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REMOVABLE SINGULARITIES IN YANG-MILLS FIELDS
BY KAREN KESKULLA UHLENBECK

In the last several years, the study of gauge theories in quantum field
theory has led to some interesting problems in nonlinear elliptic differential
equations. One such problem is the local behavior of Yang-Mills fields (defined
below) over Euclidean 4-space. Our main result is a local regularity theorem: A
Yang-Mills field with finite energy over a 4-manifold cannot have isolated singu-
larities. Apparent point singularities (including singularities in the bundle) can
be removed by a gauge transformation. In particular, a Yang-Mills field for a
bundle over R* which has finite energy may be extended to a smooth field over
a smooth bundle over R* U {0} = §%,

I would like to thank R. S. Palais for encouraging me to look at this prob-
lem.

The Yang-Mills equations are equations on the Lie algebra valued 2-form £,
the curvature or field of a connection (or vector potential) for a bundle n over
a Riemannian manifold M. For our purposes, 1 has structure group G C SO(n),
Lie algebra A, and fiber n, = R". Our local estimates assume M = U C R*, and
the gauge group is the group of {g € C™(U, G)}.

A covariant derivative is a first order operator of the form

D=d+T, TI'=(,,T,,;,T,).
This transforms under an element of the gauge group to
g§'Dg=d+g 'dg+g 'Tg

The curvature form is @ = {Q;} = {a/axiri - a/axfr,. + [I, T;] } where T; and
Q,; are skew k x k matrices in . We say D is the covariant derivative of a Yang-

Mills field Q, if T is a critical point of the energy
E(T) =; [-Qiax= [ 191 ax
i
which implies € satisfies the Euler-Lagrange equations
D*Q = ¥ a/ox'q,; + [Ty, ;] =0.
i
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Solutions of those Euler-Lagrange equations are invariant under the action of
the gauge group, and in an improper choice of gauge may fail to be smooth.

Our first observation is independent of choice of gauge. It results from
manipulating D*S2 = 0 and the Bianchi identities D = 0 to get an equation
of the form

ALQ +2[Q, Q] = 0.

Standard Moser type estimates are used to estimate the maximum of the sub-
harmonic function 1212,

THEOREM A. If Q is Yang-Mills, then

AlQPP <4 3 trace(Sy; - [ 5 l)-
ij,k '
There exists oo > 0, such that if D(r, p), the disk of radius r about p, lies in U
and fp(, py 1217 dx <o, then

lop)? <r e [ 92ax.
D(rp)

As a corollary, we notice that if zero is a point singularity, then |Q(X)| <
IxI72¢. Due to conformal invariance, ¢ is not uniform. By the same argument,
we may change coordinates and assume 1Q(x)! < IxI72¢ for any € > 0.

In order to proceed further, we must be able to make a canonical choice
of gauge (or coordinates) in n. We define a generalized Coulomb gauge as one
in which d*I" = Z; a/axfr,. = 0 and prove that such a gauge may be chosen if
the curvature is small using the implicit function theorem. Our main technical
construction in removing point singularities is that of a broken Coulomb gauge
around a singularity (at the origin). This gauge is smooth in annuli 4; = {x:
271 < Ix] <271}, well defined and Coulomb on the bundle nlS;, where S; =
{x: Ix! = 27} and estimated by the curvature terms in A;. Our basic estimate
comes from integrating I" in this gauge as a test function against the Euler-La-
grange equations:

f (C-D*Q) = [ DI + boundary terms.
If w = max, | <, xI*1QE)1, we get

4(1 - Kw) f Q2 < f 142,

Ix1<1 Ix|1=1

By expansion of a disk D(r) we get

s-ko) [ 1ar<r [ 1ar.

IxI<r Ixl=r
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This inequality integrates to give

flsz|2<r4/1-Kw f Q2.

Ixi<r IxI<1
This, coupled with Theorem A, bounds Q1 .

THEOREM B. If Q is a Yang-Mills field in a bundle n over a punctured
disk {x: 0 < Ix| <1} CR?* and [ 1912 dx < oo, then |1Q(x)| is bounded on
Ix1 < 1/2. There exists a gauge in which m, D and  smoothly extend across
x=0.

CoroOLLARY. If Q is a Yang-Mills field in the complement of a disk in
R* and [ 1Q1? < oo, then |x1*1Q(x)| is bounded on |x| > 2. The map x —
1/x transforms S into a Yang-Mills field over the unit disk with a removable
singularity.
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