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Introduction. The purpose of this note is two-fold. In §1 we present a
general fixed point theorem (Theorem 1 below) for 1-set-contractions and
1-ball-contractions defined on closures of bounded open subsets of
Banach spaces. In §2 we indicate briefly how Theorem 1 is used to deduce
a number of known, as well as some new, fixed point theorems for various
special classes of mappings which recently have been extensively studied
and which are shown to be either 1-set-contractive or 1-ball-contractive.
Complete proofs and detailed discussion of the results presented in this
note will be given in [14].

1. A fixed point theorem. Let X be a real Banach space, D a subset of X
with D denoting its closure and D its boundary, T a bounded continuous
mapping of D into X. Following Kuratowski we say that T is k-set-
contractive if y(T(A)) < ky(A) for each bounded 4 = D and some constant
k = 0, where y(A) is the set-measure of noncompactness of 4 given by

inf{r > 0|4 can be covered by a finite number of sets of diameter < d}.

An important example of a k-set-contraction, k < 1, is a mapping
T = S + Cwith S:D — X strictly contractive (i.e., |[Sx — Sy| < k|x — y|
fors,ye D,k < 1)and C:D — X compact. In [16] Sadovsky introduced a
related class of mappings to which we refer here as ball-condensing, i.e.,
T:D — X is such that y(T(A4)) < x(A) for each bounded A = D, where
1(A) is the ball-measure of noncompactness of 4 given by

inf{r > 0|4 can be covered by
a finite number of balls with centers in X and radius r}.

In analogy with k-set-contractions, we say that T:D — X is k-ball-
contractive if y(T(A)) £ ky(A) for each bounded A = D and some k = 0.
The two classes of mappings, k-set-contractions and k-ball-contractions,
are in fact different since they are defined in terms of measures y and x
which are known to be different although they have a great deal in com-
mon. It follows that a k-set-contraction with k < 1 is set-condensing and
that a set-condensing map is 1-set-contractive, but the reverse implications
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do not hold [11]. The same is true for mappings defined in terms of ball-
measures.
The main result of this section is the following new fixed point theorem.

THEOREM 1. Let D be a bounded open subset of X and T either a 1-set-
contractive or a 1-ball-contractive mapping of D into X for which the
following holds:

(@) There exists xq € D such that if Tx — xq = o(x — X,) holds for some
x in 0D, then o0 £ 1.

(b) If {x,} is any sequence in D such that x,, — T(x,) = 0 as n — oo, then
there exists x' € D such that x' — T(x') = 0.

Then, in either case, T has a fixed point in D.

Note that (a) is implied by either of the assumptions:

(1) ITx — x|? 2 | Tx — X0l = llx — xo[? or
(Tx,Jx) = (x,Jx) if0eD (xedD),

where J is any duality mapping of X into 2¥”. In case D is also convex, (a)
is implied by the assumption: T(dD) = D. Condition (b) is certainly im-
plied by the stronger hypothesis that the set (I — T)(D) be closed. The
latter hypothesis holds, in particular, when T is set-condensing or ball-
condensing. Other mappings T for which (b) holds will be discussed in §2.
Note that the mild condition (b) is in fact a necessary condition for T to
have a fixed point in D.

The proof of Theorem 1 is based on the following properties of the
degree of the mapping I — T which we define in a way which is similar to
the approach used in [13] for a more restrictive class of mappings.

PROPOSITION 1. If D is a bounded open subset of X and T: D — X is either
1-set-contractive or 1-ball-contractive with |(I — T)(x)| = 6 > 0 for x in
0D, then deg(I — T, D, 0) given by

@) deg(I — T, D,0) = lim deg(I — k;T, D, 0)
J

is well defined, where {k;} is a sequence in (0, 1) such that k; > 1 as j - oo.
Furthermore, if deg(I — T,D,0) # 0 and T satisfies condition (b) of
Theorem 1, then T has a fixed point in D.

PROPOSITION 2. If D is a bounded open subset of X and F:D x [0,1] - X
is a continuous mapping such that either y(F(A x [0, 1])) £ y(4) or
X(F(A x [0,1])) < x(A) for each A = D and |x — F(x,t)| = 6 > 0 for x in
0D and t in [0, 1], then deg(I — F(-,t), D, 0) is well defined and independent
of te[0,1]. Furthermore, if deg(I — F(-,0)D,0) # 0 and F(-, 1) satisfies
condition (b) on D, then F(-, 1) has a fixed point in D.
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The proof of Propositions 1 and 2 is based on the definition and the
properties of the topological degree for the translations of k-set-contrac-
tion with k < 1 obtained by Nussbaum [10]. It is not hard to show (see
[18]) that the approach of [10] is also applicable to k-ball-contractions as
defined here and consequently the same definition and properties hold
also for the latter class of mappings.

