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ON FINITENESS OF THE NUMBER OF STABLE MINIMAL
HYPERSURFACES WITH A FIXED BOUNDARY

BY FRANK MORGAN

ABSTRACT. Can there be infinitely many minimal hypersurfaces with
a given boundary in a Riemannian manifold? A number of previous re-
sults, positive and negative, already indicated that the answer depends
on the definition of surface, on orientability, on stability and minimiz-
ing properties of the surface, on the smoothness and geometry of the
boundary, and on the ambient manifold.

1. Finiteness for area-minimizing hypersurfaces in certain mani-
folds. Several years ago, R. Hardt and L. Simon [HS, 1979, §12], following
the original work of F. Tomi [T2, 1974], proved that a C** Jordan curve
I' in R? bounds only finitely many orientable, area-minimizing immersed
manifolds-with-boundary of least area. The immersed manifolds are assumed
to minimize area over all immersed manifolds of finite topological type. It
has been more or less understood that this finiteness theorem applies as well
to hypersurfaces in R® (n < 7), bounded by a compact, connected, C**
submanifold B of R™.

Such finiteness for oriented area-minimizing hypersurfaces fails in general
ambient manifolds. For example, in the standard 2-dimensional sphere, there
is a continuum of length-minimizing paths from the south pole to the north
pole. However, we prove the following finiteness theorem for a noncompact,
real-analytic Riemannian manifold.

THEOREM A. Fizn < 7,0 < a < 1. Let N be an n-dimensional,
complete, connected, noncompact, real-analytic Riemannian manifold, with
sectional curvature bounded above and ingectivity radius bounded away from
0. Let B be a compact, oriented (n — 2)-dimensional, C** submanifold of N,
with a positive integer multiplicity assigned to each component. Let M be the
space of equivalence classes (under reparameterization) of C%>* immersions f
of compact, orientable, (n — 1)-dimensional C** manifolds-with-boundary M
into N, such that f | OM 1is a covering of B with the prescribed multiplicities.
Let a = inf{area f: [f,M] € M}. Then Mo = {[f,M] € M: areaf = a} s
finite.

When the ambient manifold N is compact, it is shown that infinitely many
area-minimizing hypersurfaces with a common, smooth boundary necessarily
give an “open book” decomposition of N (cf. [Wi, G]). It follows that if
N = CP?2, for example, or if N is nonorientable, there are only finitely many
area-minimizing hypersurfaces with a common, smooth boundary.
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2. Finiteness for stable, minimal hypersurfaces in R". To what
extent can the finiteness results for area-minimizing surfaces be extended to
all minimal surfaces with nonnegative second variation for area? The following
theorem gives the desired result for certain extremal boundaries in R™ (n < 6).

THEOREM B. Forn < 6,0 < a < 1, let B be an (n — 2)-dimensional,
compact, C>* submanifold of R™, lying in the boundary of a C?, uniformly
convez set. Then B bounds only finitely many orientable, immersed, minimal
manifolds-uith-boundary of nonnegative second variation.

In particular, for a system of C%* Jordan curves lying in the boundary of a
C?, uniformly convex set in R3, the theorem implies that the classical Plateau-
Douglas problem has only finitely many stable solutions of fixed topological
type and that only finitely many topological types occur.

There had been much progress on the case of minimal immersions of the 2-
dimensional disc, with nonnegative second variation, bounded by an extremal
C*® Jordan curve I'. Earlier finiteness results were attained by F. Tomi [T1]
for ' “proper”, by M. Beeson [B1] (see also [B2]) for I' real-analytic, and
by M. Koiso [K] for embedded discs. We have learned that F.-H. Lin [L] has
recently independently established finiteness for this case for I' C3.

M. Anderson [A, Remark 4] remarks that a C** Jordan curve I, whether
or not extremal, bounds only finitely many embedded minimal discs of non-
negative second variation. Finiteness for the total number of minimal discs
bounded by a generic, sufficiently smooth Jordan curve in R™ has been proved
by R. Bohme and A. J. Tromba [BT1,BT2] and by L. P. Jorge [J].

3. Finiteness for the classical Plateau problem in certain man-
ifolds. We also generalize the original finiteness theorem of F. Tomi [T2,
Corollary 1] from R3 to more general ambients.

THEOREM C. Let N be a 3-dimensional, complete, connected, noncom-
pact, real-analytic Riemannian manifold, with sectional curvature bounded
above and injectivity radius bounded away from 0. Let I' be a real-analytic
Jordan curve in N. Then there are only finitely many least-area solutions to
the classical Plateau problem.

An earlier finiteness result of N. Quien [Q] applied inside sufficiently small
normal charts. In contrast, our results are global.

4. Proofs of the finiteness theorems. The original finiteness theorem
of F. Tomi [T2, Corollary 1] had four elements:

(1) the definition of minimal surfaces as conformal harmonic mappings of
the disc,

(2) compactness properties of the space of minimal surfaces,

(3) an argument that a limit surface is part of a continuum of minimal
surfaces,

(4) a contradiction of the existence of such a continuum by considering a
volume functional.

Our definitions follow B. White’s study [W] of minimal surfaces as equiv-
alence classes of minimal immersions of manifolds. This approach permits
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generalizations to higher topological type and higher dimension. Moreover,
th;, smoothness hypotheses on the boundary may be relaxed from C*%* to
C%e,

Appropriate compactness results remain central to the proofs. However,
the classical function theoretic methods must be replaced by the methods of
rectifiable currents and varifolds of geometric measure theory. The proofs em-
ploy such concepts as flat chains modulo v to deal with multiplicities and the
first variation of the varifold at the boundary, as well as standard compact-
ness and regularity results of geometric measure theory and partial differential
equations.

The continuum argument (3), in the setting of B. White [W], generalizes
to higher dimensions and general ambient manifolds N. The proof uses the
analyticity of differential operators in function space, and requires N to be
real-analytic.

The final step (4), employing a volume functional, does not generalize to
general ambient manifolds N. Instead, with the help of compactness and the
continuum argument (3), it is shown that the set of points swept out by all
limit minimal surfaces is essentially both compact and open, and hence all of
N. The hypothesis that N be noncompact now yields the desired contradic-
tion.

REMARKS. One application of Theorem A is what seems to be the first reg-
ularity result for the area-minimizing normal currents of geometric measure
theory. Also, our methods yield results on the invariance of minimizing hyper-
surfaces under isometries of the ambient manifold which leave the boundary
invariant. In counterpoint, examples of nonfiniteness and noninvariance are
provided.

The author is grateful for helpful conversations with many friends, in-
cluding Mike Anderson, Tim Cochran, Bob Gulliver, Reese Harvey, and Rafe
Mazzeo. This work was partially supported by a National Science Foundation
grant.
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