)) (M(A) x {fo}),
M (E)x{fo}

Ch() = (Ch(E) x (CRENY) ) v (Ch(A) x {4}
and

2() = (9(B) x o(F)) v (9(4) x {£o}):

On the other hand, one can compute the Silov boundary of 2, independently of
its Choquet boundary, based on a relevant result of A. Mallios [18, p. 195, Theorem
2.2], establishing a connection between the Silov boundaries of two appropriate
topological algebras, related by a continuous algebra morphism. Indeed, we use
here a more general form of this result, given in [9, p. 38, Lemma 4.2]. That is, we
have.
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Lemma 4.1.. Let E | F be unital spectral algebras (cf. (1.1)) with M(E) hered-
itarily Weierstrass, and ¢ : E — F' a continuous algebra morphism, preserving the
spectral radui; that is,

re(z) =rp(o(x)), =€ E.
Then, one has
I(E) C'o(0(F)), (4.8)
with '¢ : M(F) — M(E) the transpose map of ¢. In particular, if E has continuous

Gel’fand map, then O(E) is characterized by the property of being the largest closed
subset of M(E) satisfying (4.8), for any given triad (E, ¢, F). [

On the basis of the preceding discussion, we obtain now the next generalization
of a result of Sidney for Banach function algebras (see [21, p. 136, Proposition 3.5]).

Theorem 4.2.. Let E, F' be unital topological algebras, A a separating subalgebra
of E containing the constants and J a 2-sided ideal of F. Moreover, let E 2 F be
the corresponding unital topological tensor product algebra and Ay the subalgebm of
it defined by (2.9), with continuous Gel’fand map ggl such that

MAo/E & F) =Mo" lgn 2y xnp (1))

and

sup |f(z)] = sup |f(z)l, z€A
feMe) reMa)

Finally, let A ® F FE ® J, Ay, B ® F' be spectral algebras, with spectra hereditarily
Weierstrass spaces but M(E € F), such that

ragp(w) =ry (W), we Ao F CA,
(4.9) ro(, (2) = ’I“E<7g_>F(Z), €U CESF,
TEQ;J(S):TQLO(S), seE®JCU.

Then, one has
(a(E) x a(J)) U (a(A> x a<F)) C o) CAE) x O(F).  (4.10)

Proof. The hypothesis for A implies the injectivity of the continuous maps
W(E@F) < . M(Ao) . SJI(A§F), (4.11)
as well as, of the following one
M) S, ME € J),

since
(i xj)or=r
with 7 x j : M(E) x M(J) © M(A) x M(F). Thus, by Lemma 4.1 and (1.10), we

obtain the relations

O(A) x O(F) |~ (A F)Cr0%U)) - (o),
O(E) x O(J) = O(E .J) C MNO(%Uo)) hi 9(2Ao),
9(2Ao) € n(I(E ® ) homeo OB € F) | O(E) x 9(F),

providing the desired relation (4.10). ]
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Now, given two subsets A, B of a topological space X, one obtains that
A C A\B & inty(B) =0,
having equality when A is closed. Thus, we get the next.

Lemma 4.2.. Let E be a topological algebra and I an ideal of E. Then, the two
following assertions are equivalent:

1) O(E) = 9B\ he(D) = O(E)\hs (D).

2) intyp) (he (1)) = 0.
In particular, if I is 2-sided, then 1) is equivalent to

3)9(E) , = o). .

homeo

A combination of Theorem 4.2 with Lemma 4.2 provides now the next extension
of [21, p. 136, Corollary 3.6].

Theorem 4.3.. Considering the context of Theorem 4.2, assume that
Then, one has
0(p) = 0(F) x O(F) =0(E) x 0(J),
up to homeomorphisms.

Proof. By virtue of (4.11) and
rper(W) =riepw), weASF,
resulting from the first two equalities in (4.9), we get (Lemma 4.1)

OA)xO(F) = 0(AeF)CAEeF) = J(E)xJI(F),

homeo
so that, in view also of Lemma 4.2, (4.10) implies already the assertion. ]
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