REMARK 1. Since T:D — X is compact if and only if T is 0-set-contrac-
tive (or 0-ball-contractive), the theorems of Schauder [17], Rothe [15],
Altman [1] and others (see [14]) are very special cases of Theorem 1. Also,
since each set-condensing (or ball-condensing) map is 1-set-contractive
(or 1-ball-contractive) and satisfies condition (b) on D and since (a)
follows from the condition T(0D) = D when D is also convex, the fixed
point theorems of Darbo [5], Sadovsky [16], Nussbaum [10], [11], Furi
and Vignoli [6] and others (see [14]) are special cases of Theorem 1. For
the case when T is 1-set-contractive and (I — T)(D) is closed, Theorem 1
has been obtained by the writer (see Theorem 7’ in Petryshyn [12]).

We add that Theorem 1 is a proper extension of Theorem 7’ in [12] for
there are mappings (e.g., generalized contractions defined only on D) for
which condition (c) holds but for which (I — T)(D) need not be closed;
furthermore, there are mappings (e.g., semicontractive maps defined on
all of X) which are 1-ball-contractive but need not be 1-set-contractive.

2. Applications. In this section we use Theorem 1 to deduce a number
of fixed point theorems (some known and some new) for special classes of
mappings which were obtained earlier by other authors using different
methods and, in some cases, under conditions on 7 and/or D which are
more stringent than those imposed here. Our object is to illustrate the
generality and the unifying property of Theorem 1. We concentrate in this
note on the class of contractive mappings with perturbations.

The first consequence of Theorem 1 is the following corollary which is
new in the sense that unlike all other authors (e.g., [9], [19], [4]) we do not
require D to be convex.

COROLLARY 1. If D is a bounded open subset of X, S:D — X strictly
contractive, C:D — X compact, and T = S + C satisfies condition (a) of
Theorem 1, then T has a fixed point in D.

REMARK 2. Special cases of Corollary 1 have been obtained earlier by a
number of authors (see [14] for historical remarks concerning various
contributions).

Before we state our next corollary, we recall that P: D — X is completely
continuous if {x,} is any sequence in D such that x, — x, € D weakly, then
P(x,) = P(x,) strongly; P is demiclosed if x,— x, in D weakly and
P(x,) = f strongly, then P(x,) = f; P is nonexpansive if |Px — Py||
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< ||x — y| for x, y € D. In view of Theorem 2 of Browder [4], Theorem 1
yields the following corollary.

COROLLARY 2. If X is uniformly convex, D a bounded open convex subset
of X, S:D— X nonexpansive, C:D — X completely continuous, and
T = S + C satisfies condition (a) of Theorem 1, then Thas a fixed point in D.

REMARK 3. In case C = 0 and T(D) < D, Corollary 2 has been first
established independently by Browder [3], Kirk [8], and G6hde [7]. In
case C # 0, very special cases of Corollary 2 have been obtained by a
number of authors (see [14] for historical comments). Subsequently,
Corollary 2 has been obtained by Browder as a special case of more
general results obtained in [3] by means of a rather complicated theory of
initial value problems for differential equations in X. We add in passing
that the fixed point theorems in [4] will also be shown in [14] to be special
cases of Theorem 1 obtained under less restrictive conditions than those
imposed in [4].

If in Corollary 2 we assume that S is a generalized contraction in the
sense of [2] (i.e., to each x in D there exists a(x) < 1 such that ||Sx — Sy||
< a(x)||x — y|| for y in D), then the condition on X can be relaxed.

COROLLARY 3. If X is reflexive, D a bounded open convex subset of X,
C:D — X completely continuous, S:D — X a generalized contraction, and
T = S + C such that

(K) S(x) + C(»)eD forx,yeD,

then T has a fixed point in D.

Corollary 3 follows from Theorem 1 and a lemma which states that if
T = S + C satisfies the hypotheses of Corollary 3, then T satisfies condi-
tion (b) of Theorem 1. Note that since the set (I — T)(D) need not be
closed, Corollary 3 shows that Theorem 1 is indeed a proper generalization
of Theorem 7’ in [12] even for 1-set-contractions.

In case C = 0, Corollary 3 has been obtained in [2] from their results
on mappings of ‘‘diminishing orbital diameters.”

If in Corollary 3 we assume that D = B(0, r), then condition (K) can be
replaced by a weaker requirement:

(K1) S(x) + C(y)e D for xin 0B and y in B.

Finally we add that if S in Corollary 3 is uniformly strictly contractive
on D relative to X in the sense of Kirk, (i.e, S: X — X is such that to each
x in X there exists a(x) < 1 such that |Sx — Sy| < a(x)|x — y| for y in
D) then the following strengthened result holds.
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COROLLARY 4. If X is reflexive, D a bounded open convex subset of X,
C:D — X compact, S: X — X uniformly strictly contractive on D relative
to X, and T = S + C satisfies condition (a) of Theorem 1, then T has a
fixed point in D.

The application of Theorem 1 to several more general classes of
mappings such as everywhere defined semicontractive mappings, mappings
of semiconductive type defined on subsets of X, mappings of pseudo-
contractive type, lane mappings, and others will be discussed in [14].
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