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0. Introduction. Let G be a compact Lie group acting on a C* manifold.
A G invariant stable complex structure on M is a complex structure J on
T(M) @ ¢ (where ¢ is a trivial bundle) such that for each g in G, dg @ id
commutes with J. We will be concerned with the case where G = U(n)
and the action is free or regular. We will study the resulting bordism
theories.

DEFINITION. Let M be a compact U(n) manifold. M is called a regular
U(n) manifold if

1. Every isotropy group is conjugate to U(k) for some 0 < k < n.

2. For some r, T(M) @ ¢ has a U(n) invariant complex structure J
such that the representation of the isotropy group U(n), at (T(M) @ ¢"),
is equivalent to a sum of copies of the standard complex representation
of U(n), plus a trivial complex representation. (Remark. If U(n),
= g~ 'U(k)g, then U(n), acts in the obvious way on g~ 'C* = C" and this
is the standard representation.)

We define homotopy and equivalence classes of such structures anal-
ogously to [2]. The resulting bordism theory is denoted by QU(n),. We
denote the bordism theory of free U(n)-actions by Q. The main results
are summarized in the following theorem.

TueoREM. QF and QU (n),, are free MU, modules. Any connected regular
U(n) manifold on which U(n) acts nontrivially is bordant in QU(n), to a regular
U(n) manifold in which every isotropy group is conjugate to U(1) or U(0).

Warning. Q& is not obviously MU ,(BU(n)).

1. Relation between Q% and QU(n),.. As in [3], [7] we construct a long
exact sequence — D*' — D*i~1  E*i=1 , p*i_, ... and a resulting
exact couple and a spectral sequence. Then E® is associated to a filtration
of QU(n),. For k # n, E , is the bordism group of pairs (E, M) where E
is a complex U(n) vector bundle over the regular U(n) manifold M such
that every point in M has isotropy group conjugate to U(n — k) and the
representation of U(n), on E, is a sum of copies of the standard complex
representation of U(n),. The pair (E, M) is completely determined by the
U(n — k) x U(k) manifold M, the points in M with isotropy group

AMS 1970 subject classifications. Primary 57D85; Secondary 57D90, S7E1S.

! Research partially supported by National Science Foundation grants GP-12639 and
GP-7952X3.

Copyright © American Mathematical Society 1972

1035



1036 CONNOR LAZAROV AND ARTHUR WASSERMAN  [November

U(n — k), and the vector bundle E|), = F ® p,—, where p,_, is the
standard complex representation of U(n — k) and F is a free U(k) complex
vector bundle over the free U(k) manifold M,. (F,M,) completely
determines (E,M) so E}, =@ ,Q¥BU(p). The differential d:E},
—~El;+1, k+1#n, takes (F,Mo) to (H Xyquxuw Uk + 1), S(F)
Xyayxvw Uk + 1)) where H is the canonical hyperplane bundle over
the sphere bundle S(F). E; , = Q¥ and the differential takes (F, M,) in
E, .- to S(F) Xyayxvm-1 UM).

2. The theories QY. The bordism theory of stably complex free U(k)
manifolds is the same as the bordism theory gotten from pairs (P, M),
where P is a principal U(k) bundle, together with a complex structure on
the vector bundle v,, @ Ad(P). Here v,, is the stable normal bundle and
Ad(P) = P Xy, R¥ with U(k) acting on R¥ via the adjoint representa-
tion. We construct spaces B Ad,, by taking the pullback of BU(N) via

@.1) B(id x Ad): BO(2n) x BU(k) — BO(2N)

where 2N = 2n + k* or 2n + k* + 1. M Ad,,, is the Thom space of the
oriented vector bundle pulled up from the universal bundle over BO(2n).
There are obvious maps S> A M Ad, , -~ M Ad, ., and so we obtain a
spectrum M Ad,. It is clear that n, (M Ad,) = QY. If we replace U(k) by
T* the maximal torus, in this procedure we get spaces B'Ad, ,, M'Ad, .
B'Ad,, — BAd,, is a U(k)/T* bundle. The representation id x Ad
induces a map

(2.2) ¢:BU(n) x BT* - B'Ad,,,
LEMMA (2.3). ¢* is an isomorphism in cohomology in dimensions < 2n — 1.

