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This announcement presents some results on the “Queer Differential Equa-
tions” (QDE) of adiabatically evolving plasma equilibria. These are nonlinear
differential-functional equations of the form Ay = F(V, ¢, ¥', ¢"), where ¥V =
V(¥) is the volume (area) inside the levelsets Y(r) = ¢, a constant, and the deriv-
atives on the right hand side are with respect to the dependent variable V, e.g.,
v'.

We describe properties of microcanonical averages and their derivatives
and a simple example of the nonlinear problem. An existence and uniqueness
theorem is given for the associated linearized problem, which is also a functional-
differential equation. Finally we will mention an isoperimetric problem related
to the geometry of QDE’s.

A few of these results are in [1] and will be further expounded in [2] —
[4]. For the initial development of this problem and the relevant physics see
[51—[7] and the references therein. For a related problem, see also [8], [9].

Averages. S is a simple domain in the plane and z = Y(r), r € S, a surface
such that Y € C”""(.ST), n=2,0<a<1. Assume that the level lines Y(r) =
¥ are simple and V{ = 0 at only one point r, €S, Y(ry) = ¥,. Let 0S be the
level line Y(r) = ¥; > Yg). V = V(¥) is defined to be the area inside the
curve Y(r) = ¥ and (V) is the inverse of V().

vwy=§, lvuitds

is continuous in the interval I = (Y, ¥,].
The function V(r) = V(¥(r)) is useful; it is C* in S\r.

THEOREM 1. Let Y be as described above and assume that t is an elliptic
critical point. Then V(r) = V(Y(r)) is also in C™* and r, is an elliptic critical
point for V = V(r).

Consider g € C™%(S) and define on I,
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g =9§, vyl ds

Using Green’s formula the differentiation with respect to level lines is given by

1) g(ll/)‘dw §¢(r) wg() val fwwgnvw Wi vyl

When g = 1 this allows us to compute V(")(t[/). The integrand in (1) is
oscillatory with an unbounded amplitude when ¢ — y, (i.e. r — r,) but the
behaviour there can be adequately described by using a coordinate-transformation
and Taylor series in the neighborhood of the critical point. In fact we have:

THEOREM 2. Let Y € C™® be as in Theorem 1 and g € C™ %, then
2 € CP2(I), wherep = min{m, n - 1}. Ifk<pandr=max{k+1-p/2
- af2, &/2}, then (W — Yo Y EXW) — 0as Y — Y. Ifm=2kandn =2k
+ 2, then g ®)(Y) can be defined continuously at Y = V.

Finally notice that fV IvV171 ds = 1 and that the microcanonical average
of g is given by

2 e
@ @y =En=§, gﬁ)w/fw o™ g(),wI
Nonlinear problems. Consider on S

©)) Ay =-y",

and admit for the moment only solutions with simple level lines. As boundary
data we specify Y(r) = ¥, , a given constant on 3S. This is not sufficient for a
well-posed problem. Using Ay = ¢'AV + ¢"1vV1? and (3) there follows

) AVI(L + IvVID) = h(V), Vig=7V,,
(5) 'l’"/‘//' = _h(V)’ ‘p(Vl) = ‘)bl,

where ¥V, = V(¥,) is the area of S. We can now ask if there exists an 4 in some
properly restricted class of functions, such that the solution of (4), V = W(r),
has simple level lines and satisfies the constraint fV ds/IvVI = 1. The solution
of (3) is then given by Y(r) = Y(V(r)) where ¥ = (V) solves (5). It is now
clear that other data is needed for (5), and physically it is natural to give ¥(0) =
Yo

No existence theorems are known for classical solutions of (3) for nontrivial
geometries, but for simpler QDE’s a few results are known.

THEOREM 3. Let ¥ € C?*(S), 0 < a < 1, have simple level lines and a
nondegenerate critical point and solve Ay = F(V, V), where F € C*. Then
Y EC™.
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THEOREM 4. Assume that T is a plane annular domain. Let § €
C?%(T), 0 < a < 1, have simple level lines and |Vy!| > 0 and solve Ay =
F(V, y, ¥") where FEC™. Then Y € C™.

These follow from previous theorems and well-known theorems on the
regularity of solutions of elliptic partial differential equations.

