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Consider the four body problem of Newtonian mechanics where physical
space is either two or three dimensional and where the center of mass of the system
is fixed at the origin of the inertial coordinate system. Phase space is 12 dimen-
sional for the planar problem and 18 dimensional for the nonplanar problem.
One of the basic questions in the study of the 4 body problem is to determine
the size and nature of the set of initial conditions for which the solutions termi-
nate in finite time.

THEOREM. Let B be the set of initial conditions such that an analytic so-
lution of the 4 body problem exists on the domain (—=, «). The complement of
B is a set of Lebesgue measure zero and first Baire category.

A similar result is known to hold for the 2 and 3 body problems. This
leads to the following statement.

CoROLLARY. For almost all initial conditions of the noncollinear 2, 3, or
4 body problems, an analytic solution exists for all values of time.

The analysis for the 2 and 3 body problem differs sharply from that of the
n body problem for n = 4. It was shown by Painlevé [4] that the only possible
singularities for the 2 and 3 body problems are collisions. It was conjectured by
J. Littlewood [1], [2] and shown by Saari [5], [6], [7] that for the noncollinear
n body problem the set of initial conditions leading to collisions forms a set of
Lebesgue measure zero and first Baire category. Because of these results, the an-
nounced theorem follows if the set of initial conditions leading to noncollision
singularities can be shown to be small in the above sense. This is what is done.
(The existence of noncollision singularities remains an open question. However
a recent related result by Mather and McGehee [3] suggests the answer may be
in the affirmative. They show that such motion does exist in the collinear four
body problem if binary collisions are admitted.)

This analysis is aided by a characterization of noncollision singularities in
the n body problem given in [11], [10], [8]. In particular, for the four body
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problem, it follows from what was shown in [8] that the particles oscillate wildly,
the system becomes unbounded in finite time, but the particles must approach a
fixed line in physical space. (It has been called to my attention that a similar
statement has been given by R. Shelton in his Rice University dissertation.) The
basic idea of the proof, which will appear elsewhere, is to use these facts to de-
termine how fast the particles must approach this line.

Since the system is measure preserving, these estimates provide a bound on
the measure of the initial conditions leading to this wildly oscillating system. It
turns out that this bound can be made arbitrarily small, showing that the set of
initial conditions leading to this type of behavior forms a set of Lebesgue mea-
sure zero. A standard argument using this measure zero result and continuity of
solutions with respect to initial conditons obtains the Baire category statement.

Based on the behavior of this system, it seems very likely that a similar
global existence theorem holds for the noncollinear n body problem for n > 5.

As part of the analysis, it turns out that if noncollision singularities exist,
then certain relationships between the masses must exist. A special case of the
contrapositive of this statement follows.

CoROLLARY. Consider the four body problem where m; = m, =m5 =
my =m > 0. Then any singularity is due to collisions.

In this case, the earlier statement asserting the improbability of collisions
applies.
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