Now let P’ = Epamx vy X vmx 1+ ORN), P = Egm xug X umxumO2N)
and V' and V the corresponding complex vector bundles over P'/U(N)
= B'Ad,, and P/U(N) = B Ad,,. Let c; denote the Chern classes of V" and
V. Using some representation theory and (2.3) we show that

LEMMA (24). @*(c)) = ¢; + ) ¢j—q(t;, — 1)+ (t;, — 1), where c; are
the Chern classes in H¥(BU(n)), t,, ..., t, are the generators for H*(BT").

H*(B Adk,n) = Z[Cia CIZ, ey al(t)a e Gk(t)]

through dimension 2n — 2. o(t) is the symmetric function of ty,..., 1.

LemMA (2.5). H¥*(M Ad,)) is a free Z module with basis U'u S/(c") L S;(0)
where U’ is the ““universal” Thom class for M Ad,, I runs through all finite
sequences of nonnegative integers, and J runs through sequences (j,, . . ., jy)-

There is an obvious map BU(m) x B Ad, , —» B Ad, ,+, which gives
rise to a map



1972] COBORDISM OF U(n)-ACTIONS 1037

2.6) MU A M Ad, » M Ad,.

Thus Q% becomes an MU, module (which is evident geometrically) and
H*(M Ad,) becomes an H*(MU) comodule. We exploit this comodule
structure together with Milnor’s results [4] on H¥(MU;Z,) to obtain

THEOREM (2.7). For each prime p, H*(M Ady; Z,) is a free module over
A,/(Qo) with basis U’ U S,(c') U S,(a), where A runs over all finite sequences
containing no p’ — 1, A, is the mod p Steenrod algebia, and (Qo) is the
two-sided ideal generated by the Bockstein.

It follows that the Adams spectral sequence for m, (M Ad,) collapses
and QW is torsion-free. Let Y, be the Milnor manifolds described in [6]
which form a basis for MU,,. Let 0 £ i; < - < i, be integers. Consider
Y, x CP"* x -+ x CP* = Y,, x CP". These elements represent elements
in MU*(BT*) = n (MU A BT"). From (2.2) we get maps

2.8) n (MU A BT* > n (M'Ady) - (M Ady).

Let Ad(Y, x CP') represent the image of the elements Y, x CP' in
n,(M Ad,). Using an argument similar to [4], [6] for MU, we obtain

THEOREM (2.9). QW is a free Z module on Ad(Y,, x CP"). Thus the stably
complex U(k) manifolds S**~' x --- x §?*71 x . U(k) = S' xp: Uk)
form a free MU, basis for Q%.

COROLLARY (2.10). The homomorphism ®: MU (BU(k)) » Q¥ taking
CP'to S" x 1. U(k) is an isomorphism of MU, modules.

3. Application to QU(n),. There is an obvious pairing Q¥ ® »p, MU (X)
- Q¥(X) and the composition

3.1) MU,(BUK) x X) = MU(BU(K) ® MU,(X)
—2h QF @ MU LX) - QY(X)
MU«

is a natural transformation which is an isomorphism for X = point,
hence for all X. The map Q¥(BU(p)) & Q**(BU(p — 1)) of §2 gives
rise to a map

(3.2) MU BU(K) x BU(p)) > MU (BU(k + 1) x BU(p — 1)).
THEOREM (3.3). The sequence
— MU (BU(k) x BU(p)) > MU (BU(k + 1) x BU(p — 1)) >

is a split exact sequence of MU, modules.
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INGREDIENTS OF PROOF. From [3] we know the cohomology sequence
— H,(BU(k) x BU(p)) > H,(BU(k + 1) x BU(p — 1)) >

is a split exact. d is i,m% where BU(k) x BU(1) x BU(p — 1) & BU(k)
x BU(p) and BU(k) x BU(1) x BU(p) & BU(k + 1) x BU(p — 1). The
Thom homomorphism u: MU, (BU(k) x BU(p)) - H,(BU(k) x BU(p))
commutes with the two d’s. Using the collapsing of the Atiyah spectral
sequence E? = H,(BU(k) x BU(p)) ®MU,, an argument similar to
[1, 18.1], the fact that d*> must be zero, and induction, the result follows.

COROLLARY (3.4). = Q®BU(p)) % Q**Y(BU(p — 1)) » is exact.

From this the main theorem follows by arguments identical to [3].
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