THEOREM 5. Let S be convex, let Ap = 1 and ¢lyg = 0, and let ¢ have
simple convex level lines with a nondegenerate critical point. Assume that F =
F(V)is C! and F(0) # 0. Then if F' is sufficiently small,

(6) Ay =F(V), Ylas=1,
has a solution in C? with the same geometric properties as .
This is proven by the iteration Ay, = F(V,,_,), V@) = V($()).

Linearized problem. The perturbed problem for Ay = F(V, ¥, ¥', ¢")
or (3) is also a QDE

Q) Lyp=-L¢

where ¢ = 9y/ot and E(V) = (¢, L, is a second order elliptic operator, L, =
A—P, and L, is a second order ordinary differential operator. P and the coef-
ficients of L, are given in terms of ¢, which is assumed to have a few deriva-
tives.

What distinguishes the QDE (7) from (3) is that the contours used to de-
termine E from ¢ are now assumed to be given; they are the level lines of Y =
v(@.

Then without being too specific,

THEOREM 6. Assume that L, and L, are negative definite and have suffi-
ciently smooth coefficients. Let the level lines used to determine E be simple,
have an elliptic critical point and several derivatives. Specify the boundary
values ¢ly¢ = ¢, and #0) = ®o- Then there exists a unique classical solution

for (7).

Thf proof uses the Green function of L,, G = G(r, r'), and its double
average G(V, V') = (G)})}, and

THEOREM 7. The double average of a parametrix (or Green function) for
a second order elliptic partial differential operator is a parametrix for a second
order ordinary differential operator L, i.e. LVé =TI+ A. Iis the identity and
A is a compact integral operator.

Using this, some manipulation transforms (7) into a Fredholm integral
equation of the second kind for ¢.
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Isoperimetric problem. The function K(V) = (IVVI2)V can be interpreted
as the capacity of the (given) distribution of level lines on S. It is a purely
geometrical quantity.

Let ¢ € C! and consider the functional
~ v
®) Syl =[] = [ ' o&)av.

The isoperimetric problem we are interested in is to find the extrema of
® subject to the constraint f IvV171 ds = 1. In particular, when ¢(f) =
(1 + 61, then the “Euler’s equation” for (8) is (4) with an unknown % which
has to be chosen so that the constraint is satisfied.

In all the arguments above we have assumed a simple geometry, but non-
simple level lines are actually more relevant for physical applications and exten-
sive numerical schemes have been developed by H. Grad and coworkers to study
these cases; see the cited references.

The functional in (8) can be reinterpreted so as to include the more compli-
cated geometries. In fact for the special case of ¢ mentioned above, finding the
supremum of ®[V] over a properly constrained class of ¥’s would then corre-
spond to finding the solution of (4) with the simplest geometry.

This variational formulation will be used to study examples of bifurcation,
exchange of stability and evolution into more complicated geometries.

REFERENCES

1. G. Vigfisson, The averaged Green function with applications to quasi-static
plasma equilibrium, Thesis, New York University, 1977.

2. , Queer Differential Equations: microcanonical averages and the non-linear
problem (in preparation).

3. , Queer Differential Equations: the linearized problem (in preparation).

4. , Queer Differential Equations: an isoperimetric problem (in preparation).

5. H. Grad, Mathematical problems arising in plasma physics, Proc. Internat. Congr.
Math., Nice. 1970, Vol. 3, pp. 105—113.

6. H. Grad, P. N. Hu and D. C. Stevens, Adiabatic evolution of plasma equilibrium,
Proc. Nat. Acad. Sci. U. S. A. 72 (1975), 3789-3793.

7. H. Grad and J. Hogan, Classical diffusion in a Tokamak, Phys. Rev. Letters 24
(1970), 1339—1340.

8. J. Mossino, Etude de quelques problémes non linéaires d’un type nouveau apparais-
sant en physique des plasmas, Thése Université de Paris-Sud, Orsay, 1977.

9. R. Temam, Monotone rearrangement of a function and the Grad-Mercier equation
of plasma physics, Proc. Internat. Conf. ‘“Recent methods in nonlinear analysis and applica-
tions”’, Rome, 1978 (to appear).

COURANT INSTITUTE OF MATHEMATICAL SCIENCES, NEW YORK UNIVER-
SITY, NEW YORK, NEW YORK 